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Abstract

A common observation in data-driven applications is that high-dimensional data have a
low intrinsic dimension, at least locally. In this work, we consider the problem of point
estimation for manifold-valued data. Namely, given a finite set of noisy samples of M, a d
dimensional submanifold of RP, and a point r near the manifold we aim to project r onto the
manifold. Assuming that the data was sampled uniformly from a tubular neighborhood of a
k-times smooth boundaryless and compact manifold, we present an algorithm that takes r
from this neighborhood and outputs p,, € R”, and Im an element in the Grassmannian
Gr(d,D). We prove that as the number of samples n — oo, the point p,, converges to
P € M, the projection of r onto M, and T/ﬁnT/l converges to Tp M (the tangent space at that
point) with high probability. Furthermore, we show that p,, approaches the manifold with

an asymptotic rate of n~ %Iird, and that p,, m approach p and T, M correspondingly

k—
with asymptotic rates of n~ 2i7a

Keywords: Manifold estimation, Manifold learning, Tangent estimation, Local polyno-

mial regression, Moving least-squares

1. Introduction

Differentiable manifolds are an indispensable language in modern physics and mathematics.
As such, there is a plethora of analytic tools designed to investigate manifold-based models
(e.g., connections, differential forms, curvature tensors, parallel transport, bundles). In or-
der to facilitate these tools, one normally assumes access to a manifold’s atlas of charts (i.e.,
local parametrizations). Over the past few decades, manifold-based modeling has perme-
ated into data analysis as well (e.g., see Hastie (1984); Roweis and Saul (2000); Schélkopf
et al. (1998)), usually to avoid working in high dimensions, due to the known curse of di-
mensionality Stone (1980). However, in these data-driven models, charts are not accessible
and the only information at hand are the samples themselves. As a result, a common prac-
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tice in Manifold Learning is to embed the data in a lower dimensional Fuclidean domain,
while maintaining some notion of distance (e.g., geodesic or diffusion). Subsequently, the
embedded data is being processed using linear methods on the low dimensional domain; to
mention just a few of this body of literature, see Belkin and Niyogi (2003); Belkin et al.
(2006); Coifman and Lafon (2006); Saul and Roweis (2003). Some of the approaches have
robustness guarantees Ding and Wu (2020); Dunson et al. (2021); El Karoui and Wu (2016);
Shen and Wu (2020). The main drawback of such dimensionality reduction approaches is
that they inevitably lose some of the information in the process of data projection.

In recent years there have been a growing interest in the problem of manifold estimation.
The aim of these approaches is to reconstruct an underlying manifold M, approximating
the sampled one M, based upon a given discrete sample set. The first attempt (neglecting
the literature dealing with approximations of curves and surfaces Dey (2006); Wendland
(2004)) at this problem was probably made by Cheng et. al. at 2005 Cheng et al. (2005)
who present an algorithm that outputs a simplicial complex, homeomorphic to the original
manifold M and is proven to be close to it in the Hausdorff sense. However, this algorithm
is deemed intractable by the authors as it is based on the creation of Delaunay complexes
through Voronoi diagrams in the ambient space. Harvesting the idea of tangential Delaunay
complexes, Boissonat and Ghosh Boissonnat and Ghosh (2014) have provided a method
reconstructing a simplicial complex which is computationally tractable (i.e., its complexity
has linear dependency in the ambient dimension). In this approach there is an underlying
assumption that the local tangent at each sampled point is given, and they recommend
using a local Principal component analysis (PCA) to find these tangents. The choice of
local PCA as an approximating tangent is shown to be a valid one in the analysis given
in Aamari and Levrard (2018); Kaslovsky and Meyer (2011, 2014); Singer and Wu (2012).
Furthermore, Aamari and Levrard (2018) shows that the estimate given by Boissonat and
Ghosh Boissonnat and Ghosh (2014) achieves optimal minmax rates of convergence in case
of noiseless samples, with respect to a certain class of manifolds. Some other works aims at
learning multiscale dictionaries to describe the manifold data Allard et al. (2012).

In parallel, meshless methods for the reconstruction of manifolds from point sets have
been developed. Niyogi et. al. Niyogi et al. (2008) present such an approach through a
union of e-balls around the samples. They show that this approximant can be homologous
to M under certain conditions. This approach is somewhat similar to the one proposed
by Fefferman et. al. in Fefferman et al. (2018), where an analysis of convergence under
a Gaussian noise model is given as well. Furthermore, Fefferman et. al. Fefferman et al.
(2023a) propose another meshless way of approximating manifolds from point sets up to ar-
bitrarily small Hausdorff distance in the noiseless case, and such that the approximant itself
is a smooth manifold of the same intrinsic dimension as M (Mohammed and Narayanan
(2017) uses this framework to provide two more algorithms of such properties). Faigenbaum-
Golovin and Levin uses a generalization of the L; median to approximate manifolds from
meshless data Faigenbaum-Golovin and Levin (2023, 2025). Sober and Levin Sober and
Levin (2019) give an approximation scheme based upon a generalization of the the Moving
Least-Squares (MLS) Levin (2004); McLain (1976) that provides a smooth manifold with
optimal convergence rates in the noiseless case as well (this approach is referred below as
the Manifold-MLS). Their approximation is built through a two-stage procedure, first esti-
mating a local coordinate system and then building a local polynomial regression over it.
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This framework is extended to deal with approximations of functions over manifolds Sober
et al. (2021) as well as geodesic distances Sober et al. (2020). Aamari and Levrard Aamari
and Levrard (2019) provide a different algorithm, which is shown to be optimal in the noise-
less case as well. Differently from Sober and Levin’s approach, this algorithm estimates a
tangent along with a polynomial estimation above the tangent domain at once. However,
in their practical implementation Aamari and Levrard propose a two step solution (first
perform PCA to achieve a tangent and then a polynomial regression above it). Note, that
although there are results regarding the convergence of local PCA to the tangent space of
some manifold these works assume that the localization is around a point on the manifold
itself, which is not given in the current problem setting.

Upper bounds on the minimax rates of convergence were first introduced for smooth
manifolds by Genovese et. al. Genovese et al. (2012a,b). Later, in Kim et al. (2015), the
same rates were shown to be optimal. These results were later refined to a class of Holder-
like smooth manifolds by Aamari and Levrard Aamari and Levrard (2019). They come
to the conclusion that the optimal rate of convergence for such k-times smooth manifold
estimation is O(n~*/9) for the noiseless case and is bounded from below by O(n~*/(+4) in
an additive orthogonal noise model, where d is the intrinsic dimension of M, n is the number
of samples, o is a bound on the noise level, and O neglects log factors in the order. They
do not show that their bound in the noisy case is achievable. However, in the case k = 2,
Genovese et. al. showed that this rate is indeed optimal. It is worth noting here that in the
work of Stone from 1982 Stone (1982) (quintessential in the analysis we perform below), he
shows that the optimal rates of convergence for function estimation are O(n~*/(*+4)) which
is slower than the result of Genovese et. al. for manifold estimation in the case of k = 2.
Despite the different noise models of both analyses, we admit that we find this difference
surprising, as the a priori case of manifold estimation seems like a harder problem. Another
recent work in this area Lim et al. (2021) takes a different approach and gives the sample
complexity required to estimate tangent spaces and intrinsic dimensions of manifolds.

Many manifold reconstruction algorithms in the literature show convergence to the un-
derlying manifold under noise assumptions when the noise level decays to zero as the sample
size n tends to infinity Aamari and Levrard (2019); Puchkin and Spokoiny (2022). In their
recent work, Fefferman, Ivanov, Lassas, and Narayanan presented an algorithm that fits an
entire manifold to noisy samples. They show that the algorithm converges to the underlying
manifold in the Hausdorff sense in the presence of large noise Fefferman et al. (2023b). The
case they analyze restricts the set of manifolds that can be reconstructed to R-exposable
manifolds, and they achieve O(log(n)~/2) convergence rates.

In the current paper, we assume a sample of size n drawn from the uniform distribu-
tion on M,, a o-tubular neighborhood of the manifold M. Then, for a given r € M,,
we present an algorithm that outputs a point p, € RP and T;, M € Gr(d,D), a d-
dimensional linear subspace of RP which estimate p = Projar(r) € M, the projection
of r onto M, and T, M, the subspace tangent to M at p. We prove, in Theorem 1, that
with high probability dist(p,, M) < O(n~F/ @+ |15, — p|| = O(n~F-D/@k+d)) and that
Amax(flm,TpM) = O(n~(=D/(k+d) where O neglects dynamics weaker than polyno-
mial order (e.g., In(n) and In(In(n))). These achieved convergence rates are similar to the
optimal rates of non-parametric estimation of functions Stone (1980). To avoid notation
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inconvenience, we assume in all of our proofs that the noise level ¢ > 0. Our approach is
based on the Manifold-MLS Sober and Levin (2019), but differs from it, as explained below.

This paper presents an improved algorithm that builds upon our previous work in Aizen-
bud and Sober (2021b). The key advancement is that we now demonstrate that the limit
point p as n — oo is indeed the projection of r onto M—a critical property we were unable
to establish in our earlier analysis. To achieve this, we have both simplified the algorithm
and refined the theoretical analysis.

The algorithm presented in this paper is divided into two steps. In Step 1, we find an
initial local coordinate system. It is proved in Theorem 2 that this coordinate system is a
“reasonable” approximation to the tangent of the manifold at some point. Next, in step
2, we improve the estimation of step 1 in an iterative manner (sharing some similarity in
spirit with the approach presented in Puchkin and Spokoiny (2022)) to get an accurate
estimation of the clean point on the manifold (i.e., the projection or r onto the manifold)
and its tangent. We prove, in Theorem 3, that these iterations indeed converge to an
accurate estimate, and show the convergence rates mentioned above. The formal problem
setting, along with the algorithm’s description are presented in Section 2. In Section 3
the formal results are presented, where Theorem 1 is the main result of this paper. The
theorems of Section 3 are proved in Section 4. Finally, in Section 5 we present one possible
application of the presented method. Although there are many possible applications (e.g.
denoising, trajectory reconstruction, etc.) , we chose one which can easily be demonstrated
visually. The code for the algorithm in this paper, along with examples, can be found in
https://github.com/aizeny /manapprox.

2. Problem Setting and Algorithm Description

Throughout the paper we limit the discussion to estimation of M € C*, k-times smooth,
compact submanifolds of RP without boundary. This limitation is important for the anal-
ysis, but the algorithm we present is local and thus from a practical perspective, a local
version of these assumptions should suffice. The smoothness requirement is also crucial for
the algorithm. However, it is shown in Koufimska et al. (2024) that a non-smooth manifold
can be approximated arbitrarily well by a smooth manifold without a significant change to
the reach. This implies that the method presented in this paper is useful for non-smooth
manifolds as well. A key concept in the analysis of manifold estimates is the reach of a
manifold (e.g., see the analyses at Aamari and Levrard (2018, 2019); Fefferman et al. (2018);
Niyogi et al. (2008)), which was introduced by Federer in Federer (1959) and is defined as
the maximal distance for which there exists a unique projection onto M.

Definition 1 (Reach Federer (1959)) The reach of a subset A of R, is the largest T
(possibly oo) such that for any x € RP that maintains dist(A,x) < T, there exists a unique
point Proja(z) € A, nearest to x.

Using the reach, we can bound both the local behavior (1/7 bounds all sectional curvatures
of the manifold) and the global behavior of a manifold (i.e., it measures how close a manifold
can get to itself) Boissonnat et al. (2019). Thus, the reach provides a good way of expressing
our limitations in the problem of manifold estimation (in Niyogi et al. (2008) the same
concept is defined as the condition number of a manifold). For example, if the reach is too
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small and the sampling density is not fine enough, we would expect that small features could
not be recovered. Moreover, through the reach of a manifold we can define the acceptable
levels of noise that do not obscure the geometrical shape. In accordance with that, we limit
our discussion to manifolds with a reach bounded away from zero (notice that in the case
of flat manifolds, the reach is infinite) and with a noise model that limits the noise level
from above by the reach.

Our noise model in the analysis is as follows: We assume that we are given a finite set
of samples {r;}?" ; drawn independently from

M, = {q € R | dist(g, M) < o}, (1)

a tubular neighborhood of M. Explicitly, we assume that r; ~ Unif(M,), which is the
uniform distribution on M,; i.e., the normalized Lebesgue measure with respect to R,

Finally, let p € M, we wish to describe W, C M a neighborhood of p as a graph of a
function

op: Wrpm > M (2)

where Wr, v = Projr, m(Wp), the projection of W), onto the tangent, and ¢, is defined by

pp(x) = p+ (2, 6p(x)) 1, M, 3)

where © € R? ~ TyM, ¢,(z) € RP~4 ~ T, M+, and (=, y)T,m € RP denotes that = € R?
and y € RP~? represent a point in some basis of 7] »M and Tp./\/lL correspondingly. Then,
we define the graph of ¢, to be

Lopav, = {p+ (2, 6p(@))z,mlz € Wrad). (4)

For simplicity, throughout the paper we identify the graph of ¢, with I'y, w,. That is, we
refer to M as locally a graph of ¢, (see Figure 1).

We would like to stress that throughout the paper there is a slight misuse of notation.
Explicitly, when we refer to 7, M and TpML, we sometimes look at it as elements in the
Grassmannian Gr(d, D) and Gr(D — d, D); i.e., subspaces of RP with dimensions d and
D — d correspondingly. On the other hand, in some other occasions (as in (4)) we neglect
the fact that these are subsets of R” which is equivalent to choosing some basis and working
in it.
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Figure 1: Hlustration of ¢,: The zy-plane is H(p); The local origin ¢(p), which is mapped by ¢, to
p is marked by the red dot; the vector x represents a “tangential” movement; and ¢,(x)
is a normal movement.

2.1 Summary of Manifold and Sampling assumptions

Throughout this paper we assume that the (unknown) manifold M and the samples {r;}!" ;
satisfy the following requirements:

1. M € CF is a compact d-dimensional sub-manifold of R? without boundary
2. M = 7 is large enough, where 7 is the reach of M and o > 0 is the noise level.

3. {ri}l", are samples drawn independently and uniformly from M, (i.e., 7; ~ Unif(M,)).

2.2 Algorithm Description

As explained above, given a point r € M, we aim at providing a procedure P(r) that
will estimate p = Projam(r) € M, the projection of r on M. This is performed through
an altered version of the Manifold-MLS that was introduced in Sober and Levin (2019).
The Manifold-MLS is constructed through a two-step procedure. First, an estimate of a
local coordinate system is computed. Second, above this local coordinate system, a local
polynomial regression is performed, by which we derive the estimate for the projection onto
M as well as the tangent domain 7, M. Below, we show that the first step of the Manifold-
MLS yields a reasonable estimate of the tangent even in the presence of noise. However,
performing the second step, which is just a local polynomial regression, above the slightly
tilted domain results in a biased estimate. That is, if we try to estimate the manifold locally
as a function over this approximated domain, the noise in the sample is biased with respect
to this coordinate system (see Figure 2). To account for the bias, in our altered version
of the algorithm, we perform the second step iteratively, taking the tangent estimate at
each iteration as an improved coordinate system. We show that in the limit, as the number
of samples n approaches oo, our estimate projects r onto M, and the estimated tangent
coincides with the tangent at that projected point.

Before describing the steps in detail, we mention that from a practical point of view,
there are some minor adaptations that we made to the implemented version. These changes
are described in detail in Section 2.3.
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Figure 2: Illustration of a manifold M (marked by the blue line) along with its tubular neighborhood
M. Assuming uniform sampling in M, we mark the point p € M by ® and the expected
value with respect to the given coordinate system by M. (a) The coordinate system is
aligned with the tangent. (b) The coordinate system is tilted with respect to the tangent.
As can be seen, in (a) the two points coincide, whereas in (b) the expected value differ
from the point we wish to estimate.

2.2.1 STEP 1 - THE INITIAL COORDINATE SYSTEM

Given a point r € M, we limit the the region of interest (ROI) to:
Uror = {r;| dist(r;,r) <o}, (5)

and denote the number of samples in the ROI by N.

Intuitively, the ROI has to be significantly smaller than 7 so that we will not include
samples of faraway regions in the Riemannian sense. We also require that the ROI is not a
subset of M, as this causes the tangential directionality of the sample to become ambiguous.

Then, we define the relevant coordinate system as the pair (¢, H) € RP x Gr(d, D),
which minimizes the functional:

Jl(r;QvH):% > dist*(ri — g, H) (6)

ri€URO1
under the constraints
1. Orthogonality: » —q L H.
2. Region of interest: r; € Uror-
3. Search region: ||r —¢| < 20.

Explicitly, we denote
q*(r), H*(r) = argmin Ji(r;q, H) (7)
T—qz}IiH
Ir—qll <20
Note, that Constraint 2 limits our region of interest in accordance with sampling as-
sumptions 3 and 2. Furthermore, since r € M, we know that the true projection onto the

manifold is in the search region defined in Constraint 3 (if ¢ = Proja(r), the projection of r
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onto M and H = T;M). Finally, Constraint 1 extends the notion of orthogonal projection
onto manifolds. As discussed in Sober and Levin (2019), this constraint is responsible for
having a unique minimizer for (7) given enough samples. The aforementioned minimization
problem is summarized in Algorithm 1.

Algorithm 1 Step 1: Find an initial coordinate system

Input: {r;}' | C M, noisy samples of a d dimensional manifold M.

re M, a point in a tubular neighborhood of M.
d The dimension of the manifold M.

T lower bound on the reach of M.

o upper bound on the noise level.

Output: ¢* crude estimation of p = Proja(r).
H*  estimation of T, M.
1: Disregard points outside of Uror (plugging Thound, Obound into Eq. (5)).
2: Find ¢*, H* minimizing (7) subject to ||¢* — r|| < 20 and r — ¢* L H*.

2.2.2 STEP 2 - THE ITERATED PROJECTION

Given (¢, H) € RP x Gr(d,D) we define the following minimization scheme, known as
local polynomial regression (e.g., Cleveland (1979); McLain (1976)): Find 7 € II{?P a
polynomial of total degree deg(r) < k — 1 from R? to RP~¢ which minimizes

1

Jo(m | ¢, H) = > ri = (o m(@)ull®, (8)

oH Ti€URor

where z; € R? are the projections of r; — g onto H, (z,y)g € R? x RP~% are coefficients in
a basis of H x H-, UR;(g, H) is defined through a bandwidth e, as

Uroi(q, H) = {ri € Uror | [l < en}, (9)

and N,y denotes the number of samples in Ufy(q, H). Explicitly, the local polynomial
regression is defined through

m, g = argmin Jo(7 | ¢, H). (10)

d—D
mellf™]

As required to ensure convergence in probability for local polynomial regression Aizenbud
and Sober (2021a); Stone (1980), we demand that the bandwidth €, — 0 as n — oo is such
that

0 < lim nt/CFd . ¢ < 0. (11)

n—oo

Unfortunately, the minimization problem stated in Equation (10) could not be used
as-is, since we need an explicit relation between the failure probability, the error bound,
and the number of samples. The analysis of convergence of local polynomial regression of
vector-valued functions in Theorem 3.2 of Aizenbud and Sober (2021a), uses a variant of
local polynomial regression, namely some sort of “median trick” Alon et al. (1999) on (10)
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to unveil such an explicit connection. For simplicity of notations, we abuse the definition
of 7y ; in (10), and define

7, g = Algorithm 2 of Aizenbud and Sober (2021a)(z;,y;), (12)

where y; are the projection of 7; — g onto H+. Any derivative of Tr;‘ g can also be estimated
by means of Algorithm 2 of Aizenbud and Sober (2021a). For sifnplicity of presentation,
throughout the paper when we write 87731‘7 17 Or D”ZZ,HK what we actually mean is the estimate
of the derivative rather than the derivative of 7, ;.

We begin with ¢* (a coarse approximation of a point on the manifold) and Hy = H*
(the initial tangent estimate) resulting from Algorithm 1. Then, we update iteratively the
directions of H with respect to a tangent of M. Explicitly, in iteration ¢, we define Hy
to be the subspace coinciding with Im(D,,;He [0]) the image of the differential of (14,7 z,) :

R?Y — RP at 0 (i.e., the tangent to the graph of T p,)- In other words, we look at the
manifold as a local graph of a function

fo: R~ H, » RP~4~ H (13)
That is, we define a local patch of the manifold through the graph

Vg, = {r + (=, fﬁ(x))Hz‘x € BHe(Oa p)} C M, (14)

where p is some radius where this function is defined (see Lemma 17 for more details
regarding the existence of such p > 0). Then, we estimate the first order differential of fy
through taking the differential of the local polynomial regression estimate 7 ;; . The image
of the differential determines d-directions in R” (i.e., an element in the Grassmannian
Gr(d, D)), by which we define Hyy1. Following this, we define

foer (ryHyyr) — Hipq = RP™ (15)

We note that the estimate for the first derivative in case of scalar valued functions
was analyzed by Stone (1980) (as well as others) and was shown to converge to the true
derivative with optimal rates in case of unbiased noise. The results of Stone (1980) are
generalized to vector valued functions in Aizenbud and Sober (2021a). A core assumption
in these results is that E(Y|X = xz), the expected value of the samples, aligns with the
estimated function. However, in our case this assumption does not hold, since the noise
model is tubular with respect to the manifold and unless the coordinate system is aligned
with the tangent, the expected value of Y given X = x does not equal to fy(x) (see Figure
2); i.e., the samples have bias. We show below that the iterations described above improves
the maximal angle with respect to a true tangent. Thus, eliminating the problem of bias
iteratively.

Finally, after performing x iterations we get the estimate for p € M and T, M by

PVAN % — A
Pn = (0, T H, (0))rm,,  Tp, M= Hy. (16)

Below, we show for a specific value of x that with probability tending to 1 (as the num-
ber of samples tend to c0), dist(pn, M) = O(n=F/Ck+d) |15 — p|| = O(n~k=1/(k+d))
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and that Amax(m, M) = O(n~(*=1D/(2k+d)) " where O neglects dynamics weaker than
polynomial order (e.g., In(n) and In(In(n))). The aforementioned algorithm is summarized
in Algorithm 2.

Algorithm 2 Step 2: estimating the manifold from a good initial guess

1: Input: {r;} ; C M, Noisy samples of a d dimensional manifold M.

d The dimension of the manifold M.
re M, a point in the tubular neighborhood of M
Hy Initial approx. of the tangent

2: Output: p, Estimation of Projam(r) € M .

m Estimation of Tp,qj, ,(r) M.
for /=0tox—1do
Compute 7 5, through a version of linear least-squares minimization (12).
Compute D”:»,He [0] the differential of 7 5 in some basis at zero.
Hoppy = Im(DW:’H(} [0]) > this is the column space of DW:,H[ [0].
end for
pn =1+ (0, 7T;E,HN (0))T
Tp, M = Hy
10: return p,, and m.

2.3 Practical Considerations of Implementation Details

The minimization problem portrayed in (7) is non-linear since we optimize for both ¢
and H at the same time; note that if we fix ¢ this amounts to the Principal Component
Analysis (which is also related to the iterated linear least-squares problem motivating our
algorithms—see Aizenbud and Sober (2023)). This problem has already been studied in
Sober et al. (2021); Sober and Levin (2019) and we recommend using the iterative scheme
presented in Algorithm 3 to solve it (which is a slight adaptation of the algorithm proposed
in Sober and Levin (2019)). We note that as the initial estimation of the tangent (step 4
in Algorithm 3) we use the local PCA, which was utilized in many other works and shown
to be of merit Aamari and Levrard (2019); Aizenbud et al. (2015); Kaslovsky and Meyer
(2014). However, if one wishes to improve the computational complexity, the initialization
step can be done in a randomized manner as well Aizenbud and Averbuch (2019); Halko
et al. (2011). Algorithm 3 can be shown to converge in theory to a local minimizer of (7).
As explained at length in Sober and Levin (2019) under some conditions this minimization
has a unique minimum. Furthermore, in practical implementations we experienced very
fast convergence to a minimum.

As for the practical implementation of Step 2, we note that the derivatives of fy /o
identify with those of fy11. Finally, the number of iterations x in Algorithm 2 can be
computed explicitly to obtain the rates of convergence as explained in the proofs of Theorem
1. However, for the practical implementation, given a specific sample we suggest to iterate
until convergence. See Algorithm 4 for the adapted implementation.

10
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Algorithm 3 Step 1: in practice

: Input: {r;}¥,,r,d,7,0,¢
2: Output: ¢ - an n dimensional vector >H=qg+ Span{u]-}?zl
U - an n x d matrix whose columns are {u; }‘}:1

3: define R to be an n x N matrix whose columns are r;

4: initialize U with the first d principal components of the spatially weighted PCA

5 q < T

6: repeat

T Qprev = 4

8: R = (R — repmat(q,1,N)) - © > where © is an indicator for points in Uror
9: Xnwa = RTU > find the representation of r; in Col(U)
10: define XNx(d—i-l) = [(1, DT X]

11: solve XTXa = XTRT for a € M(g41)xn > solving the LS minimization of Xa~ RT
122 §=q+a(l,)"

13: Q,R= qr(a(2: end,:)T) > where gr denotes the QR decomposition
14: U+Q

15 ¢=¢+UUT(r—q)
16: until ||g — gprev|| < €

Algorithm 4 Step 2: in practice

1: Input: {r;} ; a set of points in M,

d The dimension of the manifold M.
q-1 a crude approximation of p, = Proja(r)
(initialized with ¢* of (7))
Hy Initial approximation of Tp,M s.t. Zmax(Ho, T,M) < ag
(initialized with H* of (7))
2: Qutput: ﬁn Estimation of some p € M.
Ty, T, M Estimate of T,M.
Compute T, H
g =q-1+ (0,77 1,(0)m,
repeat

Compute 7 5, through the least-squares minimization of (10).

Compute Dﬂge i, [0].
Set Hyty = Im(Dy Z[O])

Set ge+1 = qo + (0, qu 1,(0))H,
10: until |gp — qoy1| < €

11: return p, = qp41, Tp, M = Hypyq

11
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3. Main Results

The main result reported in this paper is Theorem 1. For convenience, we wish to reiterate
the sampling assumptions presented above in Section 2.1, as they are relevant for all the
following theorems. Namely, we assume that

i M € CFis a compact d-dimensional sub-manifold of R” without boundary.
ii M = 7 is large enough, where 7 is the reach of M and o > 0 is the noise level.

iii {r;}, are samples drawn independently and uniformly from M, (that is, r; ~

Unif(M,)).

Theorem 1 Assume M > C.+/DlogD for some constant C; independent of 7, and let
r € My. Then, for any § > 0 arbitrarily small, there exists N such that for any number of
samples n > N, applying Algorithm 2 with inputs q_1, Hy being the outputs of Algorithm 1,
and with the number of iterations k specified in Lemma 27 and is dependent on n,d, 0, k,
we get P, Tp, M, for which
1
dist(pn, M) < S2215)

nro

I =l < Cotn (5) (i) = O™ = 00,

Lmax(Tp, M, Ty M) < C3ln (;) <ln(lnn(n))2) - B(n )

and

with probability of at least 1 — &, where rqg = T’idf r o= ;Tjrld and p = Projm(r) is the
projection of r onto M.

While the explicit formula for x, the number of iterations needed in Algorithm 2, is given
in Lemma 27, it is worth mentioning that it depends only logarithmically on the number of
samples n.

We derive the result of Theorem 1 by showing that Algorithm 1 yields a “reasonable”
estimation for the tangent directions (Theorem 2), and the fact that Algorithm 2 yields
estimates that converge to a point and its tangent on the original manifold as n — oo
(Theorem 3). Consequently, Theorem 1 can be proven directly from Theorems 2 and 3.

Theorem 2 Let (¢*(r), H*(r)), the output of Algorithm 1, and let p = Proja(q*). Denote
a = /Cy /M for some constant Cyy (independent of o and M ). Then, for any 6 > 0
arbitrarily small, there exists Ng such that for all n > N

Lmax(H*, TyM) < «
with probability of at least 1 — §. Furthermore, we have
lp— ¢l <30

The proof of this theorem can be found in Section 4.1.

12
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Theorem 3 Assume that M > C;/Dlog D. Denote p = Projam(r) where r is the input
point for Algorithm 2. Let (q, H) be an initial coordinate system for which ||q — p|| < 30 and
Lmax(H, TyM) < \/em /M, where p = Projpm(q) € M. For any 6 > 0 arbitrarily small,

denote by pn,Tp, M the estimates derived from Algorithm 2 initialized with (q, H) with the
number of iterations k specified in Lemma 27. Then, there is Ng such that for all n > N

we have
dist(pn, ) < E22) _ o) a7)
o =l < ot (3) (i) =007, (19)
and
Zmax(Tp, M, ToM) < C3ln (;) (m(h:l(n)f) — O(n ") (19)

with probability of at least 1 — &, where rq = T]id’ r = Qkk—jrld, and C1,Cy,Cs are constants
independent of d, §.

The proof of this theorem can be found in Section 4.2.
Note that since the errors in the manifold and tangent estimation are bounded we can
also conclude from Theorem 1, by choosing 6 = n~"°, that

E(dist(pn, M)) < Cyn™".

Similarly, by choosing § = n™"!, we have

E( LTy ML Tz M)) < Cs (M} B

We wish to note here that although we show convergence to the underlying manifold
when n — oo the convergence rates we achieve are sub-optimal in the case of £ = 2
as observed by Genovese et. al. Genovese et al. (2012a) where the optimal rates for
manifold estimation in the Hausdorff sense are shown to be O(n=2/(+4)  This analysis
combined with the fact shown by Amaari and Levrard Aamari and Levrard (2019) lends the
possibility that the optimal rates for manifold estimation should be O(n =%/ (*+d)) which are
not achieved here. However, the convergence rates we achieve here rely on the rates for local
polynomial estimation, which are known to be optimal for non-parametric point estimation
of functions. Thus, we believe that our analysis of the algorithm represents its true rates
of convergence rather than just bounding them. While the presented approach may be
extended to estimating the entire manifold, and the current bounds may be extended to
bound the Hausdorff distance between the estimated manifold and the underling manifold,
we believe that the convergence rates will stay as they are.

4. Proofs

Theoretically, if we had known the tangent bundle of the sampled manifold at every point,
we could have utilized it as a moving frame for the “z-domain” to simply perform a Moving

13
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Least-Squares approximation. In this case, the convergence analysis would have been similar
to standard local polynomial regression Stone (1980) (with a varying coordinate system),
as the sample bias issue described above would not have occurred. Thus, the first part of
our investigation is focused on proving that (¢*(r), H*(r)), the solution to the minimization
problem of Equation (7), yields crude approximations to a tangent of the manifold.

Then, we refine the coordinate system in order to prevent bias introduced by the fact
that H*(r) is tilted with respect to T, M. Yet, as we show below, one of the keys to
unlocking the convergence rates are the known rates for local polynomial regression.

4.1 Proof of Theorem 2

Proof [proof of Theorem 2] The proof can be described by the following three arguments
which are proven in Lemmas 4, 6.

Arg. 1: Denote p, = Proja(r). Then, since r —p, L T, M and r € M,, we have that ¢ = p,
along with H = T},, M are in the search space defined by the constraints of (7).

Arg. 2: From Lemma 4 it follows that for large enough M = 7 /0 such that \E +2Z< % we
have Jy(r; pp; Tp, M) < 50 - 02, According to Assumption 2 in Section 2.1, we have
that M is large enough, and Lemma 4 hold. Due to the definition of ¢*, H* in (7), we
achieve that Ji(r;¢*, H*) < 50 - 02 as well.

Arg. 3: From Lemma 6, we have that for a = \/Cpr /M, where M = T, and C}y is a constant
the following holds: For any 6 > 0 arbitrarily small there is Ns sufficiently large
(independent of «) such that for all n > Ng, all pairs (¢, H) in the search space of
(7) such that Zyae(H, T, M) > «, the score Ji(r; g, H) > 10002 with probability of
at least 1 — 4.

Combining Arguments 2 and 3 we have that for a = \/Cy/M, where M = 7, and C) is a
constant the following holds: For any ¢ > 0 arbitrarily small, there exists N5 (independent
of a) such that for all n > Ns

Liax(H*, TyM) < «

with probability of at least 1 — §. Additionally, since the search space of (7) requires that
|l — ¢*|| < 20, we have that ||p — ¢*|| < 30, and the proof is concluded. [ |

Lemma 4 Let the sampling assumption of 2.1 hold, let p, = Proja(r) be the orthogo-
nal projection of r onto M, and let T,,, M be the tangent to M at p,.. Then, for M (of
Assumption 2) large enough

Ji(r; pr, Tp, M) <50 - o2 (20)

Idea of the proof: Since all the sampled points are o-close to the manifold which is
linearly approximated by the tangent, the mean squared distance to the tangent is of the
order of O(0?). The proof is given in Appendix B.1

We show, in Lemma 5 that given a coordinate system (p,, H) with Zy,q,(H, T), M) > o
with yields a large score of of our cost J; with high probability. This will be generalized to
a coordinate system (¢, H) around any origin ¢ in the search space of (7) in Lemma 6.

14
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Lemma 5 Let the sampling assumptions of Section 2.1 hold. Let p, = Projm(r) be the
projection of r onto M, and T, M be the tangent to M at p,. For a = \/Cy /M, where
M = Z, and Cyy is a constant, the following holds: For any § > 0 there is N5 (independent
of o) such that Yn > Ns all linear sub-spaces H € Gr(d, D) with Zya(H,Tp, M) > o, yield
a score

Ji(r;pr, H) > 10907,
with probability of at least 1 — 6.

The proof of Lemma 5 appears in Section B.2.

Lemma 6 Let the sampling assumption of Section 2.1 hold. Let p, = Projam(r) be the
projection of r onto M, and T, M be the tangent to M at p,. For a = \/Cy /M, where
M = Z, and Cy is a constant the following holds: For any 6 > 0 there is Ns (independent
of ) such that ¥Yn > N all linear sub-spaces H € Gr(d, D) with Zmqez(H, Ty, M) > «, and
all q in the search space of (7) yield a score

Ji(r;q, H) > 10002
with probability of at least 1 — 6.

Proof From Lemma 5, we have that there is a constant Cjs such that for any o < 5 and
M = Cy;/a?, and for any 7 and o maintaining Z > M the following hold: For any § > 0
arbitrarily small there is Ny sufficiently large such that for all n > Ny, all linear spaces H
with Zyae(H, T, M) > «, yield a score Jy(r; pr, H) > 109 - 02, with probability of at least
1 — 6. We now wish to show that Ji(r;q, H) > 10002 with high probability as well. For
convenience we wish to reiterate (6)

1
Jl(r;q,H):E Z dist?(r; — ¢, H).

ri€URoOI

By Constraint 3 of (6) we achieve that dist(q, M) < 30 and so for p = Projm(q) we have
llg — p|| < 30. Thus,

dist*(r; — ¢, H) = [lp — q|* + dist*(r; — p, H) > dist®(r; — p, H) — 90°,

and we achieve Jy(r;q, H) > Ji(r;p, H) — 90%. By Lemma 5 we conclude the proof of the
current lemma. [ ]

4.2 Proof of Theorem 3

Before delving into the details of the proof, we wish to reiterate the steps of Algorithm 2
while introducing some useful notations. According to the assumptions of Theorem 3 we
have a local coordinate system (g, H) € RP x Gr(d,D), such that ||¢ —p| < 30 and
Liax(TpM, H) < a, where p € M . As Algorithm 2 involves an iterative process, we
denote the initial directions of the tangent estimation as Hp := H. Then, at each iteration
we update the local coordinates’ directions Hy (for £ =1,..., k).

15
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Initial Section C.2.3: Section Section C.2.2: Section C.2.1:
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lmax(Tof& Hyyq)

Figure 3: Road-map for proof of Theorem 3

Similar to (4) and using the result of Lemma 17, we begin by looking at the manifold
patch M N Cyly, (p, cx/aT,7/2) as the graph of a function fo : (r, Ho) =~ R? - RP=4: j e,

Tjortio = {1+ (2, fo(@)) by | @ € Baty (0, ¢pyam)}, (21)

where Cyly, (p, ¢r/a7,7/2) is the D-dimensional cylinder with the base By (p,c/47) C Ho
and height 7/2 in any direction on Hol. For the remainder of this section, we assume that

= /Cyr/M is small enough (see the sampling assumptions in Section 2.1). Then, at each
iteration of Algorithm 2 we update Hy to Hyq1 through taking the linear space coinciding
with the directions of the estimated tangent to f, at zero. Explicitly, given (r, Hy), we look
at the manifold as I'y, ;. y, the local graph of a function f; and estimate Ty f, € Gr(d, D)
the tangent to the graph of f, at 0 through taking the image of D, 4[ |, the first order
differential of 7* i, at zero. In other words, we “rotate” the coordlnate system to the point
where Hyyq ahgns with the former tangent estimation to get foi1.

However, if we want to use the well-known convergence rates of local polynomial regres-
sion (i.e., the minimization of (10)), a key assumption in the analysis is that the noise has
a zero mean (see Stone (1980)). However, in our case, for any = € Hy, the samples above x
are uniformly distributed in

Q) = (z + HF ) N M,, (22)

where x + Hi* = {z +y | y € H;-}. That is, Q(z) : H, ~ R — 2" Thus, denoting
ne(z) ~ Unif(Q2(x)) and defining

fo(@) = Elne(yla)] # fo, (23)

the result of the regression will estimate fg rather than fy itself (see Figure 2). Thus, when
we wish to estimate f; or its derivatives using local polynomial regression, we estimate a
different function, for which the noise has zero mean (see Figure 4).
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fe
fe

> Hi

Figure 4: Illustration of M as a graph of a function f, (marked by the red solid line) above the
coordinate system f;. The boundary of M, is delineated by the pink lines and f; is the
conditioned expectancy E[ny(y | )] of this domain with respect to the presented y-axis.

__ Since for any arbitrarily fixed = the density of the random variable 7,(y|z) is constant,
fe(x) can be calculated as the mean of the set Qy(x) defined in (22). Furthermore, the
farthest point in each such direction is exactly o away from the graph of f; (see Figure 5).

Tzf Tof

Figure 5: Hlustration of (0, ) and ©(0) in the two dimensional case. Let H be some local coordinate
system and consider M as a local graph of some function f : H — H*. The upper bound
for the values of the sample distribution above 0 in some direction 6 of H+ is g(0,6). This
value is o-away from some point on M. We denote this point by f(Z(0)) € M.

A key lemma in the proof of Theorem 3 is the following, which is proved in Section C.1.

Lemma 7 Let H; € Gr(d,D), and let f, : Hy ~ R? — RP~4 defined as in (15). Define
Hypy = Im(Dﬂgl’Hé [0]), as in Algorithm 2, and let m = Qkk_+1d' Assume that M = 7 >
C:v/Dlog D (where C; is a constant from Lemma 28). For any § > 0, there is N such that
for any number of samples n > N, and any a < \/1/D smaller than some constant (see
Theorem 2 and Section 2.1 for the definition of M and Cyr). If

17



AIZENBUD AND SOBER

1. Zax(He, To fo) = ap < «
2. |1 fe(0)|| < min(erys - 7,1/7/32 = 1)
3. N satisfies 12\/&%5%/6) <«
hold, where Cy is some constant. Then, we have
a1 = ZLmax(Her1, To for1) = Zmax(Her1, To fey172) < /2

and
| fe+1 (0[] < [1£2(0)]] (1 + 40a2)

with probability at least 1 — §.

We now turn to the proof of Theorem 3.
Proof [proof of Theorem 3] We divide Algorithm 2 into four steps:

(i) Show that the initialization Hy results with Zmax(Ho, To fo) and || fo(0)|| small enough
(using Lemmas 24 and 26).

(ii) Show that estimating Hy,q from H, (with the origin set at r) improves the angle
ZLmax(Hp, Ty fe) - corresponds to rows 4 to 6 in Algorithm 2 (using Lemma 7).

(iii) We show that for p = Projam(r) - the projection of r onto M, Zyax(H,, TpM) is
small (as required in (19)) (Using Lemmas 49).

(iv) Show that p, is a good estimate of p - corresponds to row 8 in Algorithm 2 (using
Lemma 46).

Note that step (ii) is repeated x times. Below, we treat the four steps one by one. Although
we prove this point later, we start by assuming that x and §; are

12\/&700 n(1/01) < o2t (24)

nm
where (Y is the constant from Lemma 7.

Step (i): Let ag = /1/D and denote by Ay the event of
ZmaX(TQfQ,H0> S (67} and Hf()(())” S 100.

From Lemma 24 and Theorem 2 that for M large enough, there is Ny 5, such that for all
n > Ny, we have that:

Pr (lmax(TOanHO) < Ol[)) >1- 61,'
From Lemma 26 we have that
Pr (| fo(0)[| <100) > 1 — ;.

This means that P(Ag) > 1 — 41 (note that the failure probability comes from Theorem 2,
and once the result of the theorem holds, the conditions of Lemmas 24, 26 are met).
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Step(ii): Denote by A, the event that £ .. (Tofr, Hy) < ap2~¢ = oy and also
1o (O) I < [l fe-1(O)]] (1 + 4007_) -

We now wish to apply Lemma 7 in an iterated fashion. To initiate the iterative process,

1/r1
%OIH(I/J)) (i.e., requirement 3 of the

Lemma). To comply with requirement 3 of Lemma 7 in all the following iterations, the total
number of iterations x that we can perform is limited by the actual number of samples n
(since a shrinks with each iteration). Below, we show what should be the value of x that
allows for the iterated application of Lemma 7 given n.

Since M > C;+/Dlog D, and oy < \/1/D if events Ay, ..., Ay hold, then the require-
ments of Lemma 7 are met for a = ay = ap2~¢. The only nontrivial requirement is the
bound on ||f;(0)||. Since all the events A; for i < ¢ hold we have

1£e(O)| < [ fe—1(0)]| (1 + 4007 ;)
< | fe—2(0)] (1 + 4004372) (1+ 4004?71)

we have to assume that n is at least No 5, = (

V4
< o) ] (1 + 40a7)
1=0

14

< | fo(O)[ T (1 + 40a527%)

=0

Denote ag = 4004(2), and then

l
£ < 1) TT (1 + ao2~2)
=0

V4
= | fo(0)|| exp (Z In (1+ a02—2i)>

1=0

V4

< [[£o(0)]| exp (Z a02_2i>
=0

< [l £ol0) | exp (Z a022i>
=0

< [[fo(0)[] exp (2a0)

Thus, we have that for n > Ny s5,, with probability of at least 1 — 41, the event A, holds
given events Ay, ..., Ay hold for any ¢ < k.

To conclude our arguments so far, since k satisfies (24), using the union bound on the
events Ay, ..., A, we have that

Pr (Zmax(Tofu, He) < 0p27%) > 1 — k01 (25)

Choosing 6 = %H, we have from Lemma 27, that « from (75) satisfies (24). We also have

from Lemma 27 that )
ap2™" < Cyln <5> n~" (In (In(n)))*"™ .
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Thus, we have that

Zmax (T f(0), Hy) < Cyln <> n~" (In (In(n)))*"™, (26)

given events Ay, ... A, hold.

Step (iii): Denote by p, = (7, fx(0))rm,., and p = Projsm(r). Applying Lemma 49 we
have that .
Caln (3)n™ (In(In(n)))*"

Hp_an < 1 c ’ (27)
(20(2+o‘/7’) B ;)

with probability of at least 1 — 4. From Corollary 3 in Boissonnat et al. (2019), we have

that Lo (To M. T £,,(0
sin max( P ) fli( )) S Hp_an' (28)
2 2T
or,
2 I
Lunsx(TpM, T f(0)) < 2P =2l (29)

-
Combining 29 and (27) we have

2C41n (3)n~" (In (In(n)))*" _ 2C;In (5)n " (In (In(n)))*"

TGJﬁﬂﬁ‘%) o/ ¢

Zimax(TpM, T f:(0)) <

)

(30)
given events Ag,... A, hold. Note that the expression % — cin (30) grows with M.
Combining (30) with (26), and using the triangle inequality, we get

Zmax(TpM, Hy) < Cyq - In(1/8)n " (Inln(n))?" (31)

given events @&'A'f hold, where C, is some general constant. Note that according to
Algorithm 2 T; M = H,.

Step (iv): In order to bound the error ||p, — p|| we use the triangle inequality
1Pn — Pl < |Pn — pull + [IPx — PII;

where p, = (7, fx(0))n,, and bound the two parts in the right hand side separately.

The first part, ||p. — p|| is bounded in (27).

Furthermore, assuming event A, holds, since o = 27" < 1/D, there is N3 such that
for n > N3 we have from Lemma 46 that

cln (%
5 — il < 80 D227 + #
n 0

holds with probability at least 1—0/(k+1), where ¢ is some general constant and rg = %er.
Explicitly. Denote this event by B. Substituting x from (75) we have from Lemma 27 that

2
Pn — pil| < 80 DC21n 1 n~2" (In (In(n))*™* + cIn 1 n "o
d 5 5
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or, for n large enough, and some constant C',
. L\ .
Ipn — x|l < Ciln 5)n (32)

Note that p,, € M, so dist(pn, M) < |[pn — px||. Combining this with (27), assuming events
Ag, ... A, B hold, we have that

Cyln (3)n~" (In (In(n)))*" ‘

(arterm — 2)

~ 1 —r
Hpn - p|| <Ciln <5) n~" 4

Alternatively, for n large enough, and some constant C, given the events Ay, ..., A., B hold,
A 1 —r 2r
lpn — Pl < C'ln 5)" ! (In (In(n)))="" . (33)

Using the union bound on Ay,..., A, B, we have that Equations (31), (32) and (33) are
satisfied with probability of at least 1 — 4. This concludes the proof of Theorem 3. |

5. A Possible Application

While there are numerous applications for this method, we present here one example that
demonstrate the potential of the presented approach. In this example we show how the
presented method can be used to follow the trajectory of a geodesic line on a manifold. We
assume that a point xg is chosen on the manifold and some direction #; on the tangent
Ty, M (In practice, the process can initialized with a point near the manifold M and then
project it to the manifold).

The process of tracking a geodesic line is iterative. At each step, we compute T;11 =
x; + €U, then “project” the new point back to the manifold z;41 ~ Proj,@;+1 through
Algorithms 3 and 4, and parallel transport ¢; to T, to get Uit1.

Tit1

In the first toy case, the manifold M is a circle of radius 10 in R?. The dataset consists
of 5000 points. We start with some sample (illustrated in red in Figure 6), project it onto
the circle (in Figure 6, the circle is marked in blue, and the projected point in green), and
than move the point in some direction, project it again (shown in another green point in
Figure 6), etc.
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Figure 6: Geodesic “walk” on a circle. The red point is the initial point. The yellow points are the
data set. The red point is then projected onto the estimation of the blue circle. Then at
each step, a new point is generated along the circle (the black arrows connect the points.
The plot illustrates 30 steps.

In the second example, we took a 3d model of an airplane!, rotated it in the z-axis, and
took 2000 snapshots. Each snapshot is an image of 290 x 209 gray-scale pixels. The input
data set consist of the unsorted images, sampled from a one dimensional manifold embedded
in R60610 " Several such images appear in Figure 7. Starting from some image, we create a
movie of the rotating airplane. The movie can be found in https://youtu.be/aHYyUvulQ-8,
and the code for generating it can be found in https://github.com/aizeny/manapprox.

= @ T= & 4  Hf ==

=== @ SE 2w = L ==

Figure 7: Sample images from a 3d model of an airplane.

6. Conclusions

This paper presents a novel algorithm for point estimation and denoising of manifold data.
Our approach achieves theoretical convergence guarantees and demonstrates practical util-
ity in manifold reconstruction tasks. The key contributions and implications of our work
can be summarized as follows: First, we developed and analyzed a two-step algorithm that
effectively estimates points on the underlying manifold from noisy samples. The algorithm
first establishes an initial coordinate system and then iteratively refines it to improve ac-
curacy. Our theoretical analysis shows that this approach achieves convergence rates of
O(n~*/@k+d)) for manifold estimation and O(n~*=1/(2k+d)) for tangent space estimation.

1. http://3dmag.org/en/market/download /item/4740/
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A limitation of our analysis is the sampling model, which assumes uniform distribution
within the o-tubular neighborhood. The uniform sampling assumption enables rigorous
theoretical analysis and convergence guarantees, but it is different than the additive normal
noise models commonly used in manifold estimation literature. An important future direc-
tion would be extending our framework to handle more general noise distributions while
maintaining theoretical guarantees. Our method’s practical value is demonstrated through
applications like geodesic trajectory tracking, as illustrated in our examples. These ap-
plications suggest the algorithm’s potential utility in various domains requiring manifold
reconstruction and geometric processing of noisy data.

Several important research directions emerge from this work. A natural extension would
be developing a complete manifold estimation framework that maintains our theoretical
guarantees while reconstructing the entire manifold, not just individual points. Additionally,
there are intriguing theoretical questions regarding the relationship between our achieved
convergence rates and known optimal rates in manifold estimation. In particular, the ap-
parent discrepancy between our rates and those established by Genovese et al. for manifold
estimation in the Hausdorff sense warrants further investigation. Understanding these con-
nections could provide deeper insights into the fundamental limits of manifold estimation
under different noise models and sampling conditions.

In conclusion, while our current sampling assumptions present some limitations, the
theoretical guarantees and practical effectiveness of our algorithm provide a solid foundation
for future developments in manifold estimation and geometric data processing.
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Appendix A. Preliminaries

Before we delve into the proofs, we wish to introduce the concepts of Principal Angles
between linear sub-spaces Jordan (1875); Bjorck and Golub (1973) as well as develop some
general results concerning the viewpoint of the manifold as being locally a graph of some
function from a local coordinate system. Both of these topics will play a key role in the
proofs below.

In addition, two bounds resulting from the Taylor expansion will be used extensively in
our proofs. Thus, we note them here as the two following remarks:

Remark 2 For x € [0,v/3/2]
1-1/222 > /1 —22>1—2? (34)

Remark 3 For x € [0,/3/2]
1—1/2952—1/8;1;42@21—%9[;2—954 (35)
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A.1 Principal Angles Between Linear Sub-Spaces

The concept of Principal Angles between flats were first introduced by Jordan in 1875 Jordan
(1875). Below, we use the definition of Principal Angles between subspaces as described in
Bjorck and Golub (1973).

Definition 4 (Principal Angles) Let V' be an inner product space. Given two sub-spaces
U, W of dimensions dim(U) = k,dim(W) = [, where k < there ezists a sequence of k angles
0<p1<...<Br <7/2 called the principal angles and their corresponding principal pairs
of vectors (uj,w;) €U X W fori=1,... k such that Z(u;,w;) = f; are defined by:

AN . AN
up,wq = argmin arccos ([(u,w)]), B = Z(u1,w1)

ueU,weWwW ’
lull=[lwl=1
and fori>1
A . A
uj, w; =  argmin  arccos (|(u,w)|), Bi = L(u;,w;)
uLui_1,wLWi_1 ?
lull=[lwl=1
where

A i 4 i
U; = Span{u;}i_y , Wi = Span{w;}i_;.

In other words, given two linear subspaces of R” of the same dimension d we can measure
the distance between them based upon the principal angles. In our case, we measure the
distance between two subspaces by taking the maximal principal angle (maximal angle) ,
and denote it as A

Zmax(ua W) = max B’L (36)

1<i<d

Lemmas 8 and 9 are reformulation of results proven in Knyazev and Argentati (2007)
and will be also used later on.

Lemma 8 Let F and G be two linear spaces of dimension d in RP . Assume that Zyax(F,G) <
a. Then for any vector v € F-

min Z(v,w) < «

weGL
Lemma 9 Let F and G be two linear spaces of dimension d in RP . Assume that Liax(F.G) <
a. Then for any vector v € F+ and w € G,

Llv,w)>w/2 —«

A.2 Viewing the Manifold Locally as a Function Graph

It is well known that, locally, a sub-manifold of R” can be described as a graph of a function
defined from the tangent space to its orthogonal complement. In this section, we deal with
expressing a manifold as a local function graph with respect to some tilted coordinate system
and bounding the size of the neighborhood for which this definition still holds. The results
reported below are general and relate closely to the concept of the Reach (see Definition
1), which was introduced by Federer (1959) and further studied by Boissonat, Lieutier, and
Wintraecken Boissonnat et al. (2019).
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Lemma 10 (Corollary 8 from Boissonnat et al. (2019)) Let M be a sub-manifold of
RP with reach T and let p € M. Then, any open D dimensional ball of radius p < T that
is tangent to M at p does not intersect M.

Lemma 11 (Bounding Ball) Let M be a d-dimensional sub-manifold of RP with reach
T. For any p € M, let T,M be the tangent of M at p. For any x = p + x7, where
zr € TyM, and y € (T,M)* such that ||lz7| < 7, |lyl| < 7/2 and (z +y) € M, we have
that

2
lyl <7 — /72 = [lzz]

The proof follows directly from Lemma 10.

Lemma 12 (Bounding Ball with Noise) Under the sampling assumption of 2.1. For
r; € Uror where Uror is defined in (5). Denote p, = Projam(r), and x; = Projr, m(ri —
pr). Then,

dist(r; — pr, Tp, M) <7 — /72 — ||zi]]? + 0.

Proof We first note that since r is at distance at most ¢ from M, we have that Uror C
Bp(pr,v/oT + ). Denote p; = Projam(r;). By Lemma 11 the distance between r; and
T, M is bounded by

dist(r; — pp, Tp, M) < dist(p; — pr, Tp, M) +0 < 7 — /72 — ||lz4||> + 0.

Lemma 13 (Bounding Ball From a Tilted Plane) Let M be a d-dimensional sub-manifold
of RP with reach T. For anyp € M, let T,M be the tangent of M at p and let H € Gr(d, D)
such that Ziax(TyM, H) = o < w/4. For any v = p+xpy, where vy € H, ||[xg|| < crpy7 for
some constant .y , and y € H* such that ||z — p|| < Tcosa, |yl < 7/2 and (z +y) € M,

we have that

—rcosa+ /72 — (|Jz]| — Tsina)? < ||ly|| < Tcosa — /72 — (||lz]| + Tsina)?

The proof of Lemma 13 follows directly from applying Lemma 11 and observing the illus-
tration in Figure 8.

25



AIZENBUD AND SOBER

M T,M

cos(a) ?

‘ sin(a)

Figure 8: Illustration of bounding ball for d = 1, D = 2. The manifold M is marked by the red
solid line, To¢ is marked by the blue dashed line and o = Zyax(H, T, M) is the angle
betweeen the z-axis and T, M. The bounding balls defined by the reach 7 are marked in
pink (solid and dotted)

Lemma 14 Let M be a d-dimensional sub-manifold of RP with reach 7. For any p € M,
let TyM be the tangent of M at p and let H € Gr(d, D) such that Zax(TpM,H) = a <
m/4. For any x = p+xpy, where vy € H,||vy|| < cr/a for some constant ¢4, and y € Ht
such that ||x — p|| < Tcosa, ||y|| < 7/2 and (x +y) € M, we have that

lyll < llzmll (tana + cllzm||/7)
where ¢ is some constant depending on cy 4.

Proof Recalling Lemma 13, we have that

llyl| < Tcosa — \/7'2—(H$H||+Tsinoz)2. (37)

Therefore,

lyll < 7(cosa — /1~ (Jeg] /7 +sina)?)

= 7(cos v — \/1 — g /72 + 2 ||zx]| /7 sin o — sin® @)

= 7(cosa —y/cos?2 o — ||lzg||? /72 — 2 ||z /7 sina)

=T1cosa(l — \/1 — Nz |? /(T2 cos? @) — 2 ||zg ]| /7 tan a/ cos @)

<7Tcosa(l—(1-

2
lzul®  lemltana [ Jeg)? o llzal tana )
272 cos? T Cos & 72 cos? o T COoS o
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2
2 2
¢ t
= reosa(tetl__ . lenl wna%_< lenl® , ,lenl ana> |

272 cos? a T CoS 72 cos? a Tcosa

2
2 2
B2 +< B +2wmmwa>

= ||zg| tana +

27 cos 73/2 cos3/2 o T1/2 cosl/2 o
<|lzu| (tana + cllzg|/7)

for some constant ¢ depending only on ¢y 4. |

Lemma 15 Let M be a d-dimensional sub-manifold of RP with reach v. For any p € M,
let TyM be the tangent of M at p and let H € Gr(d, D) such that Znax(TpM,H) = a <
m/4. For any x = p+xpy, where vy € H,|xg|| < cqr/y7 for some constant cy 4, and y € Ht
such that ||x — p|| < Tcosa, |ly|| < 7/2 and (x +y) € M. Then, we get that

. TH

S0 LT M, Ty M) < L1 a2 ) 4 O/
Proof From Corollary 3 in Boissonnat et al. (2019) bounds the maximal angle between
the tangent spaces at two points on M through their Euclidean distance and 7. Namely,
let p1,p2 € M

$in( L (Tpy M, Tp, M) /2) < ”1)1;’2”.

Therefore, in our case we obtain,

, w1 + Iy
sin(Zmax (Tp4yM, TpM)/2) < o . (38)

Recalling Lemma 14, we have that

lyll < llzx | tan a + O(l|lza||*/7)

2
[Ezalm I
2T

2 2
sl + el tan? o + O(lem]2/7)

2T
_ lzall 5
=5 1+ tan® o+ O(||xgl|/7)

_ llznl
- 27

S0 L (T 1y M, Ty M) 2) <

(1+tan?a) + O(||zg||?/7%)

Note that for sufficiently small v we can bound sin(vy) < 2sin(y/2). Thus, for 7 large
enough we obtain

[E223
-

sin(Zmax (Tp4y M, TyM)) < (1+ tan? a) + C’)(H:L‘H||2/T2)

27



AIZENBUD AND SOBER

Lemma 16 Let M be a d-dimensional sub-manifold of RP with reach 7. For any p € M,
let TyM be the tangent of M at p and let H € Gr(d, D) such that Zypax(TpM,H) = a <
m/4. For any x = p+xpy, where vy € H,||vy|| < cr/a for some constant ¢4, and y € Ht
such that ||z —p|| < Tcosa, |y|| < 7/2 and (x+y) € M, we denote B = Lax(TypyyM, H).
Then, we get that

[E271
T

o — 2

|
-

(1+oz)—|—cHxH|]2/72§B§a+2 (1+a)+c|]xHH2/7'2,

for some constant c € R.

Proof Using the triangle inequality for maximal angles we have that
émax (TpMa H) S émax(TpMa T:c+yM) + émax (Tx-i—yMa H)7

as well as
lmax(TeryMa H) S lmaX(TpMy Tz+yM) + émax(TpMa H)a

which can be written as
la — B| < Zmax(TpqpyM, TpM).
From Lemma 15 we have that

[E273
-

sin(Zmax (Tp4yM, TpM)) < (1+ tan? a) + O(Hl’HHQ/TQ),

and thus,
(B2
-

sin(la — f]) < (1 + tan® a) + O(||lzm /%)

Since for z < 7/2, we have that x/2 < sin(z), we have

[E27]
T

la—pB] <2 (1+tan2a)—i—(’)(||a:HH2/7'2).

Since for a < 7/4, we have that tana < 1, and tan? o < a, we have that

llzell
T

|z m]l

o — 2‘7(1 +a) + O(llzul*/7%) < B < a+2 (1+a) + O(lzul?/7%).

Lemma 17 (M is locally a function graph over a tilted plane) Let M be a d-dimensional
sub-manifold of RP with reach 7. For any p € M, let T, M be the tangent of M at p. Let
H € Gr(d,D), such that Zmax(H,T,M) = o < w/4. Then M N Cylg(p,p,7/2) is lo-
cally a function over H, where Cyly(p, p,7/2) is the D-dimensional cylinder with the base
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Br(p,p) C H and height 7/2 in any direction on H*, for p = Cr/aT Where cryy is some
general constant.
Explicitly, there exists a function

f:Bu(p,p) — H*

such that the graph of f defined as

Ly ={p+ (z, f(z))|r € Bu(p,p)}

identifies with M N Cylyg(p, p,7/2).

Proof We split our arguments to two separate parts. First, we show that for ¢ < 0.02
there exists a function f such that I'y C M N Cyly(p, cr,7/2). Then, in the second part
of the proof, we show that there is a constant ¢, /4 < ¢ such that f is defined uniquely and
Ly =MnCyly(p,p,7/2).

By definition, there is an open ball Uy C T, M of p such that there is a neighborhood
Wi C M that can be written as a graph of a function from Ur ~ R? to Tp./\/lL ~ RP—4,
Accordingly, for any H such that Zy,ax(H,T,M) < /2 there is an open ball By (p,e) C H
such that Wy C M can be written as a graph of a function f from Bp(p,e) to H-. We
wish to show that f can be extended to a ball By (p,0.027) C H such that the graph of f
is a subset of M (note that f(0) =0).

By contradiction, let us assume that vt the maximal radius of an open ball such that the
'y € M, is strictly smaller than 0.027. We claim that the graph I'; is defined on the closed
ball By (p,t) and is also subset of M. This is true, from the following argument: Take a
sequence of points {x,} converging to x € By (p,t), a point on the boundary of By (p, p),
and consider {y, = p + (zn, f(x,)) € M}. From the compactness of M the sequence yy,
has a converging subsequence y,, and we denote its limit as y. Since z, — =z, we define
f(@) £ lim f(a,) and y = p + (z, f().

We now wish to show that there is ¢ > 0 such that f can be extended to By (p,t + ¢).
Using a similar argument to the one used in the beginning of the proof, by showing that
for any x € 0Bg(p,t) the angle Zyax(Tnf, H) < 7/2, we get that there is Wy C M, a
neighborhood of y € M that is the image of some function from By (z,¢,) to H. Therefore,
f can be extended into this neighborhood. Taking € to be the minimum over all ,, which
exists since x is in H (p, t), which is compact, we get that f can be extended to By (p,t+¢).

The remaining piece of the existence puzzle is showing that for all x € 9Bg(p,t) we
have Zmax(Tyf, H) < m/2. From Lemma 16 we have that for any x such that

+ 2”370”(1 + )+ cllzl?/r.

||

> ol 41y 4 g2 /72
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Thus, for z < ¢17 we have that Zyax (T, f, H) < 7/2 holds.

We now turn to show that there is a constant ¢, 4 for which f is uniquely defined in
B (p, ¢rjs7). From Lemma 13 we know that for any x € H with ||z|| < 7/2 all the y € Ht
such that (z,y) € M and |y|| < 7/2 must satisfy:

T

|yl < Tcosa— /72 — (||| + Tsina)2 =7 (cosa - \/1 - (M + sina)Q) (39)

Let y1,y2 be such that (x,y1), (x,y2) € M where ||z| = Z7. Then,

Iyl < 7 (cosa = VT=(@+sima)), (j=1,2). (40)
In other words, y; and y2 cannot be too far from one another, and note that as z — 0

ly2 — 91l = 0 (41)

On the other hand, taking the point (z,y1) € M, denoting 8 = Zmax(T(4,,,)M, H), and
applying Lemma 16 we have that

B<a+ 2%(1 + ) + O(z%/1%)

which tends to a when Z — 0. From Lemma 10 we know that (z,y2) cannot be in any ball
tangent to M at (z,y;) of radius 7. We denote by v the direction (0,42 —y1) € H+. From
Lemma 8 we know that there is w € (T (gc,yl)/\/l)L such that Z(v,w) < . Therefore, we can
now limit our discussion to Ly, the affine space spanned by v and w from (z,y1), and note
that it contains (x,y2) as well. Taking the two balls Bp((x,y1) & 7 - w, 7) and intersecting
them with L,, we get two 2-dimensional disks of radius 7 (see Figure 9). Thus, (z,y2)
cannot be within either disks. From basic trigonometry we achieve that either yo = y; or

lly2 — y1]] > 27 cos(B) > 27 cos(a + 24/ Z(2a + T)),

which tends to 27 cosa as & — 0. Combining this with (41) we get there is ¢, /4 such that
for all z < ¢, /4 we have y1 = yo.
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Figure 9: Tlustration of bounding balls. The reach 7 of the manifold M (marked by the red line)
bounds its sectional curvatures. Namely, the manifold cannot intersect a tangent open
ball of radius 7. In this illustration we have some coordinate system H and the manifold
can be described locally as a graph of some function f : H — H'. The coordinate system
H is not aligned with Tp f, the tangent at zero; i.e., Zmax(H,Tof) = «. Then the value of
f at x is bounded to the markered interval in H+ above z. Furthermore, in order to have
two different points in M above x, the manifold cannot curve too fast as it cannot enter
neither the dotted balls nor the solid ones.

Corollary 5 Under the requirements of Lemma 17 we get that M is a function graph over
T,M in a 7/2 neighborhood of p. Reiterating (3), we have a function

¢p : Br,m(0,7/2) = T,M*
such that the graph of ¢ shifted to p coincides with M N Cyly, r((p,7/2,7/2).

Corollary 6 Let the requirements of Lemma 17, and the sampling assumptions of Section
2.1 hold. Denote the projection of r onto M by p, = Projm(r), let Ugor be as defined in
(5). Then, any r; € Uror can be written as

i = pr + (T, &p, (T:)) 1, M FEi, (42)

pi

where x; = Projr, m(ri —pr) and ||gi]| < o.

Proof From the assumptions of Section 2.1 we know that 7/c > M. Therefore, there
is M such that \/oT + 0 < 7/2 and thus, from Corollary 5, the intersection of M with
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CleprM(pr, VoT +0,7/2), a cylinder with base Br, am(pr, /o7 + o) C Ty, M and heights
7/2 in T, M= can be written as F¢meTpTM(pm/F+U)’ the graph of ¢y, : T, M — T, M=.
Since r; are in a tubular neighborhood of M, the proof is concluded. |

Lemma 18 (Function version of Lemma 11) Let M be a d-dimensional sub-manifold
of RP with reach 7. For any p € M, let T,M be the tangent of M at p. Let ¢, :
Br,m(0,7/2) — T,M= be defined as in Corollary 5; that is,

F¢PVBTPM(077/2) C M’

where
L4y Br,m(0,7/2) = P+ (2, 6p(x)) |z € Br,m(0,7/2)}

Then, for any v € T,M™*, such that |v| = 1
(v, ¢p(@)) <7 — /72— ||z|*

Proof This follows immediately from Lemma 11 and Lemma 5. [ |

Corollary 7 It follows immediately from Lemma 18

I6p(@) |gp-a < 7 = /72 = |[2[|a, (43)

and using the triangle inequality we can say that

(2, 6p(@))lgp < lellpa +7 = /72 = [l (44)

Lemma 19 (Function version of Lemma 13) Let M be a d-dimensional sub-manifold
of RP with reach T. For anyp € M, let T,M be the tangent of M at p and let H € Gr(d, D)
such that Zyax(TyM,H) = a < 7/4. Let f, : RT — RP~4 be such that the neighborhood
W, C M can be descried as the the graph of f,

Lppw, = {p+ (@, fp(x))lx € Proju(Wp)}

Then, for any v € H*, such that ||v| =1

—rcosa+ /12— (||z] — Tsina)? < (v, f,(2)) < Tcosa — /72 — (||| + 7 sin )2

Proof This follows directly from Lemma 13 and Lemma 17. [ |
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Lemma 20 (Function Version of Lemma 16) Let M be a d-dimensional sub-manifold
of RP with reach T. For anyp € M, let T,M be the tangent of M at p and let H € Gr(d, D)
such that the origin of H is set at p and Lmax(TpM, H) = a < w/4. Let f, : RY — RP—d
be such that the neighborhood W, C M can be descried as the the graph of f,

Lpw, ={p+ (. fp(@))|z € Proju(Wp)}

Let xg € H such that |zo|| < crpa7, B(w0) = Limax(Tuo fp, H), where Te f is the tangent to
the graph of f, at f(§). Then, we get

o l2oll 0|| [ oH

TR 4 ) + c|lzol|? /7 < Blag) < a+ 252 (1 + a) + c||zo|)? /T3,
for some constant ¢ € R.

Proof This follows immediately from Lemma 16 and Lemma 17. |

Appendix B. Supporting Lemmas for Step 1

B.1 Proof of Lemma 4

Proof We recall that Uror as defined in (5) is contained in Bp(p,,+/oT+0). Using Lemma
12, for any r; € Uror we know that the distance between r; — p, and 7}, .M is bounded by

dist(r; — pr, Tp, M) <7 — /72 — ||z;]|? + 0, (45)

where x; = Projr, m(ri — pr). Since x; € Bp(0,+/0T + o) we have that [|z;|| < \/oT + 0,
and so

Ji(r;pr, Ty, M) < <T — \/72 — (Vor +0)2+ a>2.

By simplifying and bounding this expression using Remark 3 we get

2
(0470 =72 = (Vo 4 02) o+ 12 47 = (VT + ) =20 + )y = (Va7 + 0
=0% + 207 4 212 — (Vo +0)?
~2r(0 + 1= (Va7 +o/7)?
<o® 4207 +27° — (\or 4+ 0)?
— 27121 = 1/2(/o /T + o /7)* = (Vo /T +a/7)*)
—2r0(1 = 1/2(\/o/T + 0 /7)? — (o /T + o /T)%)
202—72(W+0/T
((Volt+a/r)* +2(\/o/r +0/7)")
+ro((Vo /T +0/7) +2(Vo/T+0/1))
=o? + 27 (/o /T +o/7)*
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+1o((\o/T+a/1)*+2(/o/T +0o/1)h)

S02+2<ﬁ+\;)4+30<ﬁ+\;)2.

Using the fact that o < 7 we get
J1(r;pr, Ty, M) < 0%+ 2(2¢/0)* + 30(21/0)?

Thus, we obtain
Ji(r; pr, Tp, M) < 4902

B.2 Proof of Lemma 5

Proof We first wish to denote by 3; the principal angles between H and 7}, M and their
matching principal pairs (uj, w;) € T, M x H (see Definition 4). Throughout the proof
we work on the sectional planes defined by £; = Span{u;,w;}. Thus, we can define the
orthogonal complement of u; and w; on £; by y; and y; correspondingly. That is, both
{uj,y;} and {w;,y;} are orthogonal bases of L£;. Since for any ¢ # j we have that u; L wj,
w; L wj and w; L w;, we have that both {ﬂj}?zl and {y; ?:1 are orthonormal sets. Then,
complete the sets {7; }?:1 and {y; }?:1 to an orthonormal basis of H+ and T}, M* through
adding the orthonormal sets {gj}f:_dil and {yj}JD:_dil correspondingly. Note that, since
H*' is a D — d dimensional space, and {y; }?:1 € H', we need only to add D — 2d vectors
to have an orthonormal basis. Explicitly, we know that for all ;' =1...,d

~ yD—d D—d
Span{y;};_/\ 1 L Ly, Span{y;}; ;0 L Ly

Thus, for j =d+1,...,D —d we have both g;,y; € Htn Tpr./\/lL and without limiting the
generality we can choose g; = y; for such j. Using this notation we get that for any point
x € Uror

D—d D—d D-d
dist’>(z —pr, H) = > (2 —pp, )" = Y (@—pr)>+ > [(@—prys)? — (& —pryy)?] =
=1 j=1 j=1
D—d D—d
=Y (w—prny)?+ Y [ —prd)® — (x—pry)?]
j=1 J=1

and since y; = y;j for j =d+1,...,D — d we have

d

distQ(x —pr, H) = dist2(m —pr, Tp, M) + Z [(m —pr,gj>2 —(x — py, yj)2] ) (46)
j=1

The remainder of the proof is achieved through the following set of claims:
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1. From (46) it follows that
Jl(r;pTaH) = JI(T;pranrM) + Rl(r;praH)7

where

L SN2 g \2
Tpr, Z#| ROI| Z <Tz pmy]> <rz prvy]> . (47)

r;€URO1

2. Thus, in order to bound Ji(7; p,, H) from below we can focus on bounding R (7; p,, H).
We then consider separately two sets of indices K, K" such that K'UK" = {1,...,d},
where for all j € K’ we have 8; > « and for all j € K” we have 8; < a. Notice that
since Zag(H, Ty, M) > o we, get that K’ # ) and that #K” < d — 1. Writing this
explicitly we get

Ri(r;p,, H) = R\ (r;pr, H) + R (r;p,, H) (48)
where
R T p?”7 Z #| | Z <ri _prvgj>2 - <Ti _prayj>27 (49)
JjeK’ ROI r;€URO1
and

R” 7" pra Z #’ ROI’ Z <Ti _pragj>2 - <ri _prayj>2' (50)

JeK! ri€UROI

3. We show in Section B.2.1 that

R (r;pr, H) > —90°. (51)

4. Then, when we focus on j € K’ we show that for a; = i and ay = % and xg € T, M

such that ||p, — xo|| = a1y/o7 and Br, am(xo,a2v/07+0) C Bp(pr,+/oT —0) C Uror,
and

1
(r; —pr,yj> > am’szna 203/27'1/2. (52)

This is proven in B.2.3.

5. From Assumption 2 in Section 2.1 we know that \/g < % In addition, setting

p = az\/oT we know that By, sm(wo,p + o) C Br, m(pr,/0T — 0), so we can use

Lemma 23. Explicitly, let V4 = % be the volume of a d-dimensional unit ball,
and denote
fimin = Vp_goP ¢ min det(Gp(x))
peEM
ilfeBTpM (07\/;_0-)
fimax = Vp_qoP ™4 max det(Gp(x)),

2E€B1, M(0,\/0T—0)
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where Vol(By, y+(0)) is the volume of a D —d dimensional ball with radius o and G,
is the matrix representing the Riemannian metric at p in the chart ¢, of (3). Then,
from Lemma 23, we get that for any ¢, there is IV such that for all n > N

#{ri|Projr,m(ri) € Brym(wo, p)} < (2 fimin - Va - p* +¢)
#{ri|Projr,m(ri) € Brym(xo,p+0)} > n (’urgw Vg pt— 5)
with probability of at least 1 — §. By setting € appropriately we get
#{ri| Projr,m(ri) € Br,m(xo,p)} < 30+ fimin - Va - p°
#{ri|Projr,am(ri) € Br,pm(xo, p+0)} > % ftmaz - Va - po.

6. Rephrasing 4-5 as one statement, there is a large subset of Uror with large values of
(ri — p,§;)?, with probability of at least 1 — §. Accordingly, we show that for any §
there is Ns such that for all n > N

d
maz 1 [ 1— 1
Ri(r;p, H) >H 3 ( m) (JTsma 203/271/2> — 902, (53)

Hmin

8 64
with probability of at least 1 — 0. This is proven in B.2.2.

7. Combining (48) with (51) and (53), we get that for a = \/Car/M, where M = T
and C}y is a constant the following holds: For any § > 0 there is IV such that for all
n>N

Ri(r;p, H) > 10902, (54)

with probability of at least 1 — 6.

8. From Claim 1 above, since Ji(r; p;, Ty, M) > 0 we achieve that with probability of at
least 1 — 0 there is Nj large enough such that for all n > Ns we have Ji(r;p, H) >
10902, as required.

Next, we prove Claims 3, 4, and 6 of the above proof. For clarity of presentation after
proving Claim 3 we prove Claim 6 and only then show the correctness of the formula (52)
presented in Claim 4.

B.2.1 Proor oF CLAIM 3 OF LEMMA 5

Proof It is clear from (50) that

By (rip. H Z#| Unoll 2= (=il =- #rURoﬂ 2 2 trimpu)’

JeK" r; €EUROI r;€Uro1 jEX”’
Furthermore, since y; € Tp/\/lL and by Lemma 12 we get
2
Z |(ri — D, yj)] 2 < dz’stQ(ri —p, TM) < (7’ — \/ — HijTp H + a> ,

jex”
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and since r; € Uror C Bp(p,/oT + o) we get

Z(Ti—P,yj>2§ (T+U_\/TQ_(\/U7+U)2)2

jek

by Taylor expansion (Remark 2)

) 2
1
Z@"z‘—p,yﬁzﬁ T+o—-T 1—( U+0>
Jexn 2 T T

since o < T we get \/g > 7 and

2
Z (ri —p,y;)% < (O’ + QTE) = 902 (55)
jex” T
and )
Ri(rip,H) > ———— Z 902 = —902
#|Uroll ri€Uro1
|

B.2.2 PrROOF OF CLAIM 6 OF LEMMA 5

~ Yz
L ;

L3

Figure 10: Ilustration of Ei and the sections Ly, La, L3, L. Upeq is marked in light green and Uggoq
is marked in light pink. The angles 4(3,75, y;), Z(wi, u;) which equal to 3; are marked in
black. The bisectors of these angles are marked in dotted red lines.
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Proof For all j € K’ we have 8; > a. Assume without loss of generality that there is
only one index j in K’ (otherwise we can treat each index separately and arrive at the same
conclusion), then (49) can be rewritten as

1

Ry(rip,H) = ———

Z <Ti _p7g3>2 - <’l”7; - D y5>2

r;€URO1

Thus, the only property which affect the score of R} is the difference between the measure-
ments (r; —p, g]3>2 and (r; —p, y;)Q, both on the 2D plane £;. Accordingly, using the bisector
of 4(3}3, yj) and its orthogonal complement, we can split £3 into four regions L1, Lo, L3, Ly
(see Figure 10), where in two regions (Lz and Ly in Figure 10) (r; —p, ;) > (ri — p, y;) and

in the other two regions (L; and Ls in Figure 10) (r; — p, g5> < (r; —p, y;). By denoting

Ubad = {ri € Uror | Projz;(ri —p) € L1 U Lz},

and
Ugood = {Ti € Uro1 | Projgj (T,’ —p) € Ly U L4}
we get that
1
Ri(rip,H) = ——— [7“1-—,~-2—ri—,-2]+ |:7"i_a~~'2_7"i_7"'2j|
1(rsp, H) Flronl > =, 55) = (ri—poys) S = p ) = (ri = pys)

Ti€Ug00d 7i€Upad

/ . 1 ~ \2 2
Rl(rap7H)2m Z <7“i—P7?Jj> - Z <7"i—pvyj>

r:€Ug00d r;€Uro1

Similar to (55),

1
7T 2 <7" 2 y~‘>2 S 9027
#|Uror| TiG;ROI ' J
and thus )
Ry(rip, H) > S ri = p, ;)" — 9%,

i€ Ugood

Therefore, all we need to show is that given n large enough, there are enough samples in
Ugood for which the value (r; — p, ﬂ3>2 is large enough. Using Lemma 23, as described in
Claim 5, since Uror C Bp(Projam(r),/or + o), then for any d there is N large enough
such that for all n > N with probability of at least 1 — §

#|Urot| < 31+ fimin - Va - (Vo7 + )%
Thus,

1
! (e L ~\2 2

T4 6Uvgood

Below in the proof of Claim 4 we show that (52) holds (the proof below is independent of
the current one, but utilizes the notion of Ugyneq defined above). Explicitly, for 7; € Ugooq

1 1
<Ti p7 yJ> > —OoTSInoy) — =0 / T / .
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Combining this with Lemma 23 we get that for any § there is N large enough such that for
all n > N with probability of at least 1 —§

n d
33 " Hmaz .{\//d '((@\/f’))d (iaminao _ 303/271/2) _ 902
- Pmin * \WVOT — 0

64
d
= df - fimaz 1 (iaTsinao - 103/271/2) — 902
9 - tmin 1—|-\/0/T 64 2

Since 1/(1 + ) > 1 — z for sufficiently small  we have that, for large enough M of
Assumption 2, of section 2.1,

Ri(r;p,H) >

d
—1 — o /)¢
(i3 hes) <0-vam

holds. Thus, we have

d

. 1 1

Ri(r;p,H) > M(l — o /7)? (6—4078ina0 - 503/271/2) — 902,
* Bmin

Since ag = 1/8 we have

d
11—/ 1 1
Ri(r;p, H) > Hmaz g ( U/T> (am-sinozo - 503/271/2> — 902,

8

as required.

Figure 11: Assisting illustration for the proof of Claim 4: the sphere section (in purple) represents
the manifold; The zy-plane represents 1), M; the plane £3 is spanned by y; € T,M* and
u; € T, M; the blue disc on T, M is Br,m(p,+/oT — 0); the manifold is considered to be
the graph of the function ¢, : By, m(p, /oT —0) — T,M=*.
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B.2.3 PrROOF OF CLAIM 4 OF LEMMA 5
Proof As a result of Corollary 6, r; € Uror can be written as
ri = p+ (w4, ¢p(xi)) +eiy
—_—
Di

where x; = Projr,m(ri —p) € T,M and ||g;| < 0. Since

Bp(p,/or — o) C Bp(r,/ot) = Uror

(see the blue disc on T, M in Figure 11), we look for a point zg € T, M N Ei and a radius
p > 0 such that ng,BTpM(:vo,p) C Bp(p,\/oT — o), where

" A .
F¢poTpM($0,p) =1z | dwt(x’F%,BTPM(%,P)) <o}, (56)

where we remind that
F¢p7BTpM(x07,D) ={p+ (=, (Z)p(x))TpM |z € BTpM($07P)}'

Furthermore, we choose xg and p, such that (r; — p,ﬂ3>2 is large for any point r; €

L Br aiwop) (see Figure 11 for an illustration).
I p 9

For convenience, we denote by ¢¥,q”,¢® the projections of ¢ € I'?

¢p7BTpM (mOap)
(ie., T,MtN Ej), u3 (ie., T,MnN E;) and TpM respectively. Let a1, a2 < 1 and we define

p=az-vor, and x9=(a1voT) u; € TMNL;.

That is, |[p — zo|| = a1 - v/oT. In order to make sure that F;p,BTpM(wo,p) C Uror we restrict

onto Y5

the choice of a1, as such that

Va € Br,m(zo,a2v/07) t ||p+ (%, dp(2))im — p|| + 0 <VoT -0, (57)

We wish to reiterate that Uror = {ri | ||r — ri|| < /o7} and so Uror C Bp(r, /o). Fur-
thermore, since ||r — p|| < o, we have Bp(p, v/oT—0) C Bp(r,+/oT). Accordingly, all points
p+ (z,¢p(x))T,Mm for x € Br,pm(wo,a2v/07) are within our region of interest even when
moved o away from the manifold in some direction into M, (in Fig. 11 By, p(z0, a2/07)
is the orange disc and the projections of p + (z, ¢p(z))1,Mm +(x) onto Tp M are limited by
the green disc containing the orange disc). Using the calculations in Appendix B.2.4 we can
use a simpler demand using a; and ag, which ensures that the inequality (57) is satisfied.
The simplified requirement is

1 V20
V2 VT
Let us now bound the value of (¢ — p, QE)Q from below, for any ¢ € I’

0
ép, By m(20,02¢/07)°

(al + CLQ) < (58)

o2
#p,Bry m(z0,02/0T)"

Every such ¢ can be written as § = g + ¢, where ¢ € I and so

(a1 — a)Vor < |¢%| < |1%|| < |lp — zol| + agv/or = (a1 + az)V/oT. (59)
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From Lemma 18 we get that

(@9 | < 7= J72 = [l
(@u)| = 1] < 7+ 0 = 72 = a1,

and by plugging the right hand side of (59) we get

Thus,

(@,9;)" < (T+ o=/ — (a1 + ‘12)207)2 =7 (1 +o/7—/1- (a1 +a2)20/7>2
< 7-2(1 +o/t—(1— (a1 + a2)2a/7-))2 _ 7_2(0/7_ + (a1 + a2)20/7)2
= o%(1+ (a1 + a2)?)? < 202,

where the last inequality comes from (58). Since Z(y;,y;) = B; we can use the Euclidean
geometry on L; (Figure 10) to get

(¢, 7;) = (¢, Rot(B;)y;) = (Rot(—55)q, y;),

where Rot () denotes the rotation matrix in R” with respect to the angle 6 in L5 . Therefore,

g, 5)| = |~la"|sin 8; + la"| cos 5| = [Ia”| sin 5 — |a”] cos 35| .

Using Lemma 18 and (59) as before we get

031 = |y = (= /72 = 14712 cos
> ((a1 — az)\/oTsin By — 7 <1 VT (a1 1 a2)20/T> cos,85)
> ((al — az)\/o/7sin B — cos 5 + cos f5(1 — (ar + a2)20/7)>
S ((al — az)\/o/7sin B — (a1 + az)o /7 cos 53)
> ((a1 — az)\/o/Tsinf; — (a1 + QQ)QU/T) :

and

|<q,173>\ > ((al —ag)\/o/Tsinay — (a1 + a2)20/7'> . (60)

Since ||§ — ¢q|| < o we get

(i—a0.5)| = 1(6.5;) — (0. 5;) < o,

and so,
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§

)
Vv

(@9;)* = (4,5;)% = 200{q, 55)| + o
(@95)° > {a,55)" — 201{a, 55)|-

R

Substituting ‘(q, g;)‘ with the bound from (60) we get

(.57 > 7 (@1 — a2)v/o T sinag — (a1 +a2)’o /7).
— 207 ((a1 = a) /o /msinag — (a1 + a2)%0/7)
> 7 (a1~ a2)v/o/Tsinag — o/7) — 207 ((a1 — a2)y/a /7 sinay
= ((al — a9)%0/7sin2 ap — 2(a1 — ag)(o/7)¥ 2 sinag + (0/7)2)

— 2(a1 — az)o /7 sin ay

(a1 — 02)20"7' sin? g — 2(a; — a2)03/271/2 sinag + o2 — 2(a; — a2)03/27'1/2

Y

= (a1 - QQ)QJT sin” ag —2(a1 — a2)0’3/271/2 + 02 — 2(a; — a2)03/27—1/2
= (a1 — GQ)QO'T sin2 oy — 4(a1 _ a2)03/27—1/2 + 02

Thus, by choosing for example a; = i and ag = % we get

1 1
S A2 o — —g3/271/2
(G, U5) 2 0TS — 5o 0T (61)

B.2.4 SIMPLIFICATION OF (57) TO ACHIEVE (58)

We wish to rewrite the requirement of (57) in terms of a; and as. By Lemma 18, for all
S BTPM(.I'(), ags/UT):

lop(@)ll < 7= /72 = (a1 + az)?07;

see Figure 11. Thus,

| (2, ¢p(x))T,Mm|| < \/(Gl + az)?o7 + (T — /12— (a1 + a2)207>2
= \/(a1 +a9)207 + 12 — 274/72 — (a1 + az)207 + 72 — (a1 + a2)?0T
= \/272 —272\/1— (a1 + az)%0 /T
= V31— V1 (a1 + a2)%0/r
<7V2y/1— (1= (a1 + a2)?0/7)

= \/5((11 + GQ)TW
= \/5((11 + CLQ)\/E,
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Where the second inequality results from applying (34). Therefore, the requirement of (57)
translates to

1, @D pllg, pg,y, < V2001 +02)VoT < VoT =20,

which can be simplified to

B.3 Supporting Lemmas on Sample Size in a Given Volume

In this section we concentrated all assisting lemmas that are used in the proofs of Step 1.

Lemma 21 (Number of samples in a ball) Suppose v is a distribution on Q C By(0, R) C
RY which is close to the uniform distribution u. That is, there exists tmaz, Wmin Such that
for any x € Q we have pminp(z) < v(2) < pimaxp(z). Suppose X = {x;}7_, is a set of n

i.4.d. sample from v, and denote the volume of a d-dimensional unit ball by Vg = %.

For any €, 6 and radius p, there is N, such that if n > N the following holds: For any
xo € Q such that By(xo, p) C Q, we have

Hmazx

5 V- ph—e) < #|X N Bylzo, p)| < (2 fimin - Va - p* +e)

n(
with probability of at least 1 — &, where #|A| denotes the number of elements in the set A.
Proof Since Q C By(0, R) C RY, there exists an &-net (denoted by =) such that

3R1?

where [x] is the ceiling value of x Vershynin (2018). Around each point p in =, we consider
a ball By(p, (1 — €)p). Note, that this é&-net along with these balls are independent of the
choice of a specific ball By(xq, p).

For each of the By(p, (1 — €)p) , we consider our sample set as n i.i.d random variables
Zf which return the value 1 if the sample lies within By(p, (1 —&)p) and 0 if not. Naturally,
we get for all j that

Pr[zf =1] = / dv
Bd(p,(l—é)p)

Applying Hoeffding’s inequality for each of the By(p, (1 — €)p) we arrive at
Pr[Z’ —E[Z7] < —¢] < e 2", (62)

and ,
Pr[Z" —E[Z"] > ¢] < e, (63)

where

ZP—lzn:Zp
_n, 1 7
j:
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As a result
—p 1 P I
E[Z}_EZPr[ZJ_l]_EZ dv,
=1 I=1B4(p,(1-2)p)

and

Hmin VOI(Bd(pv (1 - é)p)) S E[Zp] S Hmaz * VOI(Bd(pv (1 - {—E)p)) (64)
Plugging this into (62) we get

Pr [Z" — jimaz Vol (By(p, (1 — §)p)) < —¢] < e, (65)

or, alternatively, since #|X N By(p, (1 — &)p)| =n - Z" we get

2

Pr[#X 01 Ba(p, (1 — £)9)| < 1(ttmaz Vol (Ba(p, (1 — £)p)) — ¢)] < 2",

Denoting by A, the event #|X N By(p, (1 — €)p)| < n(pmaz Vol(Ba(p, (1 —€)p)) —€) we
use the union bound to achieve

Pr| 4, | <> Pr(4,) <[3R/E" 7, (66)

pEE peEE

Explicitly, the chances that there exists By(p, (1 —£)p) containing less sampled points than
1 (famaz VOl(Ba(p, (1 — £)p)) — €) are less than ¢ - e 2" where ¢ = [3R/£]%. Going back to
By(xo, p), we know that there exists a point p € = such that

Ba(p, (1 = €)p) C Ba(wo, p).-
As a result, for any §, €, p there exists NV such that for all n > N
#1X N Ba(0, p)| > n(ptmaz Vol(Ba((1 = €)p)) — €) = nftmaz - Va - (1 —&)%p" — &),

with probability larger than 1 — &, where

d/2

Va= I(d/2+1)

Similarly, instead of considering By(p, (1 —&)p) we look at By(p, (1+¢€)p) for p € E and
alter the definitions of ZP accordingly. Then, by plugging the left inequality of (64) into
(63) we get

Pr[Z” — fimin VOl(Ba((1 + €)p)) > €] < e~2n¢

Utilizing the union bound once more we get the same bound as in (66). In other words, the

chances that there exists a Bg(p, (1 4+ €)p) containing more sampled points than 7(gmn -
2

Vol(By((1+ &)p)) +€) are less than [3R/&]% - e=2n<”,
Going back to By(xg, p), we know that there exists a point p € = such that

By(zo, p) C Ba(p, (1+€)p),
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and for € small enough

As a result, for any 6, ¢, p there exists N such that for all n > N
#X 0 Ba(wo, p)| < n(pimin Vol(Ba((1+£)p)) + ) = n(timin - Va - (1+8)%p? +¢),
with probability larger than 1 — 6.
Finally, we get that for any 4, €, p there exists IV large enough such that if n > N we get
M(tmaz - Va - (1= 8)%p" — &) < #|X N Ba(wo, p)| < n(ttmin - Va - (1+8)%p? +¢)

Since this is true for any £, (1 + 1/a)* < 3 and (1 — 1/a)® > 0.25 we can choose & = C%d
such that
(1—¢)?>0.254 > 0.5,

and
(1+8)? <3t <2

and achieve

n(tmaz N g~ g) < #|X 0 Ba(wo, p)| < (2 - fimin - Va - p?+ )

Lemma 22 (The projection of the Lebesgue measure onto 7, M is almost uniform)
Let M be a d-dimensional sub-manifold of RP with bounded reach T and a Riemannian
metric G pronounced through the chart ¢, around a point p € M (2). Let r € M,,
and let p, pm, pr,m denote the uniform distribution on M, C RP, M, T,M corre-
spondingly. Denote Proja, Projr,am the projection operators onto M and TyM. Then
(ProijMProjM)* p is a measure on Tp,M, and upon restricting this measure to Bg4(0, p)
for some p < 7/2 we get

(Projr,mProjam)spt = Vp_ao” =/ det(G) pr, m,
where V4 denotes the volume of a d-dimensional ball.

Proof We first note that since p is the Lebesgue measure on M, we have

/ dﬂz/ Vp—aoP i,
Mo M

where paq is the uniform distribution on M. Thus,

Projmp = Vp_ao? .

Now, Projau is a measure defined on M, which can be pulled back to the tangent domain
T,M ~ R% in the neighborhood B,(p, T/2) according to Corollary 5. If we denote the chart
from T,M ~ R% to M by ¢, we get

(Projr, mProjam)spt = Vp_ao” =/ det(G) pr, m,

45



AIZENBUD AND SOBER

where G' is the Riemannian metric expressed in this chart, and pz,¢ is the Lebesgue
measure on T, M.
|

Corollary 8 From the fact that M € C* is compact and the restriction to a ball of radius
7/2 we get that /det(G) is bounded and

PminkT,M < (Projr, MProjm)«it < fimazia,m

where fimin, hmaz are constants that depend on 7, and pr,pm is the Lebesgue measure on
TpyM. The constants fimin, bmaz can be described explicitly to show their exact relationship
to T.

Combining Lemma 21 and Corollary 8, we have the following result

Lemma 23 Let M be a compact d-dimensional sub-manifold of RP with reach T bounded
away from zero, and a Riemannian metric G, pronounced through the chart ¢, around a
point p € M (see (2)). Let My be a tubular neighborhood around M of radius o (see
(1)), and assume \/g < % Suppose that p is the uniform distribution on M,. Let X =

{r1,...,mn} be n points sampled i.i.d from u, and denote the volume of a d-dimensional
. d/2
unit ball by Vg = W. Denote,
D—d .
min — — det
f Vp_ao min et(Gp(x))
r€B1,m(0,/0T—0)
TpMm(0,v/ (67)
_ D—d
fmax = VD_d0o II)%E/L\}/(( det(Gp(x)).

z€B1, m(0,/0T—0)

Then for any € and §, there is N, such that for all n > N the following holds: For any
zo € TyM and p € R" such that Br,m(zo, p+0) C Br,m(0,v/oT — ) (see the red, green,
and blue discs in Figure 11), we have

#{ri| Projr,sm(r:) € Br,pm(z0, p)} < (2 pmin - Va - p* + )
#{rilProjr,m(ri) € Brm(wo.p+0)y 2 n (F5 v p — )
with probability of at least 1 — 6.

Proof Note that both the minimum and maximum in (67) exist and finite since M is
compact and the determinant is continuous. We mention that since \/g < % we get that
Vo1 < 5 and the conditions of Corollary 8 are met. Note that

#{ri|Projr,m(r:) € Ba(xo, p)} < #{ri|Projr,m o Projm(ri) € Ba(zo,p)},
and from Lemma 21 combined with Corollary 8 we get

#{ri|Projr,am o Projm(ri) € Ba(xo, p)} < n(2 - fmin - Va - pt+e).
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Thus, the first inequality is achieved.
On the other hand,

#{ri|Projr,m(ri) € Ba(wo, p+ o)} > #{ri|Projr,am o Projam(ri) € Ba(wo,p)}

Using again Lemma 21 combined with Corollary 8 we get

#{ri|Projr,m o Projm(r:) € Ba(wo,p)} > n (% Vgt — 5> ,

and the second inequality holds. |

Appendix C. Supporting Lemmas for Step 2

Lemma 24 Let the sampling assumptions of Section 2.1 hold. Let (q, Hy) € My xGr(d, D)
be the initialization of Algorithm 2, and let p = Projam(q). Assume Zmax(Ho, TpM) <
/O /M, where Cyy is a constant independent of M (see Theorem 2). Let fo : R? — RP—4
be defined as a function whose graph Iy, ;. m, coincides with M in the sense of Lemma 17;
explicitly

Ffoﬂ"’Ho = {T + (x7 f0($))HO | (S BHO(T7 C7r/47-)}7

where ¢y s a constant and Uy, . g, C M. Then, for any a > 0, there is M = 7/0 large
enough (see assumption 2 in Section 2.1), such that

émax(Hoa TOfO) < a.

Proof First, we define f, : R? — RP~4 as the function whose graph T’ fasa,Ho coincides with
M in the sense of Lemma 17. Using the triangle inequality for angles (see Figure 12) we
get

émax(HOa TOfO) é lmax(TOftp TOfO) + émax(HOa Tqu)' (68)
From Lemma 25 we have 3
(6%
émax(HOuTqu) < TMa (69)

where ajyr = 4/ % Thus, to finish the argument we are left with bounding Zax (7o fy, To fo)-

Denote by r* the projection of r on the plane Hy that passes through ¢ (see Figure 12).
Let fr- : R? — RP=4 be defined as the function whose graph I’ 7, Ho coincides with M in
the sense of Lemma 17. Note that f,« is just a shifted version of fy (see Figure 12). Since
dist(q,m*) < dist(q,r) < 20, we can use Lemma 14 and get that

20 c
10, £ (0)) oo 1) | = 10, £o0)) g 11| < 20(tmans +¢=7) = 20(tanans + 55 (70)

and thus,

dist(f,+(0), £,(0)) < \/2202(tanaM + T+ (200 = 20\/(tan an+ 70?41
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From Corollary 3 in Boissonnat et al. (2019) we have that

1
Lmax(To fq: Tofo) < 2T2a\/(tanaM +—=)2+1< \/ (tan apg 4 S ) +1 (71)

Combining (71) with (69) and (68), we have

304M 1

c
Zmax(Ho, To fo) < N + M\/(tanaM + Ml)2 +1<a

for M large enough.

Figure 12: This figure illustrates concepts from the proof of Lemma 24 in which we aim to show
that angular difference between T fy (the tangent to the manifold at fy(0)) and T, fo
(the tangent to the manifold at f,(0)) is bounded. We denote by r* the projection of r
onto (q, H)

Lemma 25 Let the sampling assumptions of Section 2.1 hold. Let (q, Hy) € My xGr(d, D)
be the initialization of Algorithm 2. Assume Zymax(Ho, TyM) < anr, for p = Projam(q).
Let fq - R? — RP~4 be defined as the function whose graph [y, qH, coincides with M in
the sense of Lemma 17; explicitly

quyq,Ho = {q + (CL’, fq(x))Ho | T € BHO(q7C7T/4T)}7

where ¢y s a constant and Uy, o gy C M. Then, for any ay < a. where a. is a constant
depending only on ¢y of Lemma 17, for M = 7/o sufficiently large (see assumption 2 in
Section 2.1) we have

3a

émax(HﬂaTqu) < TM

Proof Let ¢, : T,M ~ R? — RP~? be defined in (3) and (4). Let go : (¢, ;M) ~ R? —
RDP=4 defined as go(z) = ¢p(z) + (p — q) (note that (p — q) € TpM=* and thus this can
be understood with some abuse of notation). From Corollary 5, I'yy 4 7, coincides with
M N Cyl(p,7/2,7/2). We note that Zmax(Togo, TpM) = 0, Zmax(Ho, TpM) < apr where
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apy < a, ||p— ¢|| < o and from assumption 2 in Section 2.1, we have that o < f—fb,. Then,
we can apply Lemma 47, with the above defined go and g1 = f;, Go = T, M, and G| = Hy
and get

+ Hlgo O 2+ llgo(0)ll/7) ns

T

Since Tpgo = TpM and 4“90(0)||(2ﬂ|g°(0)“/T)a < =L for large enough M = 7/0 (assumption
2 in Section 2.1) we have

ZmaX(H07 Tqu) < Zmax(HO, TOQU)

304M

émax(HOa Tqu) = T

Lemma 26 Let the sampling assumptions of Section 2.1 hold. Let (q, Hy) € MsxGr(d, D)
be the initialization of Algorithm 2, and let p = Projam(q), the projection of q onto M.
Assume Zmax(Ho, Tp,M) < \/Cr /M, where Cy is a constant independent of M (see
Theorem 2). Let fo : R? — RP~ be defined as a function whose graph Ly rm, coincides
with M in the sense of Lemma 17. Then, for M large enough

1fo(0)[] < 100,

where ¢ is some general constant.

Proof First we show that ||f;(0)]] < 50 (see Figure 13). From Theorem 2 we have that
lp — ¢l < 40. From Theorem 2 we also have Zyax(Ho, TpM) < aps, where we denote
apr = /Cy /M. Then, denoting by s the intersection between the affine plane parallel to
Hj that goes through p and the line between g and (0, f;(0))#,,q (see Fig. 13), we also get
that Z(p,q,s) < ap as an angle between two lines in the perpendicular domains of two
flats whose maximal principal angle is bounded by aj;. Thus,

lg —s]| < 4o (72)

Similarly,
x=|p—s| <4dosinay,. (73)

Denote by y the distance between s and (0, f;(0))#,,4. Using Lemma 14 we have that
y < z(tanap + crz/7).
substituting (73), we have
y < 4o sinays(tan apy + 4erosin oy /7).
Combining this with (72) we have
/(0[] < 4o +y < 50 (74)

for M large enough, as ayr = /Char/M.
Now we combine (70) with (74) and with the fact that dist(q,r*) < 20 we conclude the
proof. |
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Figure 13: This Figure illustrates concepts from the proof of Lemma 26. It demonstrates that the
distance between ¢ and f,(0) is small given that the distance between g and p = Proja(q)
is small, and the angle between H and 7, M is also small.

Lemma 27 For any 6 and for any n,a1,r1, Let Cy be the constant from Theorem 3.2 of
Aizenbud and Sober (2021a). We have that

= 1 Togy(n) + Cor a — log (ln <2r1 10?;2(716) + 2C’a1,d>> ’ (75)
where
_ oq
Coy,d =1+ logy <M> — logy(Co),
satisfies
25100 In(1/81) < — ", (76)

12V/d
for 61 = %, and Cy from Theorem 3.2 of Aizenbud and Sober (2021a). Furthermore, for k
as in (75) we have

127" < Cqln <(15) n~" (In (In(n)))>"

Proof We find k that will satisfy (76). Recalling that §; = %, we have that

1 2K
C() (ln 51) = C() <ln 5) .

Rewriting (76), we need x to satisfy

_ 2K (&5}
2710 (In =) < n', 77
o(m) < o (77)
or, taking log, of both sides, we have
2
k — 14 logy(Co) + logs <1n ;) < log, <1;\1/a> + 71 logy(n), (78)
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or,

2K aq
k +lo In— ) <1+1lo —
g2< 5) g2(12¢a

To simplify the expression we denote the RHS of (79) by x. Then we are looking for x such

that
2
K + logs <1n <;>> <z (80)

2
k =z —log, <ln <x>>
J
satisfies (80) since

$_b&<m<?)>+b&<m<mpab?0nﬁﬁ>><$

Thus, the following « satisfies Eq. (79)

) ~ logs(Ch) + r1 logy(n), (79)

We note that

_ 2r1 1 20,
k =r1logy(n) + Cqy, .q — log (ln ( " OgZ(ng + 1,d)> (81)
where
Coa=1+1lo <al>—lo (Co)
a1,d 2 12vd g2(L0)-

We now bound 127" by

=~ 271 loga(n)+2C¢ 4 ~
—r11 —Cly gtlog(In( 222820 T ag.d .
12 rloz(n)=Coyat Og( n( ° )) = ayn 12 Cord (ln <2T1 108;2(715)4-20()17(1))

= 2 Cordn (In (2r1logy(n) +2C0, ) +1n (3))
< Cayaln (5)n™" (In (In(n)))*"
(82)

Since a7 is bounded from above, there is C; independent of oy for which

_ 271 logg (n)+2C,. 4
—r 1 —Cqy atlog(In| ——— 1@ 1
a12_’€ — 2 71 logy(n) 1,d og(n( 5 )) < Cd In <5> n-" (ln (ln(n)))2r1
(83)
[ |
C.1 Proof of Lemma 7
Proof From Lemma 28 we have that
~ o

Zmax(To fe, To fe) < 5 (84)

51



AIZENBUD AND SOBER

From Lemma 44 we have that for any § and n > Nj,

f, Coln(1/46
Pr(Lunas (Tofis Tomly ) = 2/ 200y

nrt
CoIn(1/9) . .
Thus, as 12\/3nf1 < « (see assumption 3 in the lemma), we have

Pr(Lunax(Tofo, Tomly g,) > =) < 6. (85)

o
6
And, from B _

Zrnax(T‘Ofﬁv HK—H) < émax(TOfﬂy Tﬂff) + émax(TOfZa Hé-l—l)-

along with (84) and (85), we have that
Pr (Lo (To fos Hepr) > @/3) < 6. (86)

In order to apply Lemma 47 we denote go = fo, g1 = fo41/2, Go = Hy, and G; =
Hyyq. Thus, we have that Zynax(T0g0, Go) = Zmax(Tofe, Hr) < o and Zpax(Go, G1) =
Linax(Hey Hev1) < Zax(He, Tofo) + Zmax(Tofe, Her1). Under the assumption that the
event described in (86) holds we also know that Znax(Go, G1) < o+ /3 = (. Lastly, as
a < 7/16, B =22 < a, and || f¢(0)]| < x4 - T (follows from assumption 2 of the lemma),
we can use the result of Lemma 47 and obtain

o1 (O] < [1fe(O)I(1 + (a+ B)*(3 + 2] fo(0 )H/T))
<1 feO) (L + (7/30)*(3 + 2| f(0) | /7

< [Ife(0)]| | 1+ 10a° <3+2 1 ) (since Hfg(0>||§\/7/32>

[
< 14400 ||<1-%10@ (3*‘\/;r>>

< || fe(0)]] (1 + 40a (for 7 large enough)

and
1 = Lmax(Tofe+1, Her1) = Zmax(To fog1/2, Het1)

< Loae(Tofor Hysp) + O @+ [ feO)ll/7) B

T

16| (0)] (2 + [ fe(O)[|/7) @
37

Note that for || f,(0)|| < /7/32 —1, we have 16'”"(0)”(%JTF”MO)”/T) < 1/6. Furthermore, since
Liax(To fe, Her1) < /3, we have

= Zmax(Tofe. Hesr1) +

Zwax(Tofer1, He) = Zmax(To fe1/2, He) < af2.
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C.2 Supporting Lemmas for Lemma 7

C.2.1 BOUNDING THE ERROR BETWEEN T fy AND Tg fy

L 28

Lmax(Tofe, Tofe) <

——

> Q

L 29 L 30
IDF(0) - DS O < ea |50l = Dsl0 <<
Ny\ 4
T 25 T a3 sin(Zmax(To f, Tof)) < &
‘ o < 9(0,0) < 0 + doa’ ’ 17:9(0,8)]] = O(Z sin(a))

L 34

3o osina
‘ I = Jzgll = — + O(———)
T T

L 40
[|Zo(0)|| < osin(a + c%a) /ﬁ

Il f(Z9(0))|| < 20 sin(a + cZa) tan o j{ L 35

[|Df(0)|l2 < sina
IDf(Z6(0))]l2 < sin(a + cZa)

L 36 L 37
Hf(Fo)w = g +of22 SiT“”‘) 1Dz w + Dowl|| < O(£ sin @)

[[Dz,w|| < O(sin @)

L 43 L 41 [Dzw| < O(sin a)
| 1/20% < A(0,%(0)) < 202

o o — . o
Qp—Caog— < B(zo) < a4+cla[; |Zo(0)]] < osin(a + c;a)

‘ L 42 ’ f\/
I Z6(0)]| < o sin B(F6(0)) ‘ L 38

1D£(%5(0)) = DF(0)llop < O(Z sina)

Figure 14: Road-map for proof of Lemma 28

Back to Theorem 3 proof road-map see Figure 3.
The main Lemma in the Section is Lemma 28. A road-map for the proof appears in
Figure 14.
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Lemma 28 Let the assumptions of Theorem 3 hold, and let f : H ~ R% — RP~4 be a func-
tion such that its graph coincides with a neighborhood on the manifold M (see Lemma 17).
Let f : R? — RP=4 be the regression function defined in (23). Denoting o = Zmax(H, To f),
there is a constant C; large enough such that for M = Z > C;+/Dlog D, and a < /1/D,
where Cyy is from Theorem 2, we have

~ «
émax(TOfa TOf) < g
Proof From Lemma 29 we have
«
ID710] = DrlO]ll <
From Lemma 30 we have that _ o
émax(TOfa TOf) < g
and the proof is concluded. |

Lemma 29 Let the assumptions of Theorem 3 hold, and let f : H ~ RY — RP~? pe q
function such that its graph coincides with a neighborhood on the manifold M (see Lemma
17). Let f : R — RP~4 be the regression function defined in (23). For any & > 0, denoting
& = Zmax(H, Ty f), there is a constant Cr large enough such that for M = Z > C7+/Dlog D,

and o < \/1/D, where Cyy is from Theorem 2, we have

IDf(0) = Df(O)]] < eax
Proof We reiterate the definition of Q(z) : H ~ R? — 28~ from (22)
Qz) = (z+ H) N M,,

where x + H+ = {z +y | y € H*}. Next, denoting Sp_4 to be the D — d dimensional unit
sphere, we define g(z,0) : H x Sp_4 — R the maximal length from f(z) in the direction 6
that is inside Q(x). Explicitly,

g(z,0) =max{y e R | (z, f(x)+y-0)g € Qz)}. (87)

Note, that the farthest point from f(x) in Q(z) at each direction 0, by which we define
g(z,0), belongs to M, (the boundary of the domain M, ), and is therefore exactly o away
from some point on the manifold itself. Since we are viewing the manifold locally as the
graph of the function f : H — H' we denote this point by (Zg, f(Zs(x)))r. Explicitly,
Ty : H — H is such that

(z, f(z) + g(z,0) - 0)F; = (@o(), [(@o(2)))F; + oNp(z), (88)

where Ny € RP is perpendicular to T3, f. We introduced the definition of Zy here as it
will be pivotal in the proofs of Lemmas 32 and 33 upon which the the current proof relies.
Furthermore, we wish to stress here that by Lemma 40 (0) < osin(a + cao/7) for some

54



ESTIMATION OF LOCAL GEOMETRIC STRUCTURE ON MANIFOLDS FROM NOISY DATA

general constant c. Therefore, for sufficiently large M = Z, 2(0) is within the domain of
definition of the function f which by Lemma 17 is of radius of at least ¢, /47.
Next, by the definitions and Eq. (87) and (22) we have that

[ ydy
s _ yEQ()

flx)— f(z _—.

(@)~ f@) ="
yEQ(z)

Since Q C RP is perpendicular to H ~ R? we get that Q ~ RP~4 Thus, by change of

variables we can breakdown the integrals over Q(z) to a radial component r and directions
on the (D — d — 1)-dimensional sphere. Explicitly,

9(,0)
[ [ ormP=4tardd  (D—d) [ Og(x,0)P~4Tld0
~ . SD—d—l 0 _ SD—d—l
@) = fle) = 9(z,0) T (D—d+1) [ g(z,0)Pddp’
f f TD_d_ldT‘dH Sp—d—1
Sp_g-1 O

where dr is the measure over the radial component, 7?91 is the Jacobian introduced by

the change of variables and df is the measure over the (D — d — 1)-dimensional sphere. For
brevity we introduce the notation D = D — d and get

9(z,0) ~ -
[ [ OrrP~ldrdd D [ Og(z,0)PTdo
_ S, 0 Sp
fla) = fz) = == = 2= =—, (89)
J g(jﬁ)rf’—ldrde (D+1)S (=, 6)d5
Spy 0 P

Next, by taking the differential of that expression with respect to x we have that

(D+1) [ 0g(z,0)PV,g7do
S~
Dfe] ~ Dyle] = -1

(D+1) [ g(z,0)Pdo

Sp_1

D [ 0g(x,0)P*1d6 [ g(z,0)P~'V gTdo
S

D—1 Sp_1

2 b)
[ g(x,0)Pde

Sp_q

where Vg stands for the gradient of g(6,z) with respect to the x variables only. As can
be seen in the above equation there is a multiplicative factor of size ~ (D — d) for both
summends. In order to deal with this obstacle we wish to utilize the fact that in high
dimensions most of the volume of a sphere is concentrated near an equator. Thus, we split
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the domain into two different regions that we will deal with separately (we will use this
trick in few of the other proofs). In case D — d is small, then the following computations
can be done without splitting the domain into two regions (one near the equator and the
the second being the remaining cap), and include the D — d factor in the constant that will
be cancelled by M. Therefore, we assume without losing the generality of our claim that
D —d =D > 3. For any direction/unit vector Z € S5 denote Z'9 = z and

Y ={0]0<|T0] <&}

. (90)
D ={0] 1270 > ¢}
For some ¢ to be chosen later. Using the above notation, we have
| (D+1) [ 9@, 0)PVagTdo
2 D Sp_
. (Dfa] - Dylal) = — LS
(D+1) | g(z,0)Pdo
Sp_1
I
D | zg(=, (9)5+1d0 g(z, 9)5_1V$9Td0
S» S»
_ D—-1 D—-1 5 (91)
[ g(x,0)Pde
Sp_1
IT

First we treat part (I) of Eq. (91) by splitting the domain into 23 and Q9 of Eq. 90.

(5 +1) (f zg(a:,ﬂ)ﬁvngdG + f zg(x,@)f)vngdQ)
Ql QQ

[ g(x,0)Ddo

D—1

S

From 32 we have that 0 < o < ¢(0,6) < o + 40a?, and from Lemma 33 we have
V29(0,0)|| < cioa/7. Then,

<5+w@ngmﬁwwww+gg@mﬁwwWW)

DI <

- [ g(z,0)Pdo
Sﬁ—1

(D + 1)cioa <£fg(w,9)5d0+ fg(:v,@)ﬁdﬁ)
Ql QQ
<
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(D + Deroa [ g(z,0)Pdo

< &(D+ 1)cioa n Q
N T T [ g(z,0)Pdo
Sp_1
~ D+ 1)cioa(o + 40a2)P [ db
- §&(D+ 1)cioa n D+ Ler ~( - ) Q{
N T ol [ db
Sp_1

Furthermore, using the following concentration of measure inequality (see e.g. Milman
and Schechtman (2009); Guruswami and Kannan (2012))

[ db ,
2 —(D-2)¢2/2
< —c¢ ; (92)
J 40~ /D2
Sp_1

we have that,

§(D+Dewoa  (D+Deoa(l +4a?)P 2 o~ (D-2)¢?/2

(D] < + =
T T VD -2
< &(D+ 1)cjoa n caoaV/ D 4+ 1(1 + 4a2)P ge_(5_2)§2/2
- T T ’
where ¢y = 4¢1 > §+161.
D—2

Since M = T > C7+/Dlog D, we choose { = 2y/log D/D and we have

DI <

2c10(D + 1) 6204\/57"‘1(1 + 40‘2)15 26—(5—2)52/2
C,D Crv/DlogD §
20 e1VD +1(1+4a2)P 4v/D gD
C, C,vDlogD  logD

2\D
<a &+261\/5(1+4a) ’
C- C-Dlog D

<

where the second inequality is true since (D — 2)/D > 1/2. Since a < \/1/D, and we also

have that M > C,v/Dlog D we have that (1 +4a?)” is bounded for any D. Thus, we have
that for C; large enough,

(D] < sa (93)

N ™

for any D.
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Next we bound ||({1)| from (91):

D | zg(:n,@)ﬁHdH J g(z:,@)ﬁ_lvngdH

D-1 Sp_y
2
J g(xz,0)Pde
Sp_1
First, we note that
[ 9@, 0)P~'V,gTdo J g(z.0)P1do
S5 < c1oaSp_, _qoa
[ g(z,0)Ddo T [ oglw,@)P-lde T
Sp_1 Sp_1

Thus, similarly to the way we bounded (I), we split the domain to ©; and Q2 of Eq. (22)
and achieve

| zg(z, 0)5+1d0

l~?claa5~_
[(ID)] < o =
T | g(z,0)Pdo
Sp_1
- (E [ gz, 0P+ do + [ g(fc,9)5+1d9>
Dcioa \ o Qo
T i g(m,9)5d9
Sp_q
- Deyoa(o + 40a%)D+1 | do
< ¢Dcioa n _ Qs
T ol [ db
Sp_1
- Deyo?a(l +4a2)5+1 J do
< &Dcioa Q9
_|_
- T T df
Sp_1
From (92) we have that
D] < ¢Dcioa N Deio?a(l + 4a2)P+1 E (D=2
T T )

Since M = = > C7+/Dlog D, and choosing again { = 2y/log D/D we have

2Dci o N Deioa(l + 4a2)ﬁ+1 VD
C:D CrvDlogD o DV D — 2

BAJogl)

D] <
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2ciac acio(1+ 4042)’5Jrl 1
- C; C;Dlog D D_92

Since From Theorem 2 we have that o < /1/D, and thus (1 + oz)f) is bounded for any D.
Thus, we have that for C; large enough,

IID)] < S (94)

DO ™

for any D.

Thus, we have from (91) that for any unit vector z, HZ(DJ;[:L’] — Dylz])|| < ea or

[D#{z] — Dyla]llop < ecx

Lemma 30 Let f, f be functions from R to RP~2 and denote their differentials by Dy, Df

respectively. Denote by Ty f, Tgf the tangent planes of the graphs of f and f respectively.
Assume that
|ps10] - 0]

Then, for sufficiently small €

sin(Zmax(Tof, To f)) < e.
Proof By definition we know that
Tof = {Dslolv | v € RY} C RP,
and B
Tofe = {(U,D}?[O]’U) | v e R4} c RP.

Let L1, L2 be two linear spaces, denote by Qr, 1, : L1 — L2L the following operator

Qr,,1, =V — Projr,(v).
By Lemma 31 we know that

Sin(lmax (Lla LQ)) - HQL17L2 ”op :

We now turn to look at the operator operating on some vector v € Ty f.

QTofvTof
| @z, 270 Psl010)| < || (v Dsl00) = (0, DF0}0)

< |ps101 - 710]|| i, Ds1010)

Aol 1

and thus,

SI(Lunaa(Tof. Tof)) = 1Qy, .70 low < 12510] = D] < &
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Lemma 31 Let L1 and Lo be two linear subspaces of RL. Denote Qrir, : L1 — Lj-
defined as

QLLLQ (U) =v - PTOjLz (U)>

where Projr, is the projection onto La. Then,

sin AmaI(le LQ) = ”QLhLz HOP'

Proof Recalling Definition 4, the Principal Angles 3; between L1, Lo and their correspond-
ing pairs of vectors u; € L1, w; € Lo are defined as

A . A
up,wy = argmin arccos ([(u,w)|), B = Z(u1,wi)

u€L1,weLy 5
l[ull=lwll=1
and for 7 > 1
A . A
uj,w; =  argmin  arccos ([{(u,w)|), B = ZL(ui, w;)
UJ_ui_l,wJ_Wi_l ?
l[ull=(lwl|=1
where

U; = Span{uj}é-zl , Wi 2 Span{wj}é»:l.
We now wish to show that for all ¢ we can choose
- Projp,(uw)
C | Projr, (w)|l”

Since the definition is inductive so will be our proof.

Basis of the induction i = 1: We first denote
v = ProjL2(u1).

Note that,
/81 = 4(U1,w1) = Z(Ul, ”UIH ’U)l),

and by the minimization problem defining 81 we know that
B1 < Z(ug,v1).
Then, since the projection onto a linear space minimizes the Least-Squares norm we get

(ur — o1,y — 1) < (ur — fJorffwr, ua = flor]f wa)

(ur,u) = 2(ur, v1) + (o1, 01) < (ur,ur) = 2(u, [lor][ wi) + (o] wa, [Jor] wr)

—2(ur, v1) + [lor|* < =2(u, [or || wi) + [|oa |
(ur, [[or]|wr) < (u1,v1)
U1
(Ul,’u)1> S <U1, 7>
[[oa]]
v
B1 = Z(uy,w1) = arccos((uy,wi)) > arccos((uq, —HUiH» = Z(uy,v1)-

Thus,
Z(uy,v1) = B,

and we can choose w; = vy.
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The induction step: Now we assume that for all 1 < j
Vi

[vill”

Wy

where
v; = Projr, (u;).
And, we wish to show that
Z(ujt1,vj41) = Bj1,
where the fact that 811 < Z(uj41,v;41) results directly from the definition of £ .

We first note that since
Uj+1 1 ujv
we have |
Projr,(ujt1) € Span{Projr,(wi)}_; = W;,
thus,
1

From here on we can repeat the same argument as in the basis of the induction, just re-
placing L, Lo with U]-L, VV]L respectively. |

Lemma 32 Let the conditions of Lemma 29 hold. Let g(x,0) be as defined in Equation (87).
Then, for a smaller than some constant and M larger then some constant,

0 <g(0,0) <o+ 40a?

Proof
Since (0, f(0))g € M, any point p € RP such that ||p — (0, £(0))x|| < o belongs to M,,
the o-tubular neighborhood of M. In particular, this is also true for p € H- C RP, and
thus, we obtain the lower bound
o <g(0,0),

as by the definition of (87) we have g(0,6) = max,¢(span{oynr,) [P — (0, £(0)) u|]-
From Lemma 40 we have that

1£(@6(0)) = F(0)]| < 20sin(a + cZa) tana,

where c is some constant, and Zy defined in (88).
Since (0, f(0))m + 09(0,0) is at distance o from (Z¢(0), f(Z4(0)))m, and denoting 6 €
H+ c RP by (0,0)y we have that

o = ||(0, £(0) +89(0,0)) r — (Z6(0), f (Z6(0)) || = \/Ilfell2 +11£(@o(0) = £(0)]* + 9(0,6)?,
and thus,

9(0,0) < o+ 20sin(a + cga) tan a.
T
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Then, for « smaller than some constant and M larger than some constant we have
9(0,0) < o+ 4osin® a,

or,
9(0,0) < o + 40a?,

Lemma 33 Let the conditions of Lemma 29 hold. Let g(x,0) be as defined in Equation
(87). Then,

g
19.900.0) < € Za,

where Vg denotes the gradient of g(x,0) with respect to the x wvariables only, and C' is
some constant.

Proof Following the definition of 7y in (88) and g(x,0) in (87), we have the following
equations that describe the connection between x, Ty and g(z,0)

(st ) +oveson=(50y),+(5), 500

where 0 € RP is written as (0,6)z, and N (z,Zg,0) € RP is some unit vector perpendicular
to T, f. Explicitly,

N(l’,f@,e) J—Tigfv (95)
and

N (x, 9, 0)[| = 1. (96)

Alternatively, we can write,

N (x, T, 0) = ( 0 )H— ( fg,’e) >H+ < ; >Hg(x,0) (97)
Taking the norm of (97) and using (96) we have
(i)~ (o )+ (5) oo =
o2 45y ) (5) (o =T ) - =

9% +2g(f(x) — f(@)) "0+ |z — To|* + | f(z) — fF@p)|* — 02 =0

the two solutions are
g+(x,0) =
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— (@)1 0+ [(Te)" 0+ \/02 + (f(2)70 — f(Z0)70)? — [lz — Tol* — || f(2) — f(@a)]* (98)
From Lemma 40, for o smaller than some constant, we have that
10 = Z5(0) 1> + 11£(0) = F(Zo(0))||* < o

and thus, the solutions of Eq. (98) at x = 0 are g_(0,6) < 0 and ¢4+(0,60) > 0. Therefore,
from continuity we get that there is a neighborhood of = 0 such that the only non-negative
solution is

g(ﬁ,a) =
— f(@)T0+ f(70)" 0 + \/02 + (f(@)70 = f(@0)T0)* — |z — Tol? — || f () — f(@p)II2- (99)

In addition, from the definition of g the only valid solution is the non-negative one which
appears on Eq. (99). Thus, denoting

A =0+ (f(x)"0— f(Z9)"0)" — llz — Tol* — | f(x) — f(@o)]I%, (100)

we have that near x =0

Vag(z,0) =
D)7 + T, Dy (7678 + \/1Z ((f(36)70 — f(2)78) (J3, Dy (7670 — Dy[2]"8)
—(Iq — Jz,)(x — Tg) — (Dylz]" — J5,DylEe]")(f(x) — f(Tp))), (101)
where Jz,(a) = Diyle] is the Jacobi matrix of the function Fp(x), and Iy is the d-

dimensional identity matrix. Alternatively, we can write

Veg(x,0) =

—_

(Jz, Dy[Ze]" — Dsla]")0 + A ((f(@0)"0 = f(2)"0) (Jz,Ds[To)" — Dy[2]")

0
—(Ig — Jz,)(x — Tg) — (Dyla]” — Jz,Dy[e)" ) (f(x) — f(Tp))) (102)

Next, using Lemma 34, Lemma 38 and Lemma 40, we bound

8

IDA0]" = Tz, Dy o ()" | = D [0]" = Dys[Es(0)]" + Dy[F0(0)" — Tz, 0) D[ (0)]
< |14(0)" — Ds(Eo(O)]" || + Dy (o (0))" — Tz, 0 Ds [Fo(0))"|
< D410 = Dyl@o (O | + 1 a = Tz, Iy E0 (0]
= 0(Zsina) + O() [ Ds[E(0)]"|

8

g

=0(—-«a)
T
(103)
Now, using (102) and the fact that HéH =1 we get

IV29(0,0)| < D4 [0]" — Jz, [0]D[Z6(0))" |
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+jAWﬂ@m»—ﬂmWhJMM@wW¥4%MW

H[La = Tz, [0]|[Zo (0)[| + D4 [0} — Jz, (01D [Z5 (0)] (111 £(0) — f(Zo(0))I])

From Lemmas 34 and 40 we know that ||I; — J3,[0]|| = O(2), [[79(0)| < osin(a + cao/T),
and that ||f(Z9(0)) — f(0)|| < 20sin(a + cao/7)tan(a). In other words, for a smaller
than some constant we can say that | I; — J53,[0]|| = O(c/7), [|7¢(0)|] < O(oa), and that
1 £(Zg(0)) — f£(0)]| < O(a?). Combining this with (103) as well, we have

o 1 o? 4 o? o?
IV.g(0,0)| < O(; ) + 7A ((’)(T ca”) + 0(7 co) + 0(7 e ))

Since Lemma 37 gives us

o2,

A0, 7(0)) > %

we have that = < \/5/0, and

ol

IVag(z, 0)]] = O

).

RS

Lemma 34 Let the conditions of Lemma 33 hold. Let g(x,0),z(x) be as defined in Equation
(87) and (88) respectively, let I : RT — R? denote the identity matriz and let Jz, denote
the differential of T(x) with respect to x. Then,

1a = Jz, 0]l = O(%).

Proof We begin by reiterating equations (97),(95), and (96). Namely we have

= (1)~ () (3)acn

—

N(x,79,0) L T3, f,

where

and
|N(z,Zg,0)| = 1.

Thus, there is a vector v(x,7g) € RP~4 with |jv(z,Zg)| = 1,
— 1 _ ~ 1T ~
N(x,79,0) = _ _ ( D[] 3(907369) >
VD¢ lEglv(z, Z)[1* + 1 v(@, )

or, denoting w(z,xy) = z v, we have

VD46 Tu(x,7)) 2 +1

o N (w, Fp) = ( ‘fofiiz";f ) )
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Using this pronunciation of N we can rewrite the above equation as

( _Df[j?f,gf%) ) N ( fEU:c) > - < f(%) ) + < 2 >g(x,9)- (104)

From Eq. (99) in the proof of Lemma 33 we know that g(x,6) = — f(x)T0 4 f(z9)T0 + VA,
near = 0, where A is defined in Eq. (100). Combining this with the last D — d equations
we get,

w(e, @) = (f(2) = F(Fo) + 8 (~f(@)70+ f(F)T0+VA)). (105)
Looking at the first d equations of (104), we have
~Dy[Fg) w(z, Tg) — x + Ty = 0.
Denoting the function
G(z,Zg) = —Dyz) w(x, Tg) — x + Ty, (106)

we aim at using the Inverse Function Theorem (IFT) to compute Jz,. First, we compute
D¢ and Dé?, the partial differentials of G with respect to the variables x and Zy:

Df [z, To) = —Dy[To) D[z, Tg] — Iu

D [z, o) = ~Hf (F)" — Dy (o] Dy . Fo) + L,
where Hf(Zg)" € R¥? is the tensor Hessian of f(Ty) : R — RP~¢ projected onto the
target direction w € RP~%; that is
0 (Dy[o]")
011

Hf(zo)" = (

0 (Dy[7]") w| )
079

|20 [el") w) . (107)

0zq

Notice that Dy[zg]T € R¥>*P~4; therefore, angf[fﬁg]T € R¥*P=d and 85ij[fg]T’LU € R4
Next, using the IFT we have that

Zo\—1myT ~ 1T T ~w_1 ~ 1T~
Iz, = —(DZ)"D& = (1a — Dyld] D3t + Hf (7)) (Ia+Dyldo] D).

and thus

J7 0] = (A(ly— A™'B)) "A= (I, — A'B) 'A™ A= (1, - A7'B) !,

where
A = I3+ Dy[74(0)) D5 [0, 7(0)], (108)
B =Dy[#4(0)]" (D5 [0, 6(0)] + D [0, Z9(0)]) + H f (T4 (0))". (109)

From Lemma 35 we have that |A™'B|| < O(%) < 1/2 for o/7 smaller than some constant,
and thus, using the first order approximation of this term we get that there is a matrix

£ = i(A—lB)f

t=2
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such that
Jzy=(Ig—A'B) =1, + AT'B + &,
and with
lel < A7 B Z@ =[A7" B
t=1
Thus we have,

_ g
14 = J5, |l < 2| A7'B|| = o) (110)

ol

Lemma 35 Let the conditions of Lemma 34 hold and let A and B be as defined in (108)
and (109). Then,

_ o
|4~1B] < 0(%)

Proof We begin by noting that
1A' B| < [ATHIB]),

where
A = Iy + Dy[Te(0)]" D3 [0, 74(0)),
B = D;[79(0)]" (D}, [0, Z9(0)] + Dy [0, (0)]) + H.f (Z0(0))"
Moreover,
AT = (Lo + Dy [Eo ()] DG [0, Zo(0)) " = Lo+ D (Ds[To(0)] D510, Z(0)])".
t=1
From Lemma 37 we have that ||D [0, 7(0)]|| = O(sin ), where we remind the reader that

DE [x,Zg| is the partial differential of w(x,Zy) with respect to the x variables only. And,
from Lemma 40we have that ||D[Zg(0)]|l2 < sin(a + cZa) . Thus ||Ds[Zg] DL[0, Z9(0)]|| =
O(sin ), and thus, for o smaller than some constant we have

A7 =1+ O(sin® a) (111)

Furthermore, from Lemma 37 we also know that (D%[0, Z4(0)]+DZ0[0, 5 (0)]) = O(Z sin )
and so B -
D4 0)]" (D510, 0(0)] + [0, 7 0)))] < O sin? a).

Combining this bound with the fact that ||Hf(z9(0))"| < O(Z) shown in Lemma 36 we
have
- = W o o .
IB]| < [[Dy[e]" (D, + Do) + 1H.f (o) || < () +0(- sin” ). (112)

Finally, from (111) and (112) we have that for o smaller than some constant

_ (o
|a~1B) < 0(%)
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Lemma 36 Let the conditions of Lemma 34 and let Hf(z9(0))" be as defined in (107).

Then, we have
~ w V20 osina
1745 (0l = Y27+ 0 (7222

T

Proof We denote the tensor Hessian of f : RY — RP~4 at 24 (0) by Hf(Z9(0)) : R x R? —
RP=4, For brevity of notation, throughout this proof we will use H instead of H.f(zg(0)).
For any chosen direction u € RP~% (i.e., a unit vector), H can be thought of as a function:
HY : R? x RY — R defined as H"(vi,v2) = (H(v1,v2),u). We note that this definition is
consistent with the definition of H f(Z(0))* in (107). Given v € R?, ||v|| = 1 we also define
Hy : RY— RP=4 as 7,(-) = H(v,-). Note, that for any w € RP—4

[#op = sup  [(H(v1,v2),w)] < sup || H (w1, 09)l2 [lwlly = [[wlly sup [[Ho[lop,

v1,v2€S4 v1,02E€S4 veSd

where the right-most equality is true since H is symmetric.
Thus, in essence, we need to bound ||H,||op for an arbitrary v. From the definition of

H, we know that N N
t—0 t

Then, from Lemma 15 we have for small ¢

(1+tan? B) + O(t*/72)

S~

Sin(zmax(Tfe f) T59+t1)f)) S

where 3 = Zyax(13,f, H). Therefore, applying Lemma 39 we get

1D4[76(0)] — Dy [E(0) + to]llop < —(1+ tan® B)(1 +sin B) + O(t?/7?),

t
i
and we get
1
IHoll < —(1+ tan? 8)(1 + sin 3).

Furthermore, from Lemma 43 we know

g
B < 04"'0104;)

and so,
1 9 o . o 1 sin o
| Hol|| < —(1 + tan (a + cmz—))(l + sin (a + cmz—)) = -+ 0 ).
T T T T T
Thus, we obtain
w 1 sin o
170 < ol (5 +0(2). (113

Hence, all we are left with is bounding ||w(0,z(0))||. From Eq. (105), Lemma 40, and
Lemma 37, we have

(0, Fo(0))]| = [1£(0) ~ F(Fo(0)) +8 (~F(0) -6+ F@(0)) -6+ VAW, Fo(0))) |
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< [1£(0) = f(@g(0)| + [(=f(0) + f(26(0))) - 6] + /A0, Z9(0))
< 20 sina + 20 sina + V20
< V20 + 4o sin a

Since ||w|| < V20 + O(sin @) we have from Eq. (113)

9 .
||Hw|| S \/;0' +O(O'SIDO£)

T

Lemma 37 Let the conditions of Lemma 34 hold, let w(z,Tg) be as defined in (105), Tg(x)
be as defined in (88), and A as defined in (100). Denote by D%, Do the partial differentials
of w with respect to the variables x and Tg. Then, for a smaller than some constant

50" < A0,79(0) < 202, (114)
I3[0, Z6(0)][| < O(sina) || D [0,Z6(0)]|| < O(sina), (115)

and
1D [0, 79 (0)] + D510, Z(0)]]] < O(Z sina). (116)

T

Proof First we bound A from Eq. (100) at z = 0,29 = 24(0) using Lemma 40, and
assuming « is smaller than some constant.

A(0,Z9(0)) = 0% + (£(0)"0 — f(Z5(0))"0)> — [|0 — Zg(0)[|* — || £(0) — f(Za(0))]?
> o” — ||Z9(0)]|* — 2]/ £(0) — f(Ze(0))[?

20 — 402 sin® a

> o2 — 202 sin
> o?(1 — 6sin® @)

1
> 502. (117)

Similarly,

A(0,79(0)) = 0 + (F(0)" 8 — f(Z6(0))"8)* — 0 = Z4(0)[|* — |1/ (0) — f(Z6(0))]|”
< 0?4+ | 74(0)[* + 2] £(0) — f(T6(0))]?
< 0% + 202 sin? a + 40? sin a
< o?(1 +6sin® )
> 2072, (118)

and thus we showed Eq. (114).
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Next we compute D¥ and D;fu
D, =Dyla] + 0(67 Dy o))

+ 0 (@) -0 = J(F) - 0)0" Dyla] - 2w~ F)" ~ 2J(x) ~ 1)) Dyl

_Obd+%T+jAM%ﬂ@T—ﬂ%FM%T—h)QDIMﬂ—Q%Wx—%F
(119)

Dit = — Dy[Tg] — 0(07 Dy[To])

+ ;z" (=2(f(x) -0~ f(To) - 0)0" Dy[To] + 2(x — To)" +2(f(2) — f(T9))" Dy[T6])

—~ <ID_d +ooT 4+ g 2(f(x)" = f(@)")(00" — Ip_d>)> Dy[z] +

D
VA VAT

(120)

From Eq. (119), Lemma 40, and Eq. (114), we have that

1D35[0, Zo(0)]]| <[[p-a + 06" + \/%9 2(£(0)" = £(@(0)") (00" — Ip-a)) lopll D [0]llep

(0~ 25(0))" 2
f”
<O(sin )
Similarly, from Eq. (120), Lemma 40, and Eq. (114), we have that
D3 [0, 2 (0)]]] < O(sin ) (121)

Thus, we showed (115).
Now we show (116). From (119) and (120) we have

oD, + oDy = Dylz] — Dy[ag] + 00" (D[] — Dy[s))

s (2(f(:r) 0~ §(39) - 0)07 — 2 f(x) f('fe))T> (Dylz] — Dy 7))

_ <1D_d 00T+ 19(2(f(w)T ~ F(@)T)06T — 2(f(z) f(:?o))T» (Dylx] - Dyls))

VA
= <ID_d + 007 + \/%e(f(x)T — F(@)T) (007 — ID—d)) (Dylz] — Df[%g])( |
122

Since We are bounding for x = 0, we have from Lemma 40, that ||f(0) — f(z4(0))| <
O(osin? @), for a smaller than some constant. Taking the norm of (122) we have that

[Dd+%T+j%ﬂﬂ@T—ﬂ%FX%T—h)@

loD;, + oDy || < [Dyla] = Dylze]
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From Eq. (114) and Lemma 38 we have,

oD* + oD :OEsina
oD% + oD = O

Lemma 38 Let f be a differentiable function from H, a d-dimensional subspace of RP,
to RP=4. Assume, Zmax(Tof, H) < a and that rch(T'y) the reach of Ty (the graph of the
function f), is bounded by T.

osin(a + cZa)

|Df[z9(0)] — Dy[0]]|op < (1 +tan? a)(1 + sin a) + O(c? sin?(a)/7?)

125 E6(0)] = Dy[0]llop < O sina),

for a smaller than some constant and some constant ¢ € R.

Proof From Lemma 15 we have that

[EAl

— (1 + tan® a) + O(| % * /7°)

Sin(émax(TOf; TE@ f)) S

From Lemma 40, we have ||Zy|| < osin(a + caZ), for some general constant ¢, and thus

osin(a + ca?)

sin(Zmax(To f, Tz, f)) < (1 + tan? @) + O(o? sin?(a)/7%)

-
Moreover, we have that
sin(Zmax(Tof, H)) < sina

Using Lemma 39 we have

osin(a + ca?)

|Dyslzg] — Dyla]|| < (1 + tan? a)(1 4 sin a) + O(o? sin?(a) /7?)

T

Lemma 39 Let L1, Ly be two linear operators from H a d-dimensional subspace of RP to
RP=4, Let, /max(H,(H,L1(H))g) < o, where (H, L1(H)g) is the subspace spanned by H
and L1(H), the target space of Ly. Furthermore, let Zyax((H, L1(H))m, (H, Lo(H)) ) < 8.
Then,

|L1 — La|lop < sin B(1 + sina).

Proof For any x € H,||z| = 1, from Lemma 31, there is y € H such that
Gz, Li(2)) = (y, La(y))|| < sinf5.
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Therefore,

lz = yl* + | L1(2) = La(@)I* = ll(z, L1(2)) — (y, La(y))||* < sin® 5,

and
|z —yll <sinB, [[Li(z) — L2(y)|| < sinp.

Note, that ||L1(y) — Li(z)|| < ||L1]lopllz — yl|. Since Zmax(H, (H, L1(H))) < o we have that
|L1|lop < sina, and we get that

[1L1(y) — L1 (=) < sinarsin 3.
Furthermore,
[1L1(2) = Lo(2)|| = [|L1(2) = L1(y) + La(y) — La(2)[| < [|L1(2) = Li(y)[| + [|L1(y) — La()]),

and so
|L1(z) — La(z)]] < sinf(1+ sina).

Lemma 40 Let the conditions of Lemma 29 hold. Let Zg(x) be as defined in equation (88)
in the proof of Lemma 29. Then, for o smaller than some constant and - larger than some
constant, we have

176 (0)| < osin(a+ e 7a) (123)
1£ (@0 (0)) — £(0)] < 20sin(a +c1Za) tana (124)
D¢ [0]]|2 <sina (125)
D¢ [F(0)]]|2 <sin(a+¢17a) (126)

Proof In essence, this lemma is a summary and rewriting of results from other lemmas
which are meant to be used conveniently in the proof of Lemma 29. Accordingly, (123) is
already achieved in Lemma 41. Then, from Lemma 14 we have

1 @(0))I| < [ Zo(0) ]| tan e + O([Z6(0) /7).

Thus, for o and ¢ smaller than some constants, we achieve Eq. (124). Next, since
Zax(H, To f) < a, by Lemma 31 we have (125). Finally, denoting 3(2¢(0)) = Zmax(Tz,(0)f, H)
by Lemma 31 we have || Df[z(0)]||2 < sin 3(Z4(0)), and combining this with Lemma 43 we
obtain (126)

|
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Lemma 41 3Let the conditions of Lemma 29 hold. Let Ty(xz) be as defined in equation
(88) in the proof of Lemma 29. Then, for any unit vector § € RP=4, if a,Z are smaller
than some constants, we have

1Z9(0)|| < o sin(a + cga)
for some general constant ¢ € R.
Proof From Lemma 42, we get
126 (0)[| < osin 5(Z4(0)) (127)
where 3(76(0)) = Zmax(T5,(0)f; H). Then, using Lemma 43 we get
a— czag < B(mp(0)) < a+ cla;

- T

for ¢ = max(cy, ¢2) as required. [ |

Lemma 42 Let the conditions of Lemma 29 hold. Let To(x) be as defined in equation
(88) in the proof of Lemma 29. Let Ty, ) f be the tangent to the graph of f at the point

(59(0)7f(§0(0)))7 5(59(0)) = émax(ng(o)f, H) Then,
[Z9(0)]| < o sin B(79(0))

Proof From (88) of the proof of Lemma 29 (or more conveniently (97) from the proof of
Lemma 33) we have that

|z — Tg|| = UHProjH(Ne(iU,feﬂg))Ha

Using Lemma 9, since Ny € 17,0 f* we have that

| Proji (No( 7o, 0)| < cos(; — B(#(0))) = sin(B(#»(0))),

and thus
[29(0)|| = o sin(B(z¢(0)))

Lemma 43 Let the conditions of Lemma 29 hold. Let Zg(x) be as defined in equation (88)
in the proof of Lemma 29. Let xy € H be such that ||zo|| < ||z9(0)]|. Denote f(x) =
Liax(Ti f, H) and let o = 3(0). Then,

@ (1 — 022) < B(zo) < « <1 +Cl§> )

for some general constants c1,co.
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Proof For convenience of notations we denote in this proof

A
B = B(wo).
Using the result of Lemma 20 we achieve

o l2oll oH [ oH

(1+a) +cllzol*/7* < Bzo) < a+25—"(1 + a) + cl|zo* /72,

for some constant ¢ € R. and from the fact that [|zg] < HE@(O)H we get

NEAQL 26 (0)

(1+a)+c||zg(0)|? /72 < B(24(0)) < a+2 (14+a)+cl|zg(0)]|? /72, (128)

From Lemma 42 we know that

[Z6(0)[| < o sin 5,

where for brevity we write 5 = 3(x4(0)). So, we get

g . 0'2 . 9
B—a<2=sinf(l+a)+c—sin”j
T T

2
g g
/B—a§2—6(1+a)+c—262
T T
2
0<cZ g +802%+22a-1)+a
T T T

The right hand side of this expression is a parabola with respect to 8. Note, that for
Z = 0 the roots are § = a. Solving this parabola we get the roots

1-22(1+a)+ \/(1 —29)1+ )’ —4cGa

By- =
202—5

Note that the root with the + sign is of order ;—i and therefore S must be smaller than S_.

1-22(1+a) —/(1-22(1+a))’ ~ 4c%a
20‘;—3
2
(1-22(1+a)?— (1-22(1+a)) +4cSa
2c%, <1_2 (1+a) +\/ 1-2¢2 (1+a)) —4cT2a>

4ci—2a

B =

22 <1 ~22(14a)+/1-42(1+ ) +4% (1 +a)? - 4c<;§a)
2

1-22(1+a) +/1-42(1 +a) +4% (1 +0)? - ca)
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From Remark 2 we have

2
B_ < (2a) <1—2i(1+a)+1—4i(1+@)+4;

(1+a) - ca))l

—a <1 - 3%(1 +a) +2% (14 a)? - ca))_l

Since for small enough x we have that 1/(1 — z) < 1 + 2x, we have for large enough M,

2
5§a<1+60(1+a)40
T T

5 (1+ a)? — ca)>
<a (1 + 10%(1 + a))
<a (1 + qg) (129)

On the other hand, taking the left hand side of (128) we obtain similarly

||xe( )H (1+ a) + c||zg(0)|?/72 < B(z4(0))

zo(O)]

a—2§5(1+a)§5
g
a§ﬁ<1+2;(1+a))

e < f

and since 1/(1 +2) =1 — 2 + O(2?) and o/7 is sufficiently small we get
(1 - ) <8 (130)
Combining (130) and (129) we conclude the proof. [ |

(14+a)<p

C.2.2 BOUNDING THE FINITE SAMPLE ERROR

Back to Theorem 3 proof road-map see Figure 3.

In this section we show that Zmax(Thfe, Hes1) the angle between the tangent of fy(0) and
the tangent estimated using n samples decays to zero as n — co. Namely, the main result
of this subsection appears in the lemma below.

Lemma 44 Let (g, Hy) be defined in Algorithm 2 and 7, 4 (x) be defined in (10) and let
Hyy = Towa m, the tangent to the graph of ﬂ'w H, at 7qu; H, (0). Then, for all 6 > 0 there is
N;s such that for all n > N5 we have with probability 1 — §

Coln(1/6
émaX(T0f€7H€+1) < 2\/70,’151/)7

where r| = ;ﬂ%ld and Cy is a constant.
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Proof We first note that it is sufficient to bound the error of estimating the image of

Dy [0], the differential of fy(x) at 0, by the image of DW;} , [0], the differential of the local

polynomial least-squares regression m; 5 . Explicitly, if

CoIn(1/6)

n’t

1Ds: . [0] = D; [0]]p < Vd

*
Trql7HZ i

then, by using Lemma 30 we get that

i ry * C In(1 5
Sin(Luna(To o Tor?, 1)) < Va2 23/%)

nrt

which for sufficiently large n yields

s * Coln(1/9)
émax(TOfg, TO?TqZ7HE) S 2ﬁT?
as required.
Therefore, it is sufficient to show that for any ¢ there is Ns such that for all n > N5 we
have

CoIn(1/9)
1D, 1,100 = D7, 0)llop < VA= 2

with probability of at least 1 — . Let us reiterate the minimization problem by which we
derive the approximant. Namely, given a sample {r;}? ; drawn i.i.d from Unif(M,), and a
coordinate system (q, H) € R” x Gr(d, D) we look for a polynomial , p minimizing

Bl H) = 3w, (131)

D rieUnoy

where z; are the projections of r; —q onto H, and Ugy;(q, H) is defined through a bandwidth
€n as
Uroi(g: H) = {ri € Uror | dist(zi,q) < €n}, (132)

and Ny g denotes the number of samples in Ugy;(q, H). Explicitly,

Mo, = argmin Jo(m | qp, Hy). (133)

WEH?:HD
We demand that the bandwidth €, — 0 as n — oo such that

0 < lim NYCHD ¢ < 0. (134)

n—oo

And, the approximation is defined through DW;«Z,HZ [0]

From Lemma 45 we can apply Theorem 3.2 from Aizenbud and Sober (2021a) that
gives convergence rates for local polynomial regression of vector valued functions in our
case. Thus, we have that for every direction in the basis {z7 };;:1 C Hy and every ¢ there
exists N such that for all n > Ns we have

N ~ Coln(1/5)™
Pr(0,175, 1, (0) - 0,0 Fu0)] > SO 5
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where | = fk—jrld and Cj is a constant. Notice that r; < 1/2, and thus

~ Coln(1/d
Pr(0,175,1,(0) — 0, Fo)]) > 2y 5

Thus, taking into account all d directions of the basis to H; we get that there are C' and
Ns such that for all n > Ny

for any 1 < j < d) < dd,

Pr([[0557;, 11,(0) — By f(0)]| > 0012(/5)

and thus Coln(1/5)
n
Fl0lllop > VA="—"22) < ds,

as required. |

Pr(|| Dy

ap,Hy

0] -D

In order to use convergence rate results of local polynomial regression for vector valued
functions as described in Theorems 3.1 and 3.2 of Aizenbud and Sober (2021a) in our case, we
need to show that the noise distribution 7, defined in (23) is such that || cov(ne)|| < /¢/D.

Lemma 45 Let H, € Gr(d, D), and let f; : Hy ~ R — RP=?  defined as in (15). Let 1y
defined in (23). Denote ap = Liax(Tofe, Hy) and assume ap < 1/DV*. Then,

co

I cov(ne)lop < 1/ 5

Proof For ease of notation, denote D = D —d. Since we are interested in bounding

leov(ne)llop = max & cov(n,)7 (135)
D—-1

we note that

i cov(ne)Z = Var(n - %)
Thus, rewriting (135) we have
| cov(ne)|lop = max T cov(n)d = max Var(n,-#) < max E((n - 7)?) (136)
7eSy_, FeSy_, FeSy_,

Thus, our goal is to bound, for any 2 € S5 _, the expression E( (7, - 7)2). From the definition
of g and 2 in (87) and (22), we have that

g(:p@

J (y-2)dy f f 22D 1drdo
L2 _yGQ(m) .
yeQ(x) f f TD Ldrdf

Sp_y

D [ (0-%)2g(z,0)P+2do
_ Do . (137)
(D+2) [ g(z,0)Pdrdd
Sp_4
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where dr is the measure over the radial component, 7{) ~1 is the Jacobian introduced by the
change of variables and df is the measure over the (D — 1)-dimensional sphere.

Following the rationale of the proof of Lemma 29, we split S5_, into ©; and Q3 of (90).
That is,

G ={0|0<To<¢}
Qo ={0]716>¢}

for some ¢ to be chosen later. Thus, denoting z = 872 we rewrite (137) as

D (f 22g(z,0)P+2do + J z29($,9)5+2d9>
Ql Q2

(D+2) [ g(x,0)Pdo

Sp_1

D (g? [ gla,0)P+2d0 + [ g(m,9)5+2d9>
Ql Q2

(D+2) [ g(x,0)Pdo

Sp_1

E((ne - 2)?) =

Since the conditions of Lemma 32 are met, we have o < ¢(0,0) < o + 4004?, and thus

(fog (z,0)P+2d0 + fga: 0 D+2d9>

971
E((n, - 2)?) <
(e - 27) (D+2) [ g(z,0)Pdo
Sp_4
Do?(1 + 402)? (52 [ g(a,0)Pdo + fg(x,9)5d9>
< Q1 Qo
N (D+2) [ g(z,0)Pdo
Sﬁ—l
g x,@)ﬁdﬁ
Da (1—|—4oz£) €y Qj; (
D+2 [ g(z,0)Pdo
SB 1
D1+ 402)P [ df
_ Der+aad? [, " "
D—|—2 oD f do
8571
< DA rda) (o (A+40D)7 ponep)
D+2 VD -1
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where the last inequality comes from Eq. (92). Since ay < 1/DY* we have that (1 + 404%)5

is bounded by some constant c¢. Choosing & = 2 % we have
Do?(1+4 — ~
B(( - 2)?) < DO+ 402 log(D ” e (B
D+2 log(D — 1)

D—
< oo 2log /

for some constants ¢, c;. Combining with Eq. (136), we conclude the proof.

C.2.3 BOUNDING THE DISTANCE OF ¢y FROM f;(0)

Back to Theorem 3 proof road-map see Figure 3.

Lemma 46 For f; defined in (15). Denote oy = Zmax(Tofe, He) and assume oy < 1/D.
Then, for any  there is N such that for any number of samples n > N, we have

e (3)

n’o

75 12,(0) = fe(0)|| < 80 Daf +

with probability of at least 1 — &, where ro = ﬁ and 7T:7H£(0) is the polynomial defined in
Equation (10), and c is some general constant.

Proof Using the triangle inequality, we have
517, (0) = fe(O)| < [175.1,(0) = Fe(O) | + [ fe(0) = fe(0)]]. (138)

Applying Theorem 2.1 of Aizenbud and Sober (2021a) on ||, 5, (0) — f2(0)|| we have that

I2,0) - Fi)) < £22) (139)

with probability of at least 1 — 4.
Now we focus on bounding || f¢(0) — f¢(0)||. From (89) we have that

D [ 6g(z,0)P*'ds D [ 0(g(x,0)P+! — oD+1)dp
~ S= S~
fo(@) = fo(x) = =——

(D+1) [ g(z.0)Pdrds 1) [ g(z,0)Ddrds
S S

D—1 D—1

or, looking at some direction Z we have
D i z(g(:z:,ﬁ)f)‘H - 05+1)d0
~ S5
T D-1
(felx) = fo(z)) = = =
(e(z) (=) (D+1) [ g(z,0)Pdo
S

D-1
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D o o2)D+1 _
SRR (1 +4a7) 1)

We note that for z < 1/n the following holds
I+2)"—1<z((14+1/n)"=1)/(1/n) < nz(e —1) < 2nzx.
Using the above observation, and the fact that 404% < D + 1 we have that

80D

2 (ful@) = ful) € =——(D +1)a} < 80Da}
(D+1)
Combining this with (138) and (139), we have that for any § > 0, for ay > 3, and for
number of samples n > N large enough,
. CyIn (%
I7.00,(0) = (0} < 800} + 2]
with probability of at least 1 — 4. |

C.2.4 BOUNDING THE ERROR INDUCED BY THE SHIFTED ORIGIN

Figure 15: Hlustration of the difference between p and fo(0).
Back to Theorem 3 proof road-map see Figure 3.

Lemma 47 Let Gy be a d-dimensional linear space in RP, and let gy : Gy — RP~4, such
that the graph of go is a manifold with reach bounded by 7. Assume that Zmax(Tog0, Go) <
a. Let Gy be a d dimensional linear space in RP, such that Zimax(Go,G1) < B. Define
g1 : G1 — RP=? as the function who’s graph coincides with the graph of go.
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Then, for o < /16, B < . where (. is some constant dependent only on Cr/4 Of Lemma
17, and ||go(0)|| < cryq - 7, for the constant c, /4 defined in Lemma 17, we have

)+ 4lg0(0)[| (2 + llgo(O)ll/7) B

émax(Gla Togl) S émax(TO.gOa Gl

Moreover,
g1 (O] < llgo(O) (1 + (+ B8)*(3 + 2/l go(0) | /7))

We first need a supporting lemma that will show us that g1 exists, and specifically, g1 (0)
exist.

Lemma 48 Under the conditions of Lemma 47, g1(0) exists and

1Projg, (01 4 (0,91(0)a, — o)l < 7/2,
where o1 = (0,0)¢, is the origin and 61 = (0, g0(0))c,-

Proof We begin with defining the coordinate system (61, G1) with 61 = (0, go(0))g,. Let
a1 : (01,Gh) ~ RY — RP~4 he the function defined in Lemma 17, such that

F§1 = Mn Cyl(oy, CW/4T,7'/2)

From Lemma 17 we know that g; is defined for any 2 € R? such that [|z|| < Cr/aT- Now, we
denote x, = Projg, (o1 — 01), the projection of 0; onto the affine space defined by (01, G1).
From the assumptions we know that |61 — 01| < cr/u7. Since Zpax(G1,Go) < B from
Lemma 8 we have that [z,| < c¢;/47sinB. Thus, for any 8 we have |z,| < /47, and
J1(x,) is therefore defined (by Lemma 17). Since g; identifies with g1 up to some shift in
the domain and target, it follows that g;(0) is well defined.

Next we bound || Projr,g, (01 + (0,91(0))q, —01)||. Since g1(0) = 0, from Lemma 19 and
the triangle inequality for maximal angles between flats we have that

191 ()|l < 7 cos(a + B) = /72 = (||lzo|| + 7sin(a + 5))?

Substituting ||z,|| in the right hand side we set

191 (20) | < 7 cos(a+ B) = /7% = (rer/asin 8+ 7sin(a + B))?

=T (cos(a +8) — \/1 — (Cryasin B + sin(a + B))2> (140)

Since

1Projyge (01 + (0, 91(0))c, —61)ll < llor + (0,91(0))6y — 61l = V/[1g1(2o) [ + [l

o ) .. 92 _ . . . 2 2
= T\/Cw/4 sin”® 5 + (Cos(a +5) \/1 (Cxjasin B +sin(a + B)) ) (141)

which, for small enough S (i.e., smaller than some constant (. depending only on ¢, /4) and
fixed « is smaller than 0.57.
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01 =01+ (0,91(0))c,

Togo

T~ a Go

G

Figure 16: Illustration of an angle change of a coordinate system. We have (01, Gg) as some coordi-
nate system. Locally we look at M (marked in solid red) as a graph of gg : (01,Go) —
Go L. The point 01 equals go(0). Let G be some rotated coordinate system and describe
M as a local graph of g; : (01,G1) — Gi.

Next we prove Lemma 47
Proof [proof of Lemma 47] We first note that from Lemma 48 (0,¢1(0))g, € M exists.
Then, we denote by o7 the origin, 61 = o1 + (0, 90(0))g, and 61 = 01 + (0,91(0))c, (see
Figure 16).

Denote & = Z(o01,61,20) — /2 and 3 = Z(61,01,01), where Z(A, B,C) denotes the
angle between the straight lines AB and BC. Note that & < o and 3 < . Next, we bound
the distance between 01 and x,, the intersection between Gll and Tpgo. Considering the
triangle o1, 01, x,, and using the sine theorem, we have that

- lgo(0)]| sin 3 (142)

cos(a@+pB)
Next, we bound Az, the distance between the point x, and the projection of 6; on Tygo.
denote by y the distance between 0; and Tygg We have

Az = ytan(a + B3). (143)

From Lemma B.6, we have that

y<1—/12—(x+ Az)? (144)

substituting (143) in (144), we have

y<T1-— \/7'2 — (z + ytan(a + B))2.
Simple algebraic manipulations give us

y*(1+tan?(a + B)) — y(21 — 2z tan(a + B)) + 2% > 0.
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The above equation has two solutions.

y1 = cos>(a+ f) <7’ — rtan(a + 3) — \/7'2 — 22 — 27z tan(a + B)) ,

Yy = cos®(a + f) <T —ztan(a + B) + \/72 — 22 — 21z tan(a + B))

and either 0 <y < y; or yo < y.
Note that since z, &, 8 are small, and using Remark 2

\/7'2 — 22 — 27tz tan(a + B) = T\/l - ::2 — 2%3: tan(a + ) (145)
> (1 - x—z - 2laztan(5¢ + B)) (146)
T T
=71 —2?/7 — 2xtan(a + f), (147)
and thus,
y1 < cos’(a+ B) (1 —ztan(a+ B) — 7+ 2* /7 + 2z tan(a + B))
= cos’(a + B) (2%/7 + xtan(a + B)),

Yo > cos? (@+p) (T_xtan(&+6>+T—$2/T—2xtan(&+5))
s*(a+ fB) (27 — 3z tan(a + ) — xQ/T)

for small z, @&, and S, and large 7 y2 > 7. _Since y cannot be larger than 7 we get that
0<y <y =cos’*(@+fB) (z?/7 + xtan(a + B)).
Substituting the above inequality into (143), we get

Az < cos(a+ B) (z*/7 + ztan(a + B)) sin(a + ),
and thus, using (142) and sin § < sin(a + 3), we have

z+ Az <z (14 cos(a+ B)sin(a + B) (z/7 + tan(a + B))) (148)
=2 (1+ (|l90(0 )HSlnﬂsln(OéJrﬂ)/TJrSl ( +5))) (149)
< (1+ (lgo(0) [ sin®(@ + B)/7 + sin*(a + 5))) (150)
=z (1+sin’*(a+ 8) (lgo(0)|| /7 + 1)) , (151)

substituting = from (142), we have

_ & [ (llgo(0)| sin B lgo(O)lIsin . 2\ a
Ax < cos(a + ) (( cos(@ 1 7) > = -+ cos(a + B) ( +B)> (a+p) (152)

2
= < (|Lf]z(()2zlsj_n§)) + 1/g0(0) || sin B tan(a + ,6’)) sin(a + 3) (153)
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Now, we are ready to bound the distance |61 — 01|

61— 012 = 161 — woll® + 2o — 01> = (2 + Az)® + 3
= 2% (1 +sin®*(a@+ B) (lgo(0)|| /7 + 1))
+(C052(_ B) (z /T—l—xtana—l-g)))
= 2% (1+ sin®(a + B) (lgo (0)/7 + 1))
1+ g2 (cos( + )(ac/7'+tana+_)
= 2% (1 +sin*(a+ B) (||lgo(0)||/7 + 1))
+x(ms +5) (llgo(0)ll sin B/7 + sin(a + 5)))*
2 (1 + sin(@ + ) (Igo ()l /7 + 1)) sy
+x<mg + B)sin(@+ B) (lgo(0)/7 +1))*
22 (1+ sin?(@+ B) (|lgo (0)/7 + 1))
+ 27 (sin(a + B) (llgo(0)]|/7 + 1))’
< 22% (2 + sin(a + A) 9o 0) ]| /7)°

2(/lgo(0)||sin 5)? (2 + sin(a + B) o (0)Il/7)°
cos(a + f)

4(/lg0(0)|| sin B)? (2 + sin(a + B)[lgo(0) /7)*

~—

2))

where the last inequality is correct under the assumption that cos(a + 3) > 1/2.
Finally, from Corollary 3 in Boissonnat et al. (2019) we conclude that

sin Zmax(Tog0, Tog1) < |01 — 0| _
2 - 2T
Since /2 < sinz, and using (154)

2||o1 — o0 4{|g0(0)|| sin B (2 + sin(a + £)||go(0)]| /7
LT Tor) < =21 M Olsn 2 sn(a + Do)

we have

émax(TO.gla Gl) < émax(TO.gOa Gl) + émax(Tog(]a Togl)

< Lo (Togo, G1) + 4)|go(0)|| sin 3 (2 + sin(@ + B)||go(0)[|/7)

4900l 2+ llg0(0)l/7) B

4llgo(O)[l (2 + llgo(0)I[/7) B

T

< Zmax(Tog0, G1) +

< émax(Tog()u Gl) +

This proves the first part of the lemma.
Next we bound [|g1(0)||. Note that ||g1(0)|| = [|zo — 01]| + ||0o1 — o]

83



AIZENBUD AND SOBER

lgo(©)[[cos B _ llgo(0)]I
cos(@+B) ~ cos(o‘c—l—ﬁ)'

|20 — o1 =

It can be shown using simple algebraic manipulations that,

in?(a + f3

Jor = aoll < O/ + lanO)) S o)

loo(O)] o
ln) < (1 a7+ 1) v+ ) )

since cos(z) > 1 —22/2,1/(1 —x) <1+ 2z, sin(z) <z, and @ + 3 < 1, we have

lon(O)1 < 21+ ()l + Dsin(a+ )
H HQO(O)H = 2)2
(O] < T (1 (/7 + Dla+ 57 (155)
< lgo(O)I(1+ @+ B 1+ (o0l /7 + 1)@ + 57 ) 156)
< lgo(O)I(1+ @+ ) 1+ @+ ) + o0V @ + 6%/ ) 157)
< loo(@)l(1 + ;

3(a+ B)” + 2llgo(0)ll(a + B)*/7)

5 (
(

2(@+8)? + (a+B)" + llgo(0) | (@ + 5) /T+|!go(0)\|(54+5)4/(7
1+ (
< [lgo(O)[I(1 + (@ + B)*(3 + 2] 9o (0) ]| /7))- (

And thus we conclude the proof. |

Lemma 49 Let G, H € Gr(d,D) be two d-dimensional linear subspaces of RP. Let g :
G — RP~% be such that the graph of g is a manifold M with a reach bounded by T and
let h + H — RP=4 denote the function over H whose graph coincides with M in some
neighborhood (see Figure 17). Assume that Tyg, the tanget of g at 0, is parallel to G, and
that ||g(0)|| < o. If Zmax(H,Toh) < a is small enough, then

a

Iy —pall < -
(20(2-{—0/7) B ;)

where pg = (0,9(0))o,c € M and p, = (0,h(0))o,z € M.
Proof
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M
Tph M
vﬁ] Pn
o
Tng (r, Tp, M)
é """"V"""V"" (r7 Tpg M)
i o)

Figure 17: Supporting illustration for the proof of Lemma 49 where we bound the difference between
pr, and pg, the evaluation of r under the functions h and g correspondingly, given that
the maximal angle between T}, M and T}, M is bounded by a.

From the triangle inequality and Boissonnat et al. (2019) we bound from above the angle
between Tyg and H.

émax(H’ TDQ) S Zmax(-[{a TOh) + Zmaux(T’Oh’ TDQ) S a+ CHpg - th/T- (161)

We now wish to give another bound tying between Znax(H, Tog) and ||pg —ps|| just from the
other direction so that we could create an inequality limiting the values of ||p; — ps||. Using
the notation in Lemma 47, we can follow the derivations with a = 0, and with ||g(0)| < o,
we get from (154) that

Hpg—th2 < 4(o sin Zmax(H, Tog))2(2—|—a sin Zmax (H, Tog)/T)2 < 4(0 sin Zax(H, Tog))2(2—i—a/7)2.

Thus,
”pg - ph“ < 20(2 + U/T) sin émax(Ha TO.g) < 20(2 + U)émax(Ha Tog),

or,

Hpg ph“
Z H. 1 > -4 -
max( ) 09) =9 (2 / )

Combining this with (161), we have

[Py — pall
_NPg 7 Phil _
20024 0/1) — a+cllpg —pall/7

or,

[ [ ! °) <
— — Y — — a.
Pg — Ph 20240/7) T)

a

Finally, we have,

Ipg = pall < N
(20(2-{—0/7-) B ;)
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