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Abstract

A common observation in data-driven applications is that high-dimensional data have a
low intrinsic dimension, at least locally. In this work, we consider the problem of point
estimation for manifold-valued data. Namely, given a finite set of noisy samples ofM, a d
dimensional submanifold of RD, and a point r near the manifold we aim to project r onto the
manifold. Assuming that the data was sampled uniformly from a tubular neighborhood of a
k-times smooth boundaryless and compact manifold, we present an algorithm that takes r

from this neighborhood and outputs p̂n ∈ RD, and T̂p̂nM an element in the Grassmannian
Gr(d,D). We prove that as the number of samples n → ∞, the point p̂n converges to

p ∈M, the projection of r ontoM, and T̂p̂nM converges to TpM (the tangent space at that
point) with high probability. Furthermore, we show that p̂n approaches the manifold with

an asymptotic rate of n−
k

2k+d , and that p̂n, T̂p̂nM approach p and TpM correspondingly

with asymptotic rates of n−
k−1
2k+d .

Keywords: Manifold estimation, Manifold learning, Tangent estimation, Local polyno-
mial regression, Moving least-squares

1. Introduction

Differentiable manifolds are an indispensable language in modern physics and mathematics.
As such, there is a plethora of analytic tools designed to investigate manifold-based models
(e.g., connections, differential forms, curvature tensors, parallel transport, bundles). In or-
der to facilitate these tools, one normally assumes access to a manifold’s atlas of charts (i.e.,
local parametrizations). Over the past few decades, manifold-based modeling has perme-
ated into data analysis as well (e.g., see Hastie (1984); Roweis and Saul (2000); Schölkopf
et al. (1998)), usually to avoid working in high dimensions, due to the known curse of di-
mensionality Stone (1980). However, in these data-driven models, charts are not accessible
and the only information at hand are the samples themselves. As a result, a common prac-
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tice in Manifold Learning is to embed the data in a lower dimensional Euclidean domain,
while maintaining some notion of distance (e.g., geodesic or diffusion). Subsequently, the
embedded data is being processed using linear methods on the low dimensional domain; to
mention just a few of this body of literature, see Belkin and Niyogi (2003); Belkin et al.
(2006); Coifman and Lafon (2006); Saul and Roweis (2003). Some of the approaches have
robustness guarantees Ding and Wu (2020); Dunson et al. (2021); El Karoui and Wu (2016);
Shen and Wu (2020). The main drawback of such dimensionality reduction approaches is
that they inevitably lose some of the information in the process of data projection.

In recent years there have been a growing interest in the problem of manifold estimation.
The aim of these approaches is to reconstruct an underlying manifold M̂, approximating
the sampled one M, based upon a given discrete sample set. The first attempt (neglecting
the literature dealing with approximations of curves and surfaces Dey (2006); Wendland
(2004)) at this problem was probably made by Cheng et. al. at 2005 Cheng et al. (2005)
who present an algorithm that outputs a simplicial complex, homeomorphic to the original
manifoldM and is proven to be close to it in the Hausdorff sense. However, this algorithm
is deemed intractable by the authors as it is based on the creation of Delaunay complexes
through Voronoi diagrams in the ambient space. Harvesting the idea of tangential Delaunay
complexes, Boissonat and Ghosh Boissonnat and Ghosh (2014) have provided a method
reconstructing a simplicial complex which is computationally tractable (i.e., its complexity
has linear dependency in the ambient dimension). In this approach there is an underlying
assumption that the local tangent at each sampled point is given, and they recommend
using a local Principal component analysis (PCA) to find these tangents. The choice of
local PCA as an approximating tangent is shown to be a valid one in the analysis given
in Aamari and Levrard (2018); Kaslovsky and Meyer (2011, 2014); Singer and Wu (2012).
Furthermore, Aamari and Levrard (2018) shows that the estimate given by Boissonat and
Ghosh Boissonnat and Ghosh (2014) achieves optimal minmax rates of convergence in case
of noiseless samples, with respect to a certain class of manifolds. Some other works aims at
learning multiscale dictionaries to describe the manifold data Allard et al. (2012).

In parallel, meshless methods for the reconstruction of manifolds from point sets have
been developed. Niyogi et. al. Niyogi et al. (2008) present such an approach through a
union of ε-balls around the samples. They show that this approximant can be homologous
to M under certain conditions. This approach is somewhat similar to the one proposed
by Fefferman et. al. in Fefferman et al. (2018), where an analysis of convergence under
a Gaussian noise model is given as well. Furthermore, Fefferman et. al. Fefferman et al.
(2023a) propose another meshless way of approximating manifolds from point sets up to ar-
bitrarily small Hausdorff distance in the noiseless case, and such that the approximant itself
is a smooth manifold of the same intrinsic dimension as M (Mohammed and Narayanan
(2017) uses this framework to provide two more algorithms of such properties). Faigenbaum-
Golovin and Levin uses a generalization of the L1 median to approximate manifolds from
meshless data Faigenbaum-Golovin and Levin (2023, 2025). Sober and Levin Sober and
Levin (2019) give an approximation scheme based upon a generalization of the the Moving
Least-Squares (MLS) Levin (2004); McLain (1976) that provides a smooth manifold with
optimal convergence rates in the noiseless case as well (this approach is referred below as
the Manifold-MLS). Their approximation is built through a two-stage procedure, first esti-
mating a local coordinate system and then building a local polynomial regression over it.
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This framework is extended to deal with approximations of functions over manifolds Sober
et al. (2021) as well as geodesic distances Sober et al. (2020). Aamari and Levrard Aamari
and Levrard (2019) provide a different algorithm, which is shown to be optimal in the noise-
less case as well. Differently from Sober and Levin’s approach, this algorithm estimates a
tangent along with a polynomial estimation above the tangent domain at once. However,
in their practical implementation Aamari and Levrard propose a two step solution (first
perform PCA to achieve a tangent and then a polynomial regression above it). Note, that
although there are results regarding the convergence of local PCA to the tangent space of
some manifold these works assume that the localization is around a point on the manifold
itself, which is not given in the current problem setting.

Upper bounds on the minimax rates of convergence were first introduced for smooth
manifolds by Genovese et. al. Genovese et al. (2012a,b). Later, in Kim et al. (2015), the
same rates were shown to be optimal. These results were later refined to a class of Hölder-
like smooth manifolds by Aamari and Levrard Aamari and Levrard (2019). They come
to the conclusion that the optimal rate of convergence for such k-times smooth manifold
estimation is O(n−k/d) for the noiseless case and is bounded from below by Õ(n−k/(k+d)) in
an additive orthogonal noise model, where d is the intrinsic dimension ofM, n is the number
of samples, σ is a bound on the noise level, and Õ neglects log factors in the order. They
do not show that their bound in the noisy case is achievable. However, in the case k = 2,
Genovese et. al. showed that this rate is indeed optimal. It is worth noting here that in the
work of Stone from 1982 Stone (1982) (quintessential in the analysis we perform below), he
shows that the optimal rates of convergence for function estimation are Õ(n−k/(k+d)) which
is slower than the result of Genovese et. al. for manifold estimation in the case of k = 2.
Despite the different noise models of both analyses, we admit that we find this difference
surprising, as the a priori case of manifold estimation seems like a harder problem. Another
recent work in this area Lim et al. (2021) takes a different approach and gives the sample
complexity required to estimate tangent spaces and intrinsic dimensions of manifolds.

Many manifold reconstruction algorithms in the literature show convergence to the un-
derlying manifold under noise assumptions when the noise level decays to zero as the sample
size n tends to infinity Aamari and Levrard (2019); Puchkin and Spokoiny (2022). In their
recent work, Fefferman, Ivanov, Lassas, and Narayanan presented an algorithm that fits an
entire manifold to noisy samples. They show that the algorithm converges to the underlying
manifold in the Hausdorff sense in the presence of large noise Fefferman et al. (2023b). The
case they analyze restricts the set of manifolds that can be reconstructed to R-exposable
manifolds, and they achieve O(log(n)−1/2) convergence rates.

In the current paper, we assume a sample of size n drawn from the uniform distribu-
tion on Mσ, a σ-tubular neighborhood of the manifold M. Then, for a given r ∈ Mσ,
we present an algorithm that outputs a point p̂n ∈ RD and T̂p̂nM ∈ Gr(d,D), a d-
dimensional linear subspace of RD, which estimate p = ProjM(r) ∈ M, the projection
of r onto M, and TpM, the subspace tangent to M at p. We prove, in Theorem 1, that

with high probability dist(p̂n,M) ≤ Õ(n−k/(2k+d)), ‖p̂n − p‖ = Õ(n−(k−1)/(2k+d)) and that

∠max(T̂p̂nM, TpM) = Õ(n−(k−1)/(2k+d)), where Õ neglects dynamics weaker than polyno-
mial order (e.g., ln(n) and ln(ln(n))). These achieved convergence rates are similar to the
optimal rates of non-parametric estimation of functions Stone (1980). To avoid notation
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inconvenience, we assume in all of our proofs that the noise level σ > 0. Our approach is
based on the Manifold-MLS Sober and Levin (2019), but differs from it, as explained below.

This paper presents an improved algorithm that builds upon our previous work in Aizen-
bud and Sober (2021b). The key advancement is that we now demonstrate that the limit
point p as n→∞ is indeed the projection of r ontoM—a critical property we were unable
to establish in our earlier analysis. To achieve this, we have both simplified the algorithm
and refined the theoretical analysis.

The algorithm presented in this paper is divided into two steps. In Step 1, we find an
initial local coordinate system. It is proved in Theorem 2 that this coordinate system is a
“reasonable” approximation to the tangent of the manifold at some point. Next, in step
2, we improve the estimation of step 1 in an iterative manner (sharing some similarity in
spirit with the approach presented in Puchkin and Spokoiny (2022)) to get an accurate
estimation of the clean point on the manifold (i.e., the projection or r onto the manifold)
and its tangent. We prove, in Theorem 3, that these iterations indeed converge to an
accurate estimate, and show the convergence rates mentioned above. The formal problem
setting, along with the algorithm’s description are presented in Section 2. In Section 3
the formal results are presented, where Theorem 1 is the main result of this paper. The
theorems of Section 3 are proved in Section 4. Finally, in Section 5 we present one possible
application of the presented method. Although there are many possible applications (e.g.
denoising, trajectory reconstruction, etc.) , we chose one which can easily be demonstrated
visually. The code for the algorithm in this paper, along with examples, can be found in
https://github.com/aizeny/manapprox.

2. Problem Setting and Algorithm Description

Throughout the paper we limit the discussion to estimation of M ∈ Ck, k-times smooth,
compact submanifolds of RD without boundary. This limitation is important for the anal-
ysis, but the algorithm we present is local and thus from a practical perspective, a local
version of these assumptions should suffice. The smoothness requirement is also crucial for
the algorithm. However, it is shown in Kouřimská et al. (2024) that a non-smooth manifold
can be approximated arbitrarily well by a smooth manifold without a significant change to
the reach. This implies that the method presented in this paper is useful for non-smooth
manifolds as well. A key concept in the analysis of manifold estimates is the reach of a
manifold (e.g., see the analyses at Aamari and Levrard (2018, 2019); Fefferman et al. (2018);
Niyogi et al. (2008)), which was introduced by Federer in Federer (1959) and is defined as
the maximal distance for which there exists a unique projection onto M.

Definition 1 (Reach Federer (1959)) The reach of a subset A of RD, is the largest τ
(possibly ∞) such that for any x ∈ RD that maintains dist(A, x) ≤ τ , there exists a unique
point ProjA(x) ∈ A, nearest to x.

Using the reach, we can bound both the local behavior (1/τ bounds all sectional curvatures
of the manifold) and the global behavior of a manifold (i.e., it measures how close a manifold
can get to itself) Boissonnat et al. (2019). Thus, the reach provides a good way of expressing
our limitations in the problem of manifold estimation (in Niyogi et al. (2008) the same
concept is defined as the condition number of a manifold). For example, if the reach is too
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small and the sampling density is not fine enough, we would expect that small features could
not be recovered. Moreover, through the reach of a manifold we can define the acceptable
levels of noise that do not obscure the geometrical shape. In accordance with that, we limit
our discussion to manifolds with a reach bounded away from zero (notice that in the case
of flat manifolds, the reach is infinite) and with a noise model that limits the noise level
from above by the reach.

Our noise model in the analysis is as follows: We assume that we are given a finite set
of samples {ri}ni=1 drawn independently from

Mσ
4
= {q ∈ RD | dist(q,M) < σ}, (1)

a tubular neighborhood of M. Explicitly, we assume that ri ∼ Unif(Mσ), which is the
uniform distribution on Mσ; i.e., the normalized Lebesgue measure with respect to RD.

Finally, let p ∈ M, we wish to describe Wp ⊂ M a neighborhood of p as a graph of a
function

ϕp : WTpM →M (2)

where WTpM = ProjTpM(Wp), the projection of Wp onto the tangent, and ϕp is defined by

ϕp(x) = p+ (x, φp(x))TpM, (3)

where x ∈ Rd ' TpM, φp(x) ∈ RD−d ' TpM⊥, and (x, y)TpM ∈ RD denotes that x ∈ Rd
and y ∈ RD−d represent a point in some basis of TpM and TpM⊥ correspondingly. Then,
we define the graph of φp to be

Γφp,Wp

4
= {p+ (x, φp(x))TpM|x ∈WTpM}. (4)

For simplicity, throughout the paper we identify the graph of φp with Γφp,Wp . That is, we
refer to M as locally a graph of φp (see Figure 1).

We would like to stress that throughout the paper there is a slight misuse of notation.
Explicitly, when we refer to TpM and TpM⊥, we sometimes look at it as elements in the
Grassmannian Gr(d,D) and Gr(D − d,D); i.e., subspaces of RD with dimensions d and
D − d correspondingly. On the other hand, in some other occasions (as in (4)) we neglect
the fact that these are subsets of RD which is equivalent to choosing some basis and working
in it.
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Figure 1: Illustration of ϕp: The xy-plane is H(p); The local origin q(p), which is mapped by φp to
p is marked by the red dot; the vector x represents a “tangential” movement; and φp(x)
is a normal movement.

2.1 Summary of Manifold and Sampling assumptions

Throughout this paper we assume that the (unknown) manifoldM and the samples {ri}ni=1

satisfy the following requirements:

1. M∈ Ck is a compact d-dimensional sub-manifold of RD without boundary

2. M = τ
σ is large enough, where τ is the reach of M and σ > 0 is the noise level.

3. {ri}ni=1 are samples drawn independently and uniformly fromMσ (i.e., ri ∼ Unif(Mσ)).

2.2 Algorithm Description

As explained above, given a point r ∈ Mσ we aim at providing a procedure P(r) that
will estimate p = ProjM(r) ∈ M, the projection of r on M. This is performed through
an altered version of the Manifold-MLS that was introduced in Sober and Levin (2019).
The Manifold-MLS is constructed through a two-step procedure. First, an estimate of a
local coordinate system is computed. Second, above this local coordinate system, a local
polynomial regression is performed, by which we derive the estimate for the projection onto
M as well as the tangent domain TpM. Below, we show that the first step of the Manifold-
MLS yields a reasonable estimate of the tangent even in the presence of noise. However,
performing the second step, which is just a local polynomial regression, above the slightly
tilted domain results in a biased estimate. That is, if we try to estimate the manifold locally
as a function over this approximated domain, the noise in the sample is biased with respect
to this coordinate system (see Figure 2). To account for the bias, in our altered version
of the algorithm, we perform the second step iteratively, taking the tangent estimate at
each iteration as an improved coordinate system. We show that in the limit, as the number
of samples n approaches ∞, our estimate projects r onto M, and the estimated tangent
coincides with the tangent at that projected point.

Before describing the steps in detail, we mention that from a practical point of view,
there are some minor adaptations that we made to the implemented version. These changes
are described in detail in Section 2.3.
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(a) (b)

Figure 2: Illustration of a manifoldM (marked by the blue line) along with its tubular neighborhood
Mσ. Assuming uniform sampling inMσ we mark the point p ∈M by and the expected
value with respect to the given coordinate system by . ( a) The coordinate system is
aligned with the tangent. ( b) The coordinate system is tilted with respect to the tangent.
As can be seen, in (a) the two points coincide, whereas in (b) the expected value differ
from the point we wish to estimate.

2.2.1 Step 1 - The Initial Coordinate System

Given a point r ∈Mσ we limit the the region of interest (ROI) to:

UROI = {ri|dist(ri, r) <
√
στ}, (5)

and denote the number of samples in the ROI by N .

Intuitively, the ROI has to be significantly smaller than τ so that we will not include
samples of faraway regions in the Riemannian sense. We also require that the ROI is not a
subset ofMσ as this causes the tangential directionality of the sample to become ambiguous.

Then, we define the relevant coordinate system as the pair (q,H) ∈ RD × Gr(d,D),
which minimizes the functional:

J1(r; q,H) =
1

N

∑
ri∈UROI

dist2(ri − q,H) (6)

under the constraints

1. Orthogonality: r − q ⊥ H.

2. Region of interest: ri ∈ UROI.

3. Search region: ‖r − q‖ < 2σ.

Explicitly, we denote

q∗(r), H∗(r) = argmin
q,H

r−q⊥H
‖r−q‖<2σ

J1(r; q,H) (7)

Note, that Constraint 2 limits our region of interest in accordance with sampling as-
sumptions 3 and 2. Furthermore, since r ∈ Mσ we know that the true projection onto the
manifold is in the search region defined in Constraint 3 (if q = ProjM(r), the projection of r
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onto M and H = TqM). Finally, Constraint 1 extends the notion of orthogonal projection
onto manifolds. As discussed in Sober and Levin (2019), this constraint is responsible for
having a unique minimizer for (7) given enough samples. The aforementioned minimization
problem is summarized in Algorithm 1.

Algorithm 1 Step 1: Find an initial coordinate system

Input: {ri}ni=1 ⊂Mσ noisy samples of a d dimensional manifold M.
r ∈Mσ a point in a tubular neighborhood of M.
d The dimension of the manifold M.
τ lower bound on the reach of M.
σ upper bound on the noise level.

Output: q∗ crude estimation of p = ProjM(r).
H∗ estimation of TpM.

1: Disregard points outside of UROI (plugging τbound, σbound into Eq. (5)).
2: Find q∗, H∗ minimizing (7) subject to ‖q∗ − r‖ < 2σ and r − q∗ ⊥ H∗.

2.2.2 Step 2 - The iterated projection

Given (q,H) ∈ RD × Gr(d,D) we define the following minimization scheme, known as
local polynomial regression (e.g., Cleveland (1979); McLain (1976)): Find π ∈ Πd7→D

k−1 a

polynomial of total degree deg(π) ≤ k − 1 from Rd to RD−d which minimizes

J2(π | q,H) =
1

Nq,H

∑
ri∈UnROI

‖ri − (xi, π(xi))H‖2 , (8)

where xi ∈ Rd are the projections of ri − q onto H, (x, y)H ∈ Rd ×RD−d are coefficients in
a basis of H ×H⊥, UnROI(q,H) is defined through a bandwidth εn as

UnROI(q,H) = {ri ∈ UROI | ‖xi‖ < εn}, (9)

and Nq,H denotes the number of samples in UnROI(q,H). Explicitly, the local polynomial
regression is defined through

π∗q,H = argmin
π∈Πd7→Dk−1

J2(π | q,H). (10)

As required to ensure convergence in probability for local polynomial regression Aizenbud
and Sober (2021a); Stone (1980), we demand that the bandwidth εn → 0 as n→∞ is such
that

0 < lim
n→∞

n1/(2k+d) · εn <∞. (11)

Unfortunately, the minimization problem stated in Equation (10) could not be used
as-is, since we need an explicit relation between the failure probability, the error bound,
and the number of samples. The analysis of convergence of local polynomial regression of
vector-valued functions in Theorem 3.2 of Aizenbud and Sober (2021a), uses a variant of
local polynomial regression, namely some sort of “median trick” Alon et al. (1999) on (10)
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to unveil such an explicit connection. For simplicity of notations, we abuse the definition
of π∗q,H in (10), and define

π∗q,H = Algorithm 2 of Aizenbud and Sober (2021a)(xi, yi), (12)

where yi are the projection of ri− q onto H⊥. Any derivative of π∗q,H can also be estimated
by means of Algorithm 2 of Aizenbud and Sober (2021a). For simplicity of presentation,
throughout the paper when we write ∂π∗q,H or Dπ∗q`,H` what we actually mean is the estimate

of the derivative rather than the derivative of π∗q,H .
We begin with q∗ (a coarse approximation of a point on the manifold) and H0 = H∗

(the initial tangent estimate) resulting from Algorithm 1. Then, we update iteratively the
directions of H with respect to a tangent of M. Explicitly, in iteration `, we define H`+1

to be the subspace coinciding with Im(Dπ∗r,H` [0]) the image of the differential of (Id, π
∗
r,H`

) :

Rd → RD at 0 (i.e., the tangent to the graph of π∗r,H`). In other words, we look at the
manifold as a local graph of a function

f` : Rd ' H` → RD−d ' H⊥` . (13)

That is, we define a local patch of the manifold through the graph

Γf`,r,H` = {r + (x, f`(x))H` |x ∈ BH`(0, ρ)} ⊂ M, (14)

where ρ is some radius where this function is defined (see Lemma 17 for more details
regarding the existence of such ρ > 0). Then, we estimate the first order differential of f`
through taking the differential of the local polynomial regression estimate π∗r,H` . The image

of the differential determines d-directions in RD (i.e., an element in the Grassmannian
Gr(d,D)), by which we define H`+1. Following this, we define

f`+1 : (r,H`+1)→ H⊥`+1 ' RD−d (15)

We note that the estimate for the first derivative in case of scalar valued functions
was analyzed by Stone (1980) (as well as others) and was shown to converge to the true
derivative with optimal rates in case of unbiased noise. The results of Stone (1980) are
generalized to vector valued functions in Aizenbud and Sober (2021a). A core assumption
in these results is that E(Y |X = x), the expected value of the samples, aligns with the
estimated function. However, in our case this assumption does not hold, since the noise
model is tubular with respect to the manifold and unless the coordinate system is aligned
with the tangent, the expected value of Y given X = x does not equal to f`(x) (see Figure
2); i.e., the samples have bias. We show below that the iterations described above improves
the maximal angle with respect to a true tangent. Thus, eliminating the problem of bias
iteratively.

Finally, after performing κ iterations we get the estimate for p ∈M and TpM by

p̂n
4
= (0, π∗r,Hκ(0))r,Hκ , T̂p̂nM

4
= Hκ. (16)

Below, we show for a specific value of κ that with probability tending to 1 (as the num-
ber of samples tend to ∞), dist(p̂n,M) = Õ(n−k/(2k+d)), ‖p̂n − p‖ = Õ(n−(k−1)/(2k+d))
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and that ∠max(T̂p̂nM, TpM) = Õ(n−(k−1)/(2k+d)), where Õ neglects dynamics weaker than
polynomial order (e.g., ln(n) and ln(ln(n))). The aforementioned algorithm is summarized
in Algorithm 2.

Algorithm 2 Step 2: estimating the manifold from a good initial guess

1: Input: {ri}ni=1 ⊂Mσ Noisy samples of a d dimensional manifold M.
d The dimension of the manifold M.
r ∈Mσ a point in the tubular neighborhood of M
H0 Initial approx. of the tangent

2: Output: p̂n Estimation of ProjM(r) ∈M .

T̂p̂nM Estimation of TProjM(r)M.
3: for ` = 0 to κ− 1 do
4: Compute π∗r,H` through a version of linear least-squares minimization (12).
5: Compute Dπ∗r,H` [0] the differential of π∗r,H` in some basis at zero.

6: H`+1 = Im(Dπ∗r,H` [0]) . this is the column space of Dπ∗r,H` [0].

7: end for
8: p̂n = r + (0, π∗r,Hκ(0))T

9: T̂p̂nM = Hκ

10: return p̂n and T̂p̂nM.

2.3 Practical Considerations of Implementation Details

The minimization problem portrayed in (7) is non-linear since we optimize for both q
and H at the same time; note that if we fix q this amounts to the Principal Component
Analysis (which is also related to the iterated linear least-squares problem motivating our
algorithms—see Aizenbud and Sober (2023)). This problem has already been studied in
Sober et al. (2021); Sober and Levin (2019) and we recommend using the iterative scheme
presented in Algorithm 3 to solve it (which is a slight adaptation of the algorithm proposed
in Sober and Levin (2019)). We note that as the initial estimation of the tangent (step 4
in Algorithm 3) we use the local PCA, which was utilized in many other works and shown
to be of merit Aamari and Levrard (2019); Aizenbud et al. (2015); Kaslovsky and Meyer
(2014). However, if one wishes to improve the computational complexity, the initialization
step can be done in a randomized manner as well Aizenbud and Averbuch (2019); Halko
et al. (2011). Algorithm 3 can be shown to converge in theory to a local minimizer of (7).
As explained at length in Sober and Levin (2019) under some conditions this minimization
has a unique minimum. Furthermore, in practical implementations we experienced very
fast convergence to a minimum.

As for the practical implementation of Step 2, we note that the derivatives of f`+1/2

identify with those of f`+1. Finally, the number of iterations κ in Algorithm 2 can be
computed explicitly to obtain the rates of convergence as explained in the proofs of Theorem
1. However, for the practical implementation, given a specific sample we suggest to iterate
until convergence. See Algorithm 4 for the adapted implementation.
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Algorithm 3 Step 1: in practice

1: Input: {ri}Ni=1, r, d, τ, σ, ε
2: Output: q - an n dimensional vector

U - an n× d matrix whose columns are {uj}dj=1

. H = q + Span{uj}dj=1

3: define R to be an n×N matrix whose columns are ri
4: initialize U with the first d principal components of the spatially weighted PCA
5: q ← r
6: repeat
7: qprev = q
8: R̃ = (R− repmat(q, 1, N)) ·Θ . where Θ is an indicator for points in UROI

9: XN×d = R̃TU . find the representation of ri in Col(U)
10: define X̃N×(d+1) =

[
(1, ..., 1)T , X

]
11: solve X̃T X̃α = X̃T R̃T for α ∈M(d+1)×n . solving the LS minimization of X̃α ≈ R̃T
12: q̃ = q + α(1, :)T

13: Q, R̂ = qr(α(2 : end, :)T ) . where qr denotes the QR decomposition
14: U ← Q
15: q = q̃ + UUT (r − q̃)
16: until ‖q − qprev‖ < ε

Algorithm 4 Step 2: in practice

1: Input: {ri}ni=1 a set of points in Mσ

d The dimension of the manifold M.
q−1 a crude approximation of pr = ProjM(r)

(initialized with q∗ of (7))
H0 Initial approximation of TpM s.t. ∠max(H0, TpM) < α0

(initialized with H∗ of (7))

2: Output: p̂n Estimation of some p ∈M.

T̂p̂nM Estimate of TpM.
3: Compute π∗q−1,H0

4: q0 = q−1 + (0, π∗q−1,H0
(0))H0

5: repeat
6: Compute π∗q`,H` through the least-squares minimization of (10).
7: Compute Dπ∗q`,H` [0].

8: Set H`+1 = Im(Dπ∗q`,H` [0])

9: Set q`+1 = q` + (0, π∗q`,H`(0))H`
10: until |q` − q`+1| ≤ ε
11: return p̂n = q`+1, T̂p̂nM = H`+1

11
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3. Main Results

The main result reported in this paper is Theorem 1. For convenience, we wish to reiterate
the sampling assumptions presented above in Section 2.1, as they are relevant for all the
following theorems. Namely, we assume that

i M∈ Ck is a compact d-dimensional sub-manifold of RD without boundary.

ii M = τ
σ is large enough, where τ is the reach of M and σ > 0 is the noise level.

iii {ri}ni=1 are samples drawn independently and uniformly from Mσ (that is, ri ∼
Unif(Mσ)).

Theorem 1 Assume M > Cτ
√
D logD for some constant Cτ independent of τ , and let

r ∈Mσ. Then, for any δ > 0 arbitrarily small, there exists N such that for any number of
samples n > N , applying Algorithm 2 with inputs q−1, H0 being the outputs of Algorithm 1,
and with the number of iterations κ specified in Lemma 27 and is dependent on n, d, δ, k,
we get p̂n, T̂p̂nM, for which

dist(p̂n,M) ≤
C1 ln

(
1
δ

)
nr0

‖p̂n − p‖ ≤ C2 ln

(
1

δ

)(
n

ln (ln(n))2

)−r1
= Õ(n−r1) = O(n−r1),

and

∠max(T̂p̂nM, TpM) ≤ C3 ln

(
1

δ

)(
n

ln (ln(n))2

)−r1
= Õ(n−r1)

with probability of at least 1 − δ, where r0 = k
2k+d , r1 = k−1

2k+d and p = ProjM(r) is the
projection of r onto M.

While the explicit formula for κ, the number of iterations needed in Algorithm 2, is given
in Lemma 27, it is worth mentioning that it depends only logarithmically on the number of
samples n.

We derive the result of Theorem 1 by showing that Algorithm 1 yields a “reasonable”
estimation for the tangent directions (Theorem 2), and the fact that Algorithm 2 yields
estimates that converge to a point and its tangent on the original manifold as n → ∞
(Theorem 3). Consequently, Theorem 1 can be proven directly from Theorems 2 and 3.

Theorem 2 Let (q∗(r), H∗(r)), the output of Algorithm 1, and let p = ProjM(q∗). Denote
α =

√
CM/M for some constant CM (independent of α and M). Then, for any δ > 0

arbitrarily small, there exists Nδ such that for all n > Nδ

∠max(H∗, TpM) ≤ α

with probability of at least 1− δ. Furthermore, we have

‖p− q∗‖ ≤ 3σ

The proof of this theorem can be found in Section 4.1.

12
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Theorem 3 Assume that M > Cτ
√
D logD. Denote p = ProjM(r) where r is the input

point for Algorithm 2. Let (q,H) be an initial coordinate system for which ‖q − p‖ ≤ 3σ and
∠max(H,TpM) ≤

√
cM/M , where p = ProjM(q) ∈ M. For any δ > 0 arbitrarily small,

denote by p̂n, T̂p̂nM the estimates derived from Algorithm 2 initialized with (q,H) with the
number of iterations κ specified in Lemma 27. Then, there is Nδ such that for all n > Nδ

we have

dist(p̂n,M) ≤
C1 ln

(
1
δ

)
nr0

= O(n−r0), (17)

‖p̂n − p‖ ≤ C2 ln

(
1

δ

)(
n

ln (ln(n))2

)−r1
= Õ(n−r1), (18)

and

∠max(T̂p̂nM, TpM) ≤ C3 ln

(
1

δ

)(
n

ln (ln(n))2

)−r1
= Õ(n−r1) (19)

with probability of at least 1− δ, where r0 = k
2k+d , r1 = k−1

2k+d , and C1, C2, C3 are constants
independent of d, δ.

The proof of this theorem can be found in Section 4.2.
Note that since the errors in the manifold and tangent estimation are bounded we can

also conclude from Theorem 1, by choosing δ = n−r0 , that

E(dist(p̂n,M)) ≤ C4n
−r0 .

Similarly, by choosing δ = n−r1 , we have

E(∠max(T̂p̂nM, Tp̂M)) ≤ C5

(
n

ln (ln(n))2

)−r1
.

We wish to note here that although we show convergence to the underlying manifold
when n → ∞ the convergence rates we achieve are sub-optimal in the case of k = 2
as observed by Genovese et. al. Genovese et al. (2012a) where the optimal rates for
manifold estimation in the Hausdorff sense are shown to be O(n−2/(2+d)). This analysis
combined with the fact shown by Amaari and Levrard Aamari and Levrard (2019) lends the
possibility that the optimal rates for manifold estimation should be O(n−k/(k+d)), which are
not achieved here. However, the convergence rates we achieve here rely on the rates for local
polynomial estimation, which are known to be optimal for non-parametric point estimation
of functions. Thus, we believe that our analysis of the algorithm represents its true rates
of convergence rather than just bounding them. While the presented approach may be
extended to estimating the entire manifold, and the current bounds may be extended to
bound the Hausdorff distance between the estimated manifold and the underling manifold,
we believe that the convergence rates will stay as they are.

4. Proofs

Theoretically, if we had known the tangent bundle of the sampled manifold at every point,
we could have utilized it as a moving frame for the “x-domain” to simply perform a Moving

13
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Least-Squares approximation. In this case, the convergence analysis would have been similar
to standard local polynomial regression Stone (1980) (with a varying coordinate system),
as the sample bias issue described above would not have occurred. Thus, the first part of
our investigation is focused on proving that (q∗(r), H∗(r)), the solution to the minimization
problem of Equation (7), yields crude approximations to a tangent of the manifold.

Then, we refine the coordinate system in order to prevent bias introduced by the fact
that H∗(r) is tilted with respect to TpM. Yet, as we show below, one of the keys to
unlocking the convergence rates are the known rates for local polynomial regression.

4.1 Proof of Theorem 2

Proof [proof of Theorem 2] The proof can be described by the following three arguments
which are proven in Lemmas 4, 6.

Arg. 1: Denote pr = ProjM(r). Then, since r−pr ⊥ TprM and r ∈Mσ, we have that q = pr
along with H = TprM are in the search space defined by the constraints of (7).

Arg. 2: From Lemma 4 it follows that for large enough M = τ/σ such that
√

σ
τ + σ

τ <
1
2 we

have J1(r; pr;TprM) ≤ 50 · σ2. According to Assumption 2 in Section 2.1, we have
that M is large enough, and Lemma 4 hold. Due to the definition of q∗, H∗ in (7), we
achieve that J1(r; q∗, H∗) ≤ 50 · σ2 as well.

Arg. 3: From Lemma 6, we have that for α =
√
CM/M , where M = τ

σ , and CM is a constant
the following holds: For any δ > 0 arbitrarily small there is Nδ sufficiently large
(independent of α) such that for all n > Nδ, all pairs (q,H) in the search space of
(7) such that ∠max(H,TprM) > α, the score J1(r; q,H) ≥ 100σ2 with probability of
at least 1− δ.

Combining Arguments 2 and 3 we have that for α =
√
CM/M , where M = τ

σ , and CM is a
constant the following holds: For any δ > 0 arbitrarily small, there exists Nδ (independent
of α) such that for all n > Nδ

∠max(H∗, TpM) ≤ α
with probability of at least 1 − δ. Additionally, since the search space of (7) requires that
‖r − q∗‖ < 2σ, we have that ‖p− q∗‖ ≤ 3σ, and the proof is concluded.

Lemma 4 Let the sampling assumption of 2.1 hold, let pr = ProjM(r) be the orthogo-
nal projection of r onto M, and let TprM be the tangent to M at pr. Then, for M (of
Assumption 2) large enough

J1(r; pr, TprM) ≤ 50 · σ2 (20)

Idea of the proof: Since all the sampled points are σ-close to the manifold which is
linearly approximated by the tangent, the mean squared distance to the tangent is of the
order of O(σ2). The proof is given in Appendix B.1

We show, in Lemma 5 that given a coordinate system (pr, H) with ∠max(H,TprM) > α
with yields a large score of of our cost J1 with high probability. This will be generalized to
a coordinate system (q,H) around any origin q in the search space of (7) in Lemma 6.
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Lemma 5 Let the sampling assumptions of Section 2.1 hold. Let pr = ProjM(r) be the
projection of r onto M, and TprM be the tangent to M at pr. For α =

√
CM/M , where

M = τ
σ , and CM is a constant, the following holds: For any δ > 0 there is Nδ (independent

of α) such that ∀n > Nδ all linear sub-spaces H ∈ Gr(d,D) with ∠max(H,TprM) > α, yield
a score

J1(r; pr, H) ≥ 109σ2,

with probability of at least 1− δ.

The proof of Lemma 5 appears in Section B.2.

Lemma 6 Let the sampling assumption of Section 2.1 hold. Let pr = ProjM(r) be the
projection of r onto M, and TprM be the tangent to M at pr. For α =

√
CM/M , where

M = τ
σ , and CM is a constant the following holds: For any δ > 0 there is Nδ (independent

of α) such that ∀n > Nδ all linear sub-spaces H ∈ Gr(d,D) with ∠max(H,TprM) > α, and
all q in the search space of (7) yield a score

J1(r; q,H) ≥ 100σ2

with probability of at least 1− δ.

Proof From Lemma 5, we have that there is a constant CM such that for any α < π
2 and

M = CM/α
2, and for any τ and σ maintaining τ

σ > M the following hold: For any δ > 0
arbitrarily small there is Nδ sufficiently large such that for all n > Nδ, all linear spaces H
with ∠max(H,TprM) > α, yield a score J1(r; pr, H) ≥ 109 · σ2, with probability of at least
1 − δ. We now wish to show that J1(r; q,H) ≥ 100σ2 with high probability as well. For
convenience we wish to reiterate (6)

J1(r; q,H) =
1

n

∑
ri∈UROI

dist2(ri − q,H).

By Constraint 3 of (6) we achieve that dist(q,M) ≤ 3σ and so for p = ProjM(q) we have
‖q − p‖ ≤ 3σ. Thus,

dist2(ri − q,H) = ‖p− q‖2 + dist2(ri − p,H) ≥ dist2(ri − p,H)− 9σ2,

and we achieve J1(r; q,H) ≥ J1(r; p,H) − 9σ2. By Lemma 5 we conclude the proof of the
current lemma.

4.2 Proof of Theorem 3

Before delving into the details of the proof, we wish to reiterate the steps of Algorithm 2
while introducing some useful notations. According to the assumptions of Theorem 3 we
have a local coordinate system (q,H) ∈ RD × Gr(d,D), such that ‖q − p‖ ≤ 3σ and
∠max(TpM, H) ≤ α, where p ∈ M . As Algorithm 2 involves an iterative process, we
denote the initial directions of the tangent estimation as H0 := H. Then, at each iteration
we update the local coordinates’ directions H` (for ` = 1, . . . , κ).
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L 24
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Initial
conditions

Figure 3: Road-map for proof of Theorem 3

Similar to (4) and using the result of Lemma 17, we begin by looking at the manifold
patch M∩ CylH0

(p, cπ/4τ, τ/2) as the graph of a function f0 : (r,H0) ' Rd → RD−d; i.e.,

Γf0,r,H0

4
= {r + (x, f0(x))H0 | x ∈ BH0(0, cπ/4τ)}, (21)

where CylH0
(p, cπ/4τ, τ/2) is the D-dimensional cylinder with the base BH(p, cπ/4τ) ⊂ H0

and height τ/2 in any direction on H⊥0 . For the remainder of this section, we assume that
α =

√
CM/M is small enough (see the sampling assumptions in Section 2.1). Then, at each

iteration of Algorithm 2 we update H` to H`+1 through taking the linear space coinciding
with the directions of the estimated tangent to f` at zero. Explicitly, given (r,H`), we look
at the manifold as Γf`,r,H` the local graph of a function f` and estimate T0f` ∈ Gr(d,D)
the tangent to the graph of f` at 0 through taking the image of Dπ∗r,H` [0], the first order

differential of π∗r,H` at zero. In other words, we “rotate” the coordinate system to the point
where H`+1 aligns with the former tangent estimation to get f`+1.

However, if we want to use the well-known convergence rates of local polynomial regres-
sion (i.e., the minimization of (10)), a key assumption in the analysis is that the noise has
a zero mean (see Stone (1980)). However, in our case, for any x ∈ H`, the samples above x
are uniformly distributed in

Ω`(x) = (x+H⊥` ) ∩Mσ, (22)

where x + H⊥` = {x + y | y ∈ H⊥` }. That is, Ω`(x) : H` ' Rd → 2R
D−d

. Thus, denoting
η`(x) ∼ Unif(Ω(x)) and defining

f̃`(x) = E[η`(y|x)] 6= f`, (23)

the result of the regression will estimate f̃` rather than f` itself (see Figure 2). Thus, when
we wish to estimate f` or its derivatives using local polynomial regression, we estimate a
different function, for which the noise has zero mean (see Figure 4).
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Figure 4: Illustration of M as a graph of a function f` ( marked by the red solid line) above the

coordinate system f`. The boundary of Mσ is delineated by the pink lines and f̃` is the
conditioned expectancy E[η`(y | x)] of this domain with respect to the presented y-axis.

Since for any arbitrarily fixed x the density of the random variable η`(y|x) is constant,
f̃`(x) can be calculated as the mean of the set Ω`(x) defined in (22). Furthermore, the
farthest point in each such direction is exactly σ away from the graph of f` (see Figure 5).

Figure 5: Illustration of g(0, ~y) and Ω(0) in the two dimensional case. Let H be some local coordinate
system and considerM as a local graph of some function f : H → H⊥. The upper bound
for the values of the sample distribution above 0 in some direction θ of H⊥ is g(0, θ). This
value is σ-away from some point on M. We denote this point by f(x̃(0)) ∈M.

A key lemma in the proof of Theorem 3 is the following, which is proved in Section C.1.

Lemma 7 Let H` ∈ Gr(d,D), and let f` : H` ' Rd → RD−d, defined as in (15). Define
H`+1 = Im(Dπ∗q`,H` [0]), as in Algorithm 2, and let r1 = k−1

2k+d . Assume that M = τ
σ ≥

Cτ
√
D logD (where Cτ is a constant from Lemma 28). For any δ > 0, there is N such that

for any number of samples n > N , and any α ≤
√

1/D smaller than some constant (see
Theorem 2 and Section 2.1 for the definition of M and CM ). If
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1. ∠max(H`, T0f`) = α` ≤ α

2. ‖f`(0)‖ ≤ min(cπ/4 · τ,
√
τ/32− 1)

3. N satisfies 12
√
dC0 ln(1/δ)

Nr1 ≤ α

hold, where C0 is some constant. Then, we have

α`+1 = ∠max(H`+1, T0f`+1) = ∠max(H`+1, T0f`+1/2) ≤ α/2

and
‖f`+1(0)‖ ≤ ‖f`(0)‖

(
1 + 40α2

)
with probability at least 1− δ.

We now turn to the proof of Theorem 3.
Proof [proof of Theorem 3] We divide Algorithm 2 into four steps:

(i) Show that the initialization H0 results with ∠max(H0, T0f0) and ‖f0(0)‖ small enough
(using Lemmas 24 and 26).

(ii) Show that estimating H`+1 from H` (with the origin set at r) improves the angle
∠max(H`, T0f`) - corresponds to rows 4 to 6 in Algorithm 2 (using Lemma 7).

(iii) We show that for p = ProjM(r) - the projection of r onto M, ∠max(Hκ, TpM) is
small (as required in (19)) (Using Lemmas 49).

(iv) Show that p̂n is a good estimate of p - corresponds to row 8 in Algorithm 2 (using
Lemma 46).

Note that step (ii) is repeated κ times. Below, we treat the four steps one by one. Although
we prove this point later, we start by assuming that κ and δ1 are

12
√
d
C0 ln(1/δ1)

nr1
≤ α02−κ+1, (24)

where C0 is the constant from Lemma 7.

Step (i): Let α0 =
√

1/D and denote by A0 the event of

∠max(T0f0, H0) ≤ α0 and ‖f0(0)‖ ≤ 10σ.

From Lemma 24 and Theorem 2 that for M large enough, there is N1,δ1 such that for all
n > N1,δ1 we have that:

Pr (∠max(T0f0, H0) ≤ α0) ≥ 1− δ1, .

From Lemma 26 we have that

Pr (‖f0(0)‖ ≤ 10σ) ≥ 1− δ1.

This means that P (A0) ≥ 1− δ1 (note that the failure probability comes from Theorem 2,
and once the result of the theorem holds, the conditions of Lemmas 24, 26 are met).
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Step(ii): Denote by A` the event that ∠max(T0f`, H`) ≤ α02−` = α` and also

‖f`(0)‖ ≤ ‖f`−1(0)‖
(
1 + 40α2

`−1

)
.

We now wish to apply Lemma 7 in an iterated fashion. To initiate the iterative process,

we have to assume that n is at least N2,δ1 =
(

12
√
dC0 ln(1/δ)
α0

)1/r1
(i.e., requirement 3 of the

Lemma). To comply with requirement 3 of Lemma 7 in all the following iterations, the total
number of iterations κ that we can perform is limited by the actual number of samples n
(since α shrinks with each iteration). Below, we show what should be the value of κ that
allows for the iterated application of Lemma 7 given n.

Since M > Cτ
√
D logD, and α0 ≤

√
1/D if events A0, . . . , A` hold, then the require-

ments of Lemma 7 are met for α = α` = α02−`. The only nontrivial requirement is the
bound on ‖f`(0)‖. Since all the events Ai for i ≤ ` hold we have

‖f`(0)‖ ≤ ‖f`−1(0)‖
(
1 + 40α2

`−1

)
≤ ‖f`−2(0)‖

(
1 + 40α2

`−2

) (
1 + 40α2

`−1

)
≤ ‖f0(0)‖

∏̀
i=0

(
1 + 40α2

i

)
≤ ‖f0(0)‖

∏̀
i=0

(
1 + 40α2

02−2i
)

Denote a0 = 40α2
0, and then

‖f`(0)‖ ≤ ‖f0(0)‖
∏̀
i=0

(
1 + a02−2i

)
= ‖f0(0)‖ exp

(∑̀
i=0

ln
(
1 + a02−2i

))

≤ ‖f0(0)‖ exp

(∑̀
i=0

a02−2i

)

≤ ‖f0(0)‖ exp

( ∞∑
i=0

a02−2i

)
≤ ‖f0(0)‖ exp (2a0)

Thus, we have that for n > N2,δ1 , with probability of at least 1− δ1, the event A`+1 holds
given events A0, . . . , A` hold for any ` ≤ κ.

To conclude our arguments so far, since κ satisfies (24), using the union bound on the
events A0, . . . , Aκ we have that

Pr
(
∠max(T0fκ, Hκ) ≤ α02−κ

)
≥ 1− κδ1. (25)

Choosing δ1 = δ
κ+1 , we have from Lemma 27, that κ from (75) satisfies (24). We also have

from Lemma 27 that

α02−κ ≤ C̃d ln

(
1

δ

)
n−r1 (ln (ln(n)))2r1 .
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Thus, we have that

∠max(Tfκ(0), Hκ) ≤ C̃d ln

(
1

δ

)
n−r1 (ln (ln(n)))2r1 , (26)

given events A0, . . . Aκ hold.

Step (iii): Denote by pκ = (r, fκ(0))r,Hκ , and p = ProjM(r). Applying Lemma 49 we
have that

‖p− pκ‖ ≤
Ĉd ln

(
1
δ

)
n−r1 (ln (ln(n)))2r1(

1
2σ(2+σ/τ) −

c
τ

) , (27)

with probability of at least 1 − δ. From Corollary 3 in Boissonnat et al. (2019), we have
that

sin
∠max(TpM, Tfκ(0))

2
≤ ‖p− pκ‖

2τ
. (28)

or,

∠max(TpM, T fκ(0)) ≤ 2‖p− pκ‖
τ

. (29)

Combining 29 and (27) we have

∠max(TpM, Tfκ(0)) ≤
2Ĉd ln

(
1
δ

)
n−r1 (ln (ln(n)))2r1

τ
(

1
2σ(2+σ/τ) −

c
τ

) =
2Ĉd ln

(
1
δ

)
n−r1 (ln (ln(n)))2r1

M
4+2/M − c

,

(30)
given events A0, . . . Aκ hold. Note that the expression M

4+2/M − c in (30) grows with M .

Combining (30) with (26), and using the triangle inequality, we get

∠max(TpM, Hκ) ≤ Cd · ln(1/δ)n−r1(ln ln(n))2r1 (31)

given events A0, . . . Aκ hold, where Cd is some general constant. Note that according to
Algorithm 2 T̂p̂nM = Hκ.

Step (iv): In order to bound the error ‖p̂n − p‖ we use the triangle inequality

‖p̂n − p‖ ≤ ‖p̂n − pκ‖+ ‖pκ − p‖,

where pκ = (r, fκ(0))Hκ , and bound the two parts in the right hand side separately.
The first part, ‖pκ − p‖ is bounded in (27).
Furthermore, assuming event Aκ holds, since α = α02−κ < 1/D, there is N3 such that

for n > N3 we have from Lemma 46 that

‖p̂n − pκ‖ ≤ 8σDα2
12−2κ +

c ln
(

1
δ

)
nr0

holds with probability at least 1−δ/(κ+1), where c is some general constant and r0 = k
2k+d .

Explicitly. Denote this event by B. Substituting κ from (75) we have from Lemma 27 that

‖p̂n − pκ‖ ≤ 8σDC2
d ln

(
1

δ

)2

n−2r1 (ln (ln(n)))4r1 + c ln

(
1

δ

)
n−r0
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or, for n large enough, and some constant C1,

‖p̂n − pκ‖ ≤ C1 ln

(
1

δ

)
n−r0 . (32)

Note that pκ ∈M, so dist(p̂n,M) ≤ ‖p̂n− pκ‖. Combining this with (27), assuming events
A0, . . . Aκ, B hold, we have that

‖p̂n − p‖ ≤ C1 ln

(
1

δ

)
n−r0 +

Ĉd ln
(

1
δ

)
n−r1 (ln (ln(n)))2r1(

1
2σ(2+σ/τ) −

c
τ

) .

Alternatively, for n large enough, and some constant C, given the events A1, . . . , Aκ, B hold,

‖p̂n − p‖ ≤ C ln

(
1

δ

)
n−r1 (ln (ln(n)))2r1 . (33)

Using the union bound on A1, . . . , Aκ, B, we have that Equations (31), (32) and (33) are
satisfied with probability of at least 1− δ. This concludes the proof of Theorem 3.

5. A Possible Application

While there are numerous applications for this method, we present here one example that
demonstrate the potential of the presented approach. In this example we show how the
presented method can be used to follow the trajectory of a geodesic line on a manifold. We
assume that a point x0 is chosen on the manifold and some direction ~v0 on the tangent
Tx0M (In practice, the process can initialized with a point near the manifold M and then
project it to the manifold).

The process of tracking a geodesic line is iterative. At each step, we compute x̃i+1 =
xi + ε~v, then “project” the new point back to the manifold xi+1 ≈ ProjMx̃i+1 through
Algorithms 3 and 4, and parallel transport ~vi to Txi+1 to get ~vi+1.

In the first toy case, the manifoldM is a circle of radius 10 in R2. The dataset consists
of 5000 points. We start with some sample (illustrated in red in Figure 6), project it onto
the circle (in Figure 6, the circle is marked in blue, and the projected point in green), and
than move the point in some direction, project it again (shown in another green point in
Figure 6), etc.
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Figure 6: Geodesic “walk” on a circle. The red point is the initial point. The yellow points are the
data set. The red point is then projected onto the estimation of the blue circle. Then at
each step, a new point is generated along the circle (the black arrows connect the points.
The plot illustrates 30 steps.

In the second example, we took a 3d model of an airplane1, rotated it in the z-axis, and
took 2000 snapshots. Each snapshot is an image of 290× 209 gray-scale pixels. The input
data set consist of the unsorted images, sampled from a one dimensional manifold embedded
in R60,610. Several such images appear in Figure 7. Starting from some image, we create a
movie of the rotating airplane. The movie can be found in https://youtu.be/aHYyUvu1Q-8,
and the code for generating it can be found in https://github.com/aizeny/manapprox.

Figure 7: Sample images from a 3d model of an airplane.

6. Conclusions

This paper presents a novel algorithm for point estimation and denoising of manifold data.
Our approach achieves theoretical convergence guarantees and demonstrates practical util-
ity in manifold reconstruction tasks. The key contributions and implications of our work
can be summarized as follows: First, we developed and analyzed a two-step algorithm that
effectively estimates points on the underlying manifold from noisy samples. The algorithm
first establishes an initial coordinate system and then iteratively refines it to improve ac-
curacy. Our theoretical analysis shows that this approach achieves convergence rates of
O(n−k/(2k+d)) for manifold estimation and O(n−(k−1)/(2k+d)) for tangent space estimation.

1. http://3dmag.org/en/market/download/item/4740/
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A limitation of our analysis is the sampling model, which assumes uniform distribution
within the σ-tubular neighborhood. The uniform sampling assumption enables rigorous
theoretical analysis and convergence guarantees, but it is different than the additive normal
noise models commonly used in manifold estimation literature. An important future direc-
tion would be extending our framework to handle more general noise distributions while
maintaining theoretical guarantees. Our method’s practical value is demonstrated through
applications like geodesic trajectory tracking, as illustrated in our examples. These ap-
plications suggest the algorithm’s potential utility in various domains requiring manifold
reconstruction and geometric processing of noisy data.

Several important research directions emerge from this work. A natural extension would
be developing a complete manifold estimation framework that maintains our theoretical
guarantees while reconstructing the entire manifold, not just individual points. Additionally,
there are intriguing theoretical questions regarding the relationship between our achieved
convergence rates and known optimal rates in manifold estimation. In particular, the ap-
parent discrepancy between our rates and those established by Genovese et al. for manifold
estimation in the Hausdorff sense warrants further investigation. Understanding these con-
nections could provide deeper insights into the fundamental limits of manifold estimation
under different noise models and sampling conditions.

In conclusion, while our current sampling assumptions present some limitations, the
theoretical guarantees and practical effectiveness of our algorithm provide a solid foundation
for future developments in manifold estimation and geometric data processing.
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Appendix A. Preliminaries

Before we delve into the proofs, we wish to introduce the concepts of Principal Angles
between linear sub-spaces Jordan (1875); Björck and Golub (1973) as well as develop some
general results concerning the viewpoint of the manifold as being locally a graph of some
function from a local coordinate system. Both of these topics will play a key role in the
proofs below.

In addition, two bounds resulting from the Taylor expansion will be used extensively in
our proofs. Thus, we note them here as the two following remarks:

Remark 2 For x ∈ [0,
√

3/2]

1− 1/2x2 ≥
√

1− x2 ≥ 1− x2 (34)

Remark 3 For x ∈ [0,
√

3/2]

1− 1/2x2 − 1/8x4 ≥
√

1− x2 ≥ 1− 1

2
x2 − x4 (35)
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A.1 Principal Angles Between Linear Sub-Spaces

The concept of Principal Angles between flats were first introduced by Jordan in 1875 Jordan
(1875). Below, we use the definition of Principal Angles between subspaces as described in
Björck and Golub (1973).

Definition 4 (Principal Angles) Let V be an inner product space. Given two sub-spaces
U ,W of dimensions dim(U) = k, dim(W) = l, where k ≤ l there exists a sequence of k angles
0 ≤ β1 ≤ . . . ≤ βk ≤ π/2 called the principal angles and their corresponding principal pairs
of vectors (ui, wi) ∈ U ×W for i = 1, . . . , k such that ∠(ui, wi) = βi are defined by:

u1, w1
4
= argmin

u∈U ,w∈W
‖u‖=‖w‖=1

arccos (|〈u,w〉|) , β1
4
= ∠(u1, w1)

,

and for i > 1

ui, wi
4
= argmin

u⊥Ui−1,w⊥Wi−1

‖u‖=‖w‖=1

arccos (|〈u,w〉|) , βi
4
= ∠(ui, wi) ,

where
Ui
4
= Span{uj}ij=1 , Wi

4
= Span{wj}ij=1.

In other words, given two linear subspaces of RD of the same dimension d we can measure
the distance between them based upon the principal angles. In our case, we measure the
distance between two subspaces by taking the maximal principal angle (maximal angle) ,
and denote it as

∠max(U ,W)
4
= max

1≤i≤d
βi. (36)

Lemmas 8 and 9 are reformulation of results proven in Knyazev and Argentati (2007)
and will be also used later on.

Lemma 8 Let F and G be two linear spaces of dimension d in RD. Assume that ∠max(F,G) ≤
α. Then for any vector v ∈ F⊥

min
w∈G⊥

∠(v, w) ≤ α

Lemma 9 Let F and G be two linear spaces of dimension d in RD. Assume that ∠max(F.G) ≤
α. Then for any vector v ∈ F⊥ and w ∈ G,

∠(v, w) ≥ π/2− α

A.2 Viewing the Manifold Locally as a Function Graph

It is well known that, locally, a sub-manifold of RD can be described as a graph of a function
defined from the tangent space to its orthogonal complement. In this section, we deal with
expressing a manifold as a local function graph with respect to some tilted coordinate system
and bounding the size of the neighborhood for which this definition still holds. The results
reported below are general and relate closely to the concept of the Reach (see Definition
1), which was introduced by Federer (1959) and further studied by Boissonat, Lieutier, and
Wintraecken Boissonnat et al. (2019).
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Lemma 10 (Corollary 8 from Boissonnat et al. (2019)) LetM be a sub-manifold of
RD with reach τ and let p ∈ M. Then, any open D dimensional ball of radius ρ ≤ τ that
is tangent to M at p does not intersect M.

Lemma 11 (Bounding Ball) Let M be a d-dimensional sub-manifold of RD with reach
τ . For any p ∈ M, let TpM be the tangent of M at p. For any x = p + xT , where
xT ∈ TpM, and y ∈ (TpM)⊥ such that ‖xT ‖ ≤ τ , ‖y‖ ≤ τ/2 and (x + y) ∈ M, we have
that

‖y‖ ≤ τ −
√
τ2 − ‖xT ‖2

The proof follows directly from Lemma 10.

Lemma 12 (Bounding Ball with Noise) Under the sampling assumption of 2.1. For
ri ∈ UROI where UROI is defined in (5). Denote pr = ProjM(r), and xi = ProjTprM(ri −
pr). Then,

dist(ri − pr, TprM) ≤ τ −
√
τ2 − ‖xi‖2 + σ.

Proof We first note that since r is at distance at most σ from M, we have that UROI ⊂
BD(pr,

√
στ + σ). Denote pi = ProjM(ri). By Lemma 11 the distance between ri and

TprM is bounded by

dist(ri − pr, TprM) ≤ dist(pi − pr, TprM) + σ ≤ τ −
√
τ2 − ‖xi‖2 + σ.

Lemma 13 (Bounding Ball From a Tilted Plane) LetM be a d-dimensional sub-manifold
of RD with reach τ . For any p ∈M, let TpM be the tangent ofM at p and let H ∈ Gr(d,D)
such that ∠max(TpM, H) = α ≤ π/4. For any x = p+xH , where xH ∈ H, ‖xH‖ ≤ cπ/4τ for

some constant cπ/4 , and y ∈ H⊥ such that ‖x− p‖ ≤ τ cosα, ‖y‖ ≤ τ/2 and (x+ y) ∈M,
we have that

−τ cosα+
√
τ2 − (‖x‖ − τ sinα)2 ≤ ‖y‖ ≤ τ cosα−

√
τ2 − (‖x‖+ τ sinα)2

The proof of Lemma 13 follows directly from applying Lemma 11 and observing the illus-
tration in Figure 8.
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Figure 8: Illustration of bounding ball for d = 1, D = 2. The manifold M is marked by the red
solid line, TM is marked by the blue dashed line and α = ∠max(H,TpM) is the angle
betweeen the x-axis and TpM. The bounding balls defined by the reach τ are marked in
pink ( solid and dotted)

Lemma 14 Let M be a d-dimensional sub-manifold of RD with reach τ . For any p ∈ M,
let TpM be the tangent of M at p and let H ∈ Gr(d,D) such that ∠max(TpM, H) = α ≤
π/4. For any x = p+xH , where xH ∈ H,‖xH‖ ≤ cπ/4τ for some constant cπ/4, and y ∈ H⊥
such that ‖x− p‖ ≤ τ cosα, ‖y‖ ≤ τ/2 and (x+ y) ∈M, we have that

‖y‖ ≤ ‖xH‖ (tanα+ c‖xH‖/τ)

where c is some constant depending on cπ/4.

Proof Recalling Lemma 13, we have that

‖y‖ ≤ τ cosα−
√
τ2 − (‖xH‖+ τ sinα)2. (37)

Therefore,

‖y‖ ≤ τ(cosα−
√

1− (‖xH‖ /τ + sinα)2)

= τ(cosα−
√

1− ‖xH‖2 /τ2 + 2 ‖xH‖ /τ sinα− sin2 α)

= τ(cosα−
√

cos2 α− ‖xH‖2 /τ2 − 2 ‖xH‖ /τ sinα)

= τ cosα(1−
√

1− ‖xH‖2 /(τ2 cos2 α)− 2 ‖xH‖ /τ tanα/ cosα)

≤ τ cosα(1− (1− ‖xH‖2

2τ2 cos2 α
− ‖xH‖ tanα

τ cosα
−

(
‖xH‖2

τ2 cos2 α
+ 2
‖xH‖ tanα

τ cosα

)2

))
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= τ cosα(
‖xH‖2

2τ2 cos2 α
+
‖xH‖ tanα

τ cosα
+

(
‖xH‖2

τ2 cos2 α
+ 2
‖xH‖ tanα

τ cosα

)2

)

= ‖xH‖ tanα+
‖xH‖2

2τ cosα
+

(
‖xH‖2

τ3/2 cos3/2 α
+ 2
‖xH‖ tanα

τ1/2 cos1/2 α

)2

≤ ‖xH‖ (tanα+ c‖xH‖/τ)

for some constant c depending only on cπ/4.

Lemma 15 Let M be a d-dimensional sub-manifold of RD with reach τ . For any p ∈ M,
let TpM be the tangent of M at p and let H ∈ Gr(d,D) such that ∠max(TpM, H) = α ≤
π/4. For any x = p+xH , where xH ∈ H,‖xH‖ ≤ cπ/4τ for some constant cπ/4, and y ∈ H⊥
such that ‖x− p‖ ≤ τ cosα, ‖y‖ ≤ τ/2 and (x+ y) ∈M. Then, we get that

sin(∠max(Tx+yM, TpM)) ≤ ‖xH‖
τ

(1 + tan2 α) +O(‖xH‖2/τ2)

Proof From Corollary 3 in Boissonnat et al. (2019) bounds the maximal angle between
the tangent spaces at two points on M through their Euclidean distance and τ . Namely,
let p1, p2 ∈M

sin(∠max(Tp1M, Tp2M)/2) ≤ ‖p1 − p2‖
2τ

.

Therefore, in our case we obtain,

sin(∠max(Tx+yM, TpM)/2) ≤

√
‖xH‖2 + ‖y‖2

2τ
. (38)

Recalling Lemma 14, we have that

‖y‖ ≤ ‖xH‖ tanα+O(‖xH‖2/τ)

sin(∠max(Tx+yM, TpM)/2) ≤

√
‖xH‖2 + ‖y‖2

2τ

=

√
‖xH‖2 + ‖xH‖2 tan2 α+O(‖xH‖2/τ)

2τ

=
‖xH‖

2τ

√
1 + tan2 α+O(‖xH‖/τ)

≤ ‖xH‖
2τ

(1 + tan2 α) +O(‖xH‖2/τ2)

Note that for sufficiently small γ we can bound sin(γ) < 2 sin(γ/2). Thus, for τ large
enough we obtain

sin(∠max(Tx+yM, TpM)) ≤ ‖xH‖
τ

(1 + tan2 α) +O(‖xH‖2/τ2)
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Lemma 16 Let M be a d-dimensional sub-manifold of RD with reach τ . For any p ∈ M,
let TpM be the tangent of M at p and let H ∈ Gr(d,D) such that ∠max(TpM, H) = α ≤
π/4. For any x = p+xH , where xH ∈ H,‖xH‖ ≤ cπ/4τ for some constant cπ/4, and y ∈ H⊥
such that ‖x− p‖ ≤ τ cosα, ‖y‖ ≤ τ/2 and (x+ y) ∈M, we denote β = ∠max(Tx+yM, H).
Then, we get that

α− 2
‖xH‖
τ

(1 + α) + c‖xH‖2/τ2 ≤ β ≤ α+ 2
‖xH‖
τ

(1 + α) + c‖xH‖2/τ2,

for some constant c ∈ R.

Proof Using the triangle inequality for maximal angles we have that

∠max(TpM, H) ≤ ∠max(TpM, Tx+yM) + ∠max(Tx+yM, H),

as well as
∠max(Tx+yM, H) ≤ ∠max(TpM, Tx+yM) + ∠max(TpM, H),

which can be written as

|α− β| ≤ ∠max(Tx+yM, TpM).

From Lemma 15 we have that

sin(∠max(Tx+yM, TpM)) ≤ ‖xH‖
τ

(1 + tan2 α) +O(‖xH‖2/τ2),

and thus,

sin(|α− β|) ≤ ‖xH‖
τ

(1 + tan2 α) +O(‖xH‖2/τ2)

Since for x ≤ π/2, we have that x/2 < sin(x), we have

|α− β| ≤ 2
‖xH‖
τ

(1 + tan2 α) +O(‖xH‖2/τ2).

Since for α ≤ π/4, we have that tanα ≤ 1, and tan2 α ≤ α, we have that

α− 2
‖xH‖
τ

(1 + α) +O(‖xH‖2/τ2) ≤ β ≤ α+ 2
‖xH‖
τ

(1 + α) +O(‖xH‖2/τ2).

Lemma 17 (M is locally a function graph over a tilted plane) LetM be a d-dimensional
sub-manifold of RD with reach τ . For any p ∈ M, let TpM be the tangent of M at p. Let
H ∈ Gr(d,D), such that ∠max(H,TpM) = α ≤ π/4. Then M ∩ CylH(p, ρ, τ/2) is lo-
cally a function over H, where CylH(p, ρ, τ/2) is the D-dimensional cylinder with the base
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BH(p, ρ) ⊂ H and height τ/2 in any direction on H⊥, for ρ = cπ/4τ where cπ/4 is some
general constant.

Explicitly, there exists a function

f : BH(p, ρ)→ H⊥

such that the graph of f defined as

Γf = {p+ (x, f(x))|x ∈ BH(p, ρ)}

identifies with M∩ CylH(p, ρ, τ/2).

Proof We split our arguments to two separate parts. First, we show that for c < 0.02
there exists a function f such that Γf ⊂ M ∩ CylH(p, cτ, τ/2). Then, in the second part
of the proof, we show that there is a constant cπ/4 < c such that f is defined uniquely and
Γf = M ∩ CylH(p, ρ, τ/2).

By definition, there is an open ball UT ⊂ TpM of p such that there is a neighborhood
WM ⊂ M that can be written as a graph of a function from UT ' Rd to TpM⊥ ' RD−d.
Accordingly, for any H such that ∠max(H,TpM) < π/2 there is an open ball BH(p, ε) ⊂ H
such that WH ⊂ M can be written as a graph of a function f from BH(p, ε) to H⊥. We
wish to show that f can be extended to a ball BH(p, 0.02τ) ⊂ H such that the graph of f
is a subset of M (note that f(0) = 0).

By contradiction, let us assume that r the maximal radius of an open ball such that the
Γf ⊂M, is strictly smaller than 0.02τ . We claim that the graph Γf is defined on the closed
ball B̄H(p, r) and is also subset of M. This is true, from the following argument: Take a
sequence of points {xn} converging to x ∈ ∂B̄H(p, r), a point on the boundary of B̄H(p, ρ),
and consider {yn = p + (xn, f(xn)) ∈ M}. From the compactness of M the sequence yn
has a converging subsequence ynk and we denote its limit as y. Since xn → x, we define

f(x)
4
= lim f(xnk) and y = p+ (x, f(x)).

We now wish to show that there is ε > 0 such that f can be extended to BH(p, r + ε).
Using a similar argument to the one used in the beginning of the proof, by showing that
for any x ∈ ∂BH(p, r) the angle ∠max(Txf,H) < π/2, we get that there is WH ⊂ M, a
neighborhood of y ∈M that is the image of some function from BH(x, εx) toH⊥. Therefore,
f can be extended into this neighborhood. Taking ε to be the minimum over all εx, which
exists since x is in H(p, r), which is compact, we get that f can be extended to BH(p, r+ε).

The remaining piece of the existence puzzle is showing that for all x ∈ ∂BH(p, r) we
have ∠max(Txf,H) < π/2. From Lemma 16 we have that for any x such that

π

2
≤ π

4
+ 2
‖x‖
τ

(1 +
π

4
) + c‖x‖2/τ2.

∠max(Txf,H) < π/2 holds. Rewriting the inequality we get

π
4 > 2‖x‖τ (1 + π

4 ) + c‖x‖2/τ2

0 > c‖x‖
2

τ2 + ‖x‖
τ (1 + π

4 )− π
8 ,
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Thus, for x < c1τ we have that ∠max(Txf,H) < π/2 holds.

We now turn to show that there is a constant cπ/4 for which f is uniquely defined in

BH(p, cπ/4τ). From Lemma 13 we know that for any x ∈ H with ‖x‖ ≤ τ/2 all the y ∈ H⊥
such that (x, y) ∈M and ‖y‖ ≤ τ/2 must satisfy:

‖y‖ ≤ τ cosα−
√
τ2 − (‖x‖+ τ sinα)2 = τ

(
cosα−

√
1− (

‖x‖
τ

+ sinα)2

)
(39)

Let y1, y2 be such that (x, y1), (x, y2) ∈M where ‖x‖ = x̄τ . Then,

‖yj‖ ≤ τ
(

cosα−
√

1− (x̄+ sinα)2
)
, (j = 1, 2). (40)

In other words, y1 and y2 cannot be too far from one another, and note that as x̄→ 0

‖y2 − y1‖ → 0 (41)

On the other hand, taking the point (x, y1) ∈M, denoting β = ∠max(T(x,y1)M, H), and
applying Lemma 16 we have that

β ≤ α+ 2
x̄

τ
(1 + α) +O(x̄2/τ2)

which tends to α when x̄→ 0. From Lemma 10 we know that (x, y2) cannot be in any ball
tangent to M at (x, y1) of radius τ . We denote by v the direction (0, y2 − y1) ∈ H⊥. From

Lemma 8 we know that there is w ∈
(
T(x,y1)M

)⊥
such that ∠(v, w) ≤ β. Therefore, we can

now limit our discussion to Ly1 the affine space spanned by v and w from (x, y1), and note
that it contains (x, y2) as well. Taking the two balls BD((x, y1)± τ · w, τ) and intersecting
them with Ly1 we get two 2-dimensional disks of radius τ (see Figure 9). Thus, (x, y2)
cannot be within either disks. From basic trigonometry we achieve that either y2 = y1 or

‖y2 − y1‖ ≥ 2τ cos(β) ≥ 2τ cos(α+ 2
√
x̄(2α+ x̄)),

which tends to 2τ cosα as x̄ → 0. Combining this with (41) we get there is cπ/4 such that
for all x̄ ≤ cπ/4 we have y1 = y2.
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Figure 9: Illustration of bounding balls. The reach τ of the manifold M (marked by the red line)
bounds its sectional curvatures. Namely, the manifold cannot intersect a tangent open
ball of radius τ . In this illustration we have some coordinate system H and the manifold
can be described locally as a graph of some function f : H → H⊥. The coordinate system
H is not aligned with T0f , the tangent at zero; i.e., ∠max(H,T0f) = α. Then the value of
f at x is bounded to the markered interval in H⊥ above x. Furthermore, in order to have
two different points in M above x, the manifold cannot curve too fast as it cannot enter
neither the dotted balls nor the solid ones.

Corollary 5 Under the requirements of Lemma 17 we get that M is a function graph over
TpM in a τ/2 neighborhood of p. Reiterating (3), we have a function

φp : BTpM(0, τ/2)→ TpM⊥

such that the graph of φ shifted to p coincides with M∩ CylTpM(p, τ/2, τ/2).

Corollary 6 Let the requirements of Lemma 17, and the sampling assumptions of Section
2.1 hold. Denote the projection of r onto M by pr = ProjM(r), let UROI be as defined in
(5). Then, any ri ∈ UROI can be written as

ri = pr + (xi, φpr(xi))TprM︸ ︷︷ ︸
pi

+εi, (42)

where xi = ProjTprM(ri − pr) and ‖εi‖ ≤ σ.

Proof From the assumptions of Section 2.1 we know that τ/σ > M . Therefore, there
is M such that

√
στ + σ < τ/2 and thus, from Corollary 5, the intersection of M with
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CylTprM(pr,
√
στ + σ, τ/2), a cylinder with base BTprM(pr,

√
στ + σ) ⊂ TprM and heights

τ/2 in TprM⊥ can be written as Γφpr ,BTprM(pr,
√
στ+σ), the graph of φpr : TprM→ TprM⊥.

Since ri are in a tubular neighborhood of M, the proof is concluded.

Lemma 18 (Function version of Lemma 11) Let M be a d-dimensional sub-manifold
of RD with reach τ . For any p ∈ M, let TpM be the tangent of M at p. Let φp :
BTpM(0, τ/2)→ TpM⊥ be defined as in Corollary 5; that is,

Γφp,BTpM(0,τ/2) ⊂M,

where

Γφp,BTpM(0,τ/2) = {p+ (x, φp(x))|x ∈ BTpM(0, τ/2)}.

Then, for any v ∈ TpM⊥, such that ‖v‖ = 1

〈v, φp(x)〉 ≤ τ −
√
τ2 − ‖x‖2

Proof This follows immediately from Lemma 11 and Lemma 5.

Corollary 7 It follows immediately from Lemma 18

‖φp(x)‖RD−d ≤ τ −
√
τ2 − ‖x‖2Rd , (43)

and using the triangle inequality we can say that

‖(x, φp(x))‖RD ≤ ‖x‖Rd + τ −
√
τ2 − ‖x‖2Rd . (44)

Lemma 19 (Function version of Lemma 13) Let M be a d-dimensional sub-manifold
of RD with reach τ . For any p ∈M, let TpM be the tangent ofM at p and let H ∈ Gr(d,D)
such that ∠max(TpM, H) = α ≤ π/4. Let fp : Rd → RD−d be such that the neighborhood
Wp ⊂M can be descried as the the graph of fp

Γfp,Wp = {p+ (x, fp(x))|x ∈ ProjH(Wp)}

Then, for any v ∈ H⊥, such that ‖v‖ = 1

−τ cosα+
√
τ2 − (‖x‖ − τ sinα)2 ≤ 〈v, fp(x)〉 ≤ τ cosα−

√
τ2 − (‖x‖+ τ sinα)2

Proof This follows directly from Lemma 13 and Lemma 17.
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Lemma 20 (Function Version of Lemma 16) LetM be a d-dimensional sub-manifold
of RD with reach τ . For any p ∈M, let TpM be the tangent ofM at p and let H ∈ Gr(d,D)
such that the origin of H is set at p and ∠max(TpM, H) = α ≤ π/4. Let fp : Rd → RD−d
be such that the neighborhood Wp ⊂M can be descried as the the graph of fp

Γfp,Wp = {p+ (x, fp(x))|x ∈ ProjH(Wp)}

Let x0 ∈ H such that ‖x0‖ ≤ cπ/4τ , β(x0) = ∠max(Tx0fp, H), where Tξf is the tangent to
the graph of fp at f(ξ). Then, we get

α− 2
‖x0‖
τ

(1 + α) + c‖x0‖2/τ2 ≤ β(x0) ≤ α+ 2
‖x0‖
τ

(1 + α) + c‖x0‖2/τ2,

for some constant c ∈ R.

Proof This follows immediately from Lemma 16 and Lemma 17.

Appendix B. Supporting Lemmas for Step 1

B.1 Proof of Lemma 4

Proof We recall that UROI as defined in (5) is contained in BD(pr,
√
στ+σ). Using Lemma

12, for any ri ∈ UROI we know that the distance between ri − pr and TprM is bounded by

dist(ri − pr, TprM) ≤ τ −
√
τ2 − ‖xi‖2 + σ, (45)

where xi = ProjTprM(ri − pr). Since xi ∈ BD(0,
√
στ + σ) we have that ‖xi‖ ≤

√
στ + σ,

and so

J1(r; pr, TprM) ≤
(
τ −

√
τ2 − (

√
στ + σ)2 + σ

)2

.

By simplifying and bounding this expression using Remark 3 we get(
(σ + τ)−

√
τ2 − (

√
στ + σ)2

)2

=(σ + τ)2 + τ2 − (
√
στ + σ)2 − 2(σ + τ)

√
τ2 − (

√
στ + σ)2

=σ2 + 2στ + 2τ2 − (
√
στ + σ)2

− 2τ(σ + τ)

√
1− (

√
σ/τ + σ/τ)2

≤σ2 + 2στ + 2τ2 − (
√
στ + σ)2

− 2τ2(1− 1/2(
√
σ/τ + σ/τ)2 − (

√
σ/τ + σ/τ)4)

− 2τσ(1− 1/2(
√
σ/τ + σ/τ)2 − (

√
σ/τ + σ/τ)4)

=σ2 − τ2(
√
σ/τ + σ/τ)2

+ τ2((
√
σ/τ + σ/τ)2 + 2(

√
σ/τ + σ/τ)4)

+ τσ((
√
σ/τ + σ/τ)2 + 2(

√
σ/τ + σ/τ)4)

=σ2 + 2τ2(
√
σ/τ + σ/τ)4
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+ τσ((
√
σ/τ + σ/τ)2 + 2(

√
σ/τ + σ/τ)4)

≤σ2 + 2

(√
σ +

σ√
τ

)4

+ 3σ

(√
σ +

σ√
τ

)2

.

Using the fact that σ ≤ τ we get

J1(r; pr, TprM) ≤ σ2 + 2(2
√
σ)4 + 3σ(2

√
σ)2

Thus, we obtain

J1(r; pr, TprM) ≤ 49σ2.

B.2 Proof of Lemma 5

Proof We first wish to denote by βj the principal angles between H and TprM and their
matching principal pairs (uj , wj) ∈ TprM× H (see Definition 4). Throughout the proof
we work on the sectional planes defined by Lj = Span{uj , wj}. Thus, we can define the
orthogonal complement of uj and wj on Lj by yj and ỹj correspondingly. That is, both
{uj , yj} and {wj , ỹj} are orthogonal bases of Lj . Since for any i 6= j we have that ui ⊥ wj ,
ui ⊥ uj and wi ⊥ wj , we have that both {ỹj}dj=1 and {yj}dj=1 are orthonormal sets. Then,

complete the sets {ỹj}dj=1 and {yj}dj=1 to an orthonormal basis of H⊥ and TprM⊥ through

adding the orthonormal sets {ỹj}D−dj=d+1 and {yj}D−dj=d+1 correspondingly. Note that, since

H⊥ is a D − d dimensional space, and {ỹj}dj=1 ∈ H⊥, we need only to add D − 2d vectors
to have an orthonormal basis. Explicitly, we know that for all j′ = 1 . . . , d

Span{ỹj}D−dj=d+1 ⊥ Lj′ , Span{yj}D−dj=d+1 ⊥ Lj′ .

Thus, for j = d+ 1, . . . , D− d we have both ỹj , yj ∈ H⊥ ∩TprM⊥ and without limiting the
generality we can choose ỹj = yj for such j. Using this notation we get that for any point
x ∈ UROI

dist2(x− pr, H) =

D−d∑
j=1

〈x− pr, ỹj〉2 =

D−d∑
j=1

〈x− pr, ỹj〉2 +

D−d∑
j=1

[
〈x− pr, yj〉2 − 〈x− pr, yj〉2

]
=

=
D−d∑
j=1

〈x− pr, yj〉2 +
D−d∑
j=1

[
〈x− pr, ỹj〉2 − 〈x− pr, yj〉2

]
,

and since ỹj = yj for j = d+ 1, . . . , D − d we have

dist2(x− pr, H) = dist2(x− pr, TprM) +
d∑
j=1

[
〈x− pr, ỹj〉2 − 〈x− pr, yj〉2

]
. (46)

The remainder of the proof is achieved through the following set of claims:
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1. From (46) it follows that

J1(r; pr, H) = J1(r; pr, TprM) +R1(r; pr, H),

where

R1(r; pr, H) =
d∑
j=1

1

#|UROI|
∑

ri∈UROI

〈ri − pr, ỹj〉2 − 〈ri − pr, yj〉2. (47)

2. Thus, in order to bound J1(r; pr, H) from below we can focus on boundingR1(r; pr, H).
We then consider separately two sets of indices K′,K′′ such that K′∪K′′ = {1, . . . , d},
where for all j ∈ K′ we have βj > α and for all j ∈ K′′ we have βj ≤ α. Notice that
since ∠max(H,TprM) > α we, get that K′ 6= ∅ and that #K′′ ≤ d − 1. Writing this
explicitly we get

R1(r; pr, H) = R′1(r; pr, H) +R′′1(r; pr, H) (48)

where

R′1(r; pr, H) =
∑
j∈K′

1

#|UROI|
∑

ri∈UROI

〈ri − pr, ỹj〉2 − 〈ri − pr, yj〉2, (49)

and

R′′1(r; pr, H) =
∑
j∈K′′

1

#|UROI|
∑

ri∈UROI

〈ri − pr, ỹj〉2 − 〈ri − pr, yj〉2. (50)

3. We show in Section B.2.1 that

R′′1(r; pr, H) ≥ −9σ2. (51)

4. Then, when we focus on j ∈ K′ we show that for a1 = 1
4 and a2 = 1

8 and x0 ∈ TprM
such that ‖pr − x0‖ = a1

√
στ and BTprM(x0, a2

√
στ +σ) ⊂ BD(pr,

√
στ −σ) ⊂ UROI,

and

〈ri − pr, ỹj〉2 ≥
1

64
στsinα− 1

2
σ3/2τ1/2. (52)

This is proven in B.2.3.

5. From Assumption 2 in Section 2.1 we know that
√

σ
τ < 1

2 . In addition, setting
ρ = a2

√
στ we know that BTprM(x0, ρ + σ) ⊂ BTprM(pr,

√
στ − σ), so we can use

Lemma 23. Explicitly, let Vd = πd/2

Γ(d/2+1) be the volume of a d-dimensional unit ball,
and denote

µmin = VD−dσ
D−d min

p∈M
x∈BTpM(0,

√
στ−σ)

√
det(Gp(x))

µmax = VD−dσ
D−d max

p∈M
x∈BTpM(0,

√
στ−σ)

√
det(Gp(x)),
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where Vol(BTpM⊥(σ)) is the volume of a D−d dimensional ball with radius σ and Gp
is the matrix representing the Riemannian metric at p in the chart ϕp of (3). Then,
from Lemma 23, we get that for any ε, δ there is N such that for all n > N

#{ri|ProjTpM(ri) ∈ BTpM(x0, ρ)} ≤ n(2 · µmin ·Vd · ρd + ε)

#{ri|ProjTpM(ri) ∈ BTpM(x0, ρ+ σ)} ≥ n
(µmax

2
·Vd · ρd − ε

)
with probability of at least 1− δ. By setting ε appropriately we get

#{ri|ProjTpM(ri) ∈ BTpM(x0, ρ)} ≤ 3n · µmin ·Vd · ρd

#{ri|ProjTpM(ri) ∈ BTpM(x0, ρ+ σ)} ≥ n

3
· µmax ·Vd · ρd.

6. Rephrasing 4-5 as one statement, there is a large subset of UROI with large values of
〈ri − p, ỹj〉2, with probability of at least 1 − δ. Accordingly, we show that for any δ
there is Nδ such that for all n > Nδ

R′1(r; p,H) ≥µmax
µmin

· 1

9

(
1−

√
σ/τ

8

)d
·
(

1

64
στsinα− 1

2
σ3/2τ1/2

)
− 9σ2, (53)

with probability of at least 1− δ. This is proven in B.2.2.

7. Combining (48) with (51) and (53), we get that for α =
√
CM/M , where M = τ

σ ,
and CM is a constant the following holds: For any δ > 0 there is N such that for all
n > N

R1(r; p,H) ≥ 109σ2, (54)

with probability of at least 1− δ.

8. From Claim 1 above, since J1(r; pr, TprM) ≥ 0 we achieve that with probability of at
least 1 − δ there is Nδ large enough such that for all n > Nδ we have J1(r; p,H) ≥
109σ2, as required.

Next, we prove Claims 3, 4, and 6 of the above proof. For clarity of presentation after
proving Claim 3 we prove Claim 6 and only then show the correctness of the formula (52)
presented in Claim 4.

B.2.1 Proof of Claim 3 of Lemma 5

Proof It is clear from (50) that

R′′1(r; p,H) ≥ −
∑
j∈K′′

1

#|UROI|
∑

ri∈UROI

〈ri − p, yj〉2 = − 1

#|UROI|
∑

ri∈UROI

∑
j∈K′′
〈ri − p, yj〉2.

Furthermore, since yj ∈ TpM⊥ and by Lemma 12 we get∑
j∈K′′

|〈ri − p, yj〉|2 ≤ dist2(ri − p, TpM) ≤
(
τ −

√
τ2 −

∥∥ProjTpM(ri − p)
∥∥2

+ σ

)2

,
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and since ri ∈ UROI ⊂ BD(p,
√
στ + σ) we get∑

j∈K′′
〈ri − p, yj〉2 ≤

(
τ + σ −

√
τ2 − (

√
στ + σ)2

)2

=

τ + σ − τ

√
1−

(√
σ

τ
+
σ

τ

)2
2

by Taylor expansion (Remark 2)

∑
j∈K′′
〈ri − p, yj〉2 ≤

(
τ + σ − τ

(
1− 1

2

(√
σ

τ
+
σ

τ

)2
))2

=

(
σ + τ

1

2

(√
σ

τ
+
σ

τ

)2
)2

since σ < τ we get
√

σ
τ >

σ
τ and∑
j∈K′′
〈ri − p, yj〉2 ≤

(
σ + 2τ

σ

τ

)2
= 9σ2 (55)

and

R′′1(r; p,H) ≥ − 1

#|UROI|
∑

ri∈UROI

9σ2 = −9σ2

B.2.2 Proof of Claim 6 of Lemma 5

Figure 10: Illustration of Lj̃ and the sections L1, L2, L3, L4. Ubad is marked in light green and Ugood
is marked in light pink. The angles ∠(ỹj̃ , yj̃),∠(wj̃ , uj̃) which equal to βj̃ are marked in
black. The bisectors of these angles are marked in dotted red lines.
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Proof For all j ∈ K′ we have βj > α. Assume without loss of generality that there is
only one index j̃ in K′ (otherwise we can treat each index separately and arrive at the same
conclusion), then (49) can be rewritten as

R′1(r; p,H) =
1

#|UROI|
∑

ri∈UROI

〈ri − p, ỹj̃〉
2 − 〈ri − p, yj̃〉

2.

Thus, the only property which affect the score of R′1 is the difference between the measure-
ments 〈ri−p, ỹj̃〉2 and 〈ri−p, yj̃〉2, both on the 2D plane Lj̃ . Accordingly, using the bisector
of ∠(ỹj̃ , yj̃) and its orthogonal complement, we can split Lj̃ into four regions L1, L2, L3, L4

(see Figure 10), where in two regions (L2 and L4 in Figure 10) 〈ri− p, ỹj̃〉 ≥ 〈ri− p, yj̃〉 and
in the other two regions (L1 and L3 in Figure 10) 〈ri − p, ỹj̃〉 ≤ 〈ri − p, yj̃〉. By denoting

Ubad = {ri ∈ UROI | ProjLj̃ (ri − p) ∈ L1 ∪ L3},

and
Ugood = {ri ∈ UROI | ProjLj̃ (ri − p) ∈ L2 ∪ L4}

we get that

R′1(r; p,H) =
1

#|UROI|

 ∑
ri∈Ugood

[
〈ri − p, ỹj̃〉

2 − 〈ri − p, yj̃〉
2
]

+
∑

ri∈Ubad

[
〈ri − p, ỹj̃〉

2 − 〈ri − p, yj̃〉
2
]

R′1(r; p,H) ≥ 1

#|UROI|

 ∑
ri∈Ugood

〈ri − p, ỹj̃〉
2 −

∑
ri∈UROI

〈ri − p, yj̃〉
2

 .
Similar to (55),

1

#|UROI|
∑

ri∈UROI

〈ri − p, yj̃〉
2 ≤ 9σ2,

and thus

R′1(r; p,H) ≥ 1

#|UROI|
∑

ri∈Ugood

〈ri − p, ỹj̃〉
2 − 9σ2.

Therefore, all we need to show is that given n large enough, there are enough samples in
Ugood for which the value 〈ri − p, ỹj̃〉2 is large enough. Using Lemma 23, as described in

Claim 5, since UROI ⊂ BD(ProjM(r),
√
στ + σ), then for any δ there is N large enough

such that for all n > N with probability of at least 1− δ

#|UROI| < 3n · µmin ·Vd · (
√
στ + σ)d.

Thus,

R′1(r; p,H) ≥ 1

3n · µmin · V · (
√
στ + σ)d

∑
ri∈Ugood

〈ri − p, ỹj̃〉
2 − 9σ2.

Below in the proof of Claim 4 we show that (52) holds (the proof below is independent of
the current one, but utilizes the notion of Ugood defined above). Explicitly, for ri ∈ Ugood

〈ri − p, ỹj〉2 ≥
1

64
στ sinα0 −

1

2
σ3/2τ1/2.
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Combining this with Lemma 23 we get that for any δ there is N large enough such that for
all n > N with probability of at least 1− δ

R′1(r; p,H) ≥
n
3 · µmax ·Vd · (a2

√
στ)d

3n · µmin · V · (
√
στ + σ)d

(
1

64
στsinα0 −

1

2
σ3/2τ1/2

)
− 9σ2

=
ad2 · µmax
9 · µmin

(
1

1 +
√
σ/τ

)d(
1

64
στsinα0 −

1

2
σ3/2τ1/2

)
− 9σ2.

Since 1/(1 + x) ≥ 1 − x for sufficiently small x we have that, for large enough M of
Assumption 2, of section 2.1, (

1

1 +
√
σ/τ

)d
≤ (1−

√
σ/τ)d

holds. Thus, we have

R′1(r; p,H) ≥ ad2 · µmax
9 · µmin

(1−
√
σ/τ)d

(
1

64
στsinα0 −

1

2
σ3/2τ1/2

)
− 9σ2,

Since a2 = 1/8 we have

R′1(r; p,H) ≥ µmax
µmin

· 1

9

(
1−

√
σ/τ

8

)d(
1

64
στsinα0 −

1

2
σ3/2τ1/2

)
− 9σ2,

as required.
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Figure 11: Assisting illustration for the proof of Claim 4: the sphere section ( in purple) represents
the manifold; The xy-plane represents TpM; the plane Lj̃ is spanned by yj̃ ∈ TpM⊥ and

uj̃ ∈ TpM; the blue disc on TpM is BTpM(p,
√
στ − σ); the manifold is considered to be

the graph of the function φp : BTpM(p,
√
στ − σ)→ TpM⊥.
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B.2.3 Proof of Claim 4 of Lemma 5

Proof As a result of Corollary 6, ri ∈ UROI can be written as

ri = p+ (xi, φp(xi))︸ ︷︷ ︸
pi

+εi,

where xi = ProjTpM(ri − p) ∈ TpM and ‖εi‖ ≤ σ. Since

BD(p,
√
στ − σ) ⊂ BD(r,

√
στ) = UROI

(see the blue disc on TpM in Figure 11), we look for a point x0 ∈ TpM∩Lj̃ and a radius

ρ > 0 such that Γσφp,BTpM(x0,ρ) ⊂ BD(p,
√
στ − σ), where

Γσφp,BTpM(x0,ρ)

4
= {x | dist(x,Γφp,BTpM(x0,ρ)) < σ}, (56)

where we remind that

Γφp,BTpM(x0,ρ) = {p+ (x, φp(x))TpM | x ∈ BTpM(x0, ρ)}.

Furthermore, we choose x0 and ρ, such that 〈ri − p, ỹj̃〉2 is large for any point ri ∈
Γσφp,BTpM(x0,ρ) (see Figure 11 for an illustration).

For convenience, we denote by qy, qx, q~x the projections of q ∈ Γσφp,BTpM(x0,ρ) onto yj̃

(i.e., TpM⊥ ∩ Lj̃), uj̃ (i.e., TpM∩Lj̃) and TpM respectively. Let a1, a2 < 1 and we define

ρ = a2 ·
√
στ, and x0 = (a1

√
στ) · uj̃ ∈ TpM∩Lj̃ .

That is, ‖p− x0‖ = a1 ·
√
στ . In order to make sure that Γσφp,BTpM(x0,ρ) ⊂ UROI we restrict

the choice of a1, a2 such that

∀x ∈ BTpM(x0, a2

√
στ) :

∥∥p+ (x, φp(x))TpM − p
∥∥+ σ <

√
στ − σ, (57)

We wish to reiterate that UROI = {ri | ‖r − ri‖ ≤
√
στ} and so UROI ⊂ BD(r,

√
στ). Fur-

thermore, since ‖r − p‖ ≤ σ, we have BD(p,
√
στ−σ) ⊂ BD(r,

√
στ). Accordingly, all points

p + (x, φp(x))TpM for x ∈ BTpM(x0, a2
√
στ) are within our region of interest even when

moved σ away from the manifold in some direction into Mσ (in Fig. 11 BTpM(x0, a2
√
στ)

is the orange disc and the projections of p+ (x, φp(x))TpM + ε(x) onto TpM are limited by
the green disc containing the orange disc). Using the calculations in Appendix B.2.4 we can
use a simpler demand using a1 and a2, which ensures that the inequality (57) is satisfied.
The simplified requirement is

(a1 + a2) <
1√
2
−
√

2σ√
τ
. (58)

Let us now bound the value of 〈q̃ − p, ỹj̃〉2 from below, for any q̃ ∈ Γσ
φp,BTpM(x0,a2

√
στ)

.

Every such q̃ can be written as q̃ = q + ε, where q ∈ Γ0
φp,BTpM(x0,a2

√
στ)

, and so

(a1 − a2)
√
στ ≤ |qx| ≤ ‖q~x‖ ≤ ‖p− x0‖+ a2

√
στ = (a1 + a2)

√
στ. (59)
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From Lemma 18 we get that ∣∣∣〈q, yj̃〉∣∣∣ ≤ τ −√τ2 −
∥∥q~x∥∥2

.

Thus, ∣∣∣〈q̃, yj̃〉∣∣∣ = |q̃y| ≤ τ + σ −
√
τ2 − ‖q~x‖2,

and by plugging the right hand side of (59) we get

〈q̃, yj̃〉
2 ≤

(
τ + σ −

√
τ2 − (a1 + a2)2στ

)2
= τ2

(
1 + σ/τ −

√
1− (a1 + a2)2σ/τ

)2

≤ τ2(1 + σ/τ − (1− (a1 + a2)2σ/τ))2 = τ2(σ/τ + (a1 + a2)2σ/τ)2

= σ2(1 + (a1 + a2)2)2 ≤ 2σ2,

where the last inequality comes from (58). Since ∠(yj̃ , ỹj̃) = βj̃ we can use the Euclidean
geometry on Lj̃ (Figure 10) to get

〈q, ỹj̃〉 = 〈q,Rot(βj̃)yj̃〉 = 〈Rot(−βj̃)q, yj̃〉,

where Rot(θ) denotes the rotation matrix in RD with respect to the angle θ in Lj̃ . Therefore,

|〈q, ỹj̃〉| ≥
∣∣∣−|qx| sinβj̃ + |qy| cosβj̃

∣∣∣ =
∣∣∣|qx| sinβj̃ − |qy| cosβj̃

∣∣∣ .
Using Lemma 18 and (59) as before we get

|〈q, ỹj̃〉| =
∣∣∣∣|qx| sinβj̃ − (τ −√τ2 − ‖q~x‖2

)
cosβj̃

∣∣∣∣
≥
(

(a1 − a2)
√
στ sinβj̃ − τ

(
1−

√
1− (a1 + a2)2σ/τ

)
cosβj̃

)
≥ τ

(
(a1 − a2)

√
σ/τ sinβj̃ − cosβj̃ + cosβj̃(1− (a1 + a2)2σ/τ)

)
= τ

(
(a1 − a2)

√
σ/τ sinβj̃ − (a1 + a2)2σ/τ cosβj̃

)
≥ τ

(
(a1 − a2)

√
σ/τ sinβj̃ − (a1 + a2)2σ/τ

)
,

and

|〈q, ỹj̃〉| ≥ τ
(

(a1 − a2)
√
σ/τ sinα0 − (a1 + a2)2σ/τ

)
. (60)

Since ‖q̃ − q‖ ≤ σ we get ∣∣∣〈q̃ − q, ỹj̃〉∣∣∣ = |〈q̃, ỹj̃〉 − 〈q, ỹj̃〉| ≤ σ,

and so,

|〈q, ỹj̃〉| − |〈q̃, ỹj̃〉| ≤ |〈q, ỹj̃〉 − 〈q̃, ỹj̃〉| ≤ σ
|〈q̃, ỹj̃〉| ≥ |〈q, ỹj̃〉| − σ
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〈q̃, ỹj̃〉
2 ≥ 〈q, ỹj̃〉

2 − 2σ|〈q, ỹj̃〉|+ σ2

〈q̃, ỹj̃〉
2 ≥ 〈q, ỹj̃〉

2 − 2σ|〈q, ỹj̃〉|.

Substituting
∣∣∣〈q, ỹj̃〉∣∣∣ with the bound from (60) we get

〈q̃, ỹj̃〉
2 ≥ τ2

(
(a1 − a2)

√
σ/τ sinα0 − (a1 + a2)2σ/τ

)2

− 2στ
(

(a1 − a2)
√
σ/τ sinα0 − (a1 + a2)2σ/τ

)
≥ τ2

(
(a1 − a2)

√
σ/τ sinα0 − σ/τ

)2
− 2στ

(
(a1 − a2)

√
σ/τ sinα0

)
= τ2

(
(a1 − a2)2σ/τ sin2 α0 − 2(a1 − a2)(σ/τ)3/2 sinα0 + (σ/τ)2

)
− 2(a1 − a2)σ3/2√τ sinα0

≥ (a1 − a2)2στ sin2 α0 − 2(a1 − a2)σ3/2τ1/2 sinα0 + σ2 − 2(a1 − a2)σ3/2τ1/2

= (a1 − a2)2στ sin2 α0 − 2(a1 − a2)σ3/2τ1/2 + σ2 − 2(a1 − a2)σ3/2τ1/2

= (a1 − a2)2στ sin2 α0 − 4(a1 − a2)σ3/2τ1/2 + σ2

Thus, by choosing for example a1 = 1
4 and a2 = 1

8 we get

〈q̃, ỹj̃〉
2 ≥ 1

64
στsinα0 −

1

2
σ3/2τ1/2. (61)

B.2.4 Simplification of (57) to achieve (58)

We wish to rewrite the requirement of (57) in terms of a1 and a2. By Lemma 18, for all
x ∈ BTpM(x0, a2

√
στ):

‖φp(x)‖ ≤ τ −
√
τ2 − (a1 + a2)2στ ;

see Figure 11. Thus,

∥∥(x, φp(x))TpM
∥∥ ≤√(a1 + a2)2στ +

(
τ −

√
τ2 − (a1 + a2)2στ

)2

=

√
(a1 + a2)2στ + τ2 − 2τ

√
τ2 − (a1 + a2)2στ + τ2 − (a1 + a2)2στ

=

√
2τ2 − 2τ2

√
1− (a1 + a2)2σ/τ

= τ
√

2

√
1−

√
1− (a1 + a2)2σ/τ

≤ τ
√

2
√

1− (1− (a1 + a2)2σ/τ)

=
√

2(a1 + a2)τ
√
σ/τ

=
√

2(a1 + a2)
√
στ,
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Where the second inequality results from applying (34). Therefore, the requirement of (57)
translates to ∥∥(x, φp(x))TpM

∥∥
TpM,yj̃

≤
√

2(a1 + a2)
√
στ <

√
στ − 2σ,

which can be simplified to

(a1 + a2) <
1√
2
−
√

2σ√
τ
.

B.3 Supporting Lemmas on Sample Size in a Given Volume

In this section we concentrated all assisting lemmas that are used in the proofs of Step 1.

Lemma 21 (Number of samples in a ball) Suppose ν is a distribution on Ω ⊂ Bd(0, R) ⊂
Rd which is close to the uniform distribution µ. That is, there exists µmax, µmin such that
for any x ∈ Ω we have µminµ(x) ≤ ν(x) ≤ µmaxµ(x). Suppose X = {xj}nj=1 is a set of n

i.i.d. sample from ν, and denote the volume of a d-dimensional unit ball by Vd = πd/2

Γ(d/2+1) .
For any ε, δ and radius ρ, there is N , such that if n > N the following holds: For any
x0 ∈ Ω such that Bd(x0, ρ) ⊂ Ω, we have

n(
µmax

2
·Vd · ρd − ε) < #|X ∩Bd(x0, ρ)| < n(2 · µmin ·Vd · ρd + ε)

with probability of at least 1− δ, where #|A| denotes the number of elements in the set A.

Proof Since Ω ⊂ Bd(0, R) ⊂ Rd, there exists an ε̃-net (denoted by Ξ) such that

# |Ξ| =
⌈

3R

ε̃

⌉d
,

where dxe is the ceiling value of x Vershynin (2018). Around each point p in Ξ, we consider
a ball Bd(p, (1 − ε̃)ρ). Note, that this ε̃-net along with these balls are independent of the
choice of a specific ball Bd(x0, ρ).

For each of the Bd(p, (1− ε̃)ρ) , we consider our sample set as n i.i.d random variables
Zpj which return the value 1 if the sample lies within Bd(p, (1− ε̃)ρ) and 0 if not. Naturally,
we get for all j that

Pr[zpj = 1] =

∫
Bd(p,(1−ε̃)ρ)

dν

Applying Hoeffding’s inequality for each of the Bd(p, (1− ε̃)ρ) we arrive at

Pr[Z
p − E[Z

p
] ≤ −ε] ≤ e−2nε2 , (62)

and

Pr[Z
p − E[Z

p
] ≥ ε] ≤ e−2nε2 , (63)

where

Z
p

=
1

n

n∑
j=1

Zpj .
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As a result

E[Z
p
] =

1

n

n∑
j=1

Pr[Zpj = 1] =
1

n

n∑
j=1

∫
Bd(p,(1−ε̃)ρ)

dν,

and

µmin ·Vol(Bd(p, (1− ε̃)ρ)) ≤ E[Z
p
] ≤ µmax ·Vol(Bd(p, (1− ε̃)ρ)). (64)

Plugging this into (62) we get

Pr
[
Z
p − µmax Vol (Bd(p, (1− ε̃)ρ)) ≤ −ε

]
≤ e−2nε2 , (65)

or, alternatively, since #|X ∩Bd(p, (1− ε̃)ρ)| = n · Zp we get

Pr [#|X ∩Bd(p, (1− ε̃)ρ)| ≤ n(µmax Vol(Bd(p, (1− ε̃)ρ))− ε)] ≤ e−2nε2 .

Denoting by Ap the event #|X ∩Bd(p, (1− ε̃)ρ)| ≤ n(µmax Vol(Bd(p, (1− ε̃)ρ))− ε) we
use the union bound to achieve

Pr

⋃
p∈Ξ

Ap

 ≤∑
p∈Ξ

Pr (Ap) ≤ d3R/ε̃ed · e−2nε2 . (66)

Explicitly, the chances that there exists Bd(p, (1− ε̃)ρ) containing less sampled points than
n(µmax Vol(Bd(p, (1− ε̃)ρ))− ε) are less than c · e−2nε2 , where c = d3R/ε̃ed. Going back to
Bd(x0, ρ), we know that there exists a point p̃ ∈ Ξ such that

Bd(p̃, (1− ε̃)ρ) ⊂ Bd(x0, ρ).

As a result, for any δ, ε, ρ there exists N such that for all n > N

#|X ∩Bd(x0, ρ)| > n(µmax Vol(Bd((1− ε̃)ρ))− ε) = n(µmax ·Vd · (1− ε̃)dρd − ε),

with probability larger than 1− δ, where

Vd =
πd/2

Γ(d/2 + 1)
.

Similarly, instead of considering Bd(p, (1− ε̃)ρ) we look at Bd(p, (1 + ε̃)ρ) for p ∈ Ξ and
alter the definitions of Zp accordingly. Then, by plugging the left inequality of (64) into
(63) we get

Pr[Z
p − µmin Vol(Bd((1 + ε̃)ρ)) ≥ ε] ≤ e−2nε2

Utilizing the union bound once more we get the same bound as in (66). In other words, the
chances that there exists a Bd(p, (1 + ε̃)ρ) containing more sampled points than n(µmin ·
Vol(Bd((1 + ε̃)ρ)) + ε) are less than d3R/ε̃ed · e−2nε2 .

Going back to Bd(x0, ρ), we know that there exists a point p̃ ∈ Ξ such that

Bd(x0, ρ) ⊂ Bd(p̃, (1 + ε̃)ρ),
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and for ε̃ small enough
Bd(p̃, (1 + ε̃)ρ) ⊂ Ω.

As a result, for any δ, ε, ρ there exists N such that for all n > N

#|X ∩Bd(x0, ρ)| < n(µmin Vol(Bd((1 + ε̃)ρ)) + ε) = n(µmin ·Vd · (1 + ε̃)dρd + ε),

with probability larger than 1− δ.
Finally, we get that for any δ, ε, ρ there exists N large enough such that if n > N we get

n(µmax ·Vd · (1− ε̃)dρd − ε) < #|X ∩Bd(x0, ρ)| < n(µmin ·Vd · (1 + ε̃)dρd + ε)

Since this is true for any ε̃, (1 + 1/a)a ≤ 3 and (1 − 1/a)a ≥ 0.25 we can choose ε̃ = 1
c1d

such that
(1− ε̃)d ≥ 0.251/c1 ≥ 0.5,

and
(1 + ε̃)d ≤ 31/c1 ≤ 2,

and achieve

n(
µmax

2
·Vd · ρd − ε) < #|X ∩Bd(x0, ρ)| < n(2 · µmin ·Vd · ρd + ε)

Lemma 22 (The projection of the Lebesgue measure onto TpM is almost uniform)
Let M be a d-dimensional sub-manifold of RD with bounded reach τ and a Riemannian
metric G pronounced through the chart ϕp around a point p ∈ M (2). Let r ∈ Mσ,
and let µ, µM, µTpM denote the uniform distribution on Mσ ⊂ RD, M, TpM corre-
spondingly. Denote ProjM, P rojTpM the projection operators onto M and TpM. Then(
ProjTpMProjM

)
∗ µ is a measure on TpM, and upon restricting this measure to Bd(0, ρ)

for some ρ < τ/2 we get

(ProjTpMProjM)∗µ = VD−dσ
D−d√det(G)µTpM,

where Vd denotes the volume of a d-dimensional ball.

Proof We first note that since µ is the Lebesgue measure on Mσ we have∫
Mσ

dµ =

∫
M

VD−dσ
D−dµM,

where µM is the uniform distribution on M. Thus,

ProjMµ = VD−dσ
D−dµM.

Now, ProjMµ is a measure defined onM, which can be pulled back to the tangent domain
TpM' Rd in the neighborhood Bd(p, τ/2) according to Corollary 5. If we denote the chart
from TpM' Rd to M by ϕp we get

(ProjTpMProjM)∗µ = VD−dσ
D−d√det(G)µTpM,
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where G is the Riemannian metric expressed in this chart, and µTpM is the Lebesgue
measure on TpM.

Corollary 8 From the fact that M ∈ Ck is compact and the restriction to a ball of radius
τ/2 we get that

√
det(G) is bounded and

µminµTpM ≤ (ProjTpMProjM)∗µ ≤ µmaxµTpM

where µmin, µmax are constants that depend on τ , and µTpM is the Lebesgue measure on
TpM. The constants µmin, µmax can be described explicitly to show their exact relationship
to τ .

Combining Lemma 21 and Corollary 8, we have the following result

Lemma 23 Let M be a compact d-dimensional sub-manifold of RD with reach τ bounded
away from zero, and a Riemannian metric Gp pronounced through the chart ϕp around a
point p ∈ M (see (2)). Let Mσ be a tubular neighborhood around M of radius σ (see
(1)), and assume

√
σ
τ <

1
2 . Suppose that µ is the uniform distribution on Mσ. Let X =

{r1, . . . , rn} be n points sampled i.i.d from µ, and denote the volume of a d-dimensional

unit ball by Vd = πd/2

Γ(d/2+1) . Denote,

µmin = VD−dσ
D−d min

p∈M
x∈BTpM(0,

√
στ−σ)

√
det(Gp(x))

µmax = VD−dσ
D−d max

p∈M
x∈BTpM(0,

√
στ−σ)

√
det(Gp(x)).

(67)

Then for any ε and δ, there is N , such that for all n > N the following holds: For any
x0 ∈ TpM and ρ ∈ R+ such that BTpM(x0, ρ+ σ) ⊂ BTpM(0,

√
στ − σ) (see the red, green,

and blue discs in Figure 11), we have

#{ri|ProjTpM(ri) ∈ BTpM(x0, ρ)} ≤ n(2 · µmin ·Vd · ρd + ε)

#{ri|ProjTpM(ri) ∈ BTpM(x0, ρ+ σ)} ≥ n
(µmax

2
· V · ρd − ε

)
with probability of at least 1− δ.

Proof Note that both the minimum and maximum in (67) exist and finite since M is
compact and the determinant is continuous. We mention that since

√
σ
τ <

1
2 we get that√

στ < τ
2 and the conditions of Corollary 8 are met. Note that

#{ri|ProjTpM(ri) ∈ Bd(x0, ρ)} ≤ #{ri|ProjTpM ◦ ProjM(ri) ∈ Bd(x0, ρ)},

and from Lemma 21 combined with Corollary 8 we get

#{ri|ProjTpM ◦ ProjM(ri) ∈ Bd(x0, ρ)} ≤ n(2 · µmin ·Vd · ρd + ε).
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Thus, the first inequality is achieved.

On the other hand,

#{ri|ProjTpM(ri) ∈ Bd(x0, ρ+ σ)} ≥ #{ri|ProjTpM ◦ ProjM(ri) ∈ Bd(x0, ρ)}.

Using again Lemma 21 combined with Corollary 8 we get

#{ri|ProjTpM ◦ ProjM(ri) ∈ Bd(x0, ρ)} ≥ n
(µmax

2
·Vd · ρd − ε

)
,

and the second inequality holds.

Appendix C. Supporting Lemmas for Step 2

Lemma 24 Let the sampling assumptions of Section 2.1 hold. Let (q,H0) ∈Mσ×Gr(d,D)
be the initialization of Algorithm 2, and let p = ProjM(q). Assume ∠max(H0, TpM) ≤√
CM/M , where CM is a constant independent of M (see Theorem 2). Let f0 : Rd → RD−d

be defined as a function whose graph Γf0,r,H0 coincides with M in the sense of Lemma 17;
explicitly

Γf0,r,H0 = {r + (x, f0(x))H0 | x ∈ BH0(r, cπ/4τ)},

where cπ/4 is a constant and Γf0,r,H0 ⊂ M. Then, for any α ≥ 0, there is M = τ/σ large
enough (see assumption 2 in Section 2.1), such that

∠max(H0, T0f0) ≤ α.

Proof First, we define fq : Rd → RD−d as the function whose graph Γfq ,q,H0 coincides with
M in the sense of Lemma 17. Using the triangle inequality for angles (see Figure 12) we
get

∠max(H0, T0f0) ≤ ∠max(T0fq, T0f0) + ∠max(H0, T0fq). (68)

From Lemma 25 we have

∠max(H0, T0fq) ≤
3αM

2
, (69)

where αM =
√

CM
M . Thus, to finish the argument we are left with bounding ∠max(T0fq, T0f0).

Denote by r∗ the projection of r on the plane H0 that passes through q (see Figure 12).
Let fr∗ : Rd → RD−d be defined as the function whose graph Γfr∗ ,r∗,H0 coincides withM in
the sense of Lemma 17. Note that fr∗ is just a shifted version of f0 (see Figure 12). Since
dist(q, r∗) ≤ dist(q, r) ≤ 2σ, we can use Lemma 14 and get that

‖(0, fr∗(0))(r∗,H0)‖ − ‖(0, fq(0))(q,H0)‖ ≤ 2σ(tanαM + c
2σ

τ
) = 2σ(tanαM +

c1

M
) (70)

and thus,

dist(fr∗(0), fq(0)) ≤
√

22σ2(tanαM +
c1

M
)2 + (2σ)2 = 2σ

√
(tanαM +

c1

M
)2 + 1
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From Corollary 3 in Boissonnat et al. (2019) we have that

∠max(T0fq, T0f0) ≤ 1

2τ
2σ

√
(tanαM +

c1

M
)2 + 1 ≤ 1

M

√
(tanαM +

c1

M
)2 + 1 (71)

Combining (71) with (69) and (68), we have

∠max(H0, T0f0) ≤ 3αM
2

+
1

M

√
(tanαM +

c1

M
)2 + 1 ≤ α

for M large enough.

Figure 12: This figure illustrates concepts from the proof of Lemma 24 in which we aim to show
that angular difference between T0f0 (the tangent to the manifold at f0(0)) and Tqf0

(the tangent to the manifold at fq(0)) is bounded. We denote by r∗ the projection of r
onto (q,H)

Lemma 25 Let the sampling assumptions of Section 2.1 hold. Let (q,H0) ∈Mσ×Gr(d,D)
be the initialization of Algorithm 2. Assume ∠max(H0, TpM) ≤ αM , for p = ProjM(q).
Let fq : Rd → RD−d be defined as the function whose graph Γfq ,q,H0 coincides with M in
the sense of Lemma 17; explicitly

Γfq ,q,H0 = {q + (x, fq(x))H0 | x ∈ BH0(q, cπ/4τ)},

where cπ/4 is a constant and Γfq ,q,H0 ⊂M. Then, for any αM ≤ αc where αc is a constant
depending only on cπ/4 of Lemma 17, for M = τ/σ sufficiently large (see assumption 2 in
Section 2.1) we have

∠max(H0, T0fq) ≤
3αM

2
.

Proof Let φp : TpM ' Rd → RD−d be defined in (3) and (4). Let g0 : (q, TpM) ' Rd →
RD−d defined as g0(x) = φp(x) + (p − q) (note that (p − q) ∈ TpM⊥ and thus this can
be understood with some abuse of notation). From Corollary 5, Γg0,q,TpM coincides with
M∩ Cyl(p, τ/2, τ/2). We note that ∠max(T0g0, TpM) = 0, ∠max(H0, TpM) ≤ αM where
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αM ≤ αc, ‖p− q‖ ≤ σ and from assumption 2 in Section 2.1, we have that σ ≤ 3τ
4·16 . Then,

we can apply Lemma 47, with the above defined g0 and g1 = fq, G0 = TpM, and G1 = H0

and get

∠max(H0, T0fq) ≤ ∠max(H0, T0g0) +
4‖g0(0)‖ (2 + ‖g0(0)‖/τ)αM

τ
.

Since T0g0 = TpM and 4‖g0(0)‖(2+‖g0(0)‖/τ)α
τ ≤ αM

2 for large enough M = τ/σ (assumption
2 in Section 2.1) we have

∠max(H0, T0fq) ≤
3αM

2
.

Lemma 26 Let the sampling assumptions of Section 2.1 hold. Let (q,H0) ∈Mσ×Gr(d,D)
be the initialization of Algorithm 2, and let p = ProjM(q), the projection of q onto M.
Assume ∠max(H0, TpqM) ≤

√
CM/M , where CM is a constant independent of M (see

Theorem 2). Let f0 : Rd → RD−d be defined as a function whose graph Γf0,r,H0 coincides
with M in the sense of Lemma 17. Then, for M large enough

‖f0(0)‖ ≤ 10σ,

where c is some general constant.

Proof First we show that ‖fq(0)‖ ≤ 5σ (see Figure 13). From Theorem 2 we have that
‖p − q‖ ≤ 4σ. From Theorem 2 we also have ∠max(H0, TpM) ≤ αM , where we denote
αM =

√
CM/M . Then, denoting by s the intersection between the affine plane parallel to

H0 that goes through p and the line between q and (0, fq(0))H0,q (see Fig. 13), we also get
that ∠(p, q, s) ≤ αM as an angle between two lines in the perpendicular domains of two
flats whose maximal principal angle is bounded by αM . Thus,

‖q − s‖ ≤ 4σ. (72)

Similarly,
x = ‖p− s‖ ≤ 4σ sinαM . (73)

Denote by y the distance between s and (0, fq(0))H0,q. Using Lemma 14 we have that

y ≤ x(tanαM + c1x/τ).

substituting (73), we have

y ≤ 4σ sinαM (tanαM + 4c1σ sinαM/τ).

Combining this with (72) we have

‖fq(0)‖ ≤ 4σ + y ≤ 5σ (74)

for M large enough, as αM =
√
CM/M .

Now we combine (70) with (74) and with the fact that dist(q, r∗) ≤ 2σ we conclude the
proof.
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Figure 13: This Figure illustrates concepts from the proof of Lemma 26. It demonstrates that the
distance between q and fq(0) is small given that the distance between q and p = ProjM(q)
is small, and the angle between H and TpM is also small.

Lemma 27 For any δ and for any n, α1, r1, Let C0 be the constant from Theorem 3.2 of
Aizenbud and Sober (2021a). We have that

κ = r1 log2(n) + C̄α1,d − log

(
ln

(
2r1 log2(n) + 2C̄α1,d

δ

))
, (75)

where

C̄α1,d = 1 + log2

(
α1

12
√
d

)
− log2(C0),

satisfies

2κ−1C0 ln(1/δ1) ≤ α1

12
√
d
nr1 , (76)

for δ1 = δ
2κ , and C0 from Theorem 3.2 of Aizenbud and Sober (2021a). Furthermore, for κ

as in (75) we have

α12−κ ≤ Cd ln

(
1

δ

)
n−r1 (ln (ln(n)))2r1

Proof We find κ that will satisfy (76). Recalling that δ1 = δ
2κ , we have that

C0

(
ln

1

δ1

)
= C0

(
ln

2κ

δ

)
.

Rewriting (76), we need κ to satisfy

2κ−1C0

(
ln

2κ

δ

)
≤ α1

12
√
d
nr1 , (77)

or, taking log2 of both sides, we have

κ− 1 + log2(C0) + log2

(
ln

2κ

δ

)
≤ log2

(
α1

12
√
d

)
+ r1 log2(n), (78)
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or,

κ+ log2

(
ln

2κ

δ

)
≤ 1 + log2

(
α1

12
√
d

)
− log2(C0) + r1 log2(n), (79)

To simplify the expression we denote the RHS of (79) by x. Then we are looking for κ such
that

κ+ log2

(
ln

(
2κ

δ

))
< x (80)

We note that

κ = x− log2

(
ln

(
2x

δ

))
satisfies (80) since

x− log2

(
ln

(
2x

δ

))
+ log2

(
ln

(
2x− 2 log2

(
ln
(
x
δ

))
δ

))
< x

Thus, the following κ satisfies Eq. (79)

κ = r1 log2(n) + C̄α1,d − log

(
ln

(
2r1 log2(n) + 2C̄α1,d

δ

))
(81)

where

C̄α1,d = 1 + log2

(
α1

12
√
d

)
− log2(C0).

We now bound α12−κ by

α12
−r1 log2(n)−C̄α1,d

+log

(
ln

(
2r1 log2(n)+2C̄α1,d

δ

))
= α1n

−r12−C̄α1,d

(
ln
(

2r1 log2(n)+2C̄α1,d

δ

))
= α12−C̄α1,dn−r1

(
ln
(
2r1 log2(n) + 2C̄α1,d

)
+ ln

(
1
δ

))
≤ Cα1,d ln

(
1
δ

)
n−r1 (ln (ln(n)))2r1

(82)
Since α1 is bounded from above, there is Cd independent of α1 for which

α12−κ = α12
−r1 log2(n)−C̄α1,d

+log

(
ln

(
2r1 log2(n)+2C̄α1,d

δ

))
≤ Cd ln

(
1

δ

)
n−r1 (ln (ln(n)))2r1

(83)

C.1 Proof of Lemma 7

Proof From Lemma 28 we have that

∠max(T0f`, T0f̃`) ≤
α

6
. (84)

51



Aizenbud and Sober

From Lemma 44 we have that for any δ and n > Nδ,

Pr(∠max(T0f̃`, T0π
∗
q0,H`

) ≥ 2
√
d
C0 ln(1/δ)

nr1
) < δ.

Thus, as 12
√
dC0 ln(1/δ)

nr1 ≤ α (see assumption 3 in the lemma), we have

Pr(∠max(T0f̃`, T0π
∗
q0,H`

) ≥ α

6
) < δ. (85)

And, from
∠max(T0f`, H`+1) ≤ ∠max(T0f`, T0f̃`) + ∠max(T0f̃`, H`+1).

along with (84) and (85), we have that

Pr (∠max(T0f`, H`+1) ≥ α/3) < δ. (86)

In order to apply Lemma 47 we denote g0 = f`, g1 = f`+1/2, G0 = H`, and G1 =
H`+1. Thus, we have that ∠max(T0g0, G0) = ∠max(T0f`, H`) ≤ α and ∠max(G0, G1) =
∠max(H`, H`+1) ≤ ∠max(H`, T0f`) + ∠max(T0f`, H`+1). Under the assumption that the
event described in (86) holds we also know that ∠max(G0, G1) ≤ α + α/3 = β. Lastly, as
α ≤ π/16, β = 4α

3 ≤ αc, and ‖f`(0)‖ ≤ cπ/4 · τ (follows from assumption 2 of the lemma),
we can use the result of Lemma 47 and obtain

‖f`+1(0)‖ ≤ ‖f`(0)‖(1 + (α+ β)2(3 + 2‖f`(0)‖/τ))

≤ ‖f`(0)‖(1 + (7/3α)2(3 + 2‖f`(0)‖/τ))

≤ ‖f`(0)‖

(
1 + 10α2

(
3 + 2

√
1

32τ

)) (
since ‖f`(0)‖ ≤

√
τ/32

)
≤ ‖f`(0)‖

(
1 + 10α2

(
3 +

√
1

8τ

))
≤ ‖f`(0)‖

(
1 + 40α2

)
(for τ large enough)

and
α`+1 = ∠max(T0f`+1, H`+1) = ∠max(T0f`+1/2, H`+1)

≤ ∠max(T0f`, H`+1) +
4‖f`(0)‖ (2 + ‖f`(0)‖/τ)β

τ
.

= ∠max(T0f`, H`+1) +
16‖f`(0)‖ (2 + ‖f`(0)‖/τ)α

3τ
.

Note that for ‖f`(0)‖ ≤
√
τ/32− 1, we have 16‖f`(0)‖(2+‖f`(0)‖/τ)

3τ ≤ 1/6. Furthermore, since
∠max(T0f`, H`+1) ≤ α/3, we have

∠max(T0f`+1, H`) = ∠max(T0f`+1/2, H`) ≤ α/2.
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C.2 Supporting Lemmas for Lemma 7

C.2.1 Bounding the error between T0f` and T0f̃`

L 28

∠max(T0f`, T0f̃`) ≤
α

6

L 29

‖Df̃(0)−Df(0)‖ < εα

L 30∥∥∥Df [0]−Df̃ [0]
∥∥∥
op
≤ ε

⇓

sin(∠max(T0f, T0f̃)) ≤ ε
L 32

σ ≤ g(0, θ) ≤ σ + 4σα
2

L 33

‖∇xg(0, θ)‖ = O(
σ

τ
sin(α))

L 34

‖I − Jx̃θ‖ =
3σ

τ
+O(

σ sinα

τ
)

L 35

L 37
‖Dx̃θw +Dxw‖ ≤ O(στ sinα)

‖Dx̃θw‖ ≤ O(sinα)

‖Dxw‖ ≤ O(sinα)

1/2σ2 ≤ ∆(0, x̃θ(0)) ≤ 2σ2

L 36

Hf(x̃θ)w =

√
2σ

τ
+O(

σ sinα

τ
)

L 38

‖Df(x̃θ(0))−Df(0)‖op ≤ O(
σ

τ
sinα)

L 40
‖x̃θ(0)‖ ≤ σ sin(α+ cστ α)

‖f(x̃θ(0))‖ ≤ 2σ sin(α+ cστ α) tanα

‖Df(0)‖2 ≤ sinα

‖Df(x̃θ(0))‖2 ≤ sin(α+ cστ α)

L 41

‖x̃θ(0)‖ ≤ σ sin(α+ c
σ

τ
α)

L 42

‖x̃θ(0)‖ ≤ σ sin β(x̃θ(0))

L 43

α`−c2α`
σ

τ
≤ β(x0) ≤ α`+c1α`

σ

τ

Figure 14: Road-map for proof of Lemma 28

Back to Theorem 3 proof road-map see Figure 3.

The main Lemma in the Section is Lemma 28. A road-map for the proof appears in
Figure 14.
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Lemma 28 Let the assumptions of Theorem 3 hold, and let f : H ' Rd → RD−d be a func-
tion such that its graph coincides with a neighborhood on the manifold M (see Lemma 17).
Let f̃ : Rd → RD−d be the regression function defined in (23). Denoting α = ∠max(H,T0f),
there is a constant Cτ large enough such that for M = τ

σ > Cτ
√
D logD, and α ≤

√
1/D,

where CM is from Theorem 2, we have

∠max(T0f, T0f̃) ≤ α

6

Proof From Lemma 29 we have

‖D
f̃
[0]−Df [0]‖ < α

6

From Lemma 30 we have that
∠max(T0f, T0f̃) ≤ α

6

and the proof is concluded.

Lemma 29 Let the assumptions of Theorem 3 hold, and let f : H ' Rd → RD−d be a
function such that its graph coincides with a neighborhood on the manifold M (see Lemma
17). Let f̃ : Rd → RD−d be the regression function defined in (23). For any ε > 0, denoting
α = ∠max(H,T0f), there is a constant Cτ large enough such that for M = τ

σ > Cτ
√
D logD,

and α ≤
√

1/D, where CM is from Theorem 2, we have

‖Df̃(0)−Df(0)‖ < εα

Proof We reiterate the definition of Ω(x) : H ' Rd → 2R
D−d

from (22)

Ω(x) = (x+H⊥) ∩Mσ,

where x+H⊥ = {x+ y | y ∈ H⊥}. Next, denoting SD−d to be the D− d dimensional unit
sphere, we define g(x, θ) : H × SD−d → R the maximal length from f(x) in the direction θ
that is inside Ω(x). Explicitly,

g(x, θ) = max{y ∈ R | (x, f(x) + y · θ)H ∈ Ω(x)}. (87)

Note, that the farthest point from f(x) in Ω(x) at each direction θ, by which we define
g(x, θ), belongs to ∂Mσ (the boundary of the domainMσ), and is therefore exactly σ away
from some point on the manifold itself. Since we are viewing the manifold locally as the
graph of the function f : H → H⊥ we denote this point by (x̃θ, f(x̃θ(x)))H . Explicitly,
x̃θ : H → H is such that

(x, f(x) + g(x, θ) · θ)TH = (x̃θ(x), f(x̃θ(x)))TH + σ ~Nθ(x), (88)

where ~Nθ ∈ RD is perpendicular to Tx̃θf . We introduced the definition of x̃θ here as it
will be pivotal in the proofs of Lemmas 32 and 33 upon which the the current proof relies.
Furthermore, we wish to stress here that by Lemma 40 x̃θ(0) ≤ σ sin(α+ cασ/τ) for some
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general constant c. Therefore, for sufficiently large M = τ
σ , x̃θ(0) is within the domain of

definition of the function f which by Lemma 17 is of radius of at least cπ/4τ .
Next, by the definitions and Eq. (87) and (22) we have that

f̃(x)− f(x) =

∫
y∈Ω(x)

ydy∫
y∈Ω(x)

dy
.

Since Ω ⊂ RD is perpendicular to H ' Rd we get that Ω ' RD−d. Thus, by change of
variables we can breakdown the integrals over Ω(x) to a radial component r and directions
on the (D − d− 1)-dimensional sphere. Explicitly,

f̃(x)− f(x) =

∫
SD−d−1

g(x,θ)∫
0

θrrD−d−1drdθ

∫
SD−d−1

g(x,θ)∫
0

rD−d−1drdθ

=

(D − d)
∫

SD−d−1

θg(x, θ)D−d+1dθ

(D − d+ 1)
∫

SD−d−1

g(x, θ)D−ddθ
,

where dr is the measure over the radial component, rD−d−1 is the Jacobian introduced by
the change of variables and dθ is the measure over the (D− d− 1)-dimensional sphere. For
brevity we introduce the notation D̃ = D − d and get

f̃(x)− f(x) =

∫
S
D̃−1

g(x,θ)∫
0

θrrD̃−1drdθ

∫
S
D̃−1

g(x,θ)∫
0

rD̃−1drdθ

=

D̃
∫

S
D̃−1

θg(x, θ)D̃+1dθ

(D̃ + 1)
∫

S
D̃−1

g(x, θ)D̃dθ
. (89)

Next, by taking the differential of that expression with respect to x we have that

D
f̃
[x]−Df [x] =

D̃

(D̃ + 1)


(D̃ + 1)

∫
S
D̃−1

θg(x, θ)D̃∇xgTdθ∫
S
D̃−1

g(x, θ)D̃dθ

−

D̃
∫

S
D̃−1

θg(x, θ)D̃+1dθ
∫

S
D̃−1

g(x, θ)D̃−1∇xgTdθ ∫
S
D̃−1

g(x, θ)D̃dθ

2


,

where ∇xg stands for the gradient of g(θ, x) with respect to the x variables only. As can
be seen in the above equation there is a multiplicative factor of size ≈ (D − d) for both
summends. In order to deal with this obstacle we wish to utilize the fact that in high
dimensions most of the volume of a sphere is concentrated near an equator. Thus, we split
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the domain into two different regions that we will deal with separately (we will use this
trick in few of the other proofs). In case D − d is small, then the following computations
can be done without splitting the domain into two regions (one near the equator and the
the second being the remaining cap), and include the D− d factor in the constant that will
be cancelled by M . Therefore, we assume without losing the generality of our claim that
D − d = D̃ > 3. For any direction/unit vector ~z ∈ S

D̃
denote ~zT θ = z and

Ω1 = {θ | 0 ≤ |~zT θ| ≤ ξ}
Ω2 = {θ | |~zT θ| > ξ}

(90)

For some ξ to be chosen later. Using the above notation, we have

~zT · (D
f̃
[x]−Df [x]) =

D̃

(D̃ + 1)


(D̃ + 1)

∫
S
D̃−1

zg(x, θ)D̃∇xgTdθ∫
S
D̃−1

g(x, θ)D̃dθ︸ ︷︷ ︸
I

−

D̃
∫

S
D̃−1

zg(x, θ)D̃+1dθ
∫

S
D̃−1

g(x, θ)D̃−1∇xgTdθ ∫
S
D̃−1

g(x, θ)D̃dθ

2

︸ ︷︷ ︸
II


(91)

First we treat part (I) of Eq. (91) by splitting the domain into Ω1 and Ω2 of Eq. 90.

(I) =

(D̃ + 1)

(∫
Ω1

zg(x, θ)D̃∇xgTdθ +
∫

Ω2

zg(x, θ)D̃∇xgTdθ

)
∫

S
D̃−1

g(x, θ)D̃dθ

From 32 we have that 0 < σ ≤ g(0, θ) ≤ σ + 4σα2, and from Lemma 33 we have
‖∇xg(0, θ)‖ ≤ c1σα/τ . Then,

‖(I)‖ ≤
(D̃ + 1)

(
ξ
∫

Ω1

g(x, θ)D̃‖∇xgT ‖dθ +
∫

Ω2

g(x, θ)D̃‖∇xgT ‖dθ

)
∫

S
D̃−1

g(x, θ)D̃dθ

≤
(D̃ + 1)c1σα

(
ξ
∫

Ω1

g(x, θ)D̃dθ +
∫

Ω2

g(x, θ)D̃dθ

)
τ
∫

S
D̃−1

g(x, θ)D̃dθ
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≤ ξ(D̃ + 1)c1σα

τ
+

(D̃ + 1)c1σα
∫

Ω2

g(x, θ)D̃dθ

τ
∫

S
D̃−1

g(x, θ)D̃dθ

≤ ξ(D̃ + 1)c1σα

τ
+

(D̃ + 1)c1σα(σ + 4σα2)D̃
∫

Ω2

dθ

τσD̃
∫

S
D̃−1

dθ

Furthermore, using the following concentration of measure inequality (see e.g. Milman
and Schechtman (2009); Guruswami and Kannan (2012))∫

Ω2

dθ∫
S
D̃−1

dθ
≤ 2

ξ
√
D̃ − 2

e−(D̃−2)ξ2/2, (92)

we have that,

‖(I)‖ ≤ ξ(D̃ + 1)c1σα

τ
+

(D̃ + 1)c1σα(1 + 4α2)D̃

τ

2

ξ
√
D̃ − 2

e−(D̃−2)ξ2/2

≤ ξ(D̃ + 1)c1σα

τ
+
c2σα

√
D̃ + 1(1 + 4α2)D̃

τ

2

ξ
e−(D̃−2)ξ2/2,

where c2 = 4c1 ≥
√
D̃+1√
D̃−2

c1.

Since M = τ
σ > Cτ

√
D logD, we choose ξ = 2

√
logD/D and we have

‖(I)‖ ≤ 2c1α(D̃ + 1)

CτD
+
c2α
√
D̃ + 1(1 + 4α2)D̃

Cτ
√
D logD

2

ξ
e−(D̃−2)ξ2/2

≤ α

(
2c1

Cτ
+
c1

√
D̃ + 1(1 + 4α2)D̃

Cτ
√
D logD

4
√
D√

logD
e− logD

)

≤ α

(
2c1

Cτ
+

2c1

√
D(1 + 4α2)D̃

CτD logD

)
,

where the second inequality is true since (D̃ − 2)/D ≥ 1/2. Since α ≤
√

1/D, and we also

have that M > Cτ
√
D logD we have that (1 + 4α2)D̃ is bounded for any D. Thus, we have

that for Cτ large enough,

‖(I)‖ ≤ ε

2
α (93)

for any D.
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Next we bound ‖(II)‖ from (91):

D̃
∫

S
D̃−1

zg(x, θ)D̃+1dθ
∫

S
D̃−1

g(x, θ)D̃−1∇xgTdθ ∫
S
D̃−1

g(x, θ)D̃dθ

2

First, we note that∥∥∥∥∥∥∥∥∥
∫

S
D̃−1

g(x, θ)D̃−1∇xgTdθ∫
S
D̃−1

g(x, θ)D̃dθ

∥∥∥∥∥∥∥∥∥ ≤
c1σα

τ

∫
S
D̃−1

g(x, θ)D̃−1dθ

∫
S
D̃−1

g(x, θ)D̃−1dθ
=
c1σα

τ
.

Thus, similarly to the way we bounded (I), we split the domain to Ω1 and Ω2 of Eq. (22)
and achieve

‖(II)‖ ≤ D̃c1σα

τ

∫
S
D̃−1

zg(x, θ)D̃+1dθ

∫
S
D̃−1

g(x, θ)D̃dθ

≤ D̃c1σα

τ

(
ξ
∫

Ω1

g(x, θ)D̃+1dθ +
∫

Ω2

g(x, θ)D̃+1dθ

)
∫

S
D̃−1

g(x, θ)D̃dθ

≤ ξD̃c1σα

τ
+

D̃c1σα(σ + 4σα2)D̃+1
∫

Ω2

dθ

τσD̃
∫

S
D̃−1

dθ

≤ ξD̃c1σα

τ
+

D̃c1σ
2α(1 + 4α2)D̃+1

∫
Ω2

dθ

τ
∫

S
D̃−1

dθ

From (92) we have that

‖(II)‖ ≤ ξD̃c1σα

τ
+
D̃c1σ

2α(1 + 4α2)D̃+1

τ

2

ξ
√
D̃ − 2

e−(D̃−2)ξ2/2

Since M = τ
σ > Cτ

√
D logD, and choosing again ξ = 2

√
logD/D we have

‖(II)‖ ≤ 2D̃c1α

CτD
+
D̃c1σα(1 + 4α2)D̃+1

Cτ
√
D logD

√
D

√
logD

√
D̃ − 2

e− logD
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≤ 2c1α

Cτ
+
αc1σ(1 + 4α2)D̃+1

CτD logD

1√
D̃ − 2

Since From Theorem 2 we have that α ≤
√

1/D, and thus (1 + α)D̃ is bounded for any D.
Thus, we have that for Cτ large enough,

‖(II)‖ ≤ ε

2
α (94)

for any D.
Thus, we have from (91) that for any unit vector z, ‖~z(D

f̃
[x]−Df [x])‖ ≤ εα or

‖D
f̃
[x]−Df [x]‖op ≤ εα

Lemma 30 Let f, f̃ be functions from Rd to RD−d, and denote their differentials by Df ,Df̃
respectively. Denote by T0f, T0f̃ the tangent planes of the graphs of f and f̃ respectively.
Assume that ∥∥∥Df [0]−Df̃ [0]

∥∥∥
op
≤ ε.

Then, for sufficiently small ε

sin(∠max(T0f, T0f̃)) ≤ ε.

Proof By definition we know that

T0f = {Df [0]v | v ∈ Rd} ⊂ RD,

and
T0f̃` = {(v,D

f̃
[0]v) | v ∈ Rd} ⊂ RD.

Let L1, L2 be two linear spaces, denote by QL1,L2 : L1 → L⊥2 the following operator

QL1,L2 = v − ProjL2(v).

By Lemma 31 we know that

sin(∠max (L1, L2)) = ‖QL1,L2‖op .

We now turn to look at the operator Q
T0f,T0f̃

operating on some vector v ∈ T0f .∥∥∥QT0f,T0f̃
(v,Df [0]v)

∥∥∥ ≤ ∥∥∥(v,Df [0]v)− (v,D
f̃
[0]v)

∥∥∥
≤
∥∥∥Df [0]−D

f̃
[0]
∥∥∥
op
‖(v,Df [0]v)‖ ,

and thus,
sin(∠max(T0f, T0f̃)) = ‖Q

T0f,T0f̃
‖op ≤ ‖Df [0]−D

f̃
[0]‖op ≤ ε
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Lemma 31 Let L1 and L2 be two linear subspaces of RD. Denote QL1,L2 : L1 → L⊥2
defined as

QL1,L2(v) = v − ProjL2(v),

where ProjL2 is the projection onto L2. Then,

sin∠max(L1, L2) = ‖QL1,L2‖op.

Proof Recalling Definition 4, the Principal Angles βi between L1, L2 and their correspond-
ing pairs of vectors ui ∈ L1, wi ∈ L2 are defined as

u1, w1
4
= argmin

u∈L1,w∈L2

‖u‖=‖w‖=1

arccos (|〈u,w〉|) , β1
4
= ∠(u1, w1)

,

and for i > 1

ui, wi
4
= argmin

u⊥Ui−1,w⊥Wi−1

‖u‖=‖w‖=1

arccos (|〈u,w〉|) , βi
4
= ∠(ui, wi) ,

where
Ui
4
= Span{uj}ij=1 , Wi

4
= Span{wj}ij=1.

We now wish to show that for all i we can choose

wi =
ProjL2(ui)

‖ProjL2(ui)‖
.

Since the definition is inductive so will be our proof.

Basis of the induction i = 1: We first denote

v1 = ProjL2(u1).

Note that,
β1 = ∠(u1, w1) = ∠(u1, ‖v1‖w1),

and by the minimization problem defining β1 we know that

β1 ≤ ∠(u1, v1).

Then, since the projection onto a linear space minimizes the Least-Squares norm we get

〈u1 − v1, u1 − v1〉 ≤ 〈u1 − ‖v1‖w1, u1 − ‖v1‖w1〉
〈u1, u1〉 − 2〈u1, v1〉+ 〈v1, v1〉 ≤ 〈u1, u1〉 − 2〈u1, ‖v1‖w1〉+ 〈‖v1‖w1, ‖v1‖w1〉

−2〈u1, v1〉+ ‖v1‖2 ≤ −2〈u1, ‖v1‖w1〉+ ‖v1‖2

〈u1, ‖v1‖w1〉 ≤ 〈u1, v1〉

〈u1, w1〉 ≤ 〈u1,
v1

‖v1‖
〉

β1 = ∠(u1, w1) = arccos(〈u1, w1〉) ≥ arccos(〈u1,
v1

‖v1‖
〉) = ∠(u1, v1).

Thus,
∠(u1, v1) = β1,

and we can choose w1 = v1.

60



Estimation of Local Geometric Structure on Manifolds from Noisy Data

The induction step: Now we assume that for all i ≤ j

wi =
vi
‖vi‖

,

where

vi = ProjL2(ui).

And, we wish to show that

∠(uj+1, vj+1) = βj+1,

where the fact that βj+1 ≤ ∠(uj+1, vj+1) results directly from the definition of βj+1.
We first note that since

uj+1 ⊥ Uj ,

we have

ProjL2(uj+1) /∈ Span{ProjL2(ui)}ji=1 =Wj ,

thus,

vj+1 ∈ W⊥j .

From here on we can repeat the same argument as in the basis of the induction, just re-
placing L1, L2 with U⊥j ,W⊥j respectively.

Lemma 32 Let the conditions of Lemma 29 hold. Let g(x, θ) be as defined in Equation (87).
Then, for α smaller than some constant and M larger then some constant,

σ ≤ g(0, θ) ≤ σ + 4σα2

Proof
Since (0, f(0))H ∈M, any point p ∈ RD such that ‖p− (0, f(0))H‖ ≤ σ belongs toMσ,

the σ-tubular neighborhood of M. In particular, this is also true for p ∈ H⊥ ⊂ RD, and
thus, we obtain the lower bound

σ ≤ g(0, θ),

as by the definition of (87) we have g(0, θ) = maxp∈(Span{θ}∩Mσ) ‖p− (0, f(0))H‖.
From Lemma 40 we have that

‖f(x̃θ(0))− f(0)‖ ≤ 2σ sin(α+ c
σ

τ
α) tanα,

where c is some constant, and x̃θ defined in (88).
Since (0, f(0))H + θg(0, θ) is at distance σ from (x̃θ(0), f(x̃θ(0)))H , and denoting θ ∈

H⊥ ⊂ RD by (0, θ̄)H we have that

σ =
∥∥(0, f(0) + θ̄g(0, θ))H − (x̃θ(0), f(x̃θ(0))H

∥∥ =

√
‖x̃θ‖2 + ‖f(x̃θ(0)− f(0)‖2 + g(0, θ)2,

and thus,

g(0, θ) ≤ σ + 2σ sin(α+ c
σ

τ
α) tanα.
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Then, for α smaller than some constant and M larger than some constant we have

g(0, θ) ≤ σ + 4σ sin2 α,

or,

g(0, θ) ≤ σ + 4σα2,

Lemma 33 Let the conditions of Lemma 29 hold. Let g(x, θ) be as defined in Equation
(87). Then,

‖∇xg(0, θ)‖ ≤ C · σ
τ
α,

where ∇xg denotes the gradient of g(x, θ) with respect to the x variables only, and C is
some constant.

Proof Following the definition of x̃θ in (88) and g(x, θ) in (87), we have the following
equations that describe the connection between x, x̃θ and g(x, θ)(

x̃θ
f(x̃θ)

)
+ σ ~N(x, x̃θ, θ) =

(
x

f(x)

)
H

+

(
0
θ̄

)
H

g(x, θ),

where θ ∈ RD is written as (0, θ̄)H , and ~N(x, x̃θ, θ) ∈ RD is some unit vector perpendicular
to Tx̃θf . Explicitly,

~N(x, x̃θ, θ) ⊥ Tx̃θf, (95)

and

‖ ~N(x, x̃θ, θ)‖ = 1. (96)

Alternatively, we can write,

σ ~N(x, x̃θ, θ) =

(
x

f(x)

)
H

−
(

x̃θ
f(x̃θ)

)
H

+

(
0
θ̄

)
H

g(x, θ) (97)

Taking the norm of (97) and using (96) we have∥∥∥∥( x
f(x)

)
−
(

x̃θ
f(x̃θ)

)
+

(
0
θ̄

)
g(x, θ)

∥∥∥∥2

= σ2

or,

g2 + 2g

(
x− x̃θ

f(x)− f(x̃θ)

)T (
0
θ̄

)
+

∥∥∥∥( x− x̃θ
f(x)− f(x̃θ)

)∥∥∥∥2

− σ2 = 0

or,

g2 + 2g(f(x)− f(x̃θ))
T θ̄ + ‖x− x̃θ‖2 + ‖f(x)− f(x̃θ)‖2 − σ2 = 0

the two solutions are

g±(x, θ) =
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− f(x)T θ̄ + f(x̃θ)
T θ̄ ±

√
σ2 + (f(x)T θ̄ − f(x̃θ)T θ̄)2 − ‖x− x̃θ‖2 − ‖f(x)− f(x̃θ)‖2 (98)

From Lemma 40, for α smaller than some constant, we have that

‖0− x̃θ(0)‖2 + ‖f(0)− f(x̃θ(0))‖2 ≤ σ2

and thus, the solutions of Eq. (98) at x = 0 are g−(0, θ) < 0 and g+(0, θ) > 0. Therefore,
from continuity we get that there is a neighborhood of x = 0 such that the only non-negative
solution is

g(x, θ) =

− f(x)T θ̄ + f(x̃θ)
T θ̄ +

√
σ2 + (f(x)T θ̄ − f(x̃θ)T θ̄)2 − ‖x− x̃θ‖2 − ‖f(x)− f(x̃θ)‖2. (99)

In addition, from the definition of g the only valid solution is the non-negative one which
appears on Eq. (99). Thus, denoting

∆ = σ2 + (f(x)T θ̄ − f(x̃θ)
T θ̄)2 − ‖x− x̃θ‖2 − ‖f(x)− f(x̃θ)‖2, (100)

we have that near x = 0

∇xg(x, θ) =

−Df [x]T θ̄ + Jx̃θDf [x̃θ]
T θ̄ +

1√
∆

(
(f(x̃θ)

T θ̄ − f(x)T θ̄)
(
Jx̃θDf [x̃θ]

T θ̄ −Df [x]T θ̄
)

−(Id − Jx̃θ)(x− x̃θ)− (Df [x]T − Jx̃θDf [x̃θ]
T )(f(x)− f(x̃θ))

)
, (101)

where Jx̃θ(x) = Dx̃θ(x)[x] is the Jacobi matrix of the function x̃θ(x), and Id is the d-
dimensional identity matrix. Alternatively, we can write

∇xg(x, θ) =

(Jx̃θDf [x̃θ]
T −Df [x]T )θ̄ +

1√
∆

(
(f(x̃θ)

T θ̄ − f(x)T θ̄)
(
Jx̃θDf [x̃θ]

T −Df [x]T
)
θ̄

−(Id − Jx̃θ)(x− x̃θ)− (Df [x]T − Jx̃θDf [x̃θ]
T )(f(x)− f(x̃θ))

)
(102)

Next, using Lemma 34, Lemma 38 and Lemma 40, we bound

‖Df [0]T − Jx̃θDf [x̃θ(0)]T ‖ = ‖Df [0]T −Df [x̃θ(0)]T +Df [x̃θ(0)]T − Jx̃θ(0)Df [x̃θ(0)]T ‖
≤ ‖Df [0]T −Df [x̃θ(0)]T ‖+ ‖Df [x̃θ(0)]T − Jx̃θ(0)Df [x̃θ(0)]T ‖
≤ ‖Df [0]T −Df [x̃θ(0)]T ‖+ ‖Id − Jx̃θ(0)‖‖Df [x̃θ(0)]T ‖

= O(
σ

τ
sinα) +O(

σ

τ
)‖Df [x̃θ(0)]T ‖

= O(
σ

τ
· α)

(103)
Now, using (102) and the fact that

∥∥θ̄∥∥ = 1 we get

‖∇xg(0, θ)‖ ≤ ‖Df [0]T − Jx̃θ [0]Df [x̃θ(0)]T ‖
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+
1√
∆

(
‖f(x̃θ(0))− f(0)‖‖Jx̃θ [0]Df [x̃θ(0)]T −Df [0]T ‖

+‖Id − Jx̃θ [0]‖‖x̃θ(0)‖+ ‖Df [0]T − Jx̃θ [0]Df [x̃θ(0)]T ‖‖f(0)− f(x̃θ(0))‖
)

From Lemmas 34 and 40 we know that ‖Id − Jx̃θ [0]‖ = O(στ ), ‖x̃θ(0)‖ ≤ σ sin(α+ cασ/τ),
and that ‖f(x̃θ(0)) − f(0)‖ ≤ 2σ sin(α + cασ/τ) tan(α). In other words, for α smaller
than some constant we can say that ‖Id − Jx̃θ [0]‖ = O(σ/τ), ‖x̃θ(0)‖ ≤ O(σα), and that
‖f(x̃θ(0))− f(0)‖ ≤ O(σα2). Combining this with (103) as well, we have

‖∇xg(0, θ)‖ ≤ O(
σ

τ
· α) +

1√
∆

(
O(

σ2

τ
· α3) +O(

σ2

τ
· α) +O(

σ2

τ
· α3)

)
Since Lemma 37 gives us

∆(0, x̃θ(0)) ≥ 1

2
σ2,

we have that 1√
∆
≤
√

2/σ, and

‖∇xg(x, θ)‖ = O(
σ

τ
· α).

Lemma 34 Let the conditions of Lemma 33 hold. Let g(x, θ), x̃(x) be as defined in Equation
(87) and (88) respectively, let Id : Rd → Rd denote the identity matrix and let Jx̃θ denote
the differential of x̃(x) with respect to x. Then,

‖Id − Jx̃θ [0]‖ = O(
σ

τ
).

Proof We begin by reiterating equations (97),(95), and (96). Namely we have

σ ~N(x, x̃θ, θ) =

(
x

f(x)

)
−
(

x̃θ
f(x̃θ)

)
+

(
0
θ̄

)
g(x, θ),

where
~N(x, x̃θ, θ) ⊥ Tx̃θf,

and
‖ ~N(x, x̃θ, θ)‖ = 1.

Thus, there is a vector v(x, x̃θ) ∈ RD−d with ‖v(x, x̃θ)‖ = 1,

~N(x, x̃θ, θ) =
1√

‖Df [x̃θ]v(x, x̃θ)‖2 + 1

(
−Df [x̃θ]

T v(x, x̃θ)
v(x, x̃θ)

)
or, denoting w(x, x̃θ) = σ√

‖Df [x̃θ]T v(x,x̃θ))‖2+1
v, we have

σ ~N(x, x̃θ) =

(
−Df [x̃θ]

Tw(x, x̃θ)
w(x, x̃θ)

)
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Using this pronunciation of ~N we can rewrite the above equation as(
−Df [x̃θ]

Tw(x, x̃θ)
w(x, x̃θ)

)
=

(
x

f(x)

)
−
(

x̃θ
f(x̃θ)

)
+

(
0
θ̄

)
g(x, θ). (104)

From Eq. (99) in the proof of Lemma 33 we know that g(x, θ) = −f(x)T θ̄+ f(x̃θ)
T θ̄+

√
∆,

near x = 0, where ∆ is defined in Eq. (100). Combining this with the last D− d equations
we get,

w(x, x̃θ) =
(
f(x)− f(x̃θ) + θ̄

(
−f(x)T θ̄ + f(x̃θ)

T θ̄ +
√

∆
))

. (105)

Looking at the first d equations of (104), we have

−Df [x̃θ]
Tw(x, x̃θ)− x+ x̃θ = 0.

Denoting the function

G(x, x̃θ) = −Df [x̃θ]
Tw(x, x̃θ)− x+ x̃θ, (106)

we aim at using the Inverse Function Theorem (IFT) to compute Jx̃θ . First, we compute

DxG and Dx̃θG , the partial differentials of G with respect to the variables x and x̃θ:

DxG[x, x̃θ] = −Df [x̃θ]
TDxw[x, x̃θ]− Id

Dx̃θG [x, x̃θ] = −Hf(x̃θ)
w −Df [x̃θ]

TDx̃θw [x, x̃θ] + Id,

where Hf(x̃θ)
w ∈ Rd×d is the tensor Hessian of f(x̃θ) : Rd → RD−d projected onto the

target direction w ∈ RD−d; that is

Hf(x̃θ)
w =

(
∂
(
Df [x̃θ]

T
)

∂x̃1
w

∣∣∣∣∣ ∂
(
Df [x̃θ]

T
)

∂x̃2
w

∣∣∣∣∣ · · ·
∣∣∣∣∣∂
(
Df [x̃θ]

T
)

∂x̃d
w

)
. (107)

Notice that Df [x̃θ]
T ∈ Rd×D−d; therefore, ∂x̃jDf [x̃θ]

T ∈ Rd×D−d and ∂x̃jDf [x̃θ]
Tw ∈ Rd.

Next, using the IFT we have that

Jx̃θ = −(Dx̃θG )−1DxG =
(
Id −Df [x̃θ]

TDx̃θw +Hf(x̃θ)
w
)−1 (

Id +Df [x̃θ]
TDxw

)
,

and thus

Jx̃θ [0] = (A(Id −A−1B))−1A = (Id −A−1B)−1A−1A = (Id −A−1B)−1,

where
A = Id +Df [x̃θ(0)]TDxw[0, x̃θ(0)], (108)

B = Df [x̃θ(0)]T (Dxw[0, x̃θ(0)] +Dx̃θw [0, x̃θ(0)]) +Hf(x̃θ(0))w. (109)

From Lemma 35 we have that ‖A−1B‖ ≤ O(στ ) ≤ 1/2 for σ/τ smaller than some constant,
and thus, using the first order approximation of this term we get that there is a matrix

E =

∞∑
t=2

(A−1B)t

65



Aizenbud and Sober

such that
Jx̃θ = (Id −A−1B)−1 = Id +A−1B + E ,

and with

‖E‖ ≤ ‖A−1B‖
∞∑
t=1

1

2t
= ‖A−1B‖.

Thus we have,

‖Id − Jx̃θ‖ ≤ 2‖A−1B‖ = O(
σ

τ
) (110)

Lemma 35 Let the conditions of Lemma 34 hold and let A and B be as defined in (108)
and (109). Then,

‖A−1B‖ ≤ O(
σ

τ
)

Proof We begin by noting that

‖A−1B‖ ≤ ‖A−1‖‖B‖,

where
A = Id +Df [x̃θ(0)]TDxw[0, x̃θ(0)],

B = Df [x̃θ(0)]T (Dxw[0, x̃θ(0)] +Dx̃θw [0, x̃θ(0)]) +Hf(x̃θ(0))w.

Moreover,

A−1 = (Id +Df [x̃θ(0)]TDxw[0, x̃θ(0)])−1 = Id +

∞∑
t=1

(Df [x̃θ(0)]TDxw[0, x̃θ(0)])t.

From Lemma 37 we have that ‖Dxw[0, x̃θ(0)]‖ = O(sinα), where we remind the reader that
Dxw[x, x̃θ] is the partial differential of w(x, x̃θ) with respect to the x variables only. And,
from Lemma 40we have that ‖Df [x̃θ(0)]‖2 ≤ sin(α+ cστ α) . Thus ‖Df [x̃θ]

TDxw[0, x̃θ(0)]‖ =
O(sinα), and thus, for α smaller than some constant we have

‖A−1‖ = 1 +O(sin2 α) (111)

Furthermore, from Lemma 37 we also know that (Dxw[0, x̃θ(0)]+Dx̃θw [0, x̃θ(0)]) = O(στ sinα)
and so

‖Df [x̃θ(0)]T (Dxw[0, x̃θ(0)] +Dx̃θw [0, x̃θ(0)])‖ ≤ O(
σ

τ
sin2 α).

Combining this bound with the fact that ‖Hf(x̃θ(0))w‖ ≤ O(στ ) shown in Lemma 36 we
have

‖B‖ ≤ ‖Df [x̃θ]
T (Dxw +Dx̃θw )‖+ ‖Hf(x̃θ)

w‖ ≤ O(
σ

τ
) +O(

σ

τ
sin2 α). (112)

Finally, from (111) and (112) we have that for α smaller than some constant

‖A−1B‖ ≤ O(
σ

τ
)

66



Estimation of Local Geometric Structure on Manifolds from Noisy Data

Lemma 36 Let the conditions of Lemma 34 and let Hf(x̃θ(0))w be as defined in (107).
Then, we have

‖Hf(x̃θ(0))w‖op =

√
2σ

τ
+O

(
σ sinα

τ

)
Proof We denote the tensor Hessian of f : Rd → RD−d at x̃θ(0) by Hf(x̃θ(0)) : Rd×Rd →
RD−d. For brevity of notation, throughout this proof we will use H instead of Hf(x̃θ(0)).
For any chosen direction u ∈ RD−d (i.e., a unit vector), H can be thought of as a function:
Hu : Rd × Rd → R defined as Hu(v1, v2) = 〈H(v1, v2), u〉. We note that this definition is
consistent with the definition of Hf(x̃θ(0))u in (107). Given v ∈ Rd, ‖v‖ = 1 we also define
Hv : Rd → RD−d as Hv(·) = H(v, ·). Note, that for any w ∈ RD−d

‖Hw‖op = sup
v1,v2∈Sd

|〈H(v1, v2), w〉| ≤ sup
v1,v2∈Sd

‖H(v1, v2)‖2 ‖w‖2 = ‖w‖2 sup
v∈Sd
‖Hv‖op,

where the right-most equality is true since H is symmetric.
Thus, in essence, we need to bound ‖Hv‖op for an arbitrary v. From the definition of

Hv we know that

Hv = lim
t→0

Df [x̃θ(0)]−Df [x̃θ(0) + tv]

t
.

Then, from Lemma 15 we have for small t

sin(∠max(Tx̃θf, Tx̃θ+tvf)) ≤ t

τ
(1 + tan2 β) +O(t2/τ2)

where β = ∠max(Tx̃θf,H). Therefore, applying Lemma 39 we get

‖Df [x̃θ(0)]−Df [x̃θ(0) + tv]‖op ≤
t

τ
(1 + tan2 β)(1 + sinβ) +O(t2/τ2),

and we get

‖Hv‖ ≤
1

τ
(1 + tan2 β)(1 + sinβ).

Furthermore, from Lemma 43 we know

β ≤ α+ c1α
σ

τ
,

and so,

‖Hv‖ ≤
1

τ
(1 + tan2

(
α+ c1α

σ

τ

)
)(1 + sin

(
α+ c1α

σ

τ

)
) =

1

τ
+O(

sinα

τ
).

Thus, we obtain

‖Hw‖ ≤ ‖w‖
(

1

τ
+O(

sinα

τ
)

)
. (113)

Hence, all we are left with is bounding ‖w(0, x̃θ(0))‖. From Eq. (105), Lemma 40, and
Lemma 37, we have

‖w(0, x̃θ(0))‖ = ‖f(0)− f(x̃θ(0)) + θ
(
−f(0) · θ + f(x̃θ(0)) · θ +

√
∆(0, x̃θ(0))

)
‖
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≤ ‖f(0)− f(x̃θ(0))‖+ |(−f(0) + f(x̃θ(0))) · θ|+
√

∆(0, x̃θ(0))

≤ 2σ sinα+ 2σ sinα+
√

2σ

≤
√

2σ + 4σ sinα

Since ‖w‖ ≤
√

2σ +O(sinα) we have from Eq. (113)

‖Hw‖ ≤
√

2σ

τ
+O(

σ sinα

τ
)

Lemma 37 Let the conditions of Lemma 34 hold, let w(x, x̃θ) be as defined in (105), x̃θ(x)
be as defined in (88), and ∆ as defined in (100). Denote by Dxw,Dx̃θw the partial differentials
of w with respect to the variables x and x̃θ. Then, for α smaller than some constant

1

2
σ2 ≤ ∆(0, x̃θ(0)) ≤ 2σ2, (114)

‖Dx̃θw [0, x̃θ(0)]‖ ≤ O(sinα) ‖Dxw[0, x̃θ(0)]‖ ≤ O(sinα), (115)

and

‖Dx̃θw [0, x̃θ(0)] +Dxw[0, x̃θ(0)]‖ ≤ O(
σ

τ
sinα). (116)

Proof First we bound ∆ from Eq. (100) at x = 0, x̃θ = xθ(0) using Lemma 40, and
assuming α is smaller than some constant.

∆(0, x̃θ(0)) = σ2 + (f(0)T θ − f(x̃θ(0))T θ)2 − ‖0− x̃θ(0)‖2 − ‖f(0)− f(x̃θ(0))‖2

≥ σ2 − ‖x̃θ(0)‖2 − 2‖f(0)− f(x̃θ(0))‖2

≥ σ2 − 2σ2 sin2 α− 4σ2 sin2 α

≥ σ2(1− 6 sin2 α)

≥ 1

2
σ2. (117)

Similarly,

∆(0, x̃θ(0)) = σ2 + (f(0)T θ − f(x̃θ(0))T θ)2 − ‖0− x̃θ(0)‖2 − ‖f(0)− f(x̃θ(0))‖2

≤ σ2 + ‖x̃θ(0)‖2 + 2‖f(0)− f(x̃θ(0))‖2

≤ σ2 + 2σ2 sin2 α+ 4σ2 sin2 α

≤ σ2(1 + 6 sin2 α)

≥ 2σ2. (118)

and thus we showed Eq. (114).

68



Estimation of Local Geometric Structure on Manifolds from Noisy Data

Next we compute Dxw and Dx̃
w

Dxw =Df [x] + θ(θTDf [x])

+
1√
∆
θ
(
2(f(x) · θ − f(x̃θ) · θ)θTDf [x]− 2(x− x̃θ)T − 2(f(x)− f(x̃θ))

TDf [x]
)

=

(
ID−d + θθT +

1√
∆
θ
(
2(f(x)T − f(x̃θ)

T )(θθT − ID−d)
))
Df [x]− 2√

∆
θ(x− x̃θ)T

,

(119)

Dx̃θw =−Df [x̃θ]− θ(θTDf [x̃θ])

+
1√
∆
θ
(
−2(f(x) · θ − f(x̃θ) · θ)θTDf [x̃θ] + 2(x− x̃θ)T + 2(f(x)− f(x̃θ))

TDf [x̃θ]
)

=−
(
ID−d + θθT +

1√
∆
θ
(
2(f(x)T − f(x̃θ)

T )(θθT − ID−d)
))
Df [x] +

2√
∆
θ(x− x̃θ)T

.

(120)

From Eq. (119), Lemma 40, and Eq. (114), we have that

‖Dxw[0, x̃θ(0)]‖ ≤‖ID−d + θθT +
1√
∆
θ
(
2(f(0)T − f(x̃θ(0))T )(θθT − ID−d)

)
‖op‖Df [0]‖op

+
2√
∆
‖(0− x̃θ(0))T ‖2

≤O(sinα)

Similarly, from Eq. (120), Lemma 40, and Eq. (114), we have that

‖Dxw[0, x̃θ(0)]‖ ≤ O(sinα) (121)

Thus, we showed (115).

Now we show (116). From (119) and (120) we have

σDxw + σDx̃θw = Df [x]−Df [x̃θ] + θθT (Df [x]−Df [x̃θ])

+
1√
∆
θ

(
2(f(x) · θ − f(x̃θ) · θ)θT − 2(f(x)− f(x̃θ))

T

)
(Df [x]−Df [x̃θ])

=

(
ID−d + θθT +

1√
∆
θ

(
2(f(x)T − f(x̃θ)

T )θθT − 2(f(x)− f(x̃θ))
T

))
(Df [x]−Df [x̃θ])

=

(
ID−d + θθT +

2√
∆
θ(f(x)T − f(x̃θ)

T )(θθT − ID−d)
)

(Df [x]−Df [x̃θ])

(122)
Since we are bounding for x = 0, we have from Lemma 40, that ‖f(0) − f(x̃θ(0))‖ ≤
O(σ sin2 α), for α smaller than some constant. Taking the norm of (122) we have that

‖σDxw + σDx̃θw ‖ ≤
∥∥∥∥ID−d + θθT +

2√
∆
θ(f(x)T − f(x̃θ)

T )(θθT − ID−d)
∥∥∥∥ ‖Df [x]−Df [x̃θ]‖
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From Eq. (114) and Lemma 38 we have,

‖σDxw + σDx̃θw ‖ = O(
σ

τ
sinα)

Lemma 38 Let f be a differentiable function from H, a d-dimensional subspace of RD,
to RD−d. Assume, ∠max(T0f,H) ≤ α and that rch(Γf ) the reach of Γf (the graph of the
function f), is bounded by τ .

‖Df [x̃θ(0)]−Df [0]‖op ≤
σ sin(α+ cστ α)

τ
(1 + tan2 α)(1 + sinα) +O(σ2 sin2(α)/τ2)

or

‖Df [x̃θ(0)]−Df [0]‖op ≤ O(
σ

τ
sinα),

for α smaller than some constant and some constant c ∈ R.

Proof From Lemma 15 we have that

sin(∠max(T0f, Tx̃θf)) ≤ ‖x̃θ‖
τ

(1 + tan2 α) +O(‖x̃θ‖2 /τ2)

From Lemma 40, we have ‖x̃θ‖ ≤ σ sin(α+ cαστ ), for some general constant c, and thus

sin(∠max(T0f, Tx̃θf)) ≤
σ sin(α+ cαστ )

τ
(1 + tan2 α) +O(σ2 sin2(α)/τ2)

Moreover, we have that

sin(∠max(T0f,H)) ≤ sinα

Using Lemma 39 we have

‖Df [x̃θ]−Df [x]‖ ≤
σ sin(α+ cαστ )

τ
(1 + tan2 α)(1 + sinα) +O(σ2 sin2(α)/τ2)

Lemma 39 Let L1, L2 be two linear operators from H a d-dimensional subspace of RD to
RD−d. Let, ∠max(H, (H,L1(H))H) ≤ α, where (H,L1(H)H) is the subspace spanned by H
and L1(H), the target space of L1. Furthermore, let ∠max((H,L1(H))H , (H,L2(H))H) ≤ β.
Then,

‖L1 − L2‖op ≤ sinβ(1 + sinα).

Proof For any x ∈ H, ‖x‖ = 1, from Lemma 31, there is y ∈ H such that

‖(x, L1(x))− (y, L2(y))‖ ≤ sinβ.
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Therefore,

‖x− y‖2 + ‖L1(x)− L2(y)‖2 = ‖(x, L1(x))− (y, L2(y))‖2 ≤ sin2 β,

and

‖x− y‖ ≤ sinβ , ‖L1(x)− L2(y)‖ ≤ sinβ.

Note, that ‖L1(y)−L1(x)‖ ≤ ‖L1‖op‖x− y‖. Since ∠max(H, (H,L1(H))) ≤ α we have that
‖L1‖op ≤ sinα, and we get that

‖L1(y)− L1(x)‖ ≤ sinα sinβ.

Furthermore,

‖L1(x)−L2(x)‖ = ‖L1(x)−L1(y) +L1(y)−L2(x)‖ ≤ ‖L1(x)−L1(y)‖+ ‖L1(y)−L2(x)‖,

and so

‖L1(x)− L2(x)‖ ≤ sinβ(1 + sinα).

Lemma 40 Let the conditions of Lemma 29 hold. Let x̃θ(x) be as defined in equation (88)
in the proof of Lemma 29. Then, for α smaller than some constant and τ

σ larger than some
constant, we have

‖x̃θ(0)‖ ≤ σ sin(α+ c1
σ

τ
α) (123)

‖f(x̃θ(0))− f(0)‖ ≤ 2σ sin(α+ c1
σ

τ
α) tanα (124)

‖Df [0]‖2 ≤ sinα (125)

‖Df [x̃θ(0)]‖2 ≤ sin(α+ c1
σ

τ
α) (126)

Proof In essence, this lemma is a summary and rewriting of results from other lemmas
which are meant to be used conveniently in the proof of Lemma 29. Accordingly, (123) is
already achieved in Lemma 41. Then, from Lemma 14 we have

‖f(x̃θ(0))‖ ≤ ‖x̃θ(0)‖ tanα+O(‖x̃θ(0)‖2/τ).

Thus, for α and σ
τ smaller than some constants, we achieve Eq. (124). Next, since

∠max(H,T0f) ≤ α, by Lemma 31 we have (125). Finally, denoting β(x̃θ(0)) = ∠max(Tx̃θ(0)f,H)
by Lemma 31 we have ‖Df [x̃θ(0)]‖2 ≤ sinβ(x̃θ(0)), and combining this with Lemma 43 we
obtain (126)
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Lemma 41 3Let the conditions of Lemma 29 hold. Let x̃θ(x) be as defined in equation
(88) in the proof of Lemma 29. Then, for any unit vector θ ∈ RD−d, if α, στ are smaller
than some constants, we have

‖x̃θ(0)‖ ≤ σ sin(α+ c
σ

τ
α)

for some general constant c ∈ R.

Proof From Lemma 42, we get

‖x̃θ(0)‖ ≤ σ sinβ(x̃θ(0)) (127)

where β(x̃θ(0)) = ∠max(Tx̃θ(0)f,H). Then, using Lemma 43 we get

α− c2α
σ

τ
≤ β(x̃θ(0)) ≤ α+ c1α

σ

τ
.

Thus, we obtain

‖x̃θ(0)‖ ≤ σ sin(α+ c
σ

τ
α),

for c = max(c1, c2) as required.

Lemma 42 Let the conditions of Lemma 29 hold. Let x̃θ(x) be as defined in equation
(88) in the proof of Lemma 29. Let Tx̃θ(0)f be the tangent to the graph of f at the point
(x̃θ(0), f(x̃θ(0))), β(x̃θ(0)) = ∠max(Tx̃θ(0)f,H). Then,

‖x̃θ(0)‖ ≤ σ sinβ(x̃θ(0))

Proof From (88) of the proof of Lemma 29 (or more conveniently (97) from the proof of
Lemma 33) we have that

‖x− x̃θ‖ = σ‖ProjH( ~Nθ(x, x̃θ, θ))‖,

Using Lemma 9, since ~Nθ ∈ Tx̃θ(0)f
⊥ we have that

‖ProjH( ~Nθ(x, x̃θ, θ))‖ ≤ cos(
π

2
− β(x̃θ(0))) = sin(β(x̃θ(0))),

and thus
‖x̃θ(0)‖ = σ sin(β(x̃θ(0)))

Lemma 43 Let the conditions of Lemma 29 hold. Let x̃θ(x) be as defined in equation (88)
in the proof of Lemma 29. Let x0 ∈ H be such that ‖x0‖ ≤ ‖x̃θ(0)‖. Denote β(x) =
∠max(Txf,H) and let α = β(0). Then,

α
(

1− c2
σ

τ

)
≤ β(x0) ≤ α

(
1 + c1

σ

τ

)
,

for some general constants c1, c2.
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Proof For convenience of notations we denote in this proof

β
4
= β(x0).

Using the result of Lemma 20 we achieve

α− 2
‖x0‖
τ

(1 + α) + c‖x0‖2/τ2 ≤ β(x0) ≤ α+ 2
‖x0‖
τ

(1 + α) + c‖x0‖2/τ2,

for some constant c ∈ R. and from the fact that ‖x0‖ ≤ ‖x̃θ(0)‖ we get

α−2
‖xθ(0)‖

τ
(1+α)+c‖xθ(0)‖2/τ2 ≤ β(xθ(0)) ≤ α+2

‖xθ(0)‖
τ

(1+α)+c‖xθ(0)‖2/τ2, (128)

From Lemma 42 we know that

‖x̃θ(0)‖ ≤ σ sinβ,

where for brevity we write β = β(xθ(0)). So, we get

β − α ≤ 2
σ

τ
sinβ (1 + α) + c

σ2

τ2
sin2β

β − α ≤ 2
σ

τ
β(1 + α) + c

σ2

τ2
β2

0 ≤ cσ
2

τ2
β2 + β(2

σ

τ
+ 2

σ

τ
α− 1) + α,

The right hand side of this expression is a parabola with respect to β. Note, that for
σ
τ = 0 the roots are β = α. Solving this parabola we get the roots

β+,− =
1− 2στ (1 + α)±

√(
1− 2στ )1 + α)

)2 − 4cσ
2

τ2α

2cσ
2

τ2

Note that the root with the + sign is of order τ2

σ2 and therefore β must be smaller than β−.

β− =
1− 2στ (1 + α)−

√(
1− 2στ (1 + α)

)2 − 4cσ
2

τ2α

2cσ
2

τ2

=
(1− 2στ (1 + α))2 −

(
1− 2στ (1 + α)

)2
+ 4cσ

2

τ2α

2cσ
2

τ2

(
1− 2στ (1 + α) +

√(
1− 2στ (1 + α)

)2 − 4cσ
2

τ2α

)
=

4cσ
2

τ2α

2cσ
2

τ2

(
1− 2στ (1 + α) +

√
1− 4στ (1 + α) + 4σ

2

τ2 (1 + α)2 − 4cσ
2

τ2α

)
=

2α

1− 2στ (1 + α) +
√

1− 4στ (1 + α) + 4σ
2

τ2 ((1 + α)2 − cα)
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From Remark 2 we have

β− ≤ (2α)

(
1− 2

σ

τ
(1 + α) + 1− 4

σ

τ
(1 + α) + 4

σ2

τ2

(
(1 + α)2 − cα

))−1

= α

(
1− 3

σ

τ
(1 + α) + 2

σ2

τ2

(
(1 + α)2 − cα

))−1

Since for small enough x we have that 1/(1− x) ≤ 1 + 2x, we have for large enough M ,

β− ≤ α
(

1 + 6
σ

τ
(1 + α)− 4

σ2

τ2

(
(1 + α)2 − cα

))
≤ α

(
1 + 10

σ

τ
(1 + α)

)
≤ α

(
1 + c1

σ

τ

)
(129)

On the other hand, taking the left hand side of (128) we obtain similarly

α− 2
‖xθ(0)‖

τ
(1 + α) + c‖xθ(0)‖2/τ2 ≤ β(xθ(0))

α− 2
‖xθ(0)‖

τ
(1 + α) ≤ β

α− 2
σ

τ
β(1 + α) ≤ β

α ≤ β
(

1 + 2
σ

τ
(1 + α)

)
α

1 + 2στ (1 + α)
≤ β

and since 1/(1 + x) = 1− x+O(x2) and σ/τ is sufficiently small we get

α
(

1− c2
σ

τ

)
≤ β (130)

Combining (130) and (129) we conclude the proof.

C.2.2 Bounding the finite sample error

Back to Theorem 3 proof road-map see Figure 3.
In this section we show that ∠max(T0f̃`, H`+1) the angle between the tangent of f̃`(0) and
the tangent estimated using n samples decays to zero as n→∞. Namely, the main result
of this subsection appears in the lemma below.

Lemma 44 Let (q`, H`) be defined in Algorithm 2 and π∗q`,H`(x) be defined in (10) and let
H`+1 = T0π

∗
q`,H`

the tangent to the graph of π∗q`,H` at π∗q`,H`(0). Then, for all δ > 0 there is
Nδ such that for all n > Nδ we have with probability 1− δ

∠max(T0f̃`, H`+1) ≤ 2
√
d
C0 ln(1/δ)

nr1
,

where r1 = k−1
2k+d and C0 is a constant.
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Proof We first note that it is sufficient to bound the error of estimating the image of
D
f̃`

[0], the differential of f̃`(x) at 0, by the image of Dπ∗q`,H` [0], the differential of the local

polynomial least-squares regression π∗q`,H` . Explicitly, if

‖Dπ∗q`,H` [0]−D
f̃`

[0]‖op ≤
√
d
C0 ln(1/δ)

nr1
,

then, by using Lemma 30 we get that

sin(∠max(T0f̃`, T0π
∗
q`,H`

)) ≤
√
d
C0 ln(1/δ)

nr1
,

which for sufficiently large n yields

∠max(T0f̃`, T0π
∗
q`,H`

) ≤ 2
√
d
C0 ln(1/δ)

nr1
,

as required.
Therefore, it is sufficient to show that for any δ there is Nδ such that for all n > Nδ we

have

‖Dπ∗q`,H` [0]−D
f̃`

[0]‖op ≤
√
d
C0 ln(1/δ)

nr1
,

with probability of at least 1 − δ. Let us reiterate the minimization problem by which we
derive the approximant. Namely, given a sample {ri}ni=1 drawn i.i.d from Unif(Mσ), and a
coordinate system (q,H) ∈ RD ×Gr(d,D) we look for a polynomial π∗q,H minimizing

J2(π | q,H) =
1

Nq,H

∑
ri∈UnROI

‖ri − π(xi)‖2 , (131)

where xi are the projections of ri−q onto H, and UnROI(q,H) is defined through a bandwidth
εn as

UnROI(q,H) = {ri ∈ UROI | dist(xi, q) < εn}, (132)

and Nq,H denotes the number of samples in UnROI(q,H). Explicitly,

π∗q`,H` = argmin
π∈Πd7→Dk−1

J2(π | q`, H`). (133)

We demand that the bandwidth εn → 0 as n→∞ such that

0 < lim
n→∞

N1/(2k+1) · εn <∞. (134)

And, the approximation is defined through Dπ∗q`,H` [0]

From Lemma 45 we can apply Theorem 3.2 from Aizenbud and Sober (2021a) that
gives convergence rates for local polynomial regression of vector valued functions in our
case. Thus, we have that for every direction in the basis {xj}dj=1 ⊂ H` and every δ there
exists Nδ such that for all n > Nδ we have

Pr(‖∂xjπ∗q`,H`(0)− ∂xj f̃`(0)‖ > C0 ln(1/δ)r1

nr1
) < δ,
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where r1 = k−1
2k+d and C0 is a constant. Notice that r1 ≤ 1/2, and thus

Pr(‖∂xjπ∗q`,H`(0)− ∂xj f̃`(0)‖ > C0 ln(1/δ)

nr1
) < δ.

Thus, taking into account all d directions of the basis to H` we get that there are C and
Nδ such that for all n > Nδ

Pr(‖∂xjπ∗q`,H`(0)− ∂xj f̃`(0)‖ > C0 ln(1/δ)

nr1
for any 1 ≤ j ≤ d) < dδ,

and thus

Pr(‖Dπ∗q`,H` [0]−D
f̃`

[0]‖op >
√
d
C0 ln(1/δ)

nr
) < dδ,

as required.

In order to use convergence rate results of local polynomial regression for vector valued
functions as described in Theorems 3.1 and 3.2 of Aizenbud and Sober (2021a) in our case, we
need to show that the noise distribution η` defined in (23) is such that ‖ cov(η`)‖ ≤

√
c/D.

Lemma 45 Let H` ∈ Gr(d,D), and let f` : H` ' Rd → RD−d, defined as in (15). Let η`
defined in (23). Denote α` = ∠max(T0f`, H`) and assume α` < 1/D1/4. Then,

‖ cov(η`)‖op ≤
√

cσ

D − d

Proof For ease of notation, denote D̃ = D − d. Since we are interested in bounding

‖ cov(η`)‖op = max
~x∈S

D̃−1

~xT cov(η`)~x (135)

we note that
~xT cov(η`)~x = Var(η` · ~x).

Thus, rewriting (135) we have

‖ cov(η`)‖op = max
~x∈S

D̃−1

~xT cov(η`)~x = max
~x∈S

D̃−1

Var(η` · ~x) ≤ max
~x∈S

D̃−1

E((η` · ~x)2) (136)

Thus, our goal is to bound, for any ~z ∈ S
D̃−1

the expression E((η` ·~z)2). From the definition
of g and Ω in (87) and (22), we have that

E((η` · ~z)2) =

∫
y∈Ω(x)

(y · ~z)2dy∫
y∈Ω(x)

dy
=

∫
S
D̃−1

g(x,θ)∫
0

(θ · ~z)2r2rD̃−1drdθ

∫
S
D̃−1

g(x,θ)∫
0

rD̃−1drdθ

=

D̃
∫

S
D̃−1

(θ · ~z)2g(x, θ)D̃+2dθ

(D̃ + 2)
∫

S
D̃−1

g(x, θ)D̃drdθ
, (137)
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where dr is the measure over the radial component, rD̃−1 is the Jacobian introduced by the
change of variables and dθ is the measure over the (D̃ − 1)-dimensional sphere.

Following the rationale of the proof of Lemma 29, we split S
D̃−1

into Ω1 and Ω2 of (90).
That is,

Ω1 = {θ | 0 ≤ ~zT θ ≤ ξ}
Ω2 = {θ | ~zT θ > ξ}

,

for some ξ to be chosen later. Thus, denoting z = θT~z we rewrite (137) as‘

E((η` · ~z)2) =

D̃

(∫
Ω1

z2g(x, θ)D̃+2dθ +
∫

Ω2

z2g(x, θ)D̃+2dθ

)
(D̃ + 2)

∫
S
D̃−1

g(x, θ)D̃dθ

≤
D̃

(
ξ2
∫

Ω1

g(x, θ)D̃+2dθ +
∫

Ω2

g(x, θ)D̃+2dθ

)
(D̃ + 2)

∫
S
D̃−1

g(x, θ)D̃dθ

Since the conditions of Lemma 32 are met, we have σ ≤ g(0, θ) ≤ σ + 4σα2
` , and thus

E((η` · ~z)2) ≤
D̃

(
ξ2
∫

Ω1

g(x, θ)D̃+2dθ +
∫

Ω2

g(x, θ)D̃+2dθ

)
(D̃ + 2)

∫
S
D̃−1

g(x, θ)D̃dθ

≤
D̃σ2(1 + 4α2

` )
2

(
ξ2
∫

Ω1

g(x, θ)D̃dθ +
∫

Ω2

g(x, θ)D̃dθ

)
(D̃ + 2)

∫
S
D̃−1

g(x, θ)D̃dθ

≤
D̃σ2(1 + 4α2

` )
2

D̃ + 2

ξ2 +

∫
Ω2

g(x, θ)D̃dθ∫
S
D̃−1

g(x, θ)D̃dθ



≤
D̃σ2(1 + 4α2

` )
2

D̃ + 2

ξ2 +

σD̃(1 + 4α2
` )
D̃
∫

Ω2

dθ

σD̃
∫

S
D̃−1

dθ


≤
D̃σ2(1 + 4α2

` )
2

D̃ + 2

(
ξ2 +

(1 + 4α2
` )
D̃

ξ
√
D̃ − 1

e−(D̃−1)ξ2/2

)
,
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where the last inequality comes from Eq. (92). Since α` < 1/D1/4 we have that (1 + 4α2
` )
D̃

is bounded by some constant c. Choosing ξ = 2

√
log(D̃−1)

D̃−1
we have

E((η` · ~z)2) ≤
D̃σ2(1 + 4α2

` )
2

D̃ + 2

4
log(D̃ − 1)

D̃ − 1
+

c

2

√
log(D̃ − 1)

(D̃ − 1)−2


≤ c1σ

2 log(D̃ − 1)

D̃ − 1
≤
√
cσ

D̃

for some constants c, c1. Combining with Eq. (136), we conclude the proof.

C.2.3 Bounding the distance of q` from f`(0)

Back to Theorem 3 proof road-map see Figure 3.

Lemma 46 For f` defined in (15). Denote α` = ∠max(T0f`, H`) and assume α` < 1/D.
Then, for any δ there is N such that for any number of samples n > N , we have

‖π∗r,H`(0)− f`(0)‖ ≤ 8σDα2
` +

c ln
(

1
δ

)
nr0

.

with probability of at least 1− δ, where r0 = k
2k+d and π∗r,H`(0) is the polynomial defined in

Equation (10), and c is some general constant.

Proof Using the triangle inequality, we have

‖π∗r,H`(0)− f`(0)‖ ≤ ‖π∗r,H`(0)− f̃`(0)‖+ ‖f̃`(0)− f`(0)‖. (138)

Applying Theorem 2.1 of Aizenbud and Sober (2021a) on ‖π∗r,H`(0)− f̃`(0)‖ we have that

‖π∗r,H`(0)− f̃`(0)‖ ≤
c ln

(
1
δ

)
nr0

(139)

with probability of at least 1− δ.
Now we focus on bounding ‖f̃`(0)− f`(0)‖. From (89) we have that

f̃`(x)− f`(x) =

D̃
∫

S
D̃−1

θg(x, θ)D̃+1dθ

(D̃ + 1)
∫

S
D̃−1

g(x, θ)D̃drdθ
=

D̃
∫

S
D̃−1

θ(g(x, θ)D̃+1 − σD̃+1)dθ

(D̃ + 1)
∫

S
D̃−1

g(x, θ)D̃drdθ

or, looking at some direction ~z we have

zT · (f̃`(x)− f`(x)) =

D̃
∫

S
D̃−1

z(g(x, θ)D̃+1 − σD̃+1)dθ

(D̃ + 1)
∫

S
D̃−1

g(x, θ)D̃dθ
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≤ D̃

(D̃ + 1)
σ((1 + 4α2

` )
D̃+1 − 1)

We note that for x < 1/n the following holds

(1 + x)n − 1 < x((1 + 1/n)n − 1)/(1/n) < nx(e− 1) < 2nx.

Using the above observation, and the fact that 4α2
` < D̃ + 1 we have that

zT · (f̃`(x)− f`(x)) ≤ 8σD̃

(D̃ + 1)
(D̃ + 1)α2

` ≤ 8σDα2
`

Combining this with (138) and (139), we have that for any δ > 0, for α` >
1
D , and for

number of samples n > N large enough,

‖π∗r,H`(0)− f`(0)‖ ≤ 8σDα2
` +

C2 ln
(

1
δ

)
nr0

,

with probability of at least 1− δ.

C.2.4 Bounding the error induced by the shifted origin

Figure 15: Illustration of the difference between p and f0(0).

Back to Theorem 3 proof road-map see Figure 3.

Lemma 47 Let G0 be a d-dimensional linear space in RD, and let g0 : G0 → RD−d, such
that the graph of g0 is a manifold with reach bounded by τ . Assume that ∠max(T0g0, G0) ≤
α. Let G1 be a d dimensional linear space in RD, such that ∠max(G0, G1) ≤ β. Define
g1 : G1 → RD−d as the function who’s graph coincides with the graph of g0.
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Then, for α ≤ π/16, β ≤ βc where βc is some constant dependent only on cπ/4 of Lemma
17, and ‖g0(0)‖ ≤ cπ/4 · τ , for the constant cπ/4 defined in Lemma 17, we have

∠max(G1, T0g1) ≤ ∠max(T0g0, G1) +
4‖g0(0)‖ (2 + ‖g0(0)‖/τ)β

τ

Moreover,
‖g1(0)‖ ≤ ‖g0(0)‖(1 + (α+ β)2(3 + 2‖g0(0)‖/τ))

We first need a supporting lemma that will show us that g1 exists, and specifically, g1(0)
exist.

Lemma 48 Under the conditions of Lemma 47, g1(0) exists and

‖ProjT0g0(o1 + (0, g1(0))G1 − õ1)‖ ≤ τ/2,

where o1 = (0, 0)G0 is the origin and õ1 = (0, g0(0))G0.

Proof We begin with defining the coordinate system (õ1, G1) with õ1 = (0, g0(0))G0 . Let
g̃1 : (õ1, G1) ' Rd → RD−d be the function defined in Lemma 17, such that

Γg̃1
=M∩ Cyl(õ1, cπ/4τ, τ/2)

From Lemma 17 we know that g̃1 is defined for any x ∈ Rd such that ‖x‖ ≤ cπ/4τ . Now, we
denote xo = ProjG1(o1 − õ1), the projection of o1 onto the affine space defined by (õ1, G1).
From the assumptions we know that ‖õ1 − o1‖ ≤ cπ/4τ . Since ∠max(G1, G0) ≤ β from
Lemma 8 we have that ‖xo‖ ≤ cπ/4τ sinβ. Thus, for any β we have ‖xo‖ ≤ cπ/4τ , and
g̃1(xo) is therefore defined (by Lemma 17). Since g̃1 identifies with g1 up to some shift in
the domain and target, it follows that g1(0) is well defined.

Next we bound ‖ProjT0g0(o1 + (0, g1(0))G1 − õ1)‖. Since g̃1(0) = 0, from Lemma 19 and
the triangle inequality for maximal angles between flats we have that

‖g̃1(xo)‖ ≤ τ cos(α+ β)−
√
τ2 − (‖xo‖+ τ sin(α+ β))2

Substituting ‖xo‖ in the right hand side we set

‖g̃1(xo)‖ ≤ τ cos(α+ β)−
√
τ2 − (τcπ/4 sinβ + τ sin(α+ β))2

= τ
(

cos(α+ β)−
√

1− (cπ/4 sinβ + sin(α+ β))2
)

(140)

Since

‖ProjT0g0(o1 + (0, g1(0))G1 − õ1)‖ ≤ ‖o1 + (0, g1(0))G1 − õ1)‖ =
√
‖g̃1(xo)‖2 + ‖xo‖2

= τ

√
c2
π/4 sin2 β +

(
cos(α+ β)−

√
1− (cπ/4 sinβ + sin(α+ β))2

)2

(141)

which, for small enough β (i.e., smaller than some constant βc depending only on cπ/4) and
fixed α is smaller than 0.5τ .
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Figure 16: Illustration of an angle change of a coordinate system. We have (o1, G0) as some coordi-
nate system. Locally we look at M (marked in solid red) as a graph of g0 : (o1, G0) →
G0 ⊥. The point õ1 equals g0(0). Let G1 be some rotated coordinate system and describe
M as a local graph of g1 : (o1, G1)→ G⊥1 .

Next we prove Lemma 47
Proof [proof of Lemma 47] We first note that from Lemma 48 (0, g1(0))G1 ∈ M exists.
Then, we denote by o1 the origin, õ1 = o1 + (0, g0(0))G0 and ō1 = o1 + (0, g1(0))G1 (see
Figure 16).

Denote ᾱ = ∠(o1, õ1, x0) − π/2 and β̄ = ∠(õ1, o1, ō1), where ∠(A,B,C) denotes the
angle between the straight lines AB and BC. Note that ᾱ ≤ α and β̄ ≤ β. Next, we bound
the distance between õ1 and xo, the intersection between G⊥1 and T0g0. Considering the
triangle o1, õ1, xo, and using the sine theorem, we have that

x =
‖g0(0)‖ sin β̄

cos(ᾱ+ β̄)
. (142)

Next, we bound ∆x, the distance between the point xo and the projection of ō1 on T0g0.
denote by y the distance between ō1 and T0g0 We have

∆x = y tan(ᾱ+ β̄). (143)

From Lemma B.6, we have that

y ≤ τ −
√
τ2 − (x+ ∆x)2 (144)

substituting (143) in (144), we have

y ≤ τ −
√
τ2 − (x+ y tan(ᾱ+ β̄))2.

Simple algebraic manipulations give us

y2(1 + tan2(ᾱ+ β̄))− y(2τ − 2x tan(ᾱ+ β̄)) + x2 ≥ 0.
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The above equation has two solutions.

y1 = cos2(ᾱ+ β̄)

(
τ − x tan(ᾱ+ β̄)−

√
τ2 − x2 − 2τx tan(ᾱ+ β̄)

)
,

y2 = cos2(ᾱ+ β̄)

(
τ − x tan(ᾱ+ β̄) +

√
τ2 − x2 − 2τx tan(ᾱ+ β̄)

)
and either 0 ≤ y ≤ y1 or y2 ≤ y.

Note that since x, ᾱ, β̄ are small, and using Remark 2√
τ2 − x2 − 2τx tan(ᾱ+ β̄) = τ

√
1− x2

τ2
− 2

1

τ
x tan(ᾱ+ β̄) (145)

≥ τ
(

1− x2

τ2
− 2

1

τ
x tan(ᾱ+ β̄)

)
(146)

= τ − x2/τ − 2x tan(ᾱ+ β̄), (147)

and thus,

y1 ≤ cos2(ᾱ+ β̄)
(
τ − x tan(ᾱ+ β̄)− τ + x2/τ + 2x tan(ᾱ+ β̄)

)
= cos2(ᾱ+ β̄)

(
x2/τ + x tan(ᾱ+ β̄)

)
,

y2 ≥ cos2(ᾱ+ β̄)
(
τ − x tan(ᾱ+ β̄) + τ − x2/τ − 2x tan(ᾱ+ β̄)

)
= cos2(ᾱ+ β̄)

(
2τ − 3x tan(ᾱ+ β̄)− x2/τ

)
for small x, ᾱ, and β̄, and large τ y2 > τ . Since y cannot be larger than τ we get that
0 ≤ y ≤ y1 = cos2(ᾱ+ β̄)

(
x2/τ + x tan(ᾱ+ β̄)

)
.

Substituting the above inequality into (143), we get

∆x ≤ cos(ᾱ+ β̄)
(
x2/τ + x tan(ᾱ+ β̄)

)
sin(ᾱ+ β̄),

and thus, using (142) and sin β̄ ≤ sin(ᾱ+ β̄), we have

x+ ∆x ≤ x
(
1 + cos(ᾱ+ β̄) sin(ᾱ+ β̄)

(
x/τ + tan(ᾱ+ β̄)

))
(148)

= x
(
1 +

(
‖g0(0)‖ sin β̄ sin(ᾱ+ β̄)/τ + sin2(ᾱ+ β̄)

))
(149)

≤ x
(
1 +

(
‖g0(0)‖ sin2(ᾱ+ β̄)/τ + sin2(ᾱ+ β̄)

))
(150)

= x
(
1 + sin2(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)
, (151)

substituting x from (142), we have

∆x ≤ cos(ᾱ+ β̄)

((
‖g0(0)‖ sin β̄

cos(ᾱ+ β̄)

)2
1

τ
+
‖g0(0)‖ sin β̄

cos(ᾱ+ β̄)
tan(ᾱ+ β̄)

)
sin(ᾱ+ β̄) (152)

=

((
‖g0(0)‖ sin β̄

)2
τ cos(ᾱ+ β̄)

+ ‖g0(0)‖ sin β̄ tan(ᾱ+ β̄)

)
sin(ᾱ+ β̄) (153)
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Now, we are ready to bound the distance ‖õ1 − ō1‖

‖õ1 − ō1‖2 = ‖õ1 − xo‖2 + ‖xo − ō1‖2 = (x+ ∆x)2 + y2

= x2
(
1 + sin2(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
+
(
cos2(ᾱ+ β̄)

(
x2/τ + x tan(ᾱ+ β̄)

))2
= x2

(
1 + sin2(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
+ x2

(
cos2(ᾱ+ β̄)

(
x/τ + tan(ᾱ+ β̄)

))2
= x2

(
1 + sin2(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
+ x2

(
cos(ᾱ+ β̄)

(
‖g0(0)‖ sin β̄/τ + sin(ᾱ+ β̄)

))2
≤ x2

(
1 + sin2(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
+ x2

(
cos(ᾱ+ β̄) sin(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
≤ x2

(
1 + sin2(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
+ x2

(
sin(ᾱ+ β̄) (‖g0(0)‖/τ + 1)

)2
≤ 2x2

(
2 + sin(ᾱ+ β̄)‖g0(0)‖/τ

)2
≤

2(‖g0(0)‖ sin β̄)2
(
2 + sin(ᾱ+ β̄)‖g0(0)‖/τ

)2
cos(ᾱ+ β̄)

≤ 4(‖g0(0)‖ sin β̄)2
(
2 + sin(ᾱ+ β̄)‖g0(0)‖/τ

)2

(154)

where the last inequality is correct under the assumption that cos(ᾱ+ β̄) ≥ 1/2.

Finally, from Corollary 3 in Boissonnat et al. (2019) we conclude that

sin
∠max(T0g0, T0g1)

2
≤ ‖õ1 − ō1‖

2τ
.

Since x/2 ≤ sinx, and using (154)

∠max(T0g0, T0g1) ≤ 2‖õ1 − ō1‖
τ

≤
4‖g0(0)‖ sin β̄

(
2 + sin(ᾱ+ β̄)‖g0(0)‖/τ

)
τ

.

we have

∠max(T0g1, G1) ≤ ∠max(T0g0, G1) + ∠max(T0g0, T0g1)

≤ ∠max(T0g0, G1) +
4‖g0(0)‖ sin β̄

(
2 + sin(ᾱ+ β̄)‖g0(0)‖/τ

)
τ

≤ ∠max(T0g0, G1) +
4‖g0(0)‖ (2 + ‖g0(0)‖/τ) β̄

τ

≤ ∠max(T0g0, G1) +
4‖g0(0)‖ (2 + ‖g0(0)‖/τ)β

τ
.

This proves the first part of the lemma.

Next we bound ‖g1(0)‖. Note that ‖g1(0)‖ = ‖x0 − o1‖+ ‖ō1 − x0‖.
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‖x0 − o1‖ =
‖g0(0)‖ cos β̄

cos(ᾱ+ β̄)
≤ ‖g0(0)‖

cos(ᾱ+ β̄)
.

It can be shown using simple algebraic manipulations that,

‖ō1 − x0‖ ≤ (‖g0(0)‖2/τ + ‖g0(0)‖)sin2(ᾱ+ β̄)

cos(ᾱ+ β̄)

‖g1(0)‖ ≤ ‖g0(0)‖
cos(ᾱ+ β̄)

( 1 + (‖g0(0)‖/τ + 1) sin2(ᾱ+ β̄) )

since cos(x) ≥ 1− x2/2, 1/(1− x) ≤ 1 + 2x, sin(x) ≤ x, and ᾱ+ β̄ < 1, we have

‖g1(0)‖ ≤ ‖g0(0)‖
cos(ᾱ+ β̄)

( 1 + (‖g0(0)‖/τ + 1) sin2(ᾱ+ β̄) )

‖g1(0)‖ ≤ ‖g0(0)‖
1− (ᾱ+ β̄)2/2

( 1 + (‖g0(0)‖/τ + 1)(ᾱ+ β̄)2 ) (155)

≤ ‖g0(0)‖(1 + (ᾱ+ β̄)2)( 1 + (‖g0(0)‖/τ + 1)(ᾱ+ β̄)2 ) (156)

≤ ‖g0(0)‖(1 + (ᾱ+ β̄)2)( 1 + (ᾱ+ β̄)2 + ‖g0(0)‖(ᾱ+ β̄)2/τ ) (157)

≤ ‖g0(0)‖(1 + 2(ᾱ+ β̄)2 + (ᾱ+ β̄)4 + ‖g0(0)‖(ᾱ+ β̄)2/τ + ‖g0(0)‖(ᾱ+ β̄)4/τ)
(158)

≤ ‖g0(0)‖(1 + 3(ᾱ+ β̄)2 + 2‖g0(0)‖(ᾱ+ β̄)2/τ) (159)

≤ ‖g0(0)‖(1 + (ᾱ+ β̄)2(3 + 2‖g0(0)‖/τ)). (160)

And thus we conclude the proof.

Lemma 49 Let G,H ∈ Gr(d,D) be two d-dimensional linear subspaces of RD. Let g :
G → RD−d be such that the graph of g is a manifold M with a reach bounded by τ and
let h : H → RD−d denote the function over H whose graph coincides with M in some
neighborhood (see Figure 17). Assume that T0g, the tanget of g at 0, is parallel to G, and
that ‖g(0)‖ ≤ σ. If ∠max(H,T0h) ≤ a is small enough, then

‖pg − ph‖ ≤
a(

1
2σ(2+σ/τ) −

c
τ

) ,
where pg = (0, g(0))0,G ∈M and ph = (0, h(0))0,H ∈M.

Proof
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Figure 17: Supporting illustration for the proof of Lemma 49 where we bound the difference between
ph and pg, the evaluation of r under the functions h and g correspondingly, given that
the maximal angle between TphM and TpgM is bounded by a.

From the triangle inequality and Boissonnat et al. (2019) we bound from above the angle
between T0g and H.

∠max(H,T0g) ≤ ∠max(H,T0h) + ∠max(T0h, T0g) ≤ a+ c‖pg − ph‖/τ. (161)

We now wish to give another bound tying between ∠max(H,T0g) and ‖pg−ph‖ just from the
other direction so that we could create an inequality limiting the values of ‖pg− ph‖. Using
the notation in Lemma 47, we can follow the derivations with α = 0, and with ‖g(0)‖ ≤ σ,
we get from (154) that

‖pg−ph‖2 ≤ 4(σ sin∠max(H,T0g))2(2+σ sin∠max(H,T0g)/τ)2 ≤ 4(σ sin∠max(H,T0g))2(2+σ/τ)2.

Thus,
‖pg − ph‖ ≤ 2σ(2 + σ/τ) sin∠max(H,T0g) ≤ 2σ(2 + σ)∠max(H,T0g),

or,

∠max(H,T0g) ≥ ‖pg − ph‖
2σ(2 + σ/τ)

.

Combining this with (161), we have

‖pg − ph‖
2σ(2 + σ/τ)

≤ a+ c‖pg − ph‖/τ

or,

‖pg − ph‖
(

1

2σ(2 + σ/τ)
− c

τ

)
≤ a.

Finally, we have,

‖pg − ph‖ ≤
a(

1
2σ(2+σ/τ) −

c
τ

) .
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Áke Björck and Gene H Golub. Numerical methods for computing angles between linear
subspaces. Mathematics of computation, 27(123):579–594, 1973.

Jean-Daniel Boissonnat and Arijit Ghosh. Manifold reconstruction using tangential delau-
nay complexes. Discrete & Computational Geometry, 51(1):221–267, 2014.
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