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Abstract

Various methods in statistical learning build on kernels considered in reproducing kernel
Hilbert spaces. In applications, the kernel is often selected based on characteristics of the
problem and the data. This kernel is then employed to infer response variables at points,
where no explanatory data were observed.

The data considered here are located in compact sets in higher dimensions and
the paper addresses approximations of the kernel itself. The new approach considers
Taylor series approximations of radial kernel functions. For the Gauss kernel on the
unit cube, the paper establishes an upper bound of the associated eigenfunctions, which
grows only polynomially with respect to the index. The novel approach substantiates
smaller regularization parameters than considered in the literature, overall leading to better
approximations. This improvement confirms low rank approximation methods such as the
Nystréom method.

Keywords: statistical learning, kernel methods, reproducing kernel Hilbert spaces,
Nystrom method

1. Introduction

This paper contributes to statistical methods building on reproducing kernel Hilbert spaces.
These methods have become popular in statistical learning, in inference and in support vector
machines due to the kernel trick. They constitute powerful tools in different scientific areas
such as geostatistics (cf. Honarkhah and Caers 2010), stochastic optimization (cf. Dommel
and Pichler 2023, Park et al. 2022), digit recognition (cf. Scholkopf 1997), computer vision
(cf. Zhang et al. 2007) and bio informatics (cf. Scholkopf et al. 2004).

The approach presented here approximates the kernel function by elements in the range
of the associated Hilbert—Schmidt integral operator. We choose these elements so that its
Taylor series expansion matches the initial coefficients. The method applies for general radial
kernels with variable bandwidth. Special emphasize is given to the Gaussian kernel, which is
of major importance in practical applications.

Fundamental in statistical approximation is the regularization parameter. Standard
results suggest regularization parameters decreasing as O(1/n), where n is the sample size.
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This paper, in contrast, justifies significantly smaller regularization parameters, often close
to machine precision. This leads to enhanced approximation quality.

An additional consequence of our approach, not sufficiently addressed in the literature
yet, are the magnitudes of the eigenfunctions of the related Hilbert—Schmidt operator. We
demonstrate that this magnitude grows only polynomially in the index. Exploiting this
crucial property, we present an interpolation inequality, which allows bounding the uniform
error by the much weaker L?-error.

The approximation of the kernel function builds on the function wy,(-), smallest in
L?(]0,1])-norm, satisfying the moment constraints

1
/ 2wt (2) dz = o, ¢=0,...,m—1 (1.1)
0

We provide the explicit solution, which is a polynomial with coefficients involving the Hilbert
matrix.

The results have consequences for low rank kernel methods. For these methods, they
ensure a stable approximation quality by building only on few supporting points. Prominent
examples of these methods include the Nystrom algorithms and kernel principal component
analysis.

Related literature. Our results address the approximation of randomly located kernel
functions. This is of particular importance for low rank kernel methods, which build on an
approximation of the kernel matrix itself. The Nystrom method, introduced in Williams
and Seeger (2000), is a prominent example for this technique. Drineas and Mahoney (2005)
analyze the error of the matrix approximation in the Nystrom method and relate it to the
best approximating matrix, while Bach (2013) studies the precision of predictions directly.
The excellent work of Rudi et al. (2015) relates the rank of the approximating matrix
to the approximation of kernel functions. The result is then employed to develop a low
rank regression approach, which is significantly cheaper in computations than kernel ridge
regression while maintaining stable prediction accuracy, cf. Rudi et al. (2017). Kernel
principal component analysis builds on these results as well, cf. Sterge and Sriperumbudur
(2021).

The approximation of kernel functions is the core research question of this paper, for
which we present new bounds. The second main result of this work addresses the eigensystem
of Mercer’s decomposition associated with the Gaussian kernel. Shi et al. (2009) address this
issue for an unbounded domain, building on the normal distribution as underlying design
measure. The authors provide an explicit expression of the eigenvalues and eigenfunctions by
involving the Hermite polynomials in an unbounded domain. In compact domains, Diaconis
et al. (2008) consider the eigensystem for the Laplacian kernel.

The analysis of the divide and conquer approach relies on properties of the eigenfunctions
as well, cf. Zhang et al. (2013), but the paper builds on unverified assumptions. The analysis
of the regression error in different norms (cf. Fischer and Steinwart 2020 and Steinwart et al.
2009) can be related to bounded eigenfunctions as well. This paper presents explicit bounds
of the maximum value the eigenfunction may attain.

Outline of the paper.  Section 2 addresses polynomial approximations of kernel functions.
Section 3 addresses the Gaussian kernel specifically and presents bounds of the eigenfunctions
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on bounded domains. This section contains the main results, which are considered in Section 4
in applications. Section 5 concludes the paper.

2. The minimal moment function

Reproducing kernel Hilbert spaces (RKHS) build on a kernel function, denoted k. The
approximations considered here build on the point evaluation function k(-) := k(z,-). This
section resumes the minimal moment function wy, from (1.1), for which the image Liwy, is a
suitable estimate of k,. We first derive the function w?, for the simple design space X = [0, 1],
and then extend it to the d-dimensional case with some non-uniform design measure P.
Using the moment property (1.1), we derive an error bound for the approximation quality of
kz(-) by Lipw?,, which is based on the Taylor coefficients of the kernel.

2.1 The minimal moment function

The central element of this paper is the function with smallest L?-norm, satisfying the
moment properties (1.1). There are infinitely many functions fulfilling the condition (1.1).
We refer to the function with smallest L?-norm as the minimal moment function, where the
inner product is (f,g) ;2 = [, f(2)g(2)p(z) dz with the density p of the underlying measure
P. Throughout this section, we consider the design space X = [0, 1] equipped with the
uniform measure P ~ U0, 1].

In what follows we provide an explicit representation of the minimal moment function.
We demonstrate that it is a polynomial of degree m — 1, with coefficients originating from a
Hilbert matrix.

Theorem 1 (Explicit minimal moment function). For z € [0,1] fized, the optimization
problem

1
9= min{HwH%z : / Zw(z)dz =% 0=0,1,...,m— 1} (2.1)
0
has the unique solution
m
wy, (2) = Zamzkl, z€(0,1), (2.2)
i=1
1 n,n
where oy satisfies the equations Hy,o,, = T for the Hilbert matric Hy,, = (Wifl) L and
1= 7.]:
the vector T == (1,z,..., 2™ 1) € R™,

Proof The Lagrangian £ of (2.1) is
m . .
Llw,u) = (w(z),w(z))ge + ) (27 w(z)), =2,
i=1

where w € L? and 1 = (pi1, . .., ptm) € R™ are Lagrange multipliers. The first order condition
reads

(VL) (w), p) = 2w}, + Y iz =0,

i=1
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which is equivalent to wy,(2) = — 25 izl For = (pa,. .., tm) fixed, the Lagrangian

function £ is convex and wy, thus a minimizer. Hence, the Lagrangian dual function is

m
o) = min, L) = L) = (i) o+ Do (27 ) — a0
=1

depending only on the multipliers u. As <zi_1, 2 _1> = we further have that

1
L2~ i1
<Zi71 w*> _miflz_lzm 1 1 _ 21—
TUHIL 24 j+i—1

by setting pu* = —2H,.1Z. Tt follows that
g(:u*) = <w:;*7w;*>L2 2 19*)

as wy. is feasible in (2.1). This implies strong duality as well as the optimality of w}. = wy,,

which is the assertion. [ |

A minimal moment function of particular interest is the optimizer of (2.1) associated with the
point z = 1. In contrast to the general case z € [0, 1], the L?-norm of w}, can be computed
explicitly. Indeed, it holds that

1 m m

1
/w,ln(z)de:/ ZZauasziH*de
0 0

i=1 j=1

m m 1
=D ooy

i=1 j=1
m
= Z aril=afe=c H,le=m? (2.3)

i=1

—1y. 2
as 35y (Hy, )ij = m?.
In what follows we bound the norm of the remaining moment functions. For that we
relate w¥, with a specific linear transformation of wp,.

Theorem 2 (Upper bound of the weight function). The weight function wy, satisfies the
bound
i |I72 < m? (2.4)

for any x € [0,1].

Proof Note first that, for z =0,
1
0 b

where e; = (1,0,....0) is the first vector in the canonical basis. To verify the bound for
the remaining points € (0,1) we relate wy, with an auxiliary function @}, for which we
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are able to calculate the norm more easily. Setting g*(z) := w}n(i)]l[o,z] (z) we define the
auxiliary function

{g”(z) if z <z,

gt *(1—2) ifz>ux,

with z € (0,1). To relate w}, with @,, we demonstrate first that @}, satisfies the moment
constraints (1.1) and bound its norm afterwards. It holds that

/01 Zhgac(z)dz _ /09C h w;(g) g — x/ol(yx)hwrln(y)dy =zl (2.5)

for the first part of the integral. We further have that

1 0 11—z
Zh 1-z — Ndz = — . N\h 1z y — . N\h 11—z
/0 g1~ 2)d / (1 - y)'g" = (y)d /0 (1— )'g"*(y)dy

—T

after changing the variables. By the binomial theorem,

/le(l —y)g' " (y)dy = Zh: <Z> G /le y" P g (y)dy

h ()0 ra o -

=(1-2)1-1-a)'=(1-a)"

as fol_x y" P =" (y)dy = (1 — x)(1 — 2)"7P by (2.5). Connecting both identities, we have
that

1 T 1-x
| = [ A [0ty =t
0 0 0

and thus the moment property (1.1) of wf,. It is now evident by (2.1) that ||@},||;2 is an
upper bound of ||w},||;2 . Employing the same substitutions as above, we get that

/01 B (2)2ds = /O o7 (2)2dz + /; g (1 — 2)2dz
= w/ol wy, (y)*dy + (1 — x) /01 wy, (y)°dz

by (2.3), concluding the proof. [ |

The squared norm of the moments functions at the boundary points is m?. However, the
norm of the minimal moment functions associated with the interior points x € (0, 1) might
be significantly smaller.
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2.2 Extensions and error estimates

The results of the preceding Section 2.1 crucially rely on the proposed setting, i.e., the design
space [0, 1] equipped with the uniform distribution. These assumptions are quite restrictive
and need to be relaxed for situations of practical application. To this end we investigate a
more general setting throughout this section.

We consider the multivariate case where X = [0, 1], with some underlying design measure
P. This measure has a strictly positive density with

oo >C> sup p(z) > inf p(z) >c>0,
ZE[O,l]d ZG[O,Hd

giving rise to the inner product
(a)e= | FRgple
[0,1]¢

In what follows we specify the minimal moment functions for this more general setting.
Building on the univariate moment property of the functions (2.2), we demonstrate that their
product satisfies a multivariate version of (1.1). The next proposition reveals the precise
statement.

Proposition 1 (Upper bound of the weight function in higher dimensions). Let z =
(z1,...,24) € [0,1]% and consider the function

d
WE (21, ..., 24) = (H wzg(zi)> (21, 2) 7Y (2.6)
=1

where wyi are the functions defined in (2.2). The function W7 satisfies the general moment
property

Aéwow—zgfw%@mgmz=QW—x@f .

for all integers ¢ < 2. Its norm is bounded by [|[WZ |72 < ¢,m?® with ¢, = Sup,e(o,1)2 P(2) -

Proof The moment property (2.7) follows from

d L4
A;WOW—Z@YW%@m@mz:A3”[T(23%_%y>JIMWQMQHJQ

R R} TR
= (yi = 2¢) " wyi (i) dzi
Py S hi, ... ha) =5 Jo
()
- ¥ [T — %
o k) L

26
= (Ily—=I3) .
1 7

as [, 2z wyi(zi) = a:fi holds for all integers ¢; < m — 1. This is the first assertion.
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For the second assertion note that ||wZi||3, < m? holds by (2.4). Hence, we get that

z 2 = 1. .. ! - Ti( .. ’ 1
/[0,1}d(Wm(z)) p(2)dz = /0 /0 (g wm(zl)> p(z1,. .. 2) M2y .. dzg

d
< swp [p(e) ][ [ (iR = .
z€[0,1] 1o

which concludes the proof. |

Remark 1. The function W72 (-) might not be the norm minimal function satisfying (2.7).
Indeed, the product structure of (2.6) leads to an exponentially (with respect to the dimension)
increasing norm of W% . However, the construction of the norm minimal moment function
satisfying (2.7) might require a significantly more involved representation, which is out of
the scope of this paper.

Continuing the general setting considered above, we now provide the first error estimate.
To this end we consider a radial kernel

k(z,y) = o(|lz — y||?) (2.8)
as well as the corresponding integral operator Ly: L?(X, P) — L?(X, P) defined as

(Laf)(w) = /X k(z9) £ (2)p(2)dz. (2.9)

Here, ¢ is a smooth function with Taylor series expansion

o0
o(z) = %xf. (2.10)
=0
Building on the moment property (2.7), we utilize that the ¢/th moment of k, — LyW7
vanishes. The subsequent theorem reveals the precise bound.

Theorem 3 (Uniform bound in d-dimensions). With the function W7, defined in (2.6), the
error estimate

= a
sup | (LiWi)(y) = kalloo < (L4 ¢*m) > |£f|df, (2.11)
z€[0,1]¢ €=Lm71J+1 !

holds true. Here, |-| denotes the floor function.

Proof Employing the series representation (2.10) of ¢, we have the decomposition

@) = [ 6 (Il ==13) W ()=

| =5 ]
L3 g~ =13y wieinteras
X o= v

+

[% - waeme
XEZLWT*JH !
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For the first part, it follows from the moment property (2.7) of W2 that
L5 o ) [=5] o N
¢
L3 Gy waemedz= > G (lv-a13)
=0 '

=0

as the 2 LmT_IJ < m — 1. Hence, we have that

k(y, 2) — (LiWi,) ()]
25"
|k~ > Gy el + [

£=0 ’ X (=

S Gy = 2B W Ip(=)dz
(2t

=Y Gl [ E LZJ %y — =13 W3 (2)p(=)ez
=21 | +1

|25 |
o~ ad S v
< Z Wdé + Z de Wil L2
=22 1 =
= |ag| 12 d = |ag|
< Z Wd +cf*m Z Wd .
=75 ]+ =[]
The assertion follows, as the result holds for each 2 € [0, 1]¢. [ |

The statement of Theorem 3 above applies for general translation invariant kernels of the
shape k(z,y) = ¢(||z —y||*). To further specify the associated error bound, one needs to
include knowledge about the decay of the Taylor coefficients of ¢. To this end we now
consider a fixed kernel for which these coefficients and their behavior are known.

3. The Gaussian kernel

The following results build on reproducing kernel Hilbert spaces (RKHS). For these spaces,
point evaluations are continuous linear functionals, and this property is the decisive characteristic
of RKHS. Each kernel function addressed above is associated with the corresponding space
(Hg, (|-)&), for which (f|k(z,-))r = f(z) whenever f € Hy,. For a detailed review of these
spaces we refer to Berlinet and Thomas-Agnan (2004) or Steinwart and Christmann (2008).
This section addresses the most popular kernel in machine learning, the Gaussian kernel

k(z,y) = e le9E = g (o ||z — y||2), (3.1)

where ¢ > 0 is a width parameter. We approximate the point evaluation function in the
range of the Hilbert—Schmidt operator and analyze its error with respect to different norms.
Building on these estimates, we derive essential properties of the problem

inf Allwl|7 + | Lyw — kql[7, (3:2)
wEH

which will be used in what follows. We employ these results to establish polynomial bounds
on the magnitude of the eigenfunctions of the Gaussian kernel.
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3.1 Approximation of the point evaluation function

In this section we investigate the approximation of the point evaluation function k, for the
Gaussian kernel. We relate the function k, with an approximation from the image of the
corresponding integral operator L; and provide bounds with respect to the infinity norm as
well as the norm of the RKHS. The following theorem provides the result for the uniform
norm first.

Theorem 4 (Uniform approximation of k; in |||, ). Let k be the d-dimensional Gaussian
kernel with width parameter o. Setting ¢, = max{1,2ecd}, ¢, = SUP_¢(0,1]d p(2)~! and
1

C(O-, m) = W,

%]

the uniform bound
x 2, d m 1 L
sup_|[LkWis = kalloo < (1+ ¢*m) Cloym) (|2 —
z€[0,1]¢ 2
holds for WY defined in (2.6) for m > ¢, + 1.
Specifically, for m(s) == 3¢,s + 2, we have that

sup
z€[0,1]¢

LW ) — ka

< 3(td)—3t (3.3)

In(3)+(d—1) In(2)+ 3 In(cp)+d In(3csd) 1 }

whenever t > max{ 2dIn(3)

Proof We defer the proof to Appendix A. |

The uniform bound (3.3) relates LyWZ and k, for all points 2 € [0,1]%. However, the
uniform norm is slightly too weak when studying the objective (3.2), which relies on the
approximation in RKHS norm. To overcome this issue we extend the result obtained and
establish a dedicated bound, similar to (3.3), but with respect to the stronger norm || - |[.
The next proposition reveals the desired bound.

Proposition 2 (Uniform approximation of k, in the norm |[|-||,). Let m = m(s) = 3c,s + 2
and t > ¢ := max{cy, c1, c2, 1}, where

In(3) + (d — 1) In(2) + 3 In(c,) + dIn(3c,d)
Cco — .

2d1n(3)
1
o — (2d —1)In(2) + ddln(?)co) + 5 In(cp) .
(2d — 1) In(2) + 3 In(cp)
Cy) = .
d
In the setting of Theorem (4), the uniform bound in || - ||g-norm,
2 2td
sup || LW gy — k|| < 9(td)™ td, (3.4)
z€[0,1]4 k

holds true.
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Proof Let z € [0,1]¢ and observe from (3.3) and the reverse triangle inequality that
(LeWii) (@) > k(@) = LW, = kall o > k(@) = 3(td) =, (3.5)

whenever m and ¢ are chosen appropriately (see Theorem 4). Hence, setting m = [3c,td]| + 2,
it follows from (3.5) that

ILeWE — kll; = (LaWE, LiWE), — 2(LiWE, ko), + k(2 2)
= (LW, LW ), — 2 (LiWy) () + k(z, x)
< (LKWE,WEY 12 — (LgWE) (x) + 3(td) ",

as (LyW75, kz) = (LpW5) (x) holds by the reproducing property. Furthermore, we have
that

(LW W) 12 = (LW, = ks Wi ) 12 + (ks Win) 2 = (LW, — K, W) 12 + (LW ().

Employing the bound
(LeWyy, = ks W) 2 < 6(dt) >

from Lemma A.7 in the appendix and combining the estimates above, we get
||Lkw7wn - k‘.’EH]Qg < 6(td)_2td + 3(td)—3td < 9(td)_2td7

and thus the assertion. [ |

Remark 2. The bound (3.4) depends only on the magnitude of the product td. Substituting
s = td gives the more convenient bound

sup LW — bl < 957, (3.6
z€0,1]¢

where m = m(s) =3c,s+2and s > d - c.

3.2 Implications for the weight function

Building on the bound (3.4) of Section 3.1, we now examine the optimal weight function w¥
solving the optimization problem

. 2 2
inf_\ w72 + [ Lyw — ka3 »

cf. (3.2). This optimal solution wy , and its norm, determine the approximation quality of
the point evaluation k, in the range of Li. Moreover, they relate the continuous operator Ly
with discrete versions, which we address and discuss in the following sections.

By Mercer’s theorem, the kernel k enjoys the representation k(x,y) = Y ;2 pe e(z)ee(y),
where 11 are the eigenvalues (in non-increasing order) and ¢y the eigenfunctions, £ = 1,2, ...,
of the operator Lj introduced in (2.9). The explicit representation

T _ -1 _ . e x
wi(y) = (()\Jr Ly,) kax)(y) = ; )\erw( )oe(y)

10
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of the optimal solution involves the regularization parameter A and the components of
Mercer’s decomposition of the kernel k (cf. Cucker and Zhou 2007, Proposition 8.6).

The next theorem provides a bound on the magnitude of the worst case norm, more
specifically, a bound for sup,c(o 1y [|[ w3l ;2

Theorem 5 (Uniform bound of the weight function). Let k be the Gaussian kernel. The
weight function wy satisfies the bound

sup  [Jwl]|22 < 9¢, (3cos(A) +2)% + 1 (3.7)
z€[0,1]¢

with s(\) == max {—% In (%) ,d-c, e} and ¢y, ¢ from Proposition 2.
Proof The function w{ minimizes (3.2) and thus

sup Aflwlze < sup AWillZe + I LeWe, = kally < sup Aepm® + | LWy, — kol
z€[0,1]¢ z€[0,1]¢ z€[0,1]¢
(3.8)
as |[WZ |22 < ¢;m?® (see Theorem 1).
Choosing s(A) := max{—2In(3), d-c, e} and m = 3¢, s(\) + 2 we derive from (3.6)
that
ILeWs, — kel < 95725 < A

(as s > eand s > —%ln (%)), and thus

sup AJwl]|72 < sup Aeym® 4 || LyWE — ko7 < Aep(3cos(N) +2)%4 + )
z€[0,1]4 z€[0,1]¢

by (3.8). Multiplying with A~! gives the assertion. |

The bound (3.7) characterizes the asymptotic growth of the norm [[w¥||;.. Indeed, letting

A 10, the bound (3.7) implies that ||w}|;. grows at most as (ln(/\*l))d. The subsequent
sections heavily exploit this asymptotic behavior.

3.3 Eigenvalues and eigenfunctions

This section studies the elements in Mercer’s decomposition of the kernel, k(z,y) =
Y vy tepe(x)pe(y), specifically for the Gaussian kernel. We first relate the maximal value of
any eigenfunction with its associated eigenvalue, demonstrating that ||¢yl| ., is bounded by
(ln(,uzl))d. This bound is significantly sharper than the standard bound max,cx pe(z) <
k(m,x)l/Q,uzl/z derived from the Cauchy-Schwartz inequality, (p, kz)r < |||k k(z, x).

We next describe the decay of the eigenvalues jup and derive a bound on ||¢y|| ., which turns
out to be quadratic in £. The results of this section enable us to infer convergence in uniform
norm from convergence in L?. Generally, this approach leads to faster convergence rates
compared to results, which are derived from convergence in the norm ||-||, (see Section 4.2).

Our approach builds on the following observation. For the regularization A = puy, the

series
- Uh 2 2
wi||3s = < ) x
Il =32 (555) e

11
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involves the term 1¢?(z). To bound the maximum of |¢|, it is sufficient to assess
SUPgeo,1]¢ |5 H%Q, which is bounded by the inequality (3.7). The following result summarizes
these relations.

Theorem 6. For the eigenfunctions of the Gaussian kernel, the inequality

S[up]d lpe(x)] < 6,/¢) (3cos(tae) +2)* + 2 (3.9)
z€[0,1

holds for every ¢ € N, where s(ug) = max {—% In (%) , € d- c} s as in Theorem 5.
Proof For ¢ € N, it holds that

L o) = < e >2<pe(x)2 =y ( He )2%(96)2 = ||k |72

e + fie h \ et pin

with A\* = py. Taking the maximum on both sides, we deduce from the latter inequality
and (3.7) that

1
Sl < sup g2
z€[0,1]¢
< 9¢p, (3cos(A*) + 2)2 41 = 9¢p, (3cos(pee) + 2)% 4 1.

Reformulating this inequality as well as using the subadditivity of the square root gives the
assertion. u

The bound (3.9) relates the eigenfunctions and the eigenvalues of the operator Lg. In what
follows, we analyze the decay of (1¢)7°; to get a more concrete characterization of the bound
in (3.9).

The next lemma provides a lower bound of the eigenvalues (z0)7°.
Lemma 1 (Maximal decay of eigenvalues). Set pmin = infzex p(x) and pmax = sup,cxr p(2).
For the eigenvalues of the Gaussian kernel it holds that

2 2
e > pénimc(d, o)e Codltrd)d t=12,..., (3.10)

max

where the constants ¢4, and C(d,o) depend on the dimension d and the bandwidth o.
Proof See Appendix B. |

The subsequent theorem combines the inequalities (3.9) and (3.10) and provides an explicit
bound on the maximal absolute value of the eigenfunctions (¢¢)72;.

Theorem 7 (Eigenfunctions). The eigenfunctions of the d-dimensional Gaussian kernel
satisfy the bound

max lo(r)] < 6,/ max {h(0), (Bese+2)",(Beo(d- ) +2)"} +2 (3.11)
z€|0,1
with
h(f) = (3 1 (9)—11 p?n—inc*(d ) 41 (0 +d)a +2 ’
= Co 5 n 5 n p?nax , 0 2Cd,0 .

and the constants from the preceding Lemma 1.

12
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Proof For the assertion note first that

= (). e b (i (2)) ).

where z = max {z, 0} is the positive part of x. Hence, employing (3.10) in (3.9), we have
the bound

[pe(2)] (3.12)

< 6/2 (3cos(ie) +2)° +2
d
P2, C(d, 0)ecoaltrd)d

2o

1
= 6,/¢p | 3¢, max —iln ,e, d-cp+2)| +2

d
> ,e,d-c}+2>
+

(3.13)

[SYIN)

1 1 2. 1
=6,/cp (300 max { <2 In(9) — B In <p;mn C’(d,a)) + §cd,g(€ +d)

pmax

+ 2.

Note now that z — 2% is an increasing function on [0, 00) and thus max {a, b}* = max{a, b?},
provided that a,b > 0. Using this property in (3.13) provides the assertion (3.11). |

Remark 3. The right-hand side of (3.11) deserves additional attention. While h(¢) grows
with ¢ increasing, the other terms do not depend on ¢. For sufficiently large ¢, the
inequality (3.11) thus reads

max |p,(z)| < 6¢)*h(0) + 2.
z€[0,1]¢

The function h itself grows at most as a polynomial with degree 2. That is, there exists a
constant b > 0 with quadratic bound

max |gg(x)| < bl (=1,2,.... (3.14)
z€[0,1]¢

To the best of our knowledge, this is the first non-exponential bound of ¢)s absolute
maximum. The following section addresses various consequences of this main result.

Remark 4. The approach chosen in this Section 3 is not limited to the Gaussian kernel. All
steps extend to general kernels of the form ¢(||z — y||*) (cf. (2.8)), provided that a lower
bound on the decay of its eigenvalues is available.

4. Main results

This section connects the results of the preceding sections for general statistical learning
settings. We present improved concentration bound inequalities, an interpolation inequality
relating to uniform convergence, and the Nystrom method.

13
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We adopt the well-established notation (cf. Rudi et al. 2015) and introduce

Noo(A) = o lwfl72 + A | Lywf = kall} (4.1)
z€[0,1

As established above in (3.8), it holds that
Noo(N) = O(In(A71)24)

for A — 0.
Building on the results of Section 3, we provide the results for the Gaussian kernel.

4.1 Concentration bounds

Standard kernel ridge regression minimizes the regularized squared error at the sample points.
To infer the related error at other locations, one needs to connect the discrete setting with the
continuous setting from Section 3. This is commonly done by relating the discrete operator

LR @) = Hy with (LR 1)) = = 3 i)kl w0
i=1

with its continuous version Ly, as demonstrated in Caponnetto and De Vito (2006) as well
as in Fischer and Steinwart (2020). However, the underlying concentration results in these
references generally require regularization sequences not faster than X\, = O(1/n), which is
too restrictive for many tasks including the analysis of low rank kernel methods (cf. Zhang
et al. 2013, Bach 2013).

This section addresses this issue. We provide the following result, which allows significantly
higher flexibility in choosing the regularization sequence A,. Specifically, the regularizing
sequence may be chosen to decay faster than any polynomial.

The following proposition collects the detailed result for the concentration inequality.

Proposition 3. Assume that A satisfies

4 Noo(N) Neo(N) 1
- — 2 <= 4.2
Ve ERVERPOVEE L (1.2
with
A+ mw@)) e
A)=In(2e——2), N =
o) = (2050 M=3 54
and 7 > 0. Then the inequality
[+ N0+ I e N <o (13)
Hi—Hy
holds with probability at least 1 — 2e™".
Proof For the proof we refer to Appendix C. |

The condition (4.2) deserves some additional commentary. The term Ny () is asymptotically
bounded by O(In(A71)2?), and the function g(A) does not grow faster than O (In(A~1)). The

14
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condition (4.2) is asymptotically satisfied, provided that the regularization parameter A does

not decay faster than cexp(—n#ﬂ). This is a significant improvement compared to the
common regularization choice n~!.

The conclusion of Proposition 3 can be given more general, not necessarily involving the
Gaussian kernel. Moreover, the bound (3.7) of Ny () only relies on the decay of the Taylor
coefficients associated with the kernel. The same method thus may be applied to derive

concentration inequalities for any other radial kernel functions.

4.2 Interpolation inequality

This section establishes results on the uniform approximation quality for smooth functions.
The following interpolation inequality ensures that the uniform norm of smooth functions
is comparable its norm in L?, although this norm is much weaker in general. We measure
smoothness with reference to the norm || - ||s introduced below.

Theorem 8 (Interpolation of norm). For f = 3202 cppp € L? with || f||> = 3202, % < o0
it holds that - ]

1]l < \/ébeHg-HfHé , (4.4)

where s > 3 and maxzey |pe(z)| < 002 for all £ =1,2,... (cf (3.14)).

@ W

Proof Building on the bound max,cx |pe(x)| < bf? we have with the Cauchy-Schwarz
inequality that

o0 o0 c s
F@) =" cnpe(a) by —5 £
(=1 =1% "7
> c% 2— 2s
<b Y & (2 ),
Eil P p

where ((+) is the Riemann zeta function and p € [1,2s]. Employing Hélder’s inequality, it

follows for the first term that
1 1_1
=@\ (& enee )Y
Z £723 CE
/=1 =1

0o 62 2p 00
_ 4 2
/=1 /=1

we finally have that

NN §<1‘i)\/T4_b ; l—im
) (;J (2 - a) =onnii sy Je(2 - )

s—3
s

bIFIE 1115

IN

Choosing p = %,

b (z <
/=1

™

V6
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by involving Euler’s famous formula ((2) = %2. This is the assertion. |

Convergence in L? implies convergence in L>: Specifically, consider a sequence of
functions f,, with slowly increasing norm || f,,||s and limit || f||s < oco. Then, for || f,— f|lz2 — 0
sufficiently fast, it follows from Theorem 8 that || f;, — f|lcc — 0.

Remark 5. Fischer and Steinwart (2020) study convergence in an interpolation space between
H; and L2, which the authors call power spaces. The norm considered in Fischer and
Steinwart (2020), however, is stronger than the norm || - ||s considered above.

4.3 Nystrom method

The main result in Rudi et al. (2015, Theorem 1) relates the function Ny (\) to the
Nystrom method. Their paper ensures that the Nystrém method does not require more than
O (Noo(A) In A1) supporting points.

The results established in Section 3 above provides explicit access to the function Ny (),
so that their main result can be refined and enhanced to the following form.

Theorem 9 (Cf. Rudi et al. 2015, Theorem 1). Let E(f) = [[y, (f(z) — y)2p(da:,dy) be
the common error function. Given the assumptions of Theorem 1 in (Rudi et al., 2015), it
holds that the Nystrom-approximation fy , with regression parameter \ satisfies

~ 2v+1

E(fam) —E(fu) < ¢>nZruta il

for at least

m > (67V5 (9cp (3cas(\) +2)% + 1) In A~ (4.5)
supporting points. The reference provides the constant q and v explicitly.

Proof Invoking the bound (3.7) for M (X), the result is immediate from Rudi et al. (2015,
Theorem 1). [ |

The adapter result (4.5) gives an explicit selection criterion for the critical number of support
points in the Nystrém method.

5. Summary

The novel approach of this paper considers an explicit approximation of the kernel function
in the range of the associated integral operator. To this end we provide an explicit weight
function by matching the initial Taylor coefficients of the kernel.

The approach has numerous consequences in theory and in applications. We provide
bounds for the eigenfunctions, which grow only quadratic in the enumeration index. An
interpolation inequality provided relates convergence in uniform norm and the weaker
convergence in L? for smooth functions. The methods established justify smaller regression
parameters for regression problems, which is of particular importance for low-rank approximation
techniques.
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Appendix A. Gaussian approximation

This section provides the proof of the formula (3.3), which is of fundamental importance for
every other bound provided in Section 3. The proof of the bound (3.3) builds on the error
estimate (2.11), which involves the Taylor remainder of the exponential series. To this end
we utilize the formula

o0
o= (A1)
{=n
of the truncated geometric series as well as Stirling’s approximation
n\n"
2mn (f) < nl, (A.2)
e

which relates the factorial with the exponential function. For future reference convenience of
the reader, we restate Theorem 4.

Theorem 10. Let k be the d-dimensional Gaussian kernel with width parameter o. Setting
o = max {1,2e0d}, ¢, = sup,cp )4 p(z)~! and

1
C(O-, m) = W,

%]

the uniform bound
1/2 d m 1 L
sup ||LgWy, — kx|l < (1 + ¢y *m®) C(o, m) [—J —
z€[0,1]¢ 2

holds for W7 defined in (2.6) for m > c, + 1.
Specifically, for m(s) == 3¢,s + 2, we have that

sup

LW
z€[0,1]¢

o < 3(td)TH (A.3)

n(3)+(d— 1)ln(2)+ In(cp)+dIn(3csd) 1}
5dTn(3) :

whenever t > max{

Proof Employing the inequality (2.11) involving the Taylor coefficients, we have that

e8] Vi o0
sup [|ILiWi, = kallo < (1+ of'm?) > %df < (1+¢lmd) Y ﬁdf (A.4)
e el 3]

as L%J < L J + 1. Further, invoking Stirling’s approximation (A.2) for the right-hand
side of (A.4), 1t follows that

0 [e'e} Y4 -1
1 + Cl/2 Z (1 + C;/de) Z ( 2l (0;) > .
%
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Now assume that m satisfies the inequality 1 < | 2] (oed)™", then we have from identity (A.1)
of the truncated geometric series that

x 1/2 N ¢ -
x:[léﬁ]d LW, = kel < (14 ¢ md)ez%J (aed>
. mi 1 \-L2
<(1+ Cp/ md)l 1LU’§LdJ ([QJ aid) (A.5)
=(1+ c;/de)C(U,m) <V7;J aid) - ; (A.6)

which is the first assertion.

For the second assertion let m = m(td) = 6¢,td + 2 and observe for the constant C'(o, m)
that

1 1 1

1— oed < 1— 1
3(ced)td 3td

<

N W

—]

m
2

[—

holds for every ¢ > 1. Furthermore, employing m(td), as well as C(o,m) < %, and arguing
as above, we get for (A.6) that

(1+¢*m?)C(o,m) Q?J aled)_M
1+ c;/Qm(t)d) <3aed2t> -1%]

oed

IN

(1 + 2 (3cqtd + 2)) (3td) "

IN
NN W N w

IN

(3td) 3 1 de_lC;l;/Q(?’Catd)d (3td) 3 1 ;2%—1 (3td) 2
where we utilize (a + b)? < 2971 (a? + b?) for the last inequality. The latter is bounded by
gZQd—l (Std)det < (td)_3dt

as well as the middle term by

2dflc;/2 (3Co_td)d373td(td)73td

1 (eM®)+d-D) In(2)+1In(cy/ 2)+d1n(3cgtd)—ln(3)3td) (td) 31

2

1
< }( n(3)+(d-1) ln(2)+ln(cp/2)+dln(SCcd)fln(B)th)( dt) 3t

2
< L (ta)~2d
-2
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1/2
whenever ¢t > ln(3)+(d_1)ln(2)+l§(§? )+dIn(3 max{c"’l}d). Hence, choosing
n(3) ’

. In(3) + (d —1)In(2) + ln(c;/z) + dIn(3max {c,, 1} d) )
= e 2d1n(3) o

we have that

| %]
V2 d m| 1 <3 ~3dt | B \-3dt —3dt
(1 + ¢/*mh)C(o, m) Q 2J Jedz) < 5 (3dt) 7 4 S(de) T < 3(dn) T,
which is the assertion. |

Building on the bound (3.3) in the uniform norm, we establish a bound in the RKHS norm
in Proposition 2. To this end the following technical Lemma is of crucial importance.

Lemma 2. Given the assumptions of Theorem 4, the bound

sup  (LpW2 — ky, W2) 2 < 6(td) 2 (A7)
z€0,1]¢

holds whenever t > max {cop, c1,ca} with constants

o — (2d —1)In(2) + ddln(?:cg) + 31n(cp) 1 and
(2d — 1) In(2) + 5 In(cp)
y :

Proof Employing the Cauchy—Schwarz inequality, we have from (3.3) that

Cy =

(LW, = ks W)y < (ILeWi, = Kl 2 Wil 2 < 3(td) e )/*m

whenever m (and t) are chosen with respect to the constraints Theorem 4. Involving
m = m(td) we further observe that

—3td 1 d o 9d—1 —3td 1 d | 92d—1 —3td 1
3(td) e (3 td + 2)7 < 29713(td) TP 2 (Beatd)? + 220713 (td) e /2, (A.8)
For the second term in (A.8) it follows that

22d_13(td)_3td0;,/2 — 22(1—1 (td)—tdC;/QS(td) —2td < B(td)—%d

whenever t >

1
(2d-1) ln(z)+§ln(c”) = ¢9. Reformulating the first term in (A.8) to
2d—13(td)—3tdcl/2(3c td)d _ 36—tdln(td)+(2d—1) 1n(2)+% In(cp)+dIn(3cstd) (td)_2td

D g

we get for the exponent that
1
—tdIn(td) + (d — 1) In(2) + 3 In(cp) + dIn(3cytd)
1

=—d(t—1)In(td) + (d — 1) In(2) + 3 In(cp) + dIn(3¢y)

<—d(t—1)In(2) + (d —1)In(2) + %ln(cp) + dIn(3cy).
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Thus, for
s (2d — 1) In(2) + d1n(3c,) + 3 In(cp)
. d

+12301

it follows that
29713 (td) =3 e /2 (3cqtd) < 3(td) 4,

Combining the estimates of the terms in (A.8), we have for ¢ > max {c1, c2} that
(LW — kg, W)y < 6(td) =2

and thus the assertion. [

Appendix B. Decay of eigenvalues

This section provides a lower bound on the eigenvalues (1)72, of the operator L; associated
with the Gaussian kernel. We address the univariate case first, which is then extended to
the multivariate case. As a starting point we consider the most elementary setting, i.e.,
X = [0, 1], equipped with the uniform measure P = U[0, 1]. The following lemma provides
the precise eigenvalue bound.

Lemma 3 (Maximal decay of eigenvalues). Let k be the Gaussian kernel, X = [0, 1] as well
as P =U[0,1]. For every ¢ € N it holds that

1
e > HO()e o, (B.1)

where a5 = 8 - % and C(o) is a constant depending on the width parameter o.

Proof Let x1, ...,z be independent random variables following the uniform measure [0, 1].
Let K = (k(xi,xj))f’jzl be the Gramian matrix and invoking Shawe-Taylor et al. (2002,

Proposition A), it follows that
1
He > E E )\min(K)a

where A\pin (K) is the smallest eigenvalue of the matrix K and the expectation is with respect
to the samples. Further, employing the result of Diederichs and Iske (2019, Example 2.6), we
get with M := min; j<g ;2 |v; — x;| and (D.4) in the auxiliary Lemma 9 below (Appendix D)
that

2

~ T ~ 7T2
E Ain (K) > EMflC(a)e_léM% > C(o) Ee ion% > C’(o)e*“"@*l)z,

as M < 1, and where C(0) = C'- C(0) with C from as in (D.4). This is the assertion. M

Extending the univariate case to the multivariate setting builds on the product structure of
the Gaussian kernel, that is, on H?Zl e~ o@i—yi)? = o—o XLy (zi—vi)? Indeed, provided that
the underlying measure is [0, 1]¢, the spectrum of the corresponding operator Ly, is

d
{H/L@i: 61,...,€d€N},
=1
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where i, is the ¢;th eigenvalue in the univariate setting. This is immediate, as every
eigenfunction in the multivariate case is a product of elementary eigenfunctions, ngl g, (24).

We may assume the multivariate eigenvalues uéd) arranged in non-increasing order such that

d
(ugd))kl = <£[1 pe,: by € N) (B.2)

and ,ugd) > ,uéd) >
The subsequent auxiliary and combinatorial lemmata utilize the structure of the spectrum

to infer the maximal decay rate of the sequence ,uéd). The first is a general combinatorial

result, with which we assess the eigenvalue decay in the second.

Lemma 4. It holds that ( v
n—1
1> ——7— —d B.3
2z (B.3)
t1+-+ig<n,
ijEN
forn>d>2.
Proof We proof the assertion by employing on the stars and bars formula
i—1
1=
=)
11+ tig=1

where i; > 1 are positive integers (cf. Feller 1968, p. 38) and i € N. We have that

2.8 2 ()R () )

i14-tig<n i=d i1+ +ig=i i=d i=1
(B.4)
where we utilize that
i—1\  (i—1)(i—=2)---(i—d+1) _‘ﬁ i—j >ﬁ i1 (i—1\""
d—1) (d—1)(d—2)---1 _jzld—j_jzld—l_ d—1 '
Furthermore, employing
d n n
% — / xd*ldx < de,1
0 i=1
in (B.4), it follows that
-1\ 1 N d1
Z(d_1> _d:(d_l)d—lz(z_l) —d
i=1 =1
n—1
1 _ (n—1)4
=0 kKt —da —d
(d—1)d-1 kgo d(d —1)d-1
and thus the assertion. |
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Lemma 5. Let pp > e for every £ € N. Then the sequence M(d) rom (B.2) satisfies
¢

i > Cexp(—cp(C +d) ) (B.5)
for all £ € N and d > 2 for some ¢ >0 and C > 0.

Proof We first determine the number of combinations of 1, ..., i, for which the product
szl wi, is larger than exp(—p(A + 2)?) for some threshold parameter A > 0. It holds that
Hle e, > e Pi—mpi > emplint+ia)® > e_p()‘+2)2, provided that i1 4+ --- +ig < A+ 2.
From (B.3) we deduce that

> 1>7L/\+1Jd d

= —1)d-1n
i <2 d(d —1)

and thus

b > emrO+2)?

for all £ < d(dti%)l({ld_l) — d. Choosing A := (d(d — 1)1 (¢ + d))l/d and employing (a + b)? <

2a% + 2b%, we get that

1/d 2
_ _1\d—1 ) 2(d—1)
p((d(d 141 (e+d)) +2> o o2 2l T (e aye

(@ <

My €

The assertion follows by setting C' := exp(—8p) and ¢ :== 2d*/*(d — 1)2(%1)

The bound (B.5) already implies (3.10), provided that the underlying measure is uniform,
i.e, the Lebesgue measure. The following lemma extends the assertion for more general
probability measures. u

Lemma 6. Let X = [0,1]¢ and consider the operators Ly: L*(X,\) — L?*(X,)\) and
LP: L*(X,P) — L*(X, P) with

@) = |

X

k@wﬁ@ﬂx<ﬁvm»=/kwwﬁmmwa

X

Here, X is the Lebesque (uniform) measure and P is a probability measure, satisfying the
condition 0 < pmin = infrer P(r) < Pmax = sUp,ecy p(x) < co. The eigenvalues (uéd))g of
Ly, ((,uécg)g of LY, resp.), satisfy the relation

2
(d) pmin (d)
Mo = g2 M B0

for all ¢ € N.
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Proof By the Courant—Fischer—Weyl min-max principle it holds that

(d) ; p
= max min Loz, x
||55HL2(p):1
2
[z 2 x z
— max min |2 s ,
dim(Sy)=k z€Sk H$HL2(P) HCCHL‘Z(,\) H$HL2(,\) L2(P)
> i —2 {LP .
Z e min P (L0202 o)
mHLQ(A):l
It follows further that
(d) > : —2 p
max min Lix,x
tp _dim(Sk):k‘ €Sy pmax< ke >L2(P)
HI”LZ()\):l
2,2 P2~ (d)
> dimr?s%j)(Zk Jerélgi pr;axpmin <Lk3§', x)LQ(A) = Z%W 5
|z L2(A):1 max
as 0 < p(z)p(y) — p2,;,- Hence, the assertion. [ |

We now combine the results of the preceding lemmata to bound the eigenvalues of the
d-dimensional Gaussian kernel for general measures.

Lemma 7 (Maximal decay of eigenvalues). For every ¢ € N it holds that

2 2
i 2 T (d, e oY, (B.7)

where cq, and C(d,o) are constants depending on the dimension d and the bandwidth o.

Proof We show the assertion only for the uniform measure ¢4[0, 1]¢, as the result for more
general design measures follows immediately by (B.6). For the eigenvalues py in the univariate
setting, we have from (B.1) that

pig > %C(U)e’“f’(é’l)z) > C(o)e 0 (B.8)
where a, is chosen such that
agl? > In(0) +as (¢ — 1),  (=1,2,....
Combining (B.8) with (B.5) (cf. Lemma 5), it follows that
,ugd) > C(0)C exp(—agpc(l + d)%)

as C(o) appears in every factor of the product H?:l fe;- Setting c, 4 = ac reveals the
assertion. |
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Appendix C. Concentration

This section provides a proof of the operator bound (4.3). To this end, we restate the following
concentration bound for random operators on Hilbert spaces, which we then subsequently.

Proposition 4 (See Fischer and Steinwart 2020, Theorem A.3). Let (€2, B, P) be a probability
space, H a separable Hilbert space, and £: 2 — Lo(H) be a random variable with values in the
set, of self-adjoint Hilbert-Schmidt operators. Furthermore, let the operator norm be uniformly,
ie, ||€]l gy < B P-as. and V be a self-adjoint positive semi-definite trace class operator with
Ep&? <V, ie V —Epg? is positive semi-definite. Then, for (V) = In(2e tr(V) |V 5 1),
7> 1 and n > 1, the following concentration inequality is satisfied:

Pn< % ;&_Epg L 4rBg(v) | \/2r||V||H%Hg<V>> <o ()

3n n
To demonstrate the desired bound (4.3), we show first that (Lg + )\)_1/2 Ly (L + )\)_1/2
and (Ly + )\)71/2 LP(Ly + /\)71/2 are close in operator norm. To this end we rephrase the
operator LkD in terms of simple operators. Letting z1,...,z, ~ P, independently distributed
with respect to the design measure, and defining the operators

H—H

T.: Hp — Hi with (T.f)(y) = f(2)k(y, 2) (C.2)
gives the representation

1 n
1=

which fits the setting of Proposition 4. With this we have the subsequent concentration
bound.

Proposition 5. For NV ()) as in (4.1) it holds

He—Hi - 3n n

[t 07 (= ) (a4 )

T

with probability at least 1 — 2e™", where

A+
M1

g(\) ==1In (26 N(A)) (C.4)

and 7 > 1.
Proof For x ~ P and T, as in (C.2) we consider the operator-valued random variable

E(w) = (Lr+ )\)_l/QTx(w)(Lk + A)~"2. We have from

E(Tof)(y) = Eo f(2)k(y, ) = /X F(@)k(y, 2)p(a)de = (L f) ()

that

% &= Lr+ N PLY(Le+ N and BE= (Lp+ A) " PLp(Lp + X)),
=1
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and thus the setting of Proposition 4. It is thus sufficient to show that £ satisfies the
requirements of Proposition 4, provided that there is an appropriate constant B as well as
dominating operator V.

We bound the norm ||£|[5, 3, first. It holds that

12 = [[(Ea -+ )2k (L + N2 ()

2
= ||+ N b | (LA N ) < IR NE )

and thus [|€][4;, 3, < Noo(A) P-almost surely. This discloses the constant B = Neo(A).
To bound the second moment, note first that £ is a positive definite operator. Hence, we
have that

& 3 M€llpgy 20, BE = 1€l 0, (L + N L S Noo W) (L +A) 'L = V
by employing the bound for [[][4,, 4, . The operator norm of V' is bounded by

< Nx(N)

k

- M1
IV ll3g =2, = [ Noo (M) (Ly + X) 1LI<:HH,€_>H1€ :Noo()\)m

as well as

g(V) =2etx(V) - |V 0,)

=1In (26/\/00()\)./\/()\) : W) =1In <2e>\ :lm./\f()\))

Ap

corresponding to g(\) in (C.4). The desired inequality (C.3) follows from Proposition 4. B

Building on the bound (C.3) above, the assertion of Proposition 3 follows from the subsequent
considerations. Note first the operator identity

(I — (L + X)Ly — L2Y(Li + N 777 = (L + M) L2 + X)Ly + M) 2,
from which we conclude that

[+ 02 + 7 o+ 0

Hie—Hi
- H(I — (L + ) (L = L)Lk + A)fw)il’ HisHy
3 1
"= (L + )Pk = LY+ N7y, e,

by involving the Neumann series. Assuming the condition (4.2), we have by (C.3) that

_ _ 4 Noo(N) Noo(N) 1
L+ N "Ly — LPY(Ly, + \) 72 < cTgN)22 2 g V)2 < 2
|07 = LYt < ST a TR far g )T <
with probability at least 1 — 2e~7. Therefore, the bound
H(Lk FNY2(LP 4 N (L + A
Hi—Hy
1 1
— 1/2 D 1/2 S 1 =2
1—H (L + A)~ (Lk—L )(Li + N) H’H—)Hk 1—3
holds also with probability at least 1 — 2e™". This is the desired inequality (4.3).
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Appendix D. Auxiliary lemmata

The following two lemmata provide a crucial element for the proof of Lemma 3. That is, a
bound on the expectation
Ee 2 ,
where
M = ) 'min ’Uz — Uj‘
i,j=1,...,n
i#]

is the minimal gap between n independently chosen uniforms.

The first lemma provides the density of M explicitly, the other bounds the associated

expectation.

Lemma 8. Let Uy,...,U, ~U|0, 1] be independent uniforms. The random variable M has
the density

' n—1

nin—1)(1—(n—1)m)"t form e [0 1 } '

pm(m) = { (D.1)

0 else

Proof Let Uy,...,U, be independent uniforms on [0, 1] and denote the corresponding
minimal absolute difference by M := min; j—1 iz |Ui — Uj|. Note here that M < L

n—1’
and M = ﬁ if all Uy, ..., U, are equidistant. Therefore, let m € [0, ﬁ] and observe that

P(M >m)=nP(M >m, Ui <Uy-- < Up) (D.2)

as there are n! possible rearrangements of the random variables Uy, ..., U,. For the latter
probability we have that

P(M>m, U1§U2§§Un)
=PU  <Up—m, Uy <Us—m,..., U1 <Up—m, Uy <...<U,)
:A(um%

where A (Uy,) is the Lebesgue measure of the set
U = {(u1,...,up) €10,1]" tug <ug—my..oytp—1 <tup—m, up <ug--- < up}.
We next present a measure persevering bijection between U, and
Yoo ={(y1,-.-sun) €0, 1 =(n—=1)m]|" :pn <ya <+ < ypt.

To this end, define T: Up, — Y, with Tu = u — (0,m,2m,...,(n — 1)m). For u =
(u1y...,up) € Up and y = Tu = u— (0,m,2m,...,(n — 1)m) it is evident that y; > 0 as
well as y; < -+ < y,. Furthermore, it holds that u; <1 — m (n — i) as the distance between
the u; and u;41 is at least m, for every ¢ = 1,...,n. With this we have the inequality

yi=u—(i—1m<l-mmnh-i)—(i—1)m=1—(n—1)m

and therefore iy € Y,,,. Conversely, let y € Yy, and set u = y+(0,m,2m, ..., (n—1)m) = T~ 1y.
It is again immediate that u; > 0 as well as

ui=yi+({i—1)m<1—(n—1m+(i—1)m <1,
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From y; < --- <y, we further get that
U1 —Mm=Yip1+im-—-m=y1+(@—-1)m>y+ (@ —-1)m=1uy,

foralli=1,...,n— 1 and thus v € U,,. Hence, T is a bijection, from which we conclude
that A(Up,) = A(Yy,). The latter measure is

A¥m) = A({(1,- . 9n) €10, 1= (n = Dm]" gy <o < -o- <y}
= A ) €01~ (- Dm) = (1~ (- Dm)". (D3)

Combining (D.2) with (D.3), we get that
P(M > m) = nl~(1 = (n = m)" = (1 = (n — 1)m)"
n.

and hence the density

d
p(m) = d—(l —P(M >m))=n(n—1)(1—(n—1)m)""".
m
This is the assertion. |
Lemma 9. Let Uy,...,U, ~U]0,1] be independent uniforms and M the minimum gap as

in Lemma 8. For any c¢ > 0 it holds that
Ee M > 4e7F > Ce8en=1? (D.4)
2

with a = min{3c¢3, m}

Proof We employ the density (D.1) of M. As ﬁ < ﬁ and e=*™* > 0, we have that

1

Ee M’ = /nl emz n(n—1)(1—(n— 1)m)n_1dm
0
1
2(n—1) 7CL n—1

> / e “mn(n—1)(1—(n—1)m)" dm

0

1
> e~ (n—1) /2(71_1) eicﬁdm.
0

To bound the latter integral term, note that

3 2
T~ =z
—e ¢ <1
c
2
whenever x > 3c3, as
3 5 2 2
7 _a? A T
In—e ¢ =3ln—-—<3-—-——<50
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is satisfied for all x > 3¢3. Thus, choosing a = min{%c_%, m} we get that

1
n— a a
e ey T
0 ~Jo @

which is the assertion.
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