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Abstract

Hidden Markov models (HMM) have been widely used by scientists to model stochastic
systems: the underlying process is a discrete Markov chain, and the observations are noisy
realizations of the underlying process. Determining the number of hidden states for an
HMM is a model selection problem which is yet to be satisfactorily solved, especially for
the popular Gaussian HMM with heterogeneous covariance. In this paper, we propose
a consistent method for determining the number of hidden states of HMM based on the
marginal likelihood, which is obtained by integrating out both the parameters and hid-
den states. Moreover, we show that the model selection problem of HMM includes the
order selection problem of finite mixture models as a special case. We give rigorous proof
of the consistency of the proposed marginal likelihood method and provide an efficient
computation method for practical implementation. We numerically compare the proposed
method with the Bayesian information criterion (BIC), demonstrating the effectiveness of
the proposed marginal likelihood method.

Keywords: hidden Markov models, model selection, marginal likelihood, consistency,
normalizing constant

1. Introduction

It is well recognized that hidden Markov models (HMM) and general state space models
provide useful frameworks for describing noisy observations from an underlying stochastic
process. They are popular for processing time series data and widely used in fields like
speech recognition, signal processing, and computational molecular biology.

The basic components of a hidden Markov model include the observations {Y; = y;,1 <
i <n} and the corresponding hidden states {X; = z;,1 < i < n}, which is a Markov chain.
Throughout the paper, we use upper cases {Y, X} to denote the random variables and the
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corresponding lower cases {y,z} to denote the realizations (observations). In this article,
we consider discrete state space hidden Markov models, i.e., the hidden states X; have
a finite support, observed at discrete time points {t1,...,t,}, or {1,...,n} for notation
simplicity. The size of the support of the hidden states, denoted by K, is the number
of hidden states of an HMM. In most real-world problems, the number of hidden states
is not known beforehand but conveys important information of the underlying process.
For example, in molecular biology, K could be the number of distinct conformations of a
protein; in chemistry, K could be the number of distinct chemical species in a biochemical
reaction. Existing methods to estimate K either suffer from a lack of theoretical guarantee
or unfeasible/impractical implementation, which we review in detail in Section 1.2. The
goal of this article is to provide a consistent method, the marginal likelihood method, to
determine the number of hidden states K based on the observations {yi,...,yn} of an
HMM, which is computationally feasible for practitioners with minimal tuning.

1.1 Recap of HMM and Notations

Consider the following hidden Markov model (HMM): let X = {X;,7 > 0} be an ergodic
(irreducible, aperiodic, and positive recurrent) Markov chain on a finite state space X =
{1,---, K} with transition matrix Qg = {qxe,1 < k, ¢ < K} € Qk, i.e., g = P(Xiy1 =
(| X; = k) for all ¢ > 0, where Q := {QK Qe > O,Zf,:l g =1, V1 < k1 < K} is
the collection of transition matrices with all positive entries. Note that a Markov chain
governed by a Qg € Qp is irreducible, aperiodic, and positive recurrent, so it has an
invariant measure u(Qg) = (u1(QK), -+, ux(QKk)); we further assume that Xy follows
1(Qy) so that X is stationary. Conditioning on X, Y = {Y;,i > 1} are independent
random variables on a measurable space ), and for all ¢ > 1, when given X; = k, Y;
is assumed to have probability density function f(-|0%) (which is independent to i) with
respect to some o-finite measure A on ), where 6, € O, and O is a subspace of R?, the
d-dimensional Euclidean space. We assume that f is distinguishable on O, i.e., for all
1 <k<t¢< K, My: f(ylr) # f(y|@,)} > 0. We denote the model parameters by
O = (QK;el,---,HK) € Ok X oK .= k.

Suppose we observe yi., = {y1,Y2, -+ ,yn} € V", but the underlying process ., =
{x1, 29, ,z,} remains hidden (unobserved). The joint likelihood of (y1.,, ®1.,) given the
parameters ¢ is

K

p(yl:n7 wl:n|¢K) = Zﬂk(QK)Qkxlf(yﬂeml) X Hqgvl_lxlf(yz‘emz) (1)

k=1 i=2
The likelihood after integrating out the hidden states is

p(y1:n|¢K) = Z p(yl:naml:n|¢K)a (2)

ml:ne-X}’%

where A7 denotes the product space of n copies of X.

The maximum likelihood estimator (MLE) of a hidden Markov model given K, the num-
ber of hidden states, can be obtained through the Baum-Welch/ Expectation-Maximization
(EM) algorithm (Baum and Petrie, 1966; Baum et al., 1970; Dempster et al., 1977). Under
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certain regularity conditions, the consistency and asymptotic normality of the maximum
likelihood estimator of HMMSs are established in Leroux (1992b) and Bickel et al. (1998),
respectively, when the correct K is specified.

1.2 Brief Literature Review

It has been recognized that the model parameters of an HMM are not identifiable when the
number of hidden states is over-estimated (Chapter 22 of Hamilton, 1994; Ferguson, 1980;
Rydén et al., 1998). Thus, determining the number of hidden states, also known as the
order selection in the machine learning literature, is an important problem for conducting
valid inferences on model parameters of hidden Markov models. There is a vast literature
on the model selection for hidden Markov models. We briefly review a fraction of the most
widely adopted methods here to place our work in the context of literature.

A special case of HMMs is finite mixture models, where the rows of the transition matrix
are identical to each other. The model selection of finite mixture models is mostly based on
penalized likelihood, also known as information-theoretic approaches, such as the Akaike
Information Criterion (AIC). A rich literature has been developed for finite mixture models,
including Chen and Kalbfleisch (1996),Chen and Khalili (2009), Chen and Li (2009), Chen
and Tan (2009), Chen et al. (2008), Huang et al. (2017), Hui et al. (2015), Jeffries (2003),
Lo et al. (2001), Rousseau and Mengersen (2011), and many others.

When the observations {y,...,y,} are supported on a finite set (i.e., when they are
discrete-valued), we call it a finite-alphabet hidden Markov process (MacDonald and Zuc-
chini, 1997). Information-theoretic approaches (based on maximum likelihood estimation
and penalization terms) for the order estimation of finite-alphabet hidden Markov pro-
cesses are widely used. Finesso (1990) proposes a penalized likelihood method, which is
proved to be strongly consistent for finite-alphabet HMMs under certain regularity con-
ditions. Ziv and Merhav (1992) derives the estimator by minimizing the under-estimation
probability, which is shown to be not consistent (Kieffer, 1993; Liu and Narayan, 1994).
Liu and Narayan (1994) gives a modified version, which is shown to be consistent given an
upper bound of the order of a finite-alphabet HMMs. Kieffer (1993) gives a strongly con-
sistent estimator that resembles the Bayesian information criterion (BIC) (Schwarz, 1978)
for finite-alphabet HMMs. Gassiat and Boucheron (2003) proves strong consistency of these
penalized maximum likelihood estimations without assuming any upper bound on the order
for finite-alphabet HMMs, with smaller penalties than previous works. See Ephraim and
Merhav (2002) and Rydén (1995) for more detailed discussions about the literature on order
selection of finite-alphabet HMMs.

However, when the observations {y1,...,yn} are supported on the real line, as in the
Gaussian HMM, where each observation follows a Gaussian distribution conditioning on
its hidden state, the problem becomes more difficult. The major difficulty comes from
the fact that the overly-fitted mixture models are not identifiable and that the likelihood
ratio statistics becomes unbounded, see Gassiat and Rousseau (2014). The majority of
the methodologies proposed in the literature rely on the idea of penalized likelihood, the
consistency of which remains to be satisfactorily solved. For instance, both AIC and BIC
have been proposed to Gaussian HMMSs in Leroux and Puterman (1992), but AIC has been
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shown to be inconsistent (Fuh et al. (2024)),! and the existing consistency results for BIC
do not apply to hetergoeneous Gaussian HMMs with unequal variance (Leroux (1992a),
Yonekura et al. (2021)).

Other methods using penalized likelihood exist in the literature, including the minimum
description length (MDL) in Barron et al. (1998), Chambaz et al. (2009) and Rissanen
(1978). Hung et al. (2013) gives a consistent estimator of the number of hidden states using
double penalization when assuming that the maximum likelihood estimators are consistent.
Rydén (1995) introduces an estimator that does not asymptotically under-estimate the
order, given an upper bound for the order. Rydén et al. (1998) applies the bootstrap
technique to perform a likelihood ratio test for the order estimation of hidden Markov models
for a real-data example. Gassiat and Keribin (2000) investigates the likelihood ratio test for
testing a single population i.i.d. model against a mixture of two populations with Markov
regime. MacKAY (2002) estimates the order and the parameters together by minimizing
a penalized distance function of the empirical distribution with all finite mixture models.
Information-theoretic approaches make it possible to add heavier penalties as opposed to
that of the BIC; see, for instance, Chambaz et al. (2009), Gassiat (2002), and Gassiat and
Boucheron (2003). All of the above faces the aforementioned obstacles of non-identifiability
and unbounded likelihood.

Bayesian methods, which do not depend on the maximum likelihood estimator, also
play an important role in the HMM model selection literature. Reversible jump methods
proposed by Fan et al. (2011) and Green and Hastie (2009) have been successfully adopted
in practice by Boys and Henderson (2004), Green and Richardson (2002), Robert et al.
(2000), and Spezia (2010), with a lack of theoretical justification. Gassiat and Rousseau
(2014) provides a frequentist asymptotic evaluation of Bayesian analysis methods purely
from a theoretical perspective: under certain conditions on the prior, the posterior concen-
tration rates and a consistent Bayesian estimation of the number of hidden states are given;
practical implementation, guidance for tuning of the algorithm, and numerical results are
not provided therein.

In this work, we adopt the Bayesian approach and show both theoretically and numer-
ically that the marginal likelihood method can give a consistent selection of the number
of hidden states. Some authors have studied approaches that are related to our marginal
likelihood method. Chambaz and Rousseau (2005) uses marginal likelihood ratio for the
order estimation of mixture models and obtains similar results for the marginal likelihood
ratio: O(e~") for underestimation, and O(n~'/?*%) for overestimation. Wang and Bickel
(2017) adapts the penalty approach to stochastic block models. Though the aforementioned
studies share similarities with the results in this paper, in these studies on mixture models,
the hidden state variables are assumed to be independent and identically distributed (i.i.d.),
which is not the case for HMMs.

1.3 Gaussian Hidden Markov Models

In this section, we discuss the difficulties of the order selection of HMMSs using a concrete
example widely adopted in applications, the heterogeneous Gaussian HMM.

1. It is known that AIC is good for forecasting other than estimation in typical model selection problem.
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In a heterogeneous Gaussian HMM, let X = xg, and given X; = k, Y; follows a Gaussian
distribution with mean pj and variance ai. Thus ¢ = (Qx; {1k, U;%}lgkgK) and the joint
likelihood is

n

8 1 (yi — px)?
P, wraldr) < [[§ 11 pe o xS [T i ¢
k

k=1 | i:x;=k 1=1

Note that this likelihood is unbounded for some paths x1.,. For example, consider a path
with z; = 1and z; # 1 for all i > 2. If one takes u; = yi, then as o1 — 0, p(Y1.n, T1:0|PK) —
oo. Since the full likelihood p(yi1.,|@ k) sums over all possible paths, such unbounded path
always exists, and thus, the full likelihood becomes unbounded. This can be a serious
issue when one overfits an HMM—the extra component could concentrate on only one
single observation with zero variance, which blows up the likelihood. Therefore, methods
of model selection for Gaussian HMM based on penalized likelihoods, such as the Bayesian
Information Criterion defined as

BIC := —2log p(y1.n|bx ) + K(K +d —1)logn,

which requires the consistency of the maximum likelihood estimator, becomes problem-
atic. General consistency results of model selection based on penalized likelihoods have
to exclude this case in their required regularity conditions Leroux (1992a). Therefore, the
BIC, though widely adopted in practice, is theoretically questionable for its validity as a
model selection criterion for HMM, as discussed by MacDonald and Zucchini (1997) and
Gassiat and Rousseau (2014). This is the same issue as the unbounded likelihood for het-
erogeneous Gaussian mixture models (Chen and Khalili, 2009). In fact, Gaussian mixture
models can be obtained by setting ¢;; = s; for all 4,5 € {1,2,..., K}, where {s;}1<j<k are
the proportions of the mixture components, satisfying Z]K: 185 =1

Furthermore, as noted in Gassiat and Rousseau (2014), for overly fitted HMMs or other
finite mixture models, the model parameters become non-identifiable. In an overly fitted
HMM, the neighborhood of the true transition matrix contains transition matrices arbi-
trarily close to non-ergodic transition matrices. Adding hard thresholds to entries in the
transition matrix does not satisfactorily solve the problem.

1.4 Outline

The remainder of the paper has five sections. We first propose the marginal likelihood
method for general HMM order selection in Section 2. The consistency of the method is
presented in Section 3, for which we use a special case to illustrate the proof strategy.
In Section 4, we describe the computational method, demonstrate the effectiveness of the
marginal likelihood method using numerical experiments, and conclude with discussions on
choices of hyper-parameters. Section 5 applies our proposed marginal likelihood method to
real data from single-molecule experiments on protein transportation. Section 6 concludes
the paper with a summary. The proof of the consistency theory is provided in the Appendix,
with additional details presented in the Online Supplement.
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1.5 Contributions

The major contributions of the paper are as follows. (1) We investigate the marginal likeli-
hood method for HMM order selection, which resolves the difficulties caused by unbounded
likelihood by incorporating the prior distribution. (2) The theoretical result on the con-
sistency of our estimator for the number of states is established. (3) The computational
algorithm is efficient, robust, and has been tested to work very well. (4) An easy-to-use R
package, HMMmlselect, which implements our algorithm, is provided and publicly available
at CRAN (https://cran.r-project.org/package=HMMmlselect).

2. Model Selection via Marginal Likelihood

As discussed in Section 1.2, the existing model selection methods for HMM either have no
theoretical guarantee or are theoretically justified only for a very restricted family of HMMs
that excludes the popular heterogeneous Gaussian HMM. We propose a marginal likelihood
method, which directly compares the probability of obtaining the observations under HMMs
with different numbers of hidden states, after integrating out both the model parameters and
the hidden states. This method, as we will see, is consistent under weak regularity conditions
that are satisfied by a wide range of HMMSs, including the heterogeneous Gaussian HMM.

As a general guideline, throughout the paper, we will use bold notations (such as 0)
when we want to highlight that the variable may be high-dimensional or a collection of
multiple variables. Fo a variable in alphabet (such as x), we use its calligraphic format
(such as X') to denote its corresponding set or space. As for a variable in Greek letter (such
as 0), we use its capital letter (such as ©) to denote the corresponding set or space.

2.1 Marginal Likelihood Method

Given the number of states K, we assume that each 0 is independently drawn from the
prior distribution 7(@|a) and that the transition probabilities Qg are drawn from the
prior distribution vi(Qx|Bk), independent of each O; here a and Bk are the hyper-
parameters that are assumed to be fixed constants. We let po(¢x) denote the joint prior:

po(dK) = po(drla, Br) = vk (Qk|BK) Hle 7(0g|a). The marginal likelihood under a
K-state HMM is then defined as

pK(yl:n) = /{; p(yl:n‘(bK) P0(¢K) d¢Ka (3)

where ¢ € P = Qg x OF is defined in Section 1.1.

Given a sufficiently large K, we choose K € {1,2,--- , K} that maximizes the marginal
likelihood as the estimator of the number of states, i.e.,

A~

K, :=arg maXngngK(ylm)' (4)

We show that, if the true number of states is K* and K > K*, then, under mild conditions,
K, is a consistent estimator of K*.
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2.2 Discussions of Marginal Likelihood Methods

The marginal likelihood has been used in the model selection literature. The ratio of
marginal likelihoods is known as the Bayes factor (Kass and Raftery, 1995), a popular model
selection criterion. The BIC is in fact an approximation of the marginal likelihood using the
Laplace method. Ghahramani (2001) discusses the practical applicability and calculation
of the Bayes factor. Bauwens et al. (2014) applies the marginal likelihood method for model
selection of Markov-switching GARCH and change-point GARCH models. Du et al. (2016)
uses the marginal likelihood method to determine the number and locations of change points
of a stepwise signal.

As discussed in Section 1.3, the heterogeneous Gaussian HMM suffers from having an
unbounded likelihood surface. Adding a prior for the variance parameters in Gaussian
HMDMs can, in fact, fix the issue of unbounded likelihood. Therefore, the proposed marginal
likelihood method, which integrates out the parameters and hidden states, does not suffer
from irregularity of the likelihood surface.

It is worth mentioning that there are other methods involving the use of prior. For
example, Gassiat and Rousseau (2014) sample parameter ¢ from ®x with K > K*,
and apply a function on the sampled parameter to obtain a consistent estimator of K*.
Since their approach requires sampling from posterior distribution, their algorithm also
involve MCMC. The difference between these two methods is that we provide computational
approximation that makes the method efficiently enough for practical usage.

Finally, the conditional marginal likelihood has also been proposed in the literature. For
instance, Lotfi et al. (2022) has observed the overfitting and underfitting issues for marginal
likelihood under a machine learning setting, and therefore proposed the use of conditional
marginal likelihood. However, these issues do not apply to our setting as we will prove
the consistency of our estimator, which ensures that the probabilities of overfitting and
underfitting both go to zero asymptotically.

3. Theoretical Study of the Marginal Likelihood Estimator

We first present the consistency result of the proposed marginal likelihood estimator for
HMM order selection, Theorem 1, in Section 3.1. A brief illustration of the proof concept
under a special case is then presented in Section 3.2. Finally, in Section 3.3, we point
out the connections between the order selection of HMMs and the model selection of finite
mixture models. The proofs of these results are deferred to the Appendix, starting with
a short explanation of how to extend the proof concept to more general cases. An online
supplement is further provided for theoretical details.

Throughout the paper, we use L, to denote convergence in probability under probability
law P. For a decreasing sequence {e,,n > 0} that converges to 0 as n — oo, we denote
it by €, | 0. For any set £, we use Q°, 2, 9Q and 1 to denote its complement, closure,
boundary, and corresponding indicator function, respectively. For any vector or matrix A,
let A! be its transpose. We use || - || to denote the Ly-norm under the corresponding space.
Finally, we use Dy f and D3 f to denote the gradient vector and Hessian matrix of a function
f with respect to 8, respectively.
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3.1 Consistency and Rate of Convergence

Before we state K, is a consistent estimator of K *, we need first to define what is the “true”
number of states K* for a given HMM. Since a K*-state HMM can always be embedded
as a K-state HMM with K > K*, we basically define K* as the smallest possible number
of states that can characterize the HMM (which turns out to also be the number of states
providing the identifiability under the weakly identifiable condition 3) to be defined later;
see Leroux (1992b), Lemma 2 for related results.) That is, for a K state HMM, recall that
® - is the corresponding parameter space, and let Mg := {p(-|¢K) : ¢ € Pk}, i.e., the
set of probability distributions indexed by parameters ¢ € P, where p(-|¢x) is defined
in (2). Define K* as the smallest positive integer K such that the probability distribution
of {Y;,i > 1} is in M.

Now, let K* be the true number of states and ¢* = (Q*;67,...,0%.) be the true
parameters of the HMM considered. Let P* and E* denote the probability and expectation
under the true parameter ¢*, respectively. In addition, by the definition of Qf, the closure
of Qg is

K
QK:Z{QK:QMZQZ%M:L VlSk,fSK}-

k'=1

Further, denote

K
Qf = {QK1Qk£2€aZQkk’—17 VlSk,fﬁK}

k'=1

for any given € > 0.
We assume the following regularity conditions in our consistency theorems.

1) gf, > 0forall 1 <k,¢ < K*. This implies that the Markov chain with transition matrix
Q* is irreducible, aperiodic, and positive recurrent.

2) © is a compact set in R? and the true parameters {0,k = 1,--- | K*} are distinct
interior points of ©.

3) For any k € {1,2,--- ,K*}, for any 0 # 0}, we have My : f(y|0) # f(y|6;)} > 0 and
E*|log f(Y1]6;)| < oo. In addition, for any K > 0, the family of mixtures of at most K
elements of {f(-|0) : 8 € ©} is weakly identifiable in the sense that, for any positive g

. K K
and g with >0 e = 11 ¢ =1,

K K
A {y D> akf(yl6r) # Zqzﬂy\e;)} =0

k=1 k=1

if and only if
K K
> arle,(0) =D dile (6)
k=1 k=1

as a function of 6.
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4) There exists 0 > 0 such that, for any k € {1,2,--- , K*}, the function 8 — f(-|@) is twice
continuously differentiable in Bs(0;) := {6 : [|@ — 6;|| < §}. Furthermore, the following
holds:

E*| sup |[|Dglogf(Y1]0)]| < oo,
085 (67)

E*| sup |[Dglog f(Y1]0)||| < oo,
| 0cB5(6;)

/ sup || Do/ (y16)]|A(dy) < o,
Y 0cB;5(6;)

/ sup || D3/ (y16)]|\(dy) < oo.
Y 0€B5(6;)

In addition, for each k € {1,2,--- , K*},

Y1|0
pr* sup w :oo|X1 =k, <l

079/GU§:1 Bs(07) f(YVllel)

*
k

5) There exists 6 > 0 such that, for any 8 € O,

< 0.

E* | sup (log f(Y1]0")"
0'cB5(8)

6) The prior density 7(0|a) is a continuous function of 8 on ©, and is positive at 8} for all
1<k K™

7) For all K, the prior density vi(Qx|Bk) is a continuous and positive function of Qx on
Q, with a support in Q% for some € > 0. In addition, v~ is positive at Q.

Under these assumptions, we have the following consistency result.

Theorem 1 Assume that conditions 1)-7) hold. Then, under P*, as n — oo,

1) there exists ¢ > 0 such that, for all K < K*,

pK('yl:n) . L (e—cm) -
PK* (ym) =Op (6 ) 7 (5)
2) for all K > K*,
PEMYn) _ ( _<K;<*)d>
PK~ (yl:n) OP " ’ (6)

Consequently, if K > K*, i.e., the upper bound is at least K*, then K, — K* in probability
as n — oo.
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Remark 2 Conditions 1)-7) include the conditions from De Gunst and Shcherbakova (2008),
which ensure the asymptotic normality for the posterior distribution under the true num-
ber of states. An additional weakly identifiable condition is enforced in the second part of
condition 3) to deal with the case when having misspecified number of states. This weakly

identifiable condition is the same as condition (id) in Keribin (2000) and implies condition
2 in Lerouz (1992b).

Remark 3 Note that in Condition 7), we assume that the prior has support in Q5. This is
the strong mizing condition typically used in the literature. See Assumption & in Yonekura
et al. (2021), for instance. However, as suggested by Gassiat and Rousseau (2014), it is
possible that having a prior vanishes quickly enough as it approaches the boundary of Qg
would give the same result.

A potential sufficient condition is to consider a prior

K (Qk|BK) HVK qi1, Gi2; " > 4ik |BK)

that samples each row of Qg independently, in which Uk is a continuous prior on

{(‘ha"'aq}() € (0,1) forj=1,--- , K with qu_l}

=1

satisfying the following Dirichlet type condition? from Assumption A3 in Gassiat and Rousseau

(2014):
0 < U1, a2, qx|Br) < Cqf* - q3X ™" for some C > 0,01 > 0, ,ax > 0.

Note that since Uk is continuous and positive, Vi s a continuous and positive prior on
Qe satisfying the first half of Condition 7), but not the second half. Instead of a compact
support, it vanishes on the boundary of Qi in a polynomial rate. The simulation studies
in Section 4 show that this type of priors is indeed possible to ensure consistency at least
numerically. See Online Supplement, Remark 17 for more details, as well as Remarks 23
and 25 for potential issues.

Remark 4 One can relax the assumption that © is compact to “if for each y € Y, f(y|-)
vanishes at the infinity, and m vanishes at the infinity”. See Leroux (1992b), page 130. After
such relazation, conditions 1)-7) hold for a wide range of commonly used HMMs, including
the aforementioned Gaussian HMMS. The simulation studies in Section 4.3 further confirm
this claim.

Remark 5 It should be pointed out that we only assume the compactness on ©, not Qi X
O©K.  This means that we can have que arbitrarily close to 0. However, as we impose
condition 7), the prior vk is zero outside of Q% , and Qf x OK is compact. In other words,
condition 7) is effectively equivalent to assuming the entire parameter space is compact, just
as assumed in Douc et al. (2009), Douc et al. (2011), and others. We choose to present
it in the form of condition 7) since it has the potential to be weakened, as mentioned in
Remark 4.

2. Obviously, this includes the classical Dirichlet prior.

10
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3.2 Illustration of the Proof Strategy

To illustrate why Theorem 1 holds and the idea of its proof, let us consider a special case
with K* =1 and K = 2. In this case, we have {Y;,7 > 1} coming from a single-state HMM
with true parameter ¢* = ({1};0;), which is equivalent to an i.i.d. model with density
f(:]61). We want to show that
D2 (yl:n) P—*> 0. (7)
P1 (yl:n) n—0o0
To approach (7), we first examine pi(y1.,), the marginal likelihood of a single-state
HMM. Note that for a single-state HMM, the only possible transition matrix is {1}, so its
parameter space ®1 = Q1 ® O is d-dimensional. Also note that the marginal likelihood is
the denominator of the posterior distribution, so by Bernstein-von Mises theorem, we have

nd/Q pl(yl:n) _ <p1(y1:n‘¢*) >—1 P
P1(Y1:n|$7) n2p1 (Y1)

for some constant ¢; > 0.
We then examine pa(yi.,), the marginal likelihood of a two-state HMM. Note that Qo
is two dimensional, so ®3 = Q3 ® O ® O is 2(d + 1)-dimensional. Consider

o= (5 1))

then, a direct check shows that

C1 (8)

n—o0

p2(-|@) = p1(-|9") 9)

holds when ¢ = ¢*. This means that we can treat {Y;,i > 1} coming from a two-state
HMM with true parameter ¢*. It is therefore “tempted” to apply the Bernstein-von Mises
theorem again to get

p2(d+1)/2 p2(y1:n~) LA (10)
P2(Yin|@p*) nroe
for some constant ¢ > 0. If we can do this, then combing (8) and (10) gives

n2(d+1)/2_P2(Y1:n)

n(d+2)/2p2(y1:”) — p2(yinl@*) P*  C2
pl(yl:n) nd/?m n—oo C1 ’
pP1 (yl:'n|¢*)

which immediately leads to (7).

Unfortunately, the argument does not hold. The reason is that the argument above uses
Bernstein-von Mises theorem, which requires that (9) holds only at ¢*; in other words, it
requires the identifiability. However, this is not the case. To see why, for any two-state
transition matrix ) € Qs, consider

¢ = (Q;01,01),

then, a direct check shows that (9) holds for all ¢*Q , meaning that there exists infinitely
many ¢ that makes (9) hold. In other words, we face non-identifiability here, which forbids
us to directly apply the Bernstein-von Mises theorem.

11
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To get around this issue, for any QQ € Qo, consider the sub-parameter space
P ={p=1(Q:;01,02):6, €0,0, € O}.

Note that we can rewrite p2(y1.,) as

pQ(ylzn) :[1) p2(y1:n|¢)p0(¢’)d¢:/‘g {A p2(y1n|¢)p0(¢)d¢}dQ (11)
2 2 Q

In addition, for any fized @ € Qa, note that in the 2d-dimensional set &g = {Q} ® O ® O,
the only ¢ that makes (9) hold is @; in other words, the model is identifiable on the subset
®g. Hence, we can apply the Berstein-von Mises theorem on the posterior distribution
restricted to ®q, which gives

0?2 [o, D2yl @)po(@)dp 02 [o pa(yrn|d)po(d)dd .
P1(Y1:n|@*) B p2(y1:al95) n—00

cQ (12)

for some constant cg > 0. We can further show that the convergence in (12) is uniform
over () € Qa, and f92 cQd(@ < 00, so we can combine (11) and (12) to get

n2d/2p2(yl:n):/ n?/? o, P2(Y1:n|@)po(D)dep
P1(Y1:n|P%) o 1 (Y1:n|0*)

Combining (8) and (13), we get

d¢}dQl>/ codQ.  (13)
n—oo QQ

2d/2_p2(y1m)
nd/2p2(y1:n) _ e wimld) P ) fgg codQ
p1(Yim)  pd/2_21WLn)  nosoo o0
P1(Y1:n]0*)

which immediately leads to (7) and completes the argument.

The above argument basically involves four key steps: (i) decompose @ i into a family of
subspaces; (ii) show that each of these subspaces is “identifiable” so that the Berstein-von
Mises theorem can be applied; (iii) show that the aggregate limit ( [, 0, €2dQ in this case) is
finite; and (iv) show that the convergence in ii) is uniform across all subspaces. The idea
of proof for general K* and K is essentially the same, though the execution is much more
complicated, mainly due to the complication required to decompose ®x into identifiable
subspaces. See the Appendix for details.

Remark 6 One can conceptually interpret the above argument as follows:

o For a single-state HMM, the posterior distribution shrinks toward the true parameter
¢* in a d-dimensional space 1 = {1} ® O, as we need 01 converges to ;. This is
shown in (8).

o For a two-state HMM, even if we forfeit all the degree of freedom in Qs by restricting
the parameter space to ®q, we still have the posterior distribution shrinks toward the
“true” parameter ¢*Q in a 2d-dimensional space g = {Q} ® © ® O, as we need both
01 and 62 converge to 07. This is shown in (12).

12
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In other words, even if we forfeit all additional dimensions in Qs compared to Q1 in order
to obtain identifiability, the resulting subspace still has a larger dimension compared to ®1,
so its marginal likelihood goes to zero faster due to the existence of additional states. This
is the conceptual reason why (6) holds. The same reason holds for general K > K*, as one
can see in the Appendiz.

3.3 Connections with Model Selection of Mixture Models

In this section, we discuss the connections of the order selection for HMMs with the model
selection of mixture models. As mentioned in Section 1.3, the mixture model can be con-
sidered as a special case of an HMM, of which the transition matrix has identical rows,
ie. gqj; = sj for all 4,j = 1,--- K, where s; are the proportions of mixture components
satisfying Z]K:1 sj = 1. Consequently, the model selection of mixture models can follow the
same procedure as the order selection for HMMs. Reversely, we can use the model selection
of mixture models to determine the order of HMMs. We show that the estimator of the
order of an HMM is still consistent if we “ignore” the Markov dependency, i.e., regarding
it as a mixture model.

Corollary 7 Assume that all the conditions in Theorem 1 hold, and we restrict vi (-|Sk)
to be supported on

QR ={QK : ik = qak =+~ = qik for all 1 <k < K},

i.e., a prior for a finite mizture model without state dependency. Then the result of Theorem
1 still holds.

Remark 8 As opposed to Theorem 1, the computational cost required by Corollary 7 is
much smaller: instead of fitting HMMs, we only need to fit mixture models, which are
in lower dimensional spaces with nice independent structures on the latent variables. In
both Theorem 1 and Corollary 7, the convergence rate of the marginal likelihood ratio is
Op~ (n_(K_K*)d/Q). Howewver, Corollary 7 requires n to be large so that Y1., shows a “mizture
model” behavior through stability convergence; see Online Supplement S1.5. This leads to a
larger constant term in front of n=K=K4/2 for the marginal likelihood ratio of Corollary
7 as compared to Theorem 1, especially for the case of nearly diagonal transition matrices.

4. Computation and Numerical Experiments

Now we introduce our method of estimating the marginal likelihood and provide numerical
results comparing the marginal likelihood method and the BIC. We conclude this section
with a brief discussion about the choice of priors.

4.1 Marginal Likelihood as a Normalizing Constant

Denote the joint distribution of y1., and ¢x by p(Yim, @x) = p(Y1:n|PK) Po(¢PK), Where
P(Y1:n|@K), defined in equation (2), is the likelihood, to which we integrate out the hidden
states. The marginal likelihood pg (y1.,) of a K-state HMM is quK P(Y1:n|OK) Po(PK) dopk
as defined in (3)

13
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Our strategy to estimate the marginal likelihood is based on the observation that
pi(Y1m), in fact, can be regarded as the normalizing constant of the posterior distribu-
tion p(@x|Y1:n) = P(Y1:n, @) /Pr (Y1:n). Thus, the estimation of px (y1.,) can be recast as
the estimation of normalizing constant of this posterior density. To do this, note that we
can obtain posterior samples from p(¢x|y1.,) using a Markov chain Monte Carlo (MCMC)
algorithm (see Liu (2001) and references therein), since the un-normalized posterior likeli-
hood p(y1:n, @K ) can be evaluated at any ¢ using the forward algorithm which integrates
out the hidden states (Baum and Petrie, 1966; Baum et al., 1970; Xuan et al., 2001). Alter-
natively, we can sample from the augmented space ®x x X}, i.e., sample model parameters
and the hidden states together till convergence. This alternative approach corresponds to
the data augmentation method in Tanner and Wong (1987) and has been used for HMM
model fitting by Rydén (2008). Given that we can sample from the posterior distribution,
the question becomes: how to estimate the normalizing constant based on the (posterior)
samples.

4.2 Estimation Procedure

There is a large literature on the estimation of normalization constants, see DiCiccio et al.
(1997) and references therein. Among them, we want to mention a few that is related to
the algorithm we adopt. Methods based on importance sampling and reciprocal importance
sampling require knowledge of a “good” importance function whose region of interest covers
that of the joint posterior to be integrated (Chen and Shao, 1997; Gelfand and Dey, 1994;
Geweke, 1989; Oh and Berger, 1993; Steele et al., 2006).

The importance sampling and reciprocal importance sampling are simple and fast ways
of estimating the normalizing constant if an importance function close to the target density
can be specified. More precisely, we can write the marginal likelihood as:

P(Y1:n| @K ) po(PK)
f(oK) 7

where f(-) is a probability density function (importance function) that is easy to sample

from. If we denote samples from f(-) by {qb&?,i = 1,...,n}, then the right-hand-side of
Equation (14) can be approximated by

PK (Y1) = [p P(Y1:n|PK) Po(PK) dpr = Ef (14)

n-1 zn: p(y1:n|¢g?)'p0(¢§?) '
= F(oW)

The reciprocal importance sampling follows a similar idea so we do not include the detailed
equations here.

(15)

Since we already have posterior samples from the unnormalized density, it can be utilized
as a guide for choosing a good importance function for either the importance sampling or the
reciprocal importance sampling. Therefore, our strategy is to use the importance sampling
or the reciprocal importance sampling to estimate the normalizing constant px (yi.,), where
the importance function is chosen based on the posterior sample from p(¢x|y1.,). Since the
posterior samples do not necessarily give enough information about the tail of the posterior
distribution, the importance function might be a poor approximation of the target posterior

14
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distribution in the tail region, which can result in unstable estimators. We use the locally
restricted importance sampling or reciprocal importance sampling, which is more robust
to the tail behavior of the target posterior distribution p(¢x|yi.n), see DiCiccio et al.
(1997). We now give our procedure for estimating the marginal likelihood pg (y1.,) for each
Ke{1,2,...,K}.

1. Obtain posterior samples. Sample from p(¢x|yi.n) using a preferred MCMC algo-
rithm, and denote the samples by {¢g? N | (where N is often a few thousand).

2. Find a “good” importance function. Fit a mixture model using the samples {(,bg? fil,
where the number of mixing components is given by either (a) any clustering algo-
rithm, or (b) a pre-fixed number which is large enough. Construct the importance
function g(-) by fitting a Gaussian mixture or using a heavier-tailed density as the mix-
ture component; for example, a student-t distribution with a small degree of freedom,
such as 2 or 3, with the same location and scale parameters as the fitted Gaussian
mixture components.

3. Choose a finite region. Choose Qi to be a bounded subset of the parameter space
such that 1/2 < fQK 9(¢K)dpx < 1. This can be achieved by finding an appropriate
finite region for each mixing component of g(-), avoiding the tail parts.

4. Estimate px (y1.,) using either way as follows:

— Reciprocal importance sampling. Approximate pg (y1.,) by

N (i)
(RIS) 1 9(dy) (@)
P (Yin) = solag ()| (16)
K N fQK g(¢K)d¢K =1 p(yl:na ¢g?) R
where 1g(z) is 1 if z € Q, and zero otherwise.
— Importance sampling.
(a) Draw M independent samples from g(-), denoted by {’lﬁ'%)}lgjg M-
(b) Approximate px (y1.,) by
M ()
(IS 1 (Y1, ¥) i

MPo = 9(#’%))

where Py = #S/N with S = {i : ¢\ € Qx;1 <i < N}.

The purpose of step 2 is to construct a reasonable importance function that covers the
mode of the target density p(¢x|y1.n). Thus, the clustering algorithm, if adopted, does not
need to be “optimal” in any sense. Therefore, a conservative recommendation is to choose
overly-fitted Gaussian (or student-t) mixtures based on the posterior samples obtained in
step 1. Moreover, the heavy-tailed distribution and the truncated regions both serve the
purpose of obtaining a robust importance sampling estimator. If reciprocal importance
sampling is used, a heavy-tailed distribution is not recommended for the sake of estimation
robustness.
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Simulation studies of various target densities (skewed, heavy-tailed, and high-dimensional)
with known normalizing constants validate the efficacy of the proposed procedure, regard-
less of the shape of the target density or the dimension of the parameter space. See Online
Supplement S2.

4.3 Simulation Studies for HMM Order Selection

In the numerical experiments, we fix the mean parameters of a K-state HMM to be pu =
(1,2,...,K) and vary the variances o2 = (02,...,0?) in the first set of simulation studies.
The equal variances assumption is adopted here for simplicity of the presentation of the
results, but this is not part of the model assumptions. We will relax this assumption in
the second set of simulations. We consider four kinds of transition matrices, corresponding
to flat (PI(<1 )), moderate and strongly diagonal (P}(? ), P[({3 )) and strongly off-diagonal (PI({4 ))
cases:

1 0.2 0.2
PY = — g PP — 08— I E 1
0.05 0.05
P = 1095 —|Ix+——F 1
0 = 095 - 22 ne+ 22, (19)
0.9 0.9
PY— 2 g | 011 2
K" g-1FX {K—l 0 ] o (20)

where Fi is the K x K matrix with all elements equal to 1 and [k is the K x K identity
matrix. The number of observations, n, varies from 200 to 2000, and the true number of
hidden states, K, ranges from 3 to 5. Figure 1 illustrates a few simulated HMM traces. The
figure shows the potential difficulty of model selection for HMMs with a limited number of
observations. On the right is the simpler scenario where there are three states with 2000
observations, and each state appears frequent enough to be identified. On the left, there are
four states but only 200 observations; not all states appear frequent enough to be identified
based on visual assessment.

Similar to Dumont (2014), we compared the proposed method with BIC only. This
is because that, among the model selection methods in HMM, (a) AIC is known to be
inconsistent, cf. Fuh et al. (2024), and is good for forecasting and not good for estimation.
(b) The proposed method has strong connection with BIC as they are both consistent under
certain regularity conditions. (c¢) Other methods such as AICc, MDL, minimum message
length (MML), etc. have not been fully explored in HMM model selection literature.

We conduct m = 200 repeated simulations, each of which compares the marginal like-
lihood method with the BIC as follows. (1) Simulate n observations from the HMM with
K states and the specified set of parameters. (2) Apply the Baum-Welch (EM) algorithm
with multiple starting points (in our case, 50 randomly generated starting points) to obtain
the (local) maximum likelihood values for K-state HMM, thus giving the BIC of HMMs
with K-states denoted by BIC,(K), K = 2,3,4,...; let KBIC = arg max z BIC,(K). (3)
Calculate the marginal likelihood of a K-state HMM based on the importance sampling
procedure detailed in Section 4, K = 2,3,4, .. ; let IA(,]LV[L = arg maxz P (Y1:n).
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Figure 1: Sample HMM traces. The left three panels show three simulated HMM traces with n = 200
observations and K = 4 hidden states: ¢ = 0.3, and the transition matrix is Pf). The right
three panels show three simulated HMM traces with n = 2,000 observations and K = 3 hidden
states: o0 = 0.4 and the transition matrix is Pé‘g).

Unless users specify their choices for the hyperparameters in the prior distribution, we
set the priors as follows in our R package. And this default choice is the one we adopt for
repeated simulation studies. The prior mean for the mean parameters of the K states are
set as the K equally spaced quantile levels between 0.05 and 0.95 of the observed trajectory,
and the corresponding variances are set to be 100%2. The priors for each row of the transition
matrix are flat, that is, Dirichlet with hyperparameters all equal to 1. For the scaled-inverse
chi-square prior for the variance parameters, we set the degree of freedom parameter v = 3

and the scale parameter s? as:

s = quantile(y, 0.75) — quantile(y, 0.25)))/(2 * K),

where y is the observed trajectory.

Note that although BIC is not well defined for Gaussian HMM as the likelihood is
unbounded, in practice, people often use the EM (Baum-Welch) algorithm with multiple
starting points to obtain the local maximum of the likelihood and then calculate the BIC
based on the (local) maximum from the multiple runs. For a fair comparison, we follow this
practice.

Table 1 summarizes the results from repeated simulations, showing the frequency of
correct identification of the true number of hidden states using the marginal likelihood
method and the BIC when n = 200. Table 4 in the Online Supplement gives the results
when n = 2000.

In the second set of numerical simulations with heterogeneous variances, we set

Oheter = Told X (0.5 + 2 x runif(K,0,1)),
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Kl o n QK=P§(1) QK=P§(2) QK=P;(<3) QK=P§(4)
ML  BIC ML BIC ML BIC ML BIC
3 | 0.2 | 200 99 100 99 100 95 83 100 100
3 | 0.3 | 200 67 10 100 100 96 85 98.5 74.5
3 | 04 | 200 1.5 0.5 92 65 90.5 81 29 2.5
3 0.5 | 200 0.5 0 41 11.5 80 63 4.5 0
4 1 0.2 | 200 98 83 88.5 92 85.5 56 99 98
4 103 | 200 | 6.5 0 98.5 7 7 51.5 | 30.5 0
4 0.4 | 200 0 0 50 18 46.5 27 0 0
4 | 0.5 | 200 0 0 4 0 11 7.5 0 0
5 | 0.2 | 200 81 16.5 87 66.5 67 37.5 88 26.5
5 0.3 | 200 1 0 82 25 42.5 19 2 0
5 | 0.4 | 200 0 0 17 2 8.5 3.5 0 0
5 | 0.5 | 200 0 0 0.5 0 0.5 0 0 0

Table 1: Correct identification frequency (percentage) of K* for homogeneous variances

The frequency (in %) of correct identification of the true number of hidden states, out of 200 repeated simulations
for each entry, using the marginal likelihood method (ML) and the BIC. Here n = 200 observations are considered
(see Online Supplement for n = 2000 cases). K (= 3,4,5) is the true number of hidden states; o is the standard
deviation of each hidden state around its mean; Qg denotes the transition matrix: the matrices

P, PR PP P are defined in equations (18) to (20).

where o4)q refers to the o levels we set for the previous simulation experiments with homo-
geneous variances. And the oyeter are the new heterogeneous variances. The results are in
Table 2. The results for n = 2000 are in Table 5 in the Online Supplement.

k| o | n Q=P Q=P | Qx=P | Qx =P
ML BIC | ML BIC | ML BIC | ML BIC
3 |02 | 200 | 485 235 82 56 78 66 66 34.5
3 | 0.3 | 200 26 11 57 29.5 57 39.5 | 41.5 18.5
3 | 04 | 200 | 13.5 2 32.5 12 41 27.5 | 20.5 9.5
3 105 | 200 | 85 2 21.5 6 32 16.5 | 125 5.5
4 | 0.2 | 200 | 19.5 5 49 29.5 34 23.5 | 32.5 8
4 | 0.3 | 200 5 0 20.5 10 16.5 11.5 | 7.5 1
4 | 04 | 200 | 05 0 6 1.5 5 3 1 0
4 | 0.5 | 200 0 0 2.5 1 2.5 0.5 0 0
5 | 0.2 | 200 0 0 27 15 13.5 6 17 3
5103|200 | 05 0 7.5 1.5 6 2.5 4 0.5
5 1 04 | 200 | 0.5 0 0 0 1 0.5 1 0
5 | 0.5 | 200 0 0 0.5 0 1 0.5 0 0

Table 2: Correct identification frequency (percentage) of K* for heterogeneous variances

The frequency (in %) of correct identification of the true number of hidden states, out of 200 repeated simulations for
each entry, using the marginal likelihood method (ML) and the BIC. Here n = 200 observations are considered (see
Online Supplement for n = 2000 cases). K (= 3,4,5) is the true number of hidden states; o is the standard deviation

of each hidden state around its mean; Qi denotes the transition matrix: the matrices PI(<1> R P}(f), P;?), PI(<4) are
defined in equations (18) to (20). The heterogeneous variances are specified as opeter = 0 X (0.5 + 2 X U, where U is
independently simulated from a uniform distribution on (0, 1) for each hidden state.

From the simulation studies, it is evident that the marginal likelihood method outper-
forms the BIC in several aspects. First, the frequency of correct identification of the number
of hidden states using the marginal likelihood method is much higher, especially when the
number of observations is small (200 as opposed to 2000). Second, the marginal likelihood

18



DET. THE NUM. OF STATES IN HMM via MarG. L.H.

method is more robust to low signal-to-noise ratio, which can be seen from Table 1. The
success rates of the marginal likelihood method and the BIC both drop as the noise level o
increases from 0.2 to 0.5. However, the success rate of the BIC drops much more as opposed
to that of the marginal likelihood. Third, since the number of (unknown) model parameters
is quadratic in K, given the same number of observations, the more hidden states there are,
the harder the order selection is. The marginal likelihood method appears more robust to
the true number of hidden states than the BIC: the success rate of the marginal likelihood
is much higher than that of the BIC when the true number of states is high.

4.4 Discussion on Choice of Priors

From the asymptotic results in Section 3, the influence of priors vanishes as the number of
observations goes to infinity. However, in practice, the number of observations is finite, and
the choice of priors would have an impact on the results. Now we give our recommendations
of the choice of prior distributions based on empirical evidence in running simulation studies.
Practitioners should be aware that the best prior distribution often comes from incorporating
scientific knowledge of the specific problem in the field of study.

In the simulation studies in Section 4.3, we choose flat, conjugate priors, and the results
look quite promising. The prior for each row of the transition matrix is an independent
Dirichlet distribution with parameters all equal to 1, corresponding to a ‘flat prior’. The
priors for the means {ug}X | are set to be independent Gaussian with means {ox}_; and
large standard deviations, e.g., 10 or 20 times the interquartile range of yi.5. {,u()k}le
is chosen to be data-dependent: the pugp are set as the evenly spaced quantiles of the
observations y1.,. The priors for the variances of each hidden state {013}sz1 are chosen to
be independent inverse chi-squared distribution with a degree of freedom 3, and the scale
can be chosen based on empirical estimators of the variability in the data: we can simply
take the square root of the scale as the interquartile range of the observations divided by
2K.

Remark 9 Note that the choice of vk is a Dirichlet distribution, which does not have
support within Q% as in Condition 7) in Section 3.1. However, as discussed in Remark 3,
it is possible that a vk vanishes quick enough at the boundary of QY% is sufficient for the
consistency of K,,. Our simulation studies verify this possibility by numerically demonstrate
the consistency that the estimator is consistent when vy is chosen as the product of Dirichlet
priors suggested in Remark 3, although a theoretical proof remains absent for this situation.
Note that the Dirichlet prior is also recommended in Gassiat and Rousseau (2014).

5. Application to Single-Molecule Experimental Data

We apply the proposed marginal likelihood method to a set of single-molecule experimen-
tal data studied in Chen et al. (2016b), where single-molecule experiments are conducted
to study the co-translational protein targeting process, a universal protein transportation
mechanism in which proteins are transported to appropriate destinations inside or outside
of a cell through the membrane. This process is crucial to the proper functioning of cells,
and transportation errors can lead to serious diseases; see Akopian et al. (2013), Saraogi
and Shan (2011) and Shan (2016) for more discussion.
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In the biophysics community, each observed time-series trajectory is often modeled as
a Gaussian HMM (Greenfeld et al., 2012; McKinney et al., 2006). The number of hidden
states of each HMM corresponds to the number of conformations of a molecular complex,
which is of biological significance, as it reveals the dynamics and function of the molecular
complex (Blanco and Walter, 2010; Watkins and Yang, 2005).

The marginal likelihood method overall gives similar results as compared to the BIC
applied in Chen et al. (2016b). However, for several FRET trajectories, the marginal
likelihood method and the BIC give different results. Figure 2 shows two experimental
FRET trajectories in which the marginal likelihood method and the BIC give different state-
selection: in both cases, the marginal likelihood method gives a selection of three hidden
states, whereas the BIC gives a selection of two hidden states. As analyzed and explained
in Chen et al. (2016b), these two trajectories are in fact believed to be 3-state trajectories
once the information from multiple trajectories was combined together (using a hierarchical
HMM) to help identify rarely occurring states. The fact that the marginal likelihood method
correctly selects three states in this example indicates that it is more sensitive in detecting
rarely occurring states in an HMM. This sensitivity in detecting rare states is also observed
consistently in simulation studies, contributing to the superior performance of the marginal
likelihood method. We note that the performance comparison of the marginal likelihood
and BIC method based on the simulation studies gives us assurance on using the marginal
likelihood in practice. The ability to detect easily missed rare states using the marginal
likelihood method in this real data example is a clear case demonstrating exactly how the
marginal likelihood method outperforms the BIC method in practice when the signal-to-
noise ratio is small, and the model might be subject to misspecification.
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Figure 2: Two experimental FRET trajectories from the single-molecule data studied
in Chen et al. (2016b), with the number of hidden states being three for both tra-
jectories. In this example, the marginal likelihood method can correctly identify
three states while the BIC can only identify two.

20



DET. THE NUM. OF STATES IN HMM via MarG. L.H.

6. Conclusions

In this paper, we use the marginal likelihood to determine the number of hidden states for
hidden Markov models. The proposed method is theoretically consistent under mild con-
ditions. Furthermore, we propose a computation algorithm to robustly estimate the order
of an HMM trace through the estimation of normalizing constants. Extensive simulation
studies verify our proposed approach and demonstrate its power against the widely adopted
approach, the BIC, which lacks theoretical justification. We have provided an R package on
CRAN (https://cran.r-project.org/package=HMMmlselect) that implements our proposed
method. The package is named HMMmlselect.
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Appendix A. Proofs of Consistency Theorems

This section contains five parts. Section A.1 briefly explains how we extend the strategy
in Section 3.2 to general K* and K. Sections A.2 and A.3 prove Theorem 1; in particular,
Section A.2 proves (5), and Section A.3 proves (6). The necessary lemmas used in Section
A.3, as well as further theoretical details, are presented in the Online Supplement.

Throughout this section, the notations are consistent with those in the main text. We
use ¢ to denote the parameter under K states, which consists of QQg, the transition
matrix, and 6y, the parameters for Y1 given X1 =k, £k =1,...,K. 6}, Q" and ¢* are
the true parameters. The priors on 8 and Qi are m and vy, respectively. For each K,
P = Qi x OK is the parameter space, and P = O x OK is the closure of it (for which
we use S to denote the closure of any set S.)

A.1 Generalizing the Proof Strategy

In Section A.1, we have demonstrated our proof concept under the special case with K* =1
and K = 2. In below, we will explain how we extend this strategy to general K* and K,
and define necessary notations along the way.

First, for all K > 1, define Ag = K(K + d — 1), which is the number of parameters
for a HMM with K states. Then, similar to (8), the Berstein-von Mises theorem for HMM
(De Gunst and Shcherbakova (2008)) ensures that the posterior distribution under K*, the
true number of states, has asymptotic normality. In other words, there exists a positive
definite Fisher information matrix J* such that

pr-(Y1:n|@*)po(@*) P —Agx /2] 7%11/2
2 K12 g . 21
A Pp g () oo (2m) | J*] (21)

This allows us to control the asymptotic behavior for px«(y1.p,)-
Now let us investigate px (y1.n). In the general case, we have two possibilities:
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1) For K < K*, since a K-state HMM can be treated as an under-estimated model for
the K*-state HMM, we can prove that there exists ¢ > 0 such that

Pk (yl:n) —cn
_— = O * | € . 22
pr-wralé) ~ O ) 2
Combining (21) and (22), we have (5);

2) For K > K*, as illustrated in Section 3.2, we will face the non-identifiability issue, so
we need to use the strategy in Section 3.2 to get

nAK*+(K_K*)de(y1:n) P*

PK* (yln|¢*) n—oo

(23)

for some constant C' > 0. Combining (21) and (23), we have (6).

Combining the two cases, we prove Theorem 1.

Let us be more specific about the strategy in case 2). As illustrated in Section 3.2, the
core mechanism in this strategy is to decompose the parameter space into subspaces so that
each subspace contains only one “true” parameter. Here “true” refers to having essentially
the same law as we shall see shortly. In the case with K* =1 and K = 2, as illustrated in
3.2, we use Q € Qs to decompose ®5 into ®g, so that each ®g contains only one “true”
parameter

Note that this true parameter can be viewed as we “split” the original state into two states,
with the corresponding probability “weight” determined by . In other words, in this
special case, ( is the index that specifies the “split” and “weight”, while @ is therefore
the only “true” parameter that satisfies such specification.

This idea of specifying “split” and “weight” can be extended to general K > K™ as
follows. We will reparameterize ¢ by (a,7y) so that « contains all the non-identifiability
(including both “split” and “weight”), and v is the identifiable part. As such, through
this reparameterization, we can divide the neighborhood of all the “true” values into a
family of subspaces, with each of them identifiable and having exactly one “true” value
with ergodicity so that the Bernstein-von Mises theorem holds on each of the subspaces.
This provides us the subspaces needed to execute steps (i)-(iv) in Section 3.2, which leads
us to (23) and completes the proof.

To formally describe this reparameterization approach, we need to first characterize
all the “true” parameters for a model with K states, following a similar idea in Leroux
(1992b). To be more precise, for each K, recall ®x = Qx x OF is the closure of ®x. For
any ¢1 € Pk, and ¢ € Py, we define ¢; and ¢ to be equivalent, denoting as @1 «~ ¢o, if
and only if there exists initial distribution pu(¢;) = (pui(e),-- -, nk,(¢e)) for £ =1,2 such
that:

1) for £ = 1,2, if {X} : i > 0} is a Markov chain with initial distribution Xo ~ ()
and transition matrix given by ¢y, then {6y : i > 0} is a stationary process;

2) the processes {0y1 : i > 0} and {Oy2 : i > 0} follow the same law.
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Let 5} ={dK : px € P, dx ~ d*} be the set of “true” parameters under the equivalent
class in &g, % = 5} N @k be its interior, and 0P}, = 5} — @7 be its boundary.

Now, to obtain the reparametrization («, ) of ¢k, we first construct a set A, and then
construct a set I'y, and a function ¢, for each a € A so that Uye 49q(I'y) forms a partition
of ®x. Therefore, we have

A Pk (Y1:n| @K )po(PK )ddK = /A/F Pk (Y1:n]Pa(7))Po(Pa (7)) [Aa(y)|dyda, — (24)

K a

in which A,(y) is the corresponding Jacobian determinant when changing variables. In

addition, we will prove the steps (i)-(iv) in Section 3.2 in the following form, respectively:
(i) There exists AT C A and ¢ > 0 such that, as n — oo,

Lacas Jo, (Y1l d)po(0a(7)|Aa(y)|dyder
PK* (y1n|¢*)

= Op+(e™). (25)

(ii) Define
Ar = Ag+ + (K — K*)d (26)
(recall A = K(K +d —1)). Then, for each a« € AT, T',, is Ap-dimensional, and
¢a(Ta) N @) has exactly one component, which is a true value ¢}, € ®% with an
ergodic transition. In addition, there exists constant C, such that, as n — oo,

w7 Jo o (nlea(7)po(¢a(1)|Aa()ldy
P+ (Y1:n|@*)

= Cy +op+(1). (27)
(iii) The constant C,, in ii) satisfies

/ Coda < 0. (28)
a€AT

(iv) The convergence in (27) is uniform across a € A" so that we have, as n — oo,

A Las Jr. P (YrnldK)po(Pa ()| Aa(y)]dyda
PK* (yln’(b*)

= / Coda + op+(1). (29)
ac At

Combining (24)-(29), we get (23) and completes the proof. See Appendix A.3 for the proofs,
where the detailed description of the reparameterization (a,~) is given.

A.2 Proof of (5) (K < K*)

As discussed in Section A.1, since (21) holds, we only need to prove (22) holds in order to
prove (5). This is provided as follows.
Proof [Proof of (22) and (5)] Since K < K*, for any Qx = {qre,1 < k,¢ < K} € Qk,

define Q-+ = {Gre, 1 < b, < K*} by

Qe k.t < K
e = ﬁQkK k<K, l{>K
qKe k> K l<K

K*%KHQKK k> K
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which is the transition matrix when we “split” state K into states K, K +1,--- , K* with
equal probabilities. In addition, for any ¢x = (Qx; 601, - ,0K) € Pk, define

(Z)K* = (QK*aala )6K71)0K79Ka"' 70K) € (bK*

Then, a direct computation shows that

P (Yl dK) = prcs (Y10 Pre).- (30)

Moreover, note that

b € Py = {PE Dy 1O =01 = =0}, (31)

and since we assume that the true parameters satisfy 6, # 6; for all £ # /, there exists
0 > 0 such that

b C{¢p:d € Pie [ — 7| = 5} (32)
Combining (30) to (32), we have

P (Y1:n) ZA P (Y1:n|PK)D0(PK)dDK :/1> pics (Y| 1 )00 (D1 ) A

K

< swp g (Uald) [ m(@)der < s pie(ale) (39

In addition, Lemma 3.1 in De Gunst and Shcherbakova (2008) states that under conditions
1)-7), for any ¢ > 0, there exists € > 0 such that

— 1, (34)

L * . —_— L * . *
p* sup K (yln’(p) K (y1n|¢ ) < —e
p—*(|>6 n

where Ly :=logpg. Combining (33) and (34), we have

pK(yl:n) < su PK* (y1n|¢)
P+ (Y1:n|@*) T -5 PE* (Y1n|D*)

Ly« . — Ly« . *
—exp{n x sup K (yln’(b) K (y1n|¢ ) — OP* (e—en) (35)
lp—p* (|25 "
as n — oo. Combining (21) and (35), we complete the proof. |

Remark 10 One of the main ingredients in the proof above is (34), which essentially says
that, outside of any open ball of ¢*, the likelihood pr+(Y1.n|®) decays exponentially compare
to pr+(Y1:n|@*) as n — oo. This can actually be extended to px with K > K*. We state
this as Lemma 18 in Section S1.2, which will be used as an intermediate step in the proof
of Lemma 135.
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A.3 Proof of (6) (K > K*)

As discussed in Section A.1, since (21) holds, we need to prove (24) - (29) for the proof
of (6). To this end, we will have a reparameterization (a,~) of ¢x such that o contains
the non-identifiability parameters, and -y is the identifiable part. We will first present such
reparameterization and then prove (24) - (29) accordingly.

Note that, as discussed in Section A.1, for the construction of («,~) to be a reparame-
terization with « containing all the non-identifiability, o needs to capture the “split” of the
states as well as the “weight” of the split. To illustrate the idea behind the reparameteri-
zation, we first discuss two special cases and then present the construction of the general
case.

Example 1 (Mixture Normal with Two Components) Consider the case when gy =
q forallt=1,2,--- | K (so that X; are i.i.d.), and Y; ~ N(0x,,1). When the true number

of components K* =2, and the true parameter ¢* = ((¢7,q3), (07, 03)) is defined as
(Q17q2) - (2> 9
Then the likelihood function under ¢* is

pa(1nl6") H{ W= 1)+ 50l -2}

=1

)7 (9;9;) = (172)'

where ¢(-) is the probability density function for the standard normal distribution.
Now, suppose we fit the model with K = 3 and parameter ¢3 € ®3 defined by (q1,q2,q3)
and (01,602, 03), which corresponds to the likelihood function

3(Y1:n|P3) H {a1o(yi — 01) + q29(y; — 02) + q3p(y; — 03)} .

This creates identifiability issue since there are multiple g3 satisfying ¢z «~ ¢*. For example,
the following ¢3 all makes ps3(-|p3) = pa2(-|d*):

i (QI7qQ>Q3) = (%7% %)7 (01702103) = (17 172);
4 (Q1,QQ7Q3) - (%) %7 %); (91702503) - (1) 172);
i (q17q27Q3) = (%7% i): (01702a03) = (17272>
In fact, any @3 satisfying
1
0, =0; =( for allk € Sy, and quzq,jfz5 (36)
keSy

for all £ = 1,2, for some partition S = (S1,52) of {1,2,3} will make ¢p3 —~ @*.

Now, suppose (a,7) is a reparameterization of ¢s3, and P3 , is the subspace of ®3 condi-
tioning on a given a. Then, by (36), to make sure that o contains all the non-identifiability,
we need that for given o, (36) has at most one solution in ®3,. This means that we need
to control a by at least the following two matters:
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1. To make sure the Oy, part in (36) has at most one solution, o must specify the partition
S = (51,952). Equivalently, this means that o needs to specify, for each true state ¢,
the collection of states Sy that the state £ is “split” into.

2. Given S, note that the g part in (36) only specify the sum of qi across each Sy.
Therefore, to ensure that the qx part in (36) has at most one solution, o must also

specify

q q2 43
(Zkess(l) qr’ ZkeSS(g) a Zkess(3) qk> )
where
1, ifkesS
-y e

Equivalently, this means that o also needs to specify the “weight” of each q; relative
to Zkess(i) dk

(37)

In fact, we can construct such o and Pz, as follows. Set a = (S, W), in which S =
(S1,S2) is a partition of {1,2,3}, and

W = (W, Wa, Ws) € (0,1)°.
To construct ®3 o, we first set
01 = (—00,1.5), Oy =[1.5,00), (38)
so that
0c{07,0}NnO,={1,2}NO;, =0 = 1. (39)
Then, for any o = (S, W), we set

By = {¢3  for all £ € {1,2),0; € Oy for all k € S

i
and for each i € {1,2,3}, :VVZ-}.
Skes, ) U

s(z)

To show that (36) has at most one solution in ®3 . for any «, suppose that ¢z € 3,
satisfies (36) for some partition S'. Since ¢3 satisfies the first part of (36), by (39), we
must have S" = S, so that we have 0, = 6; = { for all k € Sp. In addition, for any

i€{1,2,3},
4 = XY g =W x ZQk—WX
§:kes

(i) kGSS( ) k‘ESS( )

in which the second equality is because @3 € P3 o, and the last equality is because ¢z satisfies
(36). To sum up, given «, the solution of (36) is uniquely determined by a; in other words,
there is at most one solution in ®3 . for each a, as desired.
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Remark 11 The identifiability issue in mixture models has also been discussed in the BIC
literature; see Keribin (2000) as well as Drton and Plummer (2017). See also Watanabe
(2015) for some extensions toward machine learning.

Example 2 (Gaussian HMM with Two Components) Now let us extend the idea in
Ezample 1 to Gaussian HMM. Let Y; «~ N(0x,,1), but without the constraint of qxe = qo.
Consider the case when the true number of states is K* = 2, and the true parameter

¢ = (Q*,(07,03)) is defined by

£ 11
@ = (1 B (1 1), enen-.2)
d21 922 2 32
Note that the invariant probability measure corresponding to Q* is p(¢*) = (u1(@d*), pe(@d*)) =
(2:2):

Again, we fit the model with K = 3. Consider ¢35 € ®3 and its corresponding invariant
probability measure p(pz) = (p1(P3), p2(@s3), us(ps)). Similar to equation (36) in Example
1, we like to find the condition that makes ¢3 «~ ¢*. Note that by the definition of the
equivalent class, ¢3 «~ ¢* means that, under the corresponding invariant probability, the
distributions of {Ox,,i > 0} are the same; in particular, (0x,,0x,) have the same distri-
bution. Let Pf((b denote the probability under ¢ and invariant probability pu(¢p). Then, for
any i,j = 1,2, t%e probability

P {(0x,,0x,) = (i,§)} = P&, {Xo € {k: 05 =i}, X1 € {€: 6, = j}}

= > > m(s)awe

k:0p =1 0:0p=j

must be equal to
Bl 10x0,0x,) = (i.0)} = Pl {Xo =i, X1 = j} = pi(¢")a; = -
Hence, similar to (36), for ¢3 « ¢*, we have
0, =06; =i forallk € S;,
and YY" p(es)aee = pi(d) gl =

keS; eESj

(40)

RS,

for all i,j5 = 1,2, for some partition S = (S1,52) of {1,2,3}. Note that (40) is almost like
(36), just changing the consideration of Ox, to the pair (6x,,0x,).

As that in Example 1, (40) suggests that we should have o = (S, W) with S being the
partition of {1,2,3}, and

Wi Wiz Wiz
W= | Wy Wy W (41)
W31 Wsia Wis

such that Wi € (0,1) for all 1 <i,5 < 3.
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The construction of ®3 . for given a = (S, W) is also similar. Recall s(k) defined in
(37), and ©1 and O2 defined the (38). For any a = (S, W), set

D3 4 :{d)g : forall € € {1,2},0; € ©f for all k € Sy

HiGij
2,3}, =Wij; .
2keS, ) 2utes, ) Mkt

and for alli,j € {1,

By using an argument similar to that in Example 1, we have that for each o = (S, W), (40)
has at most one solution in ®3 .

We now extend the idea in Example 2 to a general setting. First, for the construction
of a = (S, W), let
S = (817‘927"' 7SK*)

be a partition of {1,2,---, K'}. Given S, we extend the definition of s(k) in (37) to
s(k)y=rif ke S, (42)

As for W in (41), we generalize it to

Wi Wi - Wik

Wor Wa - Wok
W = . . .

Wik1 Wgo -+ Wkk

such that W;; € (0,1) for all 1 <4,j < K.

As for the construction of ®g ,, similar to (38), we first decompose © = Uj<p<i=Oy
such that ©j, are disjoint, and ;, is an interior point of Oy for all k = 1,2,--- , K*. Similar
to (39), this guarantees that

0ci{or, - 01N, =0=0. (43)

Now, given o = (S, W), set

Px —{(;SK s forall € {1,2,--- ,K*},0y € Oy for all k € Sy, (44)

and for all 7,5 € {1,2,--

Hiqij
-, K}, =W;i»¢.
Zkess(i) Zeessm Heqke ”}

Next using « to construct the reparameterization («, ) of ® g, we first note that by the
definition of @k , in (44), for each ¢ € P, there exists an unique « such that ¢x € Px 4.
Define

A={a=(S,W): @ NPx, # 0} (45)
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so that Uac AP K o forms a partition of ® .

It remains to parameterize ®x o for any o € A through 7 so that we can rewrite the
marginal likelihood as an integration over («,7) in (24). As ¢x = (QK;601, -+ ,0K), this
means that we need a reparameterization of Q. In addition, note that for given a = (S, W),
we have

Hiqij
Zk‘ESS(i) ZéeSs(j) Hidre

=Wij <= pigqij = Wi X Z Z Mk ke
k‘ESS(i) éeSS(j)

for all 4,5 € {1,2,--- , K}, so {Zkes o > res o ,U,qug} basically suggests a reparameteri-
s(1 s(g
zation of p;q;;, which can further lead to a reparameterization of Q.
The details are given below. Let us first set

Ri1 Ry -+  Rigx
Ro1 Rap -+ Rogx
R = } ) . )
Rg+1 Rg+2 -+ Rgeg-

such that R;; € (0,1) for all 1 <4,j < K*. For fixed a = (S, W), consider the mapping ¢,
from R to Qx as

Ya11(R)  Ya12(R) - a1k (R)
o1 (R w(R) -+ Year(R
bu(R) = ¢2%( ) ¢22:( ) ) ¢2I:<( ) (46)
VYar1(R) vYar2(R) - tYarxk(R)
Here for all 1 <14,j < K,
Yasi (R) = ;Vz‘j Rsisi) (47)
> o1 WieRg(i)s(0)

Further set
Y= (R7017 70K)7

and define the mapping ¢, from 7 to ¢px = (Qk;01, - ,0K) as
Pa(7) = (Ya(R); 01, -, OK). (48)

To show that for any a € A, v indeed forms a reparametrization of ®g , through ¢,,
we need to verify that for any o € A, ¢, is a bijective function. To do so, we directly claim
that

@;1(¢K):(w;1(QK);01V">0K)7 (49)
where
bon1(Qk)  Vaa(@k) o ok (Qk)
—1 ¢;211(QK) ¢;212(QK) o ¢;21K* (Qx)
Vo (Qk) = : : , .

U1 (QK) Voafeen(QK) o Voo (QK)
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Here for each 1 <1i,5 < K*,

az] QK Z Z MEdke, (50)

keS; £eS;

which is the denominator appears in (44). To show that o, ! is indeed the inverse function of

©a, suppose that v = (R;01,--- ,0k) = ¢, (¢px) for some px € @ . Since ¢ € Pr 4,
by (44) and (50), we have

wiqi; = Wij Z Z HkQke = Wiﬂl);;(i)s(j)(QK)a (51)
k‘ES (4) KESSO)
which leads to
K
Hi = Zl Wij¢;sl(i)s(j)(QK) (52)
]:

since Zszl ¢ij; = 1. Hence, by (51) and (52), we have

—1
pigi __ Wibastys)(@K) .
pi E, Wiﬂ/};sl(i)s(é) (Qxk)

Combining (53) with (47), we have that

Yoty ' (R)) = R,

%ij = (53)

and thus
vala (7)) =17

As such, ¢, is invertible, therefore if we set

Iy = 90(;1((I)K,0<)7

then ¢, : I'y — Pk is a bijective function. This proves that (a,v) indeed forms a
reparameterization of ®g.

We then show that « indeed captures all the non-identifiability; that is, we want to
show that for each a = (S, W) € A, Pk , contains at most one “true” value. To show this,
consider any true value ¢} = (Qk; 61, -+ ,0K) € 5}, and suppose it lies in @, for some
a € A. Given this «, set 7} = ¢ (d%). In addition, since ¢% ~ ¢*, (0x,,0x,) have the
same law under ¢}, and ¢*, by condition 3) we have

Z > > mldi)arele, (B0)1e,(61) = Z pi (@%)gijlez (60)1lex(61)  (54)

LI=LRES i) L€Ss() =1

as a function of (689, 01).

Note that by (44) and (45), for any o = (S,W) € A, W has positive entries, so by
(47), for any v = (R;01,--- ,0k) € Ty, ¥o(R) is a transition matrix with positive entries.
As such, since 4% = pa (@) € ¢ (Bx) = Ta, we have (@) = u(pa(12) > 0 for
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all o € Aand k = 1,2,--- , K. In addition, since ¢} € Dk o, by (44) and (43), we have
0,c0O;foralli=1,--- ,K*and k € S4(i), which means that 6, € {67,---,0%.} if and
only if 8, = 6. Hence, the only possibility for (54) to hold is when

0, =0} foralli=1,2,--- ,K* and k € Sy; (55)

and when this holds, (50) and (54) directly lead to

Rij = ¢,5(QK) = Z Z fare = pi (9")ai; == Rjj. (56)
keS; £eS;
Therefore, ¢ = (Q; 601, ,0k) is a “true” value in @k, if and only if
mean  pi(PNaz e #(0)die
¢;1(QK) — R* — H2(¢: )45 Mz((l”: )432 M2(¢:)QQK* ' (57)
Wi (@ )afcer M= (D )y - Mg (D)o v

Hence, for any o € A, there exists at most one “true” value in each ®g , as desired.

In fact, note that for a = (S, W) with S = (S, -+, Sk~ ), the only possibility that there
exists no “true” value in 5K7a is when S; = () for some ¢. In that case, (54) does not hold
since when (55) holds, the RHS of (54) has the indicator 1, but the LHS has not. Hence,
if we define

AT = {a=(S,W):8= (S, --,Sk+) such that S # () for all k =1,2,--- , K*}, (58)
then for each o € AT, 61(,& contains exactly one “true” value
®o = Pa(Va) (59)

with
= (B 651), 052y, 05 (60)

Remark 12 Note that (54) considers the pair (69, 01) in order to incorporate the infor-
mation of the transition matriz. This concept has been used in the HMM literature. See,
for example, the proof of Lemma 2 in Leroux (1992a), as well as the composite likelihood
method in Chen et al. (2016a).

We are now ready to show that this reparametrization satisfies (24) - (29). For (24), by
standard change of variables,

/ Pk (Y1l b1 0 ) debic = / / Pi (W1n]20(1))Po(Pa(1)Aa(y)[drvda,  (61)
(038 A JT,

where A, () is the Jacobian determinant specified by the mapping ¢, () (as a function of
(a,y).) On the other hand, (25) - (29) are provided by the following four lemmas.

Lemma 13 Suppose conditions 1)-5) hold. Then (25) holds for the A" defined in (58).
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Lemma 14 Suppose conditions 1)-7) hold, and recall Ar = Ak~ + (K — K*)d defined in
(26). Then, for each a € AT,

a) Ty is Ap-dimensional, then the dimension of Ty remains the same for all « € A™;

b) ©a(Ta) N @y contains exactly one component, which is a true value vq(V:) = ¢l € %
with ergodic transition matrix;

c) vk is an interior point of Ty;

d) there exists a constant Cy, such that (27) holds.

Lemma 15 Suppose conditions 1)-7) hold. Then (28) holds for the C, in Lemma 14.
Lemma 16 Suppose conditions 1)-7) hold. Then (29) holds.

Now we are ready to prove (6) in Theorem 1.

Proof [Proof of (6)] Owing to Lemmas 13 - 16, (25) - (29) hold. (6) follows by combining
them with (21) and (61). [ |

It remains to prove Lemmas 13-16, which are presented in the Online Supplement.
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Online Supplement

The Online Supplement below contains three parts. Section S1 gives the proofs of the
key lemmas in Appendix A.3 as well as other theoretical details related to the consistency
results. Section S2 presents simulation studies for estimating normalizing constants. Section
S3 gives proof of the robustness of the computational algorithm.

S1. Detail Proofs for the Consistency Theorems

This section contains three parts. Section S1.1 proves Lemmas 13 to 16 in the Appendix,
which completes the proof of Theorem 1. To simplify the presentation, some of the inter-
mediate steps in the proofs of these Lemmas are deferred to Section S1.2. Finally, Section
S1.3 proves Corollary 7.

S1.1 Proofs for the Key Lemmas in Appendix A
Proof [Proof of Lemma 13| Recall ®x o = ¢o(I'a), so we have

/AA+ /F pK(yl:”’(pa(fy))pOQOa(’Y))’Aa(’}’)‘d’yda

:/ PE (Y1:n|OK)po(PK)dPK

UaEA—A“’ (I)Kvﬁ‘

=/ PK(Y1:n|PK)P0(PK)dDK . (62)
Pr—U,cat+Pr,a

In addition, recall ®% and 5} defined in Section A.1. For any § > 0 and ¢x € P, let

Bs(¢k) = {¢K : ¢k € Pk, ||p — PKk| < I}, (63)

and % 5 = U¢K€5} Bs(¢r). In other words, Bs(¢k) is a neighborhood of the “true”

values in 6;(. Then, by Lemma 18 provided in Section S1.2, we have

fcbxfcbké PK (Y1:0|PK )P0(PK ) dD K
i+ (Y1:n|P*)

=Op- (e) (64)

as n — oo. Hence, by (62) and (64), we only need to show that ®% ; C Usca+Pr o for
some ¢ > 0, and (25) immediately follows.

Recall the « relationship defined in Section A.1. Consider any ¢x = (Qk; 61, - ,0K) €
O Let {X}:n >0} be a Markov chain under the law govern by ¢ and initial distribution
w(dr), and {X2 : n > 0} be a Markov chain under the law govern by ¢* and initial
distribution p(¢*). Since ¢ «~ ¢*, we have 0X11 follows the same law as 0;“(12. But 9}11
takes value on T := {0y : 1 < k < K} with P{0X11 =01} = pi(¢) for all k, and 0}12 takes
value on T* := {0 : 1 < i < K*} with P{O}% =07} = pi(@*) > 0 for all i. So, for Ox:

to follow the same law of 9}12, we must have T = T, which means that for any ¢ in 5}

and any 1 <7 < K*, there is a 1 < ¢; < K such that 6,, = 0;.
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In addition, by the construction of ©;, we know that there exists § > 0 such that
Bs(0F) C ©; for all 1 < i < K*. As such, for any ¢ = (Q%; 07, - ,0%) € Bs(pK), we
have

021_ € B5(0,,) = Bs(0) C ©;

for any 1 <14 < K*. However, by the construction of ®x . defined in (44), this means that
@' must belongs to @k , for some a = (S, W) with S = (51,52, , Sk+) satisfying

l;e S;foralli=1,2,---, K",

which means that S; # 0, so that o € A" as defined in (58). As a consequence, we have
Pl 5 C Useat+ Pra as desired. The proof is completed. [

Proof [Proof of Lemma 14| a) For any a = (S, W) € A, it is straightforward to check that
Pr o = pa(la) and I'y has the same dimension. In addition, by (49), it is straightforward
to show that

[o =Ra X Og1) X -+ X Ok, (65)

where

namely, the projection space of o, (® K.o) onto the space of R.
Now, each ©,() has dimension d. As for the dimension of R, note that, by (50), v, 1
maps Qi to a K*-by-K* matrix satisfying

K* K* K
Zw;%’(QK) = Z Z Z Pk = Z Z PkQre = Z Zﬂk%z = Z ks (67)
=1

Jj=1 k€S, LeS; k€S; teUl”, s; kesS; £=1 kes;

since S = (S1,- -+, Sk+) is a partition of {1,2,--- , K}, and Zle qre = 1. Hence, R, is the
space of K*-by-K* matrices subject to K* constraints given by (67), so it has dimension
(K*)? — K* = K*(K* — 1). Thus, by (65), the dimension of T, is

K*(K* = 1)+ dK = K*(K* — 1) + dK* + d(K — K*) = Ak + d(K — K*) = Ar,

and so does P o = pa(lq).

b) By the argument leading up to (44) and (60), pa(Ta) N Pk = {va(1)} defined
as in (60). In addition, a direct check shows that ¢, (V%) = ¢} = (Qk; 01, - ,0K) with
QK € Qk, which is an ergodic transition matrix.

¢) Recall 7}, = (R*;041), -+ ,04k)). A direct check shows that 1, (R*) is a transition
matrix with positive entries, and @ is an interior of ©; for all 7 = 1,2,--- , K*. As such,
©a(74) is an interior point of @k ,, and therefore, 7 is an interior point of I',.

d) Note that since ¢* « @}, = ©a (%), by Lemma 2 in Leroux (1992b), pr+(y1.n|@*) =
P (Y1:n|pa (7)) and hence,

n % Jp, Pr@inlea()o(ea(n)Aa )iy

LHS of (27) = Pi (Yl Pa(VE))

(68)
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In addition, since @, (7) is bijective, the inverse function theorem ensures that [Ay(7y)| > 0
for all @« € AT and v € T Thus, if po(pa(7s)) > 0, then

Po(Pa())[Aa()]

|
Pal) = (69)
Jr. po(@a (7)) 1Aa(7)]dy
is a prior distribution on I', with positive density at %, and therefore
F o, prinlea(1)pa()d
n 2 PK\Y1:n|PalY))PalY )Y
RHS of (68) = Lo X po(Pa (Vo)) [ Aa(7a)]- (70)
Pi (Yrn|Pa(V8))Pa(72)
Combining (70) with the Bernstein-von Mises theorem in Lemma 20 below to have
(QW)AF/Q * *
RHS of (70) = VAL Po(®a(Ya))Aa (o)l + 0p+(1) = Ca + op+(1),
where J, is the Fisher information to be defined in Lemma 20, and
. (271-)AF/2
Co = W X po(Pa(va))Aa(va)]- (71)

It remains to handle the case when po(pq(72)) = 0. For this purpose, let u, be any
continuous prior distribution on I'y, such that u, (7)) > 0. Then, for any € > 0,

PE() = p( ())IA ()] + eua(-)
0 r, o(aM)Aa (V)] + Pal7)) dy

is a continuous prior distribution on I'y, with positive density at ~%. Hence, by Lemma 20,

(72)

nF [ kWil pa()) (o(@aln)lAa()] + 0a(r)) dy
pK(yl n‘@a(%y))
)

A
n2 [ pi(Wrmlea(7))p5 (1) dy
PE (Yrnlpa(V5))P5(V5)
p* (QW)AF/Q
n—00 |Ja’1/2

RHS of (68) <

Pa(V2) [Aa (7))l

X Pa(7a)[Aa(va)l- (73)
Since € > 0 can be arbitrarily small, we get
RHS of (68) =0+ 0p(1) = Cqy + 0p(1),

since C,, = 0 due to (71) and the fact that po(pa(7))) = 0 in this case. The proof is
completed. |

Proof [Proof of Lemma 15| Recall Q% in condition 7), ¢, defined in (46), and R, defined
n (66). Let

AF = {a € AT g (Ra) N Qi # 0} (74)
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which is the collection of a such that there exists some ¢px = (Qk; 01, - ,0k) € Pk o with
Qk € Q%. Note that for any o € AT — AF, we have

1/’04(Ra) C Qk — Q;( (75)

In addition, by condtion 7), po(¢px) = 0 for any ¢x = (Qk;601,- - ,0K) with Qx €
Qi — Q. So by (75),

Ya(Va) € Ya(Ra) C Qk — Qk = po(pa(ra) = 0. (76)

Hence, by (71), we have
C, =0 for any a € AT — AT, (77)

/ Coda = / Cyda.
ac At ac At

In addition, since QS is compact and t,(7) is continuous, A7 is compact. Furthermore
since C}, is continuous in «, we have

/ Coda < o,
acAF

which completes the proof. |

and hence

Remark 17 As one can see from above, to ensure the finiteness in (28), one does not
actually need a stronger condition 7) but only needs to make the prior py vanishes quick
enough when it approaches the boundary of Qr. To be more specific, if one can estimate
the rate of |Jo| as a approaches the boundary, then one can choose a py that vanishes
quick enough near the boundary to make (28) holds. Potential choices of priors include the
Dirichlet distribution with a certain order or priors that vanish exponentially fast near the
boundary. See Gassiat and Rousseau (2014) for examples.

However, priors with non-zero values near the boundary would raise a question of uni-
form convergence in Lemma 16. See Remark 25 for details.

Proof [Proof of Lemma 16| Recall AF defined in (74). By (77), we have C, = 0 for
any a € AT — AT, In addition, through the same argument leading up to (76), for any
a€ AT — AF and any v € T, we have

©al(7) & ®x = po(paly)) =0,

which means that

Jo P @rnlea(1)p0(Pa (M) Aa()ldy
Pk~ (ylzn‘(ﬁ*) B

0= C,.

In other words, as soon as we show that the convergence in (27) is uniform across AT, we
immediately know that the convergence is also uniform across A", and hence, (29) holds.
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To see why the convergence is uniform for o € A7, let us first review how the convergence
holds for any fixed . Recall Lx(y1.n|¢px) = logpx (y1n|@K), and p, defined in (69).
Note that the convergence in (27) comes from Lemma 20 below, which uses the Berstein-
von Mises theorem in De Gunst and Shcherbakova (2008), Theorem 3.1. This theorem is
obtained through the following steps:

a) Use the law of large numbers (LLN) for Lx(y1.n|pa()) for any v € T',, to show that,
for any § > 0, as n — oo,

Jro PE@rnlpa(M)Pa(M)dy S5 vy PE W1in] 00 (7)) (1) dy

+ op+(1), 78
Pk (Y1:n|Pa(72)) Pk (Y1:nlPa (7)) M %)
where Bso(7) ={v € Ta: ||V — |l < d}.
b) On Bs«(7}), by Taylor expansion of Lk to have
v D, L (y1:nlpa(va))
L n|Pa . — | =L n|Pa . = <
i (Vinfn02) + T2 ) ~Liclanalinloz)) + ot 222

¢ D,QYLK (’ylsn|§0a (7704,"))
v v

2n ’ (79)

for some 7,,, between ¢, (7)) and @ (7)) + ﬁ, with D, f and D% f denote the gradient
and the Hessian matrix of a function f with respect to -y, respectively.

c) Use the central limit theorem (CLT) for Dy Lk (y1:n]¥a (7)) to control the first derivative
term in (79).

d) Use the LLN for D%LK(y1:n|<pa(7ya,n) with Yo =, 7% to control the second derivative
term in (79). Note that a) ensures the convergence of g 1.

Thus, if we want to show that the convergence in (27) is uniform across A, we need
the following three steps:

i) show that for any sufficiently small § > 0, (78) holds uniformly for all « € AT;

ii) show that the CLT in step ¢) is uniform for all o« € AF. More precisely, we need to
show that

1
— sup

\/ﬁ acAt
where J, will be defined in Lemma 20.

D, Lic(yrnlea () T2 %] | = O+ (1), (80)

iii) show that the LLN in step d) is uniform for all & € A}. That is, we need to show that,
for any 7, , with SUP 4+ 1Yan — Yol = 0,

*

(81)

n—o0

1
sup H*D'%,LK(yl:nhOa('Ya,n))
acAt n

We will prove i)-iii) through Lemma 22 - 26, respectively, which leads to the uniform
convergence of (27) and completes the proof. |
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S1.2 Lemmas for Intermediate Steps

Lemma 18 (Likelihood Concentration Used in the Proof of Lemma 13) Assume that
conditions 1)-5) hold. Then, for any K > K* and § > 0, there exists € > 0 such that

* 1 *
P { sup —(Lr(Y1:n|®) — L+ (y1:n|@7)) < _6} > 1, (82)
(beé}{*‘b}}ﬁ n n—oo
where @ 5 is defined right after (63). Consequently, as n — oo,
fcp —_P* pK(yl:n|¢K)p0(¢K)d¢K
e =Op (7). (83)

P+ (Y1n|*)

Lemma 18 is used to prove (25) as we mentioned in Section A.3.
Proof [Proof of Lemma 18|
Define Qj = {@,, 1 < k, ¢ < K} by

4 k< K*

it = #ﬂqu k< Ke > K
Q5o Ek>K* (<K
=il k> K*

which is the transition matrix when we “split” state K* into states K*, K*4+1,--- | K with
equal probabilities. Further, define

¢Z*K = (Q?{aelv T 79K*—179K*79K*a T >9K*) € Pk.
Then, a direct computation shows that

pK(yl:n|$*K) = PK* <y11n|¢*)a

and therefore, Li-(y1.n|0p*) = LK(ylzn]ggj(). In addition, let ]5;( denotes the probability
when {X;,7 > 0} is a Markov chain on Xk, governed by Q}, with X follows the invariant
measure under Q}‘( Then, a direct computation shows that {Y;,7 > 1} has the same law
under P* and 151*( As such, for any § > 0 and € > 0, we have

p* { sup Lk (y1n|@) — Lk (Y1:n|0") < _6}

PPk P 5 n
- L . - L . |o*
PEPK P 5 n

However, by using the argument in the proof of Theorem 3 in Leroux (1992b), we have that
under conditions 1)-5), for any ¢ > 0, there exists € > 0 such that the second line in (84)
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goes to one as n — 00, so (82) is proven. (83) immediately follows since, by (82), with
probability approaching to one, we have, as n — oo,

prK,q);w P (Y1:n| K )P0 (DK )dPK B fq,K,q);{,é exp{Li (Y1:n|PK)}po(PKr)doK

pic+ (Y1:n]D¥) a exp{ L+ (Y1.n|®*)}
<exp sup Li(Y1:m|PK) — L+ (Y1:n|0") X% =0p ().
PrEPK—PY n

Remark 19 Note that the results in Leroux (1992b) do not require the probability measure
to be under the true number of states K*. It also does not require the true parameters to be
unique in the parameter space, as its results are with respect to the quotient topology of the
equivalence class. See the last paragraph on page 142 of Leroux (1992b). Also note that its
definition of equivalent class ¢ —~ @' does not require ¢ and ¢’ to correspond to the same
number of states; it only requires that {0x, : i > 0} follow the same law under ¢ and ¢'.

Lemma 20 (Generalized Bernstein—von Mises theorem for HMM) Assume condi-
tions 1)-5) holds and K > K*. Then, for any o € A" and any continuous prior distribution
Pa on L'y with pa(’@) >0,

A
n2 [o pkWrnlea(N)Pa(dy  pe (2m)A0/2
Pi (Y1l a (V)P (72) nooo | Jo[M/2

(85)

where 1
Jo = lim EE* [D,%, IOgPK(ylzn‘QOa('YZ))] .

n—o0

Proof Let P! and E! denote the probability and expectation when {Y;,7 > 1} is govern
by the K-state HMM under ¢}, = ¢4 (7)), respectively. Since ¢}, « ¢*, by Lemma 2 in
Leroux (1992b), {Y;,i > 1} has the same probability law under P* and P}, which implies
that
lim ~B* (D2 ogprc (yrenlpa(22)] = Tim 3 (D2 logpic(rloa(12)]
Y n|Pa\ Vo a ~ n|¥al Vo )|

n—oo n n—oo N

with the limit in the last line exists due to Lemma 2 of Bickel et al. (1998) under conditions
1)-5). Hence, J, is well defined.

Now, we would like to show that the Berstein-von Mises theorem for HMM in Theorem
3.1 of De Gunst and Shcherbakova (2008) holds on I',. To do so, we need to check the
conditions (B1)-(B6) in De Gunst and Shcherbakova (2008), which are true since

e (B1) holds since, by part c¢) of Lemma 14, 4% is an interior point of I'y;

e (B2)-(B5) are implied by conditions 1)-5);

e (B6) holds since, by part b) of Lemma 14, ¢ (Ts) N @ contains exactly one point
o = 9004(72)‘
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Thus, Theorem 3.1 in De Gunst and Shcherbakova (2008) gives

A
n fo pr(Winlea(V)Pa()dy  pp  (27)Ar/?
Px (Y1:n]0a(13))Pa(72) noo | Jo|/2 7

which immediately implies (85) since {Y;,7 > 1} has the same law under P* and P}. The
proof is completed. |

Remark 21 For the results cited in the proof of Lemma 20:

o Leroux (1992b) studies consistency of the MLE for HMM. Its Lemma 2 shows that two
probability laws agree if and only if their corresponding parameters are in the same
equivalent class.

e DBickel et al. (1998) studies asymptotic normality of the MLE for HMM. Its Lemma 2
shows that the corresponding Fisher information exists.

e Theorem 3.1 in De Gunst and Shcherbakova (2008) is the Berstein-von Mises theorem
for HMM under the identifiability condition.

Lemma 22 (Uniform Concentration of Lx) Assume conditions 1)—5). Then for any
§ > 0, (78) holds uniformly for all « € A}.

Proof As in the proof of Lemma 14, part d), we have L (y1:n|pa(7))) = Li+(Y1:n|0*).
For any § > 0, define

Vs = UpentPo (Lo — Bs.a(3)) -

If we can show that, for any § > 0, Vs is bounded away from 5} by some constant cs5 > 0,
then we have

Vs C Br — B, (86)

with ®% s being defined in the paragraph right before Lemma 18. In this case, Lemma 18
shows that there exists ¢ > 0 such that

. { Lic(Y1nl$) ~ Lic(Wrnlga (1)) _ _C}

sup
PEVs n

:P* { LK(yln‘d)) - LK* <y1n|¢*) S —C}

sup
PEVs n
L : — L+ (y1.n|0*
- p* sup K (Ynl®) — Lic-(yinlé”) _ 1,
PEPK—Pi .o n n—roo

and the uniformity of (78) immediately follows through an argument similar to that in
Lemma 18.
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To see why such c¢s > 0 exists, first note that, as shown in the proof of Lemma 4, A} is
compact. Further note that

3 = o U (6} - @*K) . (87)

For @3, note that for each o € AF and v € Ty, — Bs o (7}), the closest ¢ € ®F; to q(7) is
@}, = va(h). Hence, Vs is bounded away from @3- by

cs = inf {{lpa(y) = pa(V) s v € AF, vy €T0 = Bsa(ra) } - (88)

As for &5 — ®%, note that B
Py — P C QK x OF,

On the other hand, since A7 is compact, U e Ajl/}a(l—‘) is a compact subset of the open set
Q, which means that U__ AF 1o (T") is bounded away from 0Qg by some cg > 0. Combin-
ing with (87) and (88), we see that Vs is bounded away from & by cs = min{cj,cq} > 0,
so (86) holds. The proof is completed. |

Remark 23 Note that this argument will not work when we replace A>T by A*, ascg =0
in this case, meaning that we can have a such that the likelihood in Iy, concentrating to v}
arbitrarily slow. This shows the importance of condition 7).

Lemma 24 (Uniform Convergence of D?Ly in (81)) Assume conditions 1)—5). Then
(81) holds for any Ya,n with sup,c 4+ [Va,n — 4l = 0 as n — oco.

Proof Fix such a family of sequence v,,. Follow the steps in Bickel et al. (1998), we
extend {(X;,Y:)}2) to {(Xi, Yi)}2 o, and let pr(Yn|Y_p.n—1), ¢x) be the conditional

likelihood of Y;, given Y_,,.(,_1) and parameter ¢5c. By Bickel et al. (1998), Lemma 10,
under conditions 1)-5), for a € A, there exists an ergodic sequence (,,, such that

1
D210g p (Yol Y_p(n-1), Pa(7a)) —— Capn-
The proof of Bickel et al. (1998), Lemma 2, shows that, for each a € A,

HDgLK(ymlwa(va,n)) Y G| P

n—oo

0, (89)

n n

and

n .
Zi:l Ca,z Ja (90)
n n—o00
with probability one for some non-singular matrix J,.
To further extend (90) to an uniform version, we first show that

E*
ac At

sup ’CanH] < o0 (91)
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for each n. As discussed in the proof of Lemma 15, W is bounded away from zero on A7,
so that U, 4+ Pk o is bounded away from 0®k. Hence, by conditions 4) and 5), for any
o' € AF, there exists an open neighborhood O(c’) such that

E* <E” U|Ca',n||] + €.

sup || Canl|
acO(a’)

Since {O(d) : @/ € At} forms an open covering of AT, which is compact (as discussed in the
proof of Lemma 22), we can choose finitely many {a,,1 < m < M} so that {O(ay,), m =

1,---, M} forms an open covering of AT. As such, (91) holds since
E* | su / < max E*| su =
aej}HcaJJ”]'_l<m<Af aeoé;ﬂchnw
< E* < 0.
< fax B {[[Cannll] +€ <00
We then show that N
sup 2uiz1 G _ Ja 0. (92)
aGAj mn n—oo

Notice that:
a) AT is compact;

b) by condition 5), (4,1 is continuous in «;

c) for each a, by (90), L 3" (o 2%, E*Ca,1 with probability one;

' n
d) by (91), SupaeAj‘ ”(04771” € Ll'

Therefore, by the uniform law of large numbers provided in Lemma 27, (92) holds.
Finally, by using a similar open covering argument as proving (91), we can show that

DL (Yralpa(ian) T, Ca

sup .o, (93)
acAt n n oo
The proof is completed by combining (92) and (93). [ |

Remark 25 The above argument uses the fact that Unear Pk o 1s bounded away from 0P,
which ensures an uniform ergodicity across all ¢¥, for all o € AT . If we replace AT to AT,
then ®x o can be arbitrarily close to 0Pk, meaning that ¢}, can be arbitrarily close to
non-ergodic. This is another reason why the condition 7) is important. See Gassiat and
Rousseau (2014) for related discussions. The same issues happen in Lemma 26.

Lemma 26 (Uniform Convergence of DLk in (80)) Assume conditions 1)-6). Then
(80) holds.
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Proof By the proof of Bickel et al. (1998), Lemma 1, under conditions 1)-5), for any o € A,
there exists a sequence {7q,,% > 1} such that

DL n|fo ; 7'1— i *
VLr(Yinlpa(ha)) i al|| P 0. (94)
\/ﬁ \/ﬁ n—00
and "
lim Lizt N _d N(0, J,)
n— 00 \/ﬁ n—oo
Define
Gat = sup Z Nayio /2.
acAd = s+1
Suppose we can prove that, as n — oo,
. Z 1770z zJ 1/2 GOn
| S =l TV — lim —= = Op«(1), 95
Ny Vn A~ o )

then by (94), (95) and a similar open covering argument as in the proof of Lemma 24, we
prove Lemma 26.

To prove (95), we use the central limit theorem of subadditive processes provided by
Ishitani (1977), Theorem 1. To check the conditions, first note that

Gs:¢ = sup Z 77042 1/2 < sup Z naz 1/2+ sup Z 7’]0” 1/2 = Gy + Guot,
a€ Al = s+1 acAL = s+1 ac AL = u+1

so Go., is subadditive. The condition (2) in Ishitani (1977), Theorem 1, holds due to Lemma
28. In addition, note that the proof of Bickel et al. (1998), Lemma 1, shows that 7, is a
stationary, ergodic martingale increment sequence, so conditions (1), (3) and (4) hold. To
sum up, all conditions in Ishitani (1977), Theorem 1, are satisfied, so (95) holds. The proof
is completed. |

Lemma 27 (Uniform Law of Large Numbers used in Lemma 24) Suppose, for each
a € A, (o 15 a sequence of random variables satisfying

(a) A is compact;

(b) a1 is continuous in « at each o € A with probability one;

n~>oo

(c) for each o, =31 | oy —— E*Ca,1 with probability one;

(d) E* [supaejH(aJH] < 00.

Then, we have
sup Zcm E*Can
acA

TL—)OO
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Proof We will only prove the case with one dimensional (,;, as the higher dimensional
case can be proved similarly. Throughout this proof, for each @ € A and § > 0, let
Bs(a) ={a’: o’ —af| <6}

The proof is basically based on the proof of Jennrich (1969), Theorem 2, with minor
adjustments. First, for any a € A, define

Af(6) = sup Car1 — llnf Ca/l
a’eBs(a) €B

Note that for each o € A, (i) by condition (b), we have A¢(§) | 0 with probability one as
d 1 0; (i) AF(9) < 4[5 (iii) by condition (d), E* [sup,c7 [Ca,1]] < co. Therefore
by (i)-(iii) and the dominated convergence theorem, we have E* [A{(d)] J 0 as 0 | 0. Hence,
for any € > 0, for all @ € A, the exists 6.(a) > 0 such that E* [A$ (Jc(a))] < e.

Now, by (a), A is compact, and is covered by {Bs.(a)(a) : a € A}, so we can choose

finitely many o € A (k=1,---, K) such that A C Ji_, Bs.(ay) (). Hence, we have

sup Zq&% E*Cal = max ZCCY’L E*Cal
k aeBég(ak)( )

acA
inf Ca, . 96
a€Bs, (ay) (k) 1] } (96)

Since (,,; are ergodic (as stated in (c)), so are SUPaeBs, (o, ) (o) Ca,i- Hence, by (d) and the

1 n
<max{ — Z sup Cai — B
k N1 a€Bs (ay) (@)

weak law of large numbers of ergodic sequence, as n — oo,
1 n

S T
=] a€Bs () (an)

+op(1). (97)

}+0P(1)

sup - Ca,l
aEB(;E(ak)(ak)

Combining (96) and (97), we have

1< .
SUB [TL Z (a,i - K Ca,l

acA i=1

— E* inf Ca,l

sup Ca1
a€Bs, (o) (k)

Q€Bs (ay) (k)

< mkax {E*

:mkaxE*[A'f(&)] +op(1) < e+ op(1).

A similar argument shows that

f E* > — «(1).
olzrelA [nzgaz Cal = €+0P( )
Since € can be arbitrarily small, the proof is completed. |

Lemma 28 (Mixing Condition used in Lemma 26) Recall P* is the probability mea-
sure of {(X;,Y;),i > 1} under the true parameter ¢*. Suppose that under P*, {X;,i > 1}
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is ergodic (irreducible, aperiodic, and positive recurrent.) Then there exist constant C > 0
and p € (0,1) such that,

P {Y1., € A} Py {Yi4mio € B} — Py {Y1.p € A, Yy im0 € B} | < Cp™ x Py{Y1., € A},

for any A, B, m >0 and initial measure v = (v1,--- ,vg~). Here,

P = S weP (X0 = k).

k=1

Proof [Proof of Lemma 28] Let = (u1, - -+ , i+ ) be the invariant probability of X, (under
true parameter ¢*.) Since X, is ergodic under P*, there exist R > 0 and p € (0,1) such
that for any n,m,

max
1<k, I<K*

P { Xy = 1| X, = K} — m‘ < Rp™. (98)
As such, we have

Py* {Yl:n € AyYner:oo € B}
= Z P: {Ylln € A7Xn = kan-i-m = lyyn—i-m:oo € B}
1<k I<K*
= Y Pr{Yin€A Xy =k} x P {Xpym =Xy =k} X P* {YVnimioo € B|Xnim =1}
1<k, I<K*
< Z P,j {len € A>Xn = k} X (Ml + Rpm) x P* {Yn—i-m:oo € B’Xn—i-m = l}
1<k I<K*

= Y Pr{Yin€ A Xy =k} Xy x P* {Yoymoo € B Xpym =1}

1<k JI<K*
+ Z Pl;k {Ylln € Aa Xn = k} X RPm x P* {Yn—i-m:oo S B‘Xn—&-m = l}
1<k JI<K*
< Y B{YneAXa=kx Y wP {Yoimeo € BlXnim =1}
1<k<K* 1<I<KK*
+ Y By {Yim € A X, =k} x Rp"™
1<k JI<K*

=P;{Y1.n € A} x Pi{Ynimo € B} + K*"Rp™ x Pj{Y1,, € A}.
A similar argument leads to the lower bound, and so we have

Py {Y1n € A, Ynimoo € B} — Py {Y1:n € A} P {Yoim:oo € B}
<K*Rp™ x P*{Y1., € A}. (99)
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On the other hand, we have
Py {Yin € A} P {Yyimo € B}

:P: {}/1571 € A} Z P:{Xn-i-m = l}P* {Yn+m:oo € B‘Xn—i—m = l}
1<I<K*

SP: {Ylin € A} Z (Ml + an+m)P* {Yner:oo € B‘Xn+m = l}
1<I<KK*

+ sz {i/ln € A} Z an—i-mp* {Yn+m:oo € B’Xn-i-m = l}
1<I<KK*

<P} {Yi:n € A} P} {Vnimioo € B} + K*Rp"™™ x Pj{Y1., € A}
<P} {Yin € A} P {Ynimio € B} + K*Rp™ x Pj{Y1 € A}.

A similar argument leads to the lower bound, and so we have
Py {Y1n € A} PJ{Ynimoo € B} — Py {Y1:n € A} P {Yi4m:oo € B}
<K*Rp™ x P;{Y1.,, € A}. (100)

Combining (99) and (100), we complete the proof for Lemma 28. |

S1.3 Proof of Corollary 7

Recall that ¢* is the true parameter, u(¢*) = (u1(¢*), -+, ur+(¢*)) is the corresponding
invariant probability measure, and P* is the probability law of {(X;,Y;),i > 1} under ¢*
and initial distribution p(¢*). In addition, for any K, recall

Q%ZI:{Qquk:qu::qu foralllSkSK}7

and define @7 = {¢K = (Qk;01, - ,0k): Qk € Q?“"’} Note that for any ¢ € O
with ¢ = qi for all 1 < k < K, we have

(yl n|¢K H Z qgcl yz‘eml

i=1x;=1

and hence, the log-likelihood

yl n|¢K ZIOg (Z qyc, yzlexl ) )

x;=1

which has an additive form. This ensures the asymptotic behavior of L as well as its
derivatives at any ¢ € ®P'* under P*.
Recall that we use the following three steps to prove (6):

(a) For K*, the posterior distribution over ® g~ is asymptotically normal, centering at ¢*;
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(b) For K < K*, the log-likelihood decays exponentially due to the fact that the entire &g
can be viewed as a subset of @+, bounded away from ¢*;

(c) For K > K*, we decompose ®k into a family of ®x , so that the posterior distribution
over ®r o is asymptotically normal, centering at the unique “true” value ¢}, in ®x 4.

Note that a reason for (a)-(c) hold is ¢* belongs to ®x+. However, in the case of Corollary 7,
¢* is generally not in ®7*, so there is no way to have a posterior distribution concentrated

at ¢*.

To overcome this difficulty, we follow the argument in Bunke and Xavier (1998) to have
that the posterior distribution being asymptotically normal centering at some “pseudo-true”
value in ®7% (note that the log-likelihood follows an additive structure in this case.) Hence,
by replacing all “true” values in the original proof of Theorem 1 with the corresponding
“pseudo-true” values, we get the proof. Details are as follows.

Proof [Part (a) under Corollary 7| Define

p(@7)  p2(@*) oo pxe(PF)
) ma(¢) e ke (67)
Qmix = : : .. .
p(9%) pa(9*) - prc(97)
and set ¢}, = (Qrin; 07, -+ ,0%). A direct check shows that ¢ . is “pseudo-true” value
in the sense that it is the unique point in @’}?ix that obtains the minimum Kullback-Leibler
divergence to ¢*. Hence, by the argument in Bunke and Xavier (1998) (with all results
within related to i.i.d. data being replaced by the corresponding HMM version provided by
Bickel et al. (1998), De Gunst and Shcherbakova (2008) and Leroux (1992b)), the posterior

distribution over ®7%% is asymptotically normal, centering at ¢, that is,
P B0 _ 0,1 (101)
nTK* TP (yl:n)
as n — 0o, where ‘
AR = Kd+ (K —-1) (102)
is the dimension of CIJ}?W. |

Proof [Part (b) under Corollary 7] Note that when K < K*, the entire ®7* is a subset of

; : .
®72*, and is bounded away from ¢ . . As such, we have

inf KL(¢x,¢") > KL(Priz, @)

PrEPTT

with K L(-,-) denotes the Kullback-Leibler divergence. As such, a similar argument as in
Section A.2 gives

pK(ylm,) _ . (p—cn
e imlen 0P ) (103)

as n — oo for some ¢ > 0. [ |
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Proof [Part (c) under Corollary 7| In Theorem 1, when K > K™, we decompose Pk into
Ua®r o so that each ®g , contains at most one “true” value. Similarly, here we will need
to decompose @%” into Uafbﬁg so that each @%’g contains at most one “pseudo-true”
value. To do so, set a = (S, W) with S = (S1,--+, Sk~+) being a partition of {1,2,--- | K},
and W = (Wy,---,Wg) € (0,1)%. Further recall the decomposition © = Usz*l@k defined
before (43) so that @} is an interior point for © for all £k = 1,2,--- , K*, and the function
s(k) defined in (42). Then, similar to Example 1, for any a = (S, W), we set

7}}13 :{¢K e T forall € {1,2,--- ,K*},0, € O for all k € Sy

- _ Yy
and for each 4,7 € {1, 2, ,K},zkes an —W]}.

s(z
Then, a similar argument as in Section A.3 shows that @%’2 forms a partition of @?}”, each
with dimension Kd+ (K*—1) = A7%* + (K — K*)d, and contains at most one “pseudo-true”

*

value ¢mix,a = (Q:’LZQI,ON 05(1)7 .. 703(K)) with

Ms(l)(¢*)W1 Ms(2)<¢*)W2 Ms(K)(d’*)WK
O = e (@IWL o (@)W -+ gy (@) Wik

sy (@ IV g2y (@)W -+ pgi) () Wk

in the sense that ¢;,,;, , obtains the minimum Kullback-Leibler divergence to ¢* on ®%'7.

Hence, similar to part (a), by Bunke and Xavier (1998) (with all necessary HMM replace-
ment), we have the asymptotic normality of the posterior distribution over @%’g Thus,

through a similar procedure in Section A.3, we have, as n — o0,
(apiep(k-K)d)/2_ PEY1n)
ner — =O0p:(1 104
Pk~ (y1n|¢mw) ( ) ( )
[ |

Proof [Proof of Corollary 7| For K < K*, combining (101) and (103), we have (5) holds. As
for K > K*, combining (101) and (104), we have (6) holds. Hence, all results in Theorem
1 hold under the scenario in Corollary 7, which completes the proof. |

S2. Simulation Studies for Estimation of Normalizing Constant

We use models with known normalizing constants to test the performance of our estimating
of normalizing constants proposed in Section 4.2. The first family of models is d-dimensional
Gaussian mixture models with three distinct components whose covariance matrices are
diagonal with diagonal elements all equal to 0.1, 2 < d < 30; the normalizing constant is set
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to be C; = exp(10). The second family of models, with normalizing constant Co = exp(2),
has three independent dimensions: the first dimension is Gaussian with mean 1 and variance
1, the second dimension is a student-t distribution with a degree of freedom 2, and the third
dimension is Gamma distribution with shape parameter 6 and scale parameter 2.

We perform repeated simulations on the two families of models as follows: first, simu-
late Ny, samples independently from the model, apply the importance sampling algorithm
mentioned in Section 4.2 with N;s samples from the fitted importance function, with the
Gaussian tail and the t-tail. For comparison, we also use the reciprocal importance sam-
pling with fitted Gaussian mixture and multivariate t-distribution mixture as the impor-
tance functions, respectively. The results are summarized in Table 3. It shows that the
importance sampling method, despite the more computational cost, gives better estimates
of the normalizing constant as compared to the reciprocal importance sampling, regardless
of the dimension of the parameter space and the complexity of the posterior, e.g. heavy
tail or multi-mode. The superior performance of the importance sampling that we see here
is more due to our adaptive choice of the importance function based on posterior samples,
such that the importance function covers the “regions of interest” very well.

M D Nem N, Cl Cl, Cls Cl,

2 3 2000 4,000 [-0.042,0.023] [-0.035, 0.028] [-0.378,-0.237] [0.091, 0.265]
2 3 10,000 10,000 [-0.014,0.013] [-0.017, 0.016] [-0.366,-0.282] [0.112, 0.210]
1 4 2000 4,000 [0.055 0.042] [-0.069,0.043] [-0.056, 0.035] [0.548, 0.643]
1 6 2000 4,000 [-0.063,0.046] [-0.070,0.046] [-0.076,0.014] [0.645, 0.738]
1 8 2000 4,000 [0.073,0.021] [-0.076,0.026] [-0.106,-0.011] [0.672, 0.791]
1 10 2000 4,000 [-0.075,0.018] [-0.087,0.045] [-0.108,-0.023] [0.659, 0.833]
1 10 10,000 10,000 [-0.027, 0.020] [-0.035, 0.023] [-0.030, 0.001] [0.774, 0.847]
1 15 10,000 10,000 [-0.039,0.012] [-0.047,0.026] [-0.049, -0.015] [0.777, 0.924]
1 20 10,000 10,000 [-0.040,0.012] [-0.052,0.028] [-0.073,-0.032] [0.525, 0.975]
1 25 10,000 10,000 [-0.042,0.003] [-0.069,0.024] [-0.109,-0.067] [0.598, 1.010]
1 30 10,000 10,000 [-0.050,0.003] [-0.064,0.016] [-0.143,-0.104] [0.122, 1.069]

Table 3: Simulation results of the algorithm in Section 4.2

Simulation results of estimating normalizing constants of models 1 and 2 (M = 1,2 in column 1) using the
algorithm in Section 4.2. the last four columns are the 95% confidence intervals of log(C'/C), where C is
the estimator and C' is the true value, in 100 repeated simulations using the importance sampling with
Gaussian tail (CI7), the importance sampling with t tail with a degree of freedom 2 (C1z), the reciprocal
importance sampling with Gaussian tail (CI3) and the reciprocal importance sampling with t tail degree of
freedom 2 (C1l4). Nsim is the number of observations and N is the number of samples from the
importance function; D is the dimension of the space.

S3. Simulation Robustness

In Section 4, we propose an estimation procedure to approximate marginal likelihoods,
which results from viewing it as a problem of estimating normalization constants. Note
that the consistency theorem in the main text is for exact marginal likelihoods, whereas in
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k| o | o Q=P | Qe =P [ Qe =P | Qx = P
ML BIC | ML BIC | ML BIC | ML BIC
310272000 98 100 | 96 100 | 97 100 | 100 100
30.3]2000| 100 100 | 96 100 | 965 100 | 100 100
310.4]2000| 9 46 | 100 100 | 99.5 100 | 100 100
3105[2000| 35 0 | 100 100 [ 99 100 | 99.5 84
40272000935 100 | 97 100 | 100 99 | 99 100
4032000885 915|905 100 | 97 100 | 97.5 100
4104]2000| 6 0 |985 100 | 100 100 | 85.5 115
4052000 0o 0 |985 100 | 98 99 | 1 0
51022000 | 93 100 | 985 100 | 98 895 | 95 100
5103]2000| 68 285 | 99 100 | 995 95 | 745 86.5
50104[2000| 0 0 |975 100 | 100 945 0 0
51052000 0 0 985 100 99 100 | 0 0

Table 4: Table 1 in the main text continued.

n = 2000 observations with homogeneous variances.

k!l ol n Q=P | Qv =P | Qx =P | Qx = P
ML BIC | ML BIC | ML BIC | ML BIC
310212000 |84.5 69 90 96 99 100 | 92.5 84.5
3 10.31] 2000|555 295|915 765|985 945 | 8 56.5
31 0.4 ] 2000 | 48 15 83 525 | 91 75 | 62.5 33.5
31 0.5 2000 | 42 10 | 695 345|795 60 |47.5 16.5
4 10.2| 2000 | 56 26 | 81.5 67 |91.5 825 | 59 405
4103|2000 | 24 6.5 64 48 | 75,5 59.5 | 36.5 16
4 0.4 | 2000 | 19.5 9 48 34.5 | 60 96 | 23.5 10
4 1 0.5 | 2000 | 10.5 ) 31 29 | 54.5 485 | 16 8.5
5 | 0.2 2000 | 35 12 | 56.5 455 | 73.5 63.5 | 385 16
5 | 0.3 ] 2000 | 20 2.5 | 46.5 38 59 51 21 7
51 0.4 1] 2000 | 10 0.5 35 26.5 | 45.5 52.5 6 1
5 | 0.5 ] 2000 | 2.5 0 23 12 34 40 4.5 1

Table 5: Table 2 in the main text continued.

n = 2000 observations with heterogeneous variances.
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practice, we can only approximate the marginal likelihoods using our proposed estimators.
We now present the robustness of this estimation procedure for marginal likelihoods, towards
estimating the number of hidden states. We first prove a general property for estimating
normalization constants in Section S3.1 (not limited to HMM). We then show the robustness
of the adopted estimator in Section S3.2 under the HMM setting in the main text.

S3.1 Property of the Normalizing Constant Estimator

The following is a general property of the normalizing constant estimator using the locally
restricted version, which is not limited to HMMs.

Let p(z) = p(z)/C be a pdf on Q, for which we only know the un-normalized density
p(2); the normalizing constant C' = [ p(z)dz is unknown. Let Zi.y = {Z1,---,Zn} be
independent random samples from p, and {g(-|t) : ¢ € T} be a family of densities indexed
by parameter t € T. Given Zy.n = z1.n, define

N

TN = TN(ZLN) = argmaXT Hg(Z’L|T)
=1

Assume that Vi.py = {Vi,---,Vis} are independent samples from g(-|T). In Section 4
we have shown that, given Vi.3r = v1.as, C can be approximated by the locally restricted
importance sampling estimator C’ﬁfﬁv defined as

M

A 1 p(v))
Cvloc — C , [ 1 i, 105
M,N MN(Zl N> VLM) = MPo, E_ (v]|TN) o, (v5) (105)

where €. C Q) and PQ NZZ 1 Lo, (2).

Lemma 29 Let Q, and C*f\‘fN be defined as in (105). Assume that for any t € T, % <

fQ (z]t) <1 and ¢ < (|2 < ¢y on . for some constants ¢, > ¢; > 0. Then, there exists
LM,LN > 0 such that for all M > Ly; and N > Ly,

Var[Cln (Z1:n, Vi é
O e V) [ ] e {2, 2], 100

Cc? M
Here C = [ p(z)dz is the normalizing constant.

Proof [Proof of Lemma 29| Note that the variance of C’f\‘J’CN is the ratio of two indepen-

dent random variables 4 Z] 1 g(’:/(}‘/; ) )197'(Vj) and + Zfi 1 10, (Z;). The expectations and

variances of them can be computed as follows.
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1 <~ p(y) 1 p(V;) ;
Var | — ~—1q,(V;)| =Var |E | — - (Vi)
[M;gwjm A (MjlngTN) ) N)
1 o p(V)) NE
- (M 2 g TN)]
2

i o) (7o)

o [;4 I, gig)dz -y (/Qp (Z)dz>2 |

By delta method, we have

A~

Var [ £, 20910, (1)]
£ (kSaz)]
Var [£ S 10.(2)] [B (4 T, 2% 10,7) |

[E (% ity 1942»)]4
+o(M™Y) +o(N7h)

Var( 5\(/][CN) =

—+

B ), _
ST sl

+o(M™ Y +o(N7h (107)

Now, by the condition on g(:|t), we have
~2
o [ peass [ TP w<o, [ s
Q, 2, 9(z|Tn) Q,

;u < [/Tﬁ(y)dy]_l < fl

Plugging these back into (107) and taking M and N sufficiently large, we complete the
proof. [ ]
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S3.2 Robustness of Adopted Estimation Procedure

After having the result for general settings in Section S3.1, we now show the robustness
result under the HMM setting in the main text. Recall that for any number of state K,
given Y1., = Yi.n, Pr(Y1.n) denotes the corresponding marginal likelihood. In Section 4.2,
we propose a way of estimating px(y1.,) via the importance sampling. Let N(n) and
M (n) be positive integers. Using the notations in Section S3.1, we first draw ZfN(n) from
pi (-|y1:n), the posterior distribution of ¢k given the observed trajectory, and choose an
importance function gz (|7’ ]{,((n)) indexed by some parameter 7 JIV((n) = T]f,((n) (ZfN(n)). Then,

we draw VfM(n) from gK(~\T]<,((n)). Given VII:(M(n) = U{:(M(n), Section 4.2 gives the estimated
marginal likelihood

M(n
1 PK yl my jK)
Z Qn,K,'r(Uj)7

K
o V1 p(n)) = 5
i (Y1: 1:M( )) M(n)PQn Yj |TN(n))

where 2, i, C @, the parameter space for a K-state HMM.

We claim that this estimated marginal likelihood can approximate the marginal likeli-
hood reasonably well so that the consistency of K, still holds if we replace the marginal
likelihood with its estimated one. Let P be the probability measure such that, for any n
and any K,

P{Xlzn = T1:n, Yi:n € dyl:n7 ZlKN(n) € dz{;(N(n)a VlKM(n) € dv{(M(n)}

N(n) M(n)
:P* {Xlzn = wl:nvyi:n S dyl:n} X H pK(Z@'K’ylzn) X H gK(UJK‘T][\/'((n))7
i=1 j=1

i.e., P is defined by the product of three measures (1) the probability measure under the true
parameter for (Xi.,, Y1.,), which is denoted by P*, (2) given Yi., = yi.n, the probability
measure for the vector Z1 N () with i.i.d. components with density function pg(:|y1.n)

and (3) given le Nn) = z{:{N(n) the probability measure for the vector foM(n) with i.i.d.
components with density function gK(~\T]§(n)).
Theorem 30 Assume K # K* and that the following conditions hold.

(i) Under P*, prx(Y1.n)/pr* (Y1) 7% 0 in probability.

(ii) There exist ¢, > ¢ > 0 and D(n) — oo such that, for any N(n) > D(n), we have
P{&, Kk} — 1 and P{&, k+} — 1, where

En k= {ng € QK p?(ﬁ;zl n; (¢, ¢y) and / |TK )qu > 1/2} .

Then, there exists A(n) — oo such that, for any sequences of M (n) and N(n) satisfying
M(n) > A(n) and N(n) > A(n), we have, under P,

*

i (Yiins Vi) /B (Yiens Vi) == Oin probability.
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Proof [Proof of Theorem 30| Let us first focus on K. For any n, let Ly, and Ly
be the corresponding bounds in Lemma 29 so that (106) holds for all M(n) > Ly, and
N(n) > Lny. Consider M(n) > Lyryn, N(n) > max{Lny,D(n)}. Since N(n) > D(n),
we have P{& -} — 0. Let 62-(y1.n) be the variance of pr (Y1, VI{(M(H)) conditioning on
Yi:n = y1:n- Set ¢, k — 0 satisfying

1 1 2, 2)
max 4 25
Co i | 77 Ty | max 5 E 0.
Then, since M (n) > Lys, and N(n) > Ly, by Lemma 29, we have
P{ok(Yin) < e/ jop (Vim)s Enc | 225 1. (108)

Let {b, Kk }n>1 be a sequence of positive constants such that lim,, o by xcnxk =7 < 1 and
lim;, o0 by, = 00. For any n and any y1.,, from the Chebychev’s inequality,

P {‘ﬁK(mnu VlKM(n)) - pK(mn)| >b /]2(6K(mn)a 8n,K‘}f1:n = yl:n} S b;K’
and since this holds for all y1.,, we have
P{‘ﬁK(}/lnaleM(n)) pK(En)‘ > b /KUK(Yin nK‘Yin—yln} <bn1K’

As a consequence,

Y; (lfl TL7V n 5 Yn

l_bl/ZUK( 1:n )S 1:M( ))<1—|—b1/2 UK( 1: ) ;gnK
pK(K:n) PK (}fln) (}fln)y gn,k:

=1 = P{Ipc (Vi ) = pic(Yion)| > b, KaK(mesn,k}

>1—bt 5

Together with Equation (108) and P{&} x-} — 0, we have

(Ylmvuw(n)) 1/2 1/2

1/2 1/2
P{l—bn/Kn/Kg ) <1+annK}’H—°°>1. (109)

Similarly, we have

bics (Y, ViIE )
12 1/2 Pre=(Yim, 1:M(n) 12 1/2 n—00
P{l—an*cnK* < o (Vo) < 1+an*CnK* — 1.

We complete the proof by noticing that (i) the condition implies that
P (Y1) /prc+(Yim) 7% 0 in probability (under P),

(i) limpy—yo0 by, ke xk — ¥ < 1, limy 00 b g*Cp g+ — 7 < 1. [ |
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