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Abstract

We provide a unified analysis of two-timescale gradient descent ascent (TTGDA) for solving
structured nonconvex minimax optimization problems in the form of miny maxycy f(x,y),
where the objective function f(x,y) is nonconvex in x and concave in y, and the constraint
set Y C R”™ is convex and bounded. In the convex-concave setting, the single-timescale
gradient descent ascent (GDA) algorithm is widely used in applications and has been shown
to have strong convergence guarantees. In more general settings, however, it can fail to
converge. Our contribution is to design TTGDA algorithms that are effective beyond
the convex-concave setting, efficiently finding a stationary point of the function ®(-) :=
maxyey f(-,y). We also establish theoretical bounds on the complexity of solving both
smooth and nonsmooth nonconvex-concave minimax optimization problems. To the best
of our knowledge, this is the first systematic analysis of TTGDA for nonconvex minimax
optimization, shedding light on its superior performance in training generative adversarial
networks (GANSs) and in other real-world application problems.

Keywords: Structured nonconvex minimax optimization, two-timescale gradient descent
ascent, iteration complexity analysis

1. Introduction

In the wake of von Neumann’s seminal work (Neumann, 1928), the problem of finding a
saddle-point solution to minimax optimization problems, under various assumptions on the
objective functions, has been a major focus of research in many areas, including economics,
control theory, operations research and computer science (Basar and Olsder, 1999; Nisan
et al., 2007; Von Neumann and Morgenstern, 2007). Recently, minimax optimization the-
ory has begun to see applications in machine learning, with examples including generative
adversarial networks (GANs) (Goodfellow et al., 2014), robust statistics (Xu et al., 2009;
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Algorithm 1 TTGDA Algorithm 2 TTSGDA
Input: (xo,¥0), (1% Ny )e>0 With 75 < 7. Input: (xo,¥0), M, (0%, 1y )t>0 with ny < n5,.
fort=1,2,...,7T do fort=1,2,...,7 do
(g;—I’ gg—l) € af(xtfla yt71)~ (gfc_17 g;—l) = SG(G7 {6/}71 7];\117 Xt—1, Yt—l)'
Xy = x1 — kel h Xy =X — gl t
yt < Py(yi—1 + 05 tgh™t). yi < Py(ye—1 +ni71gh ).
end for end for
Randomly draw % from {x;} , at uniform. Randomly draw % from {x;}7 , at uniform.
Return: x. Return: x.

Abadeh et al., 2015), online adversarial learning (Cesa-Bianchi and Lugosi, 2006), robust
training of deep neural networks (Sinha et al., 2018) and distributed computing over net-
works (Shamma, 2008; Mateos et al., 2010). Current trends in multi-agent learning with
large-scale economic systems seem likely to further increase the need for efficient algorithms
for computing minimax optima and related equilibrium solutions.

Formally, we study the following minimax optimization problem:

min max f(x,y), 1.1
min max f(x.) (1)

where f : R™ x R™ — R is the objective function and Y is a constraint set. One of simplest
methods for solving the minimax optimization problems is to generalize gradient descent
(GD) so that each loop comprises both a descent step and an ascent step. The algorithm,
referred to as gradient descent ascent (GDA), performs one-step gradient descent over the
min variable x with a learning rate 7x > 0 and one-step gradient ascent over the max
variable y with another learning rate n, > 0.

On the positive side, when f is convex in x and concave in y, there is a vast literature
establishing asymptotic and nonasymptotic convergence for average iterates generated by
classical single-timescale GDA (i.e., nx = ny) (see, e.g., Korpelevich, 1976; Chen and Rock-
afellar, 1997; Nemirovski, 2004; Auslender and Teboulle, 2009; Nedi¢ and Ozdaglar, 2009).
In addition, local linear convergence can be established under an additional assumption
that f is locally strongly convex in x and locally strongly concave in y (Cherukuri et al.,
2017; Adolphs et al., 2019). In contrast, there has been no shortage of negative results that
highlight the fact that in the general settings, the single-timescale GDA algorithm might
converge to limit cycles or even diverge (Mertikopoulos et al., 2018).

A recent line of research has focused on alternative gradient-based algorithms that have
guarantees beyond the convex-concave setting (Daskalakis et al., 2018; Heusel et al., 2017;
Mertikopoulos et al., 2019). Notably, the two-timescale GDA (TTGDA), which incorporates
unequal learning rates (nx # 7y), has been shown empirically to alleviate problems with
limit circles; indeed, it attains theoretical support in terms of local asymptotic convergence
(see Heusel et al. (2017, Theorem 2) for the formal statements and proofs). For sequential
problems such as robust learning, where the natural order of min-max is important (i.e.,
min-max is not equal to max-min), practitioners often prefer the faster convergence for the
max problem. As such, there can be certain practical motivations for choosing nx < 7y in
addition to those relating to nonasymptotic convergence guarantees.
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We provide detailed pseudocode for TTGDA and its stochastic counterpart (TTSGDA)
in Algorithms 1 and 2. Note that Algorithm 2 repeatedly samples while remaining at the
current iterate and the subroutine (gL, gty) = SG(G, {€}M x4, y:) can be implemented in
general by the updates

M M
g; = ﬁ (Z Gx(’%d’taﬁf)) ) g; = ﬁ (Z Gy("u}’bff)) ) (12)
i=1 i=1
where G = (Gx, Gy) is unbiased and has bounded variance such that

EG(x,y,6) | x.y] € 9f(x,y),  E[|G(xy,&) —E[G(xy.O)lI* Ixy] <o®  (13)

In the current paper, we aim to provide a theoretical analysis of these algorithms, extending
the asymptotic analysis in Heusel et al. (2017, Theorem 2) to a nonasymptotic analysis that
characterizes algorithmic efficiency. Notably, we pursue our analysis in a general setting in
which f(x,-) is concave for any x and ) is a convex and bounded set. This setting arises in
many practical applications, including robust training of a deep neural network and robust
learning of a classifier from multiple distributions. Both of these models can be reformulated
as nonconvex-concave minimax optimization problems.

Our main results in this paper are presented in four theorems. In particular, the first and
second theorems (Theorems 17 and 19) provide a complete characterization of TTGDA and
TTSGDA when applied to solve smooth minimax optimization problems. In the nonconvex-
strongly-concave setting, TTGDA and TTSGDA require O(k%e¢~2) and O(k3¢~*) (stochas-
tic) gradient evaluations to find an e-stationary point (cf. Definition 3) where x is a con-
dition number. In the nonconvex-concave setting, TTGDA and TTSGDA require O(¢~%)
and O(e~8) (stochastic) gradient evaluations to find an e-stationary point (cf. Definition 8).
While these results have appeared in our preliminary work (Lin et al., 2020a), the analysis
that we provide here is simpler and more direct.

Another two theorems (Theorems 24 and 26) are the more substantive contributions
of this paper. These theorems show that TTGDA and TTSGDA can efficiently find an
e-stationary point (cf. Definition 8) even when applied to solve nonsmooth minimax opti-
mization problems. The complexity bounds of O(e~%) and O(e~®) in terms of (stochastic)
gradient evaluations can be established for the nonconvex-strongly-concave and nonconvex-
concave settings. These results are useful since the aforementioned machine learning appli-
cations often have the nonsmooth objective functions (e.g., the use of ReLU neural network
in GANs). Our theorems demonstrate that, when lack of smoothness occurs, TTGDA and
TTSGDA may slow down, but the nonasymptotic complexity bounds will still be attained
as long as a certain Lipschitz continuity property is retained and adaptive stepsizes are
chosen carefully (i.e., our algorithms use (1,7} )s>0 instead of (nx,ny)).

Our proof technique in this paper is worth being highlighted. It is different from existing
techniques for analyzing nested-loop algorithms as exemplified in Nouiehed et al. (2019)
and Jin et al. (2020). Indeed, the previous frameworks are based on inexact gradient descent
algorithms for minimizing a function ®(-) = maxycy f(-,y), where a subroutine is designed
for the inner problem of maxycy f(x,y) and which requires y; to be close to y*(x¢) =
argmaxycy f(x¢,y) at each iteration. Applying this approach to analyze TTGDA and
TTSGDA is challenging since y; might not be close enough to y*(x;), so that Vi f(x¢,y+)
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does not approximate a descent direction well. In order to overcome this issue, we have
developed a new proof technique that directly analyzes the concave optimization problem
with a slowly changing objective function.

Subsequent to our work in Lin et al. (2020a), several new algorithms were developed
for solving smooth and nonconvex-(strongly)-concave minimax optimization problems (Lin
et al., 2020b; Yang et al., 2020b; Ostrovskii et al., 2021b; Yan et al., 2020; Zhang et al., 2020b,
2021; Li et al., 2021; Yang et al., 2022b; Zhao, 2023; Bot and Béhm, 2023; Xu et al., 2023).
In the smooth and nonconvex-strongly-concave setting, a lower bound has been derived for
gradient-based algorithms (Zhang et al., 2021; Li et al., 2021) and there exist various nested-
loop near-optimal deterministic algorithms (Lin et al., 2020b; Ostrovskii et al., 2021b; Kong
and Monteiro, 2021; Zhang et al., 2021). In the smooth and nonconvex-concave setting, no
lower bound is known, and the best-known upper bound has been achieved by various
nested-loop algorithms (Thekumparampil et al., 2019; Lin et al., 2020b; Yang et al., 2020b;
Ostrovskii et al., 2021b; Kong and Monteiro, 2021; Zhao, 2023). Compared to deterministic
counterparts, investigations of stochastic algorithms are scarce; indeed, there exists a gap
between the best-known lower bound (Li et al., 2021) and upper bound (Yan et al., 2020).

A growing body of research has focused on single-loop algorithms for nonconvex minimax
optimization problems (Zhang et al., 2020b; Yang et al., 2022b; Bot and Bohm, 2023; Xu
et al., 2023). For example, Xu et al. (2023) proposed an alternating GDA which converges
in both nonconvex-concave and convex-nonconcave settings and showed that the required
number of (stochastic) gradient evaluations to find an e-stationary point of f is the best
among all single-loop algorithms. Bot and Béhm (2023) studied the alternating TTGDA
and TTSGDA in a more general setting where f(-,y) is Lipschitz and weakly convex but
f(x,-) is smooth. They showed that the algorithms can achieve the same complexity bound
in this setting as in the smooth setting. These two papers extended our proof techniques to
analyze the alternating TTGDA and TTSGDA but still assume the smoothness of f(x,-).
By contrast, the results in the current paper are the first to demonstrate the efficiency of
TTGDA and TTSGDA in the nonsmooth setting. Both Zhang et al. (2020b) and Yang et al.
(2022b) proposed single-loop algorithms for solving other structured nonconvex-concave
minimax optimization problems with theoretical guarantee.

Notation. For n > 2, we let [n] denote the set {1,2,...,n} and R’} denote the set of all
vectors in R™ with nonnegative coordinates. We also use bold lower-case letters to denote
vectors (i.e., x and y), and calligraphic upper-case letters to denote sets (i.e., X and )).
For a Lipschitz function f, we let 0f(-) denote its Clarke subdifferential (Clarke, 1990).
For a differentiable function f, we let V f(-) denote its gradient. For a Lipschitz function
f(-,-) of two variables, we let Ox f(-,-) and Oy f(-, -) denote its partial Clarke subdifferentials
with respect to the first and second variables. For a differentiable function f(-,-), we let
Vxf(-,-) and Vy f(-,-) denote the partial gradients of f with respect to the first and second
variables. For a vector x and a matrix X, we let ||x|| and || X || denote the f2-norm of x and
the spectral norm of X. For a set X', we let D = maxyx x/ecx || x —X'|| denote its diameter and
Py denote its orthogonal projection. Lastly, we use O(-), ©(-) and ©(-) to hide absolute
constants which do not depend on any problem parameter, and O(-), Q(-) and ©(-) to hide
both absolute constants and log factors.
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2. Related Work

Historically, an early concrete instantiation of minimax optimization involved computing
a pair of probability vectors (x,y) for solving the problem minyxeam maxycan x ' Ay for
A € R™™ and simplices A" C R™ and A™ C R™. This bilinear minimax problem together
with von Neumann’s minimax theorem (Neumann, 1928) were a cornerstone in the develop-
ment of game theory. A simple and generic algorithm was developed for solving this problem
where the min and max players implemented a learning procedure in tandem (Robinson,
1951). Subsequently, Sion (1958) generalized von Neumann’s result from bilinear games
to general convex-concave games, i.e., ming maxy f(x,y) = maxy miny f(x,y), and trig-
gered a line of research on algorithmic design for convex-concave minimax optimization
in continuous time (Kose, 1956; Cherukuri et al., 2017) and discrete time (Uzawa, 1958;
Golshtein, 1974; Korpelevich, 1976; Nemirovski, 2004; Auslender and Teboulle, 2009; Nedié
and Ozdaglar, 2009; Liang and Stokes, 2019; Mokhtari et al., 2020a,b; Azizian et al., 2020).
This line of research has yielded two important conclusions: single-timescale GDA, with
decreasing learning rates, can find an e-approximate saddle point within O(e~2) iterations
in the convex-concave setting (Auslender and Teboulle, 2009), and O(x?log(1/¢)) iterations
in the strongly-convex-strongly-concave setting (Liang and Stokes, 2019).

Nonconvex-concave setting. Smooth and nonconvex-concave minimax optimization
problems are a class of computationally tractable problems in the form of Eq. (1.1). They
have emerged as a focus in the optimization and machine learning communities (Sinha
et al., 2018; Rafique et al., 2021; Sanjabi et al., 2018; Grnarova et al., 2018; Lu et al., 2020;
Nouiehed et al., 2019; Thekumparampil et al., 2019; Ostrovskii et al., 2021b; Kong and
Monteiro, 2021; Zhao, 2023). Among the existing works, we highlight the work of Grnarova
et al. (2018), who proposed a variant of GDA for this class of nonconvex minimax opti-
mization problems and the works of Sinha et al. (2018) and Sanjabi et al. (2018), who
studied inexact SGD algorithms (i.e., variants of SGDmax) and established a convergence
guarantee in terms of iteration numbers. Subsequently, Jin et al. (2020) proved the refined
convergence results for GDmax and SGDmax in terms of (stochastic) gradient evaluations.

There are some other algorithms developed for solving smooth and nonconvex-concave
minimax optimization problems. For example, Rafique et al. (2021) proposed two stochastic
algorithms and prove that they efficiently find a stationary point of ®(-) = maxycy f(-,y).
However, these algorithms are nested-loop algorithms and the convergence guarantees hold
only when f(x,-) is linear and J) = R" (see Rafique et al. (2021, Assumption 2)). Nouiched
et al. (2019) have designed a multistep variant of GDA by incorporating momentum terms
into the scheme.! In this context, the best-known gradient complexity is O(e~3) and has
been achieved by the ProxDIAG algorithm (Thekumparampil et al., 2019). This complexity
result was also achieved by an accelerated inexact proximal point algorithm. Indeed, Kong
and Monteiro (2021) showed that their algorithm finds one e-stationary point of ® within
O(e73) iterations.? Solving the subproblem at each iteration is equivalent to minimizing a
smooth and strongly convex function and can be approximately done using O(l) gradient

1. Nouiehed et al. (2019) considered a setting where (i) x is constrained to a convex set X; (ii) Y = R";
and (iii) f is smooth in x over X and satisfies the Polyak-Lojasiewicz condition in y.

2. Kong and Monteiro (2021) considered a more general setting than ours, where x is constrained to a
convex set X' and f is smooth in x over X. Their analysis and results are valid in our setting.
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evaluations. Combining these two facts yields the desired claim. Subsequent to Lin et al.
(2020a), this complexity bound was also achieved by other algorithms (Lin et al., 2020b;
Yang et al., 2020b; Ostrovskii et al., 2021b; Zhao, 2023). Despite the appealing theoretical
convergence guarantee, the above algorithms are all nested-loop algorithms and thus can be
complex to implement. One would like to understand whether the nested-loop structure is
necessary or whether a single-loop algorithm provably converges in smooth and nonconvex-
concave settings. An example of such an investigation is Lu et al. (2020), where a single-loop
algorithm was developed for solving smooth and nonconvex-concave minimax optimization
problems. However, their analysis requires some restrictive conditions; e.g., that f(-,-) is
lower bounded. In contrast, we only require that maxycy f(-,y) is lower bounded. An
example which meets our conditions rather than theirs is minyxer maxye(_q1 x'y. Our
less-restrictive conditions make the problem more challenging and our analysis accordingly
differs significantly from theirs.

To our knowledge, we are the first to analyze TTGDA and TTSGDA in the nonsmooth
and nonconvex-concave setting where f is Lipschitz and f(-,y) is weakly convex. As already
noted, Rafique et al. (2021) considered the nonsmooth setting but focused on nested-loop
algorithms. Barazandeh and Razaviyayn (2020) and Huang et al. (2021) proposed to study
the composite nonconvex-concave setting with nonsmooth regularization terms which are
however structured such that the associated proximal mappings can be computed efficiently.
The closest work to ours is Bot and Bohm (2023) who studied the alternating TTGDA
and TTSGDA in the nonsmooth and nonconvex-concave setting. However, their setting is
different from ours—they assume that f(-,y) is Lipschitz and weakly convex but f(x, ) is
smooth. Their results demonstrate that the algorithms can achieve the same complexity
bound in this setting as in the smooth setting. In contrast, as we will show in this paper,
relaxing the smoothness of f makes the problem substantially more difficult, especially for
deterministic algorithms.

Nonconvex-nonconcave setting. The investigation of nonconvex-nonconcave minimax
optimization problems has become a central topic in the machine learning community, in-
spired by the advent of generative adversarial networks (GANs) (Goodfellow et al., 2014)
and adversarial learning (Madry et al., 2018; Sinha et al., 2018). In this context, most
works focus on defining a notion of goodness or the development of new procedures for
reducing oscillations (Daskalakis and Panageas, 2018; Adolphs et al., 2019; Jin et al., 2020)
and speeding up the convergence of gradient dynamics (Heusel et al., 2017; Balduzzi et al.,
2018; Mertikopoulos et al., 2019). For example, Daskalakis and Panageas (2018) showed that
the stable fixed points of GDA are not necessarily saddle points, while Adolphs et al. (2019)
proposed Hessian-based algorithms where their stable fixed points are saddle points. In this
context, Balduzzi et al. (2018) also developed a symplectic gradient adjustment algorithm
for finding stable fixed points in potential games and Hamiltonian games. Notably, Heusel
et al. (2017) have proposed TTGDA and TTSGDA formally for training GANs and showed
that the saddle points are also stable fixed points of a continuous limit of these algorithms
under strong conditions. All of these convergence results are either local or asymptotic and
thus can not cover our nonasymptotic results for TTGDA and TTSGDA in the nonconvex-
concave settings. Mertikopoulos et al. (2019) has provided nonasymptotic guarantees for
a special class of nonconvex-nonconcave minimax optimization problems under variational
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stability and/or the so-called Minty condition. However, while these conditions must hold
in convex-concave setting, they do not necessarily hold in the nonconvex-concave setting.
Subsequent to our earlier work (Lin et al., 2020a), we are aware of significant effort that
has been devoted to understanding the nonconvex-nonconcave minimax optimization prob-
lem (Yang et al., 2020a; Diakonikolas et al., 2021; Liu et al., 2021; Lee and Kim, 2021;
Ostrovskii et al., 2021a; Fiez et al., 2022; Jiang and Chen, 2023; Grimmer et al., 2023;
Daskalakis et al., 2023; Zheng et al., 2023; Cai et al., 2024). Some of their results are valid
for the nonconvex-concave setting but can not cover our results in this paper. This is an
active research area and we refer the interested reader to the aforementioned articles for
more details.

Other settings. Analysis in the online learning perspective aims at understanding whether
an algorithm enjoys the no-regret property. For example, the optimistic GDA from Daskalakis
and Panageas (2019) is a no-regret learning algorithm, while the extragradient algorithm
from Mertikopoulos et al. (2019) is not. Moreover, by carefully comparing limit behavior of
algorithm dynamics, Bailey and Piliouras (2018) have shown that the multiplicative weights
update behaves similarly to single-timescale GDA, thus justifying the need for introducing
the optimistic update for achieving the last-iterate convergence guarantee. There are also
several works on finite-sum minimax optimization and variance reduction (Luo et al., 2020;
Alacaoglu and Malitsky, 2022; Huang et al., 2022; Han et al., 2024).

3. Preliminaries and Technical Background

We present standard definitions for Lipschitz functions and smooth functions.
Definition 1. f is L-Lipschitz if for all x,x’, we have ||f(x) — f(x')|| < L|jx — x|
Definition 2. f is {-smooth if for all x,x’, we have |V f(x) — Vf(x)|| < ¢]|x — x|

The minimax optimization problem in Eq. (1.1) can be rewritten as mingegm ®(x) where
®(-) = maxycy f(-,y). If f(x,-) is concave for each x € R™, the problem of maxycy f(x,y)
can be approximately solved efficiently, thus providing useful information about ®. However,
it is impossible to find any reasonable approximation of the global minimum of ® in general
since ® can be nonconvex and nonsmooth (Murty and Kabadi, 1987; Zhang et al., 2020a).
This motivates us to pursue a local surrogate for the global minimum of ®.

A common surrogate in nonconvex optimization is the notion of stationarity, which is
appropriate if ¢ is differentiable.

Definition 3. A point x is an e-stationary point of a differentiable function ® for some
tolerance € > 0 if ||[VO(x)|| <e. If e =0, we have that x is a stationary point.

Definition 3 is suitable in the smooth and nonconvex-strongly-concave setting since ® is
differentiable. However, it is worth remarking that ® is not necessarily differentiable in the
other three settings: (i) smooth and nonconvex-concave; (ii) nonsmooth and nonconvex-
strongly-concave; and (iii) nonsmooth and nonconvex-concave. Thus, we need to introduce
a weaker condition as follows.

Definition 4. A function ® is p-weakly convex if the function ®(-) + 0.5p]| - ||? is conver.
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For a p-weakly convex function ®, we know that its Clarke subdifferential 09 is uniquely
determined by the subdifferential of the convex function ®(-) +0.5p]| - ||?. This then implies
that a naive measure of e-approximate stationarity can be defined as a point x satisfying
mingcoa(x) [|€]] < € (i-e., at least one subgradient is small). However, this notion is restrictive
for nonsmooth optimization. For example, when ®(-) = | - | is a one-dimensional function,
an e-stationary point is 0 for all € € [0,1). Therefore, we see that finding an e-approximate
stationary point of ® under this notion is as hard as finding an exact stationary point even
when e > 0 is not very small.

In respond to this issue, Davis and Drusvyatskiy (2019) employed an alternative notion of
stationarity based on the Moreau envelope. Their notion can be suitable for our settings for
two reasons: (i) the problem of maxycy f(x,y) can be approximately solved efficiently, thus
providing useful information about ® and its Moreau envelope; (ii) a stationary point based
on the Moreau envelope has practical implications in real machine learning applications. For
example, x and y stand for a classifier and an adversarial example arising from adversarial
machine learning models. In general, practitioners are interested in finding a robust classifier
x rather than recovering the adversarial example y.

Definition 5. A function ®) is the Moreau envelope of ® with the parameter X > 0 if
P, (-) = miny P(w) + 55 [|w — ||

In what follows, we prove two lemmas for the nonconvex-concave settings. For simplicity,
we use ®(-) = maxyey f(-,y) throughout in the subsequent statements.

Lemma 6. If f(x,y) is ¢-smooth, concave in'y, and Y is conver and bounded, we have
that ® is L-weakly conver and the following statements hold true,

1. ®(proxg 9(x)) < ®(x) where proxg 9(-) = argmin,, ®(w) + £[|w — 1%
2. @19 is L-smooth with VP, j90(x) = 2{(x — Proxg jo¢(x)).

Lemma 7. If f(x,y) is p-weakly convez in x, concave in'y, and Y is convex and bounded,
we have that ® is p-weakly convex and the following statements hold true,

1. <I>(prox¢/2p(x)) < ®(x) where proxq,/Qp(-) = argmin,, ®(w) + p||w — -||?.
2. @9, is p-smooth with V& 5,(x) = 2p(x — proxé/Qp(x)).

Based on Lemmas 6 and 7, an alternative measure of approximate stationarity of a
p-weakly convex function ® can be defined as a point x satisfying [|[V®y 5,(x)[| < e.

Definition 8. A point x is an e-stationary point of a p-weakly convex function ® for some
tolerance € > 0 if |V ®y9,(x)|| < €. If € =0, we have that x is a stationary point.

Although Definition 8 uses the Moreau envelope @/, to define stationarity, it connects
to approximate stationarity of ® in terms of small subgradients as follows.

Lemma 9. If x is an e-stationary point of a p-weakly convexr function ®, there exists X
such that mingepax) ]| < € and [|x — || < QLp,
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Lemma 9 shows that Definition 8 gives an intuitive surrogate for the naive measure
of e-approximate stationarity. Indeed, if x is an e-stationary point of a p-weakly convex
function @, it must be ﬁ—close to a point X which has at least one small subgradient.

There is another notion of stationarity based on V f in smooth and nonconvex-concave
setting (Nouiehed et al., 2019; Lu et al., 2020; Lin et al., 2020b; Xu et al., 2023). A pair of
points (x,y) € R™ x ) is an e-stationary point of f if |V f(x,y)|| < eand [|[yT —y[| < §
where yT is defined by

y =Py (y+iVyf(xy)).

Intuitively, the term ¢||y™ — y|| stands for the distance between y € } and y™ obtained by
performing a one-step projected partial gradient ascent at (x,y) starting from y. This is
akin to the norm of the gradient mapping (Nesterov, 2013). As highlighted by Thekumpara-
mpil et al. (2019), this notion is weaker than Definitions 3 and 8. For the sake of complete-
ness, we provide a complete characterization of the relationship between these notions by
showing that they can be translated in both directions with the extra computational cost.
To pursue this goal, we introduce a new notion of stationarity based on V f as follows.

Definition 10. A pair of points (x,y) € R™ x Y is an e-stationary point of a function f
for some tolerance € > 0 if |Vy f(x,yT)|| < € and |[y* —y| < §.

The stationarity of f is in fact equivalent to Definition 10 up to a constant. Indeed,
if (x,y) € R™ x )Y is an e-stationary point as per Definition 10, we have |V f(x,y)| <
IVxf(x,y )| + 4yt —yll < 2e. Conversely, if (x,y) € R™ x Y satisfies |Vxf(x,y)| < €
and [ly" —y| < §, we have [[Vxf(x, y D)l < [|Vxf 6, ¥)| + Ly —yll < 2€

We focus on the notion in Definition 10 and relate it to the stationarity of ® (cf. Defi-
nition 3 and 8). The following propositions summarize the details.

Proposition 11. Suppose that f is £-smooth, p-strongly concave in 'y, and Y is convex

and bounded. Given that X is an e-stationary point as per Definition 3, we can obtain a

2e-stationary point (x',y') as per Definition 10 using O(rklog(1/€)) gradient evaluations or
€

O(e72) stochastic gradient evaluations. Given that (X,¥) is a 5--stationary point as per

Definition 10, we have that X is an 2e-stationary point as per Definition 5.

Proposition 12. Suppose that f is £-smooth, concave in'y, and Y is convex and bounded.
Given that X is an e-stationary point as per Definition 8, we can obtain a 4de-stationary
point (x',y') as per Definition 10 using O(e2) gradient evaluations or O(e~*) stochastic
gradient evaluations. Given that (X,y) is a ﬁ%—stationaw point as per Definition 10,

we have that X is a (4€% + 4e)-stationary point as per Definition §.

Propositions 11 and 12 show that one needs to pay an additional O(x log(1/¢)) or O(e~2)
gradient evaluations for translating the stationarity of f to that of ® in nonconvex-strongly-
concave and nonconvex-concave settings. In this sense, the notions of stationarity as per
Definitions 3 and 8 are stronger than that as per Definition 10.

Remark 13. Ostrovskii et al. (2021b) identified an error in the proof of Lin et al. (2020a,
Proposition 4.12) and proposed a new notion of stationarity based on V f which is stronger
than the existing stationarity of f. After communicating with the authors of Ostrovskii
et al. (2021b), we agree that Lin et al. (2020a, Proposition 4.12) (i.e., the precursor of
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Proposition 12) is still valid and the error can be fixed by using the notion in Definition 10.
We also acknowledge that their notion is strictly stronger than ours in Definition 10 when
Y # R"™ while being tractable from a computational viewpoint.

4. Smooth Minimax Optimization

We prove the bounds on the complexity of solving smooth and nonconvex-concave minimax
optimization problems. Our focus is TTGDA and TTSGDA (see Algorithms 1 and 2) with
a proper choice of (nf(,ng,)tzo; recall that these methods were shown to converge locally
and are useful in practice (Heusel et al., 2017). Intuitively, the reason for this phenomenon
is that the choice of nt < 77§, matches the asymmetric structure of nonconvex-concave
minimax optimization problems.

4.1 Main results

We make the following assumptions throughout this subsection.

Assumption 14. The function f(x,y) is {-smooth and p-strongly concave in'y, and the
constraint set Y is convex and bounded with a diameter D > 0.

Assumption 15. The function f(x,y) is £-smooth, L-Lipschitz in x and concave in'y,
and the constraint set Y is convex and bounded with a diameter D > 0.

In addition to smoothness condition, the function f(x,y) is assumed to be concave
in y but nonconvex in x. Imposing such one-side concavity is necessary since Daskalakis
et al. (2021) have shown that it is NP-hard to determine if an approximate min-max point
exists in a general smooth and nonconvex-nonconcave setting. Imposing the boundedness
condition for ) is an assumption of convenience that reflects the fact that the ambiguity
sets are generally bounded in real applications (Sinha et al., 2018). Relaxing this condition
requires more complicated arguments and we leave it to future work.

For the ease of presentation, we define

®(x) = max f(x,y), YV*(x)=argmax f(x,y), foreach x € R™.
yey yey

We present a key lemma on the structure of the function ®(-) and the set function Y*(-).
Lemma 16. The following statements hold true,

1. Under Assumption 14, we have that Y*(x) is a singleton for each x such that Y*(x) =
{y*(x)} where y*(-) is k-Lipschitz. Also, ®(-) is (2k{)-smooth and V®(-) = Vx f(-,y*(*)).

2. Under Assumption 15, we have that Y*(x) contains many entries for each x such that
Vxf(x,y) € 0P(x) wherey € Y*(x). Also, ®(-) is L-weakly conver and L-Lipschitz.

Lemma 16 shows that the function ®(-) is smooth under Assumption 14, implying that
the stationarity notion in Definition 3 is our target. Denoting Ag = P(xp) — mink ®(x), we
summarize our results for Algorithm 1 and 2 in the following theorem.

Theorem 17. Under Assumption 1/, the following statements hold true,

10
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1. If we set

t __ 1 t __ 1
Nx = ma ny VAl (41)

in the TTGDA scheme (see Algorithm 1), the required number of gradient evaluations
to return an e-stationary point is

0 (RQZAq,:Q-méZDQ) ‘

2. If we set ny and n;, as per Bq. (4.1), M = max{1,48xkc%¢ %} and G as per Eq. (1.3)
in the TTSGDA scheme (see Algorithm 2), the required number of stochastic gradient
evaluations to return an e-stationary point is

0] <7’€2£A‘I’:;“€2D2 max {1, %g}) .

Remark 18. Theorem 17 provides the complexity results for TTGDA and TTSGDA when
applied to solve the smooth and nonconvez-strongly-concave minimazx optimization problems.

The ratio @ = O(x?) arises due to asymmetric structure and the order of O(k?) reflects an
algorithmicxeﬁ‘iciency trade-off. Furthermore, our algorithms are only guaranteed to visit an
e-stationary point within a certain number of iterations. Such the convergence guarantees
are standard in nonconvex optimization and practitioners usually return an iterate at which
the learning curve stops changing significantly. Finally, the batch size M = O(ko?e™2) is
necessary for proving Theorem 17. While our proof technique can be extended to the case of
M =1, the complexity bound becomes O(k3¢~5). This gap has been closed using other new
single-loop algorithms (Yang et al., 2022b) but remains open for TTSGDA.

Lemma 16 shows that the function ®(-) is weakly convex under Assumption 15, implying
that the stationarity notion in Definition 8 is our target. We summarize our results for
Algorithm 1 and 2 in the following theorem.

Theorem 19. Under Assumption 15, the following statements hold true,

1. If we set

)

~|—

t min €2 et t __
Nx = 807L2> 20063L2D2 (° Iy =

in the TTGDA scheme (see Algorithm 1), the required number of gradient evaluations
to return an e-stationary point is

O ((EL;A‘I’ + ef%) max{l, 6261272 }) .

2. If we set M =1, G as per Eq. (1.3) and

! — min e e € t —mindl €
Nx = 800(L2+02) 810203 (L2 102) D2 13107203 (L2 +02) D202 [ » Iy = 20 32052 [

in the TTSGDA scheme (see Algorithm 2), the required number of stochastic gradient
evaluations to return an e-stationary point is

U(L3+02)As A 2D2 2D252
O<<( 54) + =50 max{l, = 540} .

11
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Remark 20. Theorem 19 is the analog of Theorem 17 in the nonconvex-concave setting
but with two different results. First, the order of the ratio becomes ny/nx = O(e*) which
highlights the highly asymmetric structure here. Second, the theoretical results are valid for
the case of M =1 and in that case they are different from that derived in Theorem 17.

4.2 Discussions

We remark that we have not shown that TTGDA and TTSGDA are optimal in any sense,
nor that acceleration might be achieved by using momentum for updating the variable y.

In smooth and nonconvex-strongly-concave setting, the lower bound is Q(y/ke 2) in
terms of gradient evaluations (Zhang et al., 2021; Li et al., 2021) and was already achieved by
several nested-loop algorithms (Kong and Monteiro, 2021; Lin et al., 2020b; Ostrovskii et al.,
2021b; Zhao, 2023) up to logarithmic factors. In the context of single-loop algorithms, Yang
et al. (2022b) has extended the smoothed GDA (Zhang et al., 2020b) to more general settings
where the function f(x,y) is nonconvex in x and satisfies the Polyak-Lojasiewicz condition
in y and proved a bound of O(ke~2). This result demonstrates that the proper adjustments
of TTGDA leads to tighter bounds in smooth and nonconvex-strongly-concave setting. In
addition, Li et al. (2022) provided a local analysis for TTGDA and showed that the stepsize
ratio of ©(k) is necessary and sufficient for local convergence to a stationary point.

In smooth and nonconvex-concave setting, the lower bound remains open and the best-
known upper bound is presented by recent works (Thekumparampil et al., 2019; Kong and
Monteiro, 2021; Lin et al., 2020b; Ostrovskii et al., 2021b; Zhao, 2023). All of the analyses
require O~(e*3) gradient evaluations for returning an e-stationary point but the proposed
algorithmic schemes are complex. The general question of constructing lower bounds and
optimal algorithms in this setting is an important topic for future research.

Our complexity results do not contradict the classical results on the divergence of GDA
with fized stepsize in the convex-concave setting. Indeed, there are a few key distinctions:
(1) our results guarantee that the proposed algorithm visits an e-stationary point at some
iterate, not the last iterate; (2) our results guarantee the stationarity of some iterate x;
rather than (x;,y;). As such, our proof permits the possibility of significant changes in y;
even when x; is very close to stationarity. This, together with our choice n}, < 77§,, removes
the contradiction. Based on the above fact, we highlight that our algorithms can be used
to obtain an approximate saddle point in the smooth and convex-concave setting (i.e.,
optimality for both x and y). Instead of averaging, we can run two passes of TTGDA for
minimax and maximin optimization problems separately. We use n} < 17; in the first pass
while we use 7%, > 77; in the second pass. Either pass returns an approximate stationary
point for each variable x and /or y, which is defined using the corresponding Moreau envelope
and which jointly forms an approximate saddle point.

4.3 Proof sketch
We sketch the proofs for TTGDA by highlighting the ideas for proving Theorems 17 and 19.

Nonconvex-strongly-concave setting. We have that the function y*(-) is x-Lipschitz
(cf. Lemma 16), which guarantees that {y*(x¢)}+>1 moves slowly if {x;}:>1 moves slowly.
This implies that one-step gradient ascent over y at each iteration is sufficient for minimizing

12
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this slowly changing sequence of strongly concave functions { f(x;, ) }+>1. Indeed, we define
8¢ = ||y*(x¢) — y¢||? and prove that Ztho d; can be controlled using the relations as follows,

0r < (1 — g + 4R (15)%)de-1 + 4% () V@ (x-1) |1,

where n% can be chosen such that Zf:o d; is controlled by Z?:o [V (x;)]2.
By viewing TTGDA as inexact gradient descent for minimizing the function ®(-), we
derive the key descent inequality as follows,

B(xrs1) — P(x0) < — 2k (ZIIW ||2> i <Z5>

Putting these pieces together yields the desired results in Theorem 17.

Nonconvex-concave setting. We note that }*(x) will not be a singleton for each x and
Y*(x1) can be dramatically different from Y*(x2) even when x1, X2 are close to each other.
This implies that minycy«(x,) [[y: — y|| is no longer a viable error to control.

However, we still have that one-step gradient ascent over y at each iteration is sufficient
for minimizing this slowly changing sequence of concave functions { f(x¢,-)}¢~1. Indeed, we
have that the function ®(-) is L-Lipschitz (cf. Lemma 23), which guarantees that {®(x) }+>1
moves slowly if {x;};>1 moves slowly. We can define A; = ®(x;) — f(x¢,y:) and prove that
%H(ZZZO A;) can be controlled using the relations as follows,

T
t=0

where B = {% %1 and 1% can be chosen such that T%rl(szzo A;) is well controlled.

By viewing TTGDA as an inexact subgradient descent for minimizing the function ®(-),
we follow Davis and Drusvyatskiy (2019) and derive the key descent inequality as follows,

Dy 20(x741) — P1y2c(x0) < 215l <Z At) +nRlL*(T + 1) (Z [V @1 90(x) | )
Putting these pieces together yields the desired results in Theorem 19.

5. Nonsmooth Minimax Optimization

We prove the bounds on the complexity of solving nonsmooth and nonconvex-concave min-
imax optimization problems. Indeed, we assume that f(x,y) is L-Lipschitz and p-weakly
convex in x. Our focus is TTGDA and TTSGDA with a proper choice of (1, 7% )>0.

5.1 Main results

We make the following assumptions throughout this subsection.

Assumption 21. The function f(x,y) is L-Lipschitz, p-weakly convex in x and p-strongly
concave in'y, and the constraint set ) is convex and bounded with a diameter D > 0.

13
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Assumption 22. The function f(x,y) is L-Lipschitz, p-weakly conver in x and concave
'y, and the constraint set Y is convexr and bounded with a diameter D > 0.

The setting defined by Assumptions 21 and 22 generalizes the nonsmooth optimization
and are intuitively more challenging than smooth minimax optimization studied in Section 4.
The following lemma is an analog of Lemma 16.

Lemma 23. The following statements hold true,

1. Under Assumption 21, we have that Y*(x) is a singleton for each x such that Y*(x) =
{y*(x)} and Oxf(x,y*(x)) C 0®(x). Also, ®(-) is L-Lipschitz and p-weakly convez.

2. Under Assumption 22, we have that Y*(x) contains many entries for each x such that
Oxf(x,y) C 0®(x) where y € Y*(x). Also, ®(-) is L-Lipschitz and p-weakly convez.

Lemma 23 shows that the function ®(-) is weakly convex in both of settings, implying
that the stationarity notion in Definition 8 is our target. We summarize our results for
Algorithm 1 and 2 in the following theorem.

Theorem 24. Under Assumption 21, the following statements hold true,

1. If we set
R 2 4 4
T = fin { TBoL?* T006,°T7* 109672 LV log? (1 1096,2 L7~ 2=T) } ’
and
ﬁ, if1<t<B,
ﬁ, elseif B+1<t¢<2B,
. . 1
Ny = : : for B = {, /J +1, (5.1)
SiEyy elseif jJB+1<t<(j+1)B, Hihx

in the TTGDA scheme (see Algorithm 1), the required number of gradient evaluations
to return an e-stationary point is

2 2 2 214
(0] (pLEf‘P max{l,’;%,‘;%log2 (1+ —’;254)}) )

2. If we set M =1, G as per Eq. (1.3), 77§, as per Eq. (5.1) and

. 2 4 4
Utzmln S e 27215212 002 e 3 ([2452)2,—2c—4) [
x 48p(L%+0?)> 4096p2(L2+02)2 4096p2(L2+02)2 log?(1+4096p2(L2+02)2pu—2e—4)

in the TTSGDA scheme (see Algorithm 2), the required number of stochastic gradient
evaluations to return an e-stationary point is

o (p(thf)Aq’ o {1’ p2(L2+0.2)’ p2(L2+02) 10g2 <1 n p2(L2+0'2)2)}> '

€2 pe 2t

14
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Remark 25. Theorem 24 shows that the adaptive choice 0f77§, better exploits the nonconvex-
strongly-concave structure in the nonsmooth setting; indeed, ni, = 1/(ut) fort € {1,2,..., B}
which corresponds to the first epoch. Then, for each subsequent epoch, we set the same se-
quence of stepsizes. Such a finding is consistent with that for (stochastic) subgradient-type
methods for minimizing a strongly convex function (Nemirovski and Yudin, 1983; Rakhlin
et al., 2012; Shamir and Zhang, 2013). We remark that the complexity bounds for TTGDA
and TTSGDA are the same in terms of 1/€, which is also consistent with the classical results
for nonsmooth optimization (Nemirovski and Yudin, 1983; Davis and Drusvyatskiy, 2019).

Theorem 26. Under Assumption 22, the following statements hold true,

1. If we set

t __ min €2 €8 t __ €2
Nk = I8pL2 65536p3L7D2 [ 'ly T T6pL2>

in the TTGDA scheme (see Algorithm 1), the required number of gradient evaluations
to return an e-stationary point is

2 21202
O(poémaX{l,p@D })

€

2. If we set M =1, G as per Eq. (1.3) and

2 6 62

t __ : € € t __
Tl = mun {48p(L2+02)’ 131072p3(L2+02)2D2} v Ty = 3352502

in the TTSGDA scheme (see Algorithm 2), the required number of stochastic gradient
evaluations to return an e-stationary point is

€ €

Remark 27. Theorems 24 and 26 provide the gradient complexity results for TTGDA and
TTSGDA when applied to solve the nonsmooth and nonconvez-(strongly)-concave minimazx
optimization problems. The orders of O(e=*) and ©(e~*) reflect the effect of nonsmoothness
when compared to that presented in Theorem 17 and 19. Furthermore, we guarantee that an
e-stationary point is visited within a certain number of iterations rather than guaranteeing
last-iterate convergence. Finally, Theorem 2 is valid for the case of M = 1 and such a
result is different from the theoretical results in Theorem 17.

6. Applications and Empirical Results

We discuss our evaluation of TTGDA and TTSGDA in two domains—robust regression and
Wasserstein generative adversarial networks (WGANS). All of algorithms were implemented
on a MacBook Pro with an Intel Core 19 2.4GHz and 16GB memory.
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Figure 1: Performance of all the algorithms with 6 LIBSVM datasets. The numerical results
are presented in terms of epoch count where the evaluation metric is the gradient
norm of the function ®(-) = maxyey f(-,y).

6.1 Robust logistic regression

We will consider the problem of robust logistic regression with nonconvex penalty functions.
Given a set of samples {(a;,b;)}, where a; € R? is the feature of the i*" sample and
b; € {1,—1} is the label, the problem can be written in the form of Eq. (1.1) with

N d
2
f(x,y) = % (Z y; log(1 + exp(—bia;rx))) — %)qHNy — 1,12+ X2 ( 11213) ,

i=1 =1

and Y = {y € R? : y'1,, = 1}. Here, we compare TTGDA and TTSGDA with GDmax (Jin
et al., 2020) on 6 LIBSVM datasets® and follow the setup of Kohler and Lucchi (2017) to
set A\ = %, Ao = 1072 and o = 10 for our experiments.

The algorithmic parameters are tuned as follows: we consider different pairs of (nx, 7y )
where 7, € {107}, 1} and the ratio Z—i € {10,10%,10}, and different sizes M € {10, 100,200}
for TTSGDA. Figure 1 presents the performance of each algorithm with its corresponding
fine-tuning parameters, demonstrating that TTGDA and TTSGDA consistently converge
faster than GDmax on 6 LIBSVM datasets that we consider in this paper.

6.2 WGANs with linear generators

We will consider the same setting as Loizou et al. (2020) which uses the WGAN (Arjovsky
et al., 2017) to approximate a one-dimensional Gaussian distribution.

3. https://www.csie.ntu.edu.tw/~cjlin/libsvin/
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Figure 2: Performance of all the algorithms for training WGANs with linear generators.
The numerical results are presented in terms of iteration count where the evalu-
ation metric is the gradient norm of the function f(-,-).

The problem setup is as follows: We have the real data a™® generated from a normal
distribution with 4 = 0 and 6 = 0.1, and the latent variable z drawn from a standard
normal distribution. We define the generator as Gx(z) = x1 + x22z and the discriminator as
Dy (a) = y1a + yoa?, where a is either real data or fake data generated from the generator.
The problem can be written in the form of Eq. (1.1) with

F(x,¥) = Egrea 2 | Dy(a™) = Dy (Gx(2)) = Ally[I?| ,

where A = 1073 is chosen to make the function f(x,y) concave in y.

We fix the batch size M = 100 in TTSGDA and tune the parameters (7x, 1y ) as we have
done in Section 6.1. Figure 2 shows that TTSGDA outperforms other adaptive algorithms,
including Adam (Kingma and Ba, 2015) and RMSprop (Tieleman and Hinton, 2012). Here,
the possible reason is that the linear generators result in a relatively simple structure such
that the two-timescale update with tuning parameters is sufficient.

6.3 WGANs with nonlinear generators

Following the setup of Lei et al. (2020) and Yang et al. (2022b), we consider the WGAN
with a ReLU neural network as generator. For ease of comparison, we retain all the problem
settings as in the previous paragraph and view x as the parameters of a small neural network
(one hidden layer with five neurons and ReLU activations).

Figure 3 shows that TTSGDA is worse with Adam and RMSprop in this complex setting.
This makes sense since the nonlinear generators result in a richer structure and the adaptive
algorithms are highly optimized for handling such structure. The vanilla implementation
of TTSGDA does not achieve a satisfactory level of performance and can be enhanced by
exploiting the advanced tools of regularization and adaptiveness (Yang et al., 2022a.b; Li
et al., 2023). For more details on the implementation heuristics and empirical performance
for TTSGDA in training GANs and its variants, we refer to Heusel et al. (2017).
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Figure 3: Performance of all the algorithms for training WGANSs with nonlinear genera-
tors. The numerical results are presented in terms of iteration count where the
evaluation metric is the gradient norm of the function f(-,-).

7. Conclusion

We proposed two-timescale GDA and SGDA algorithms (TTGDA and TTSGDA for short)
for solving a class of nonconvex minimax optimization problems. We established complexity
bounds for TTGDA and TTSGDA in terms of the number of (stochastic) gradient eval-
uations, demonstrating the efficiency of these two algorithms in theory. Our theoretical
analysis is of interest to both optimization and machine learning communities as it not only
provides a new combination of a two-timescale update rule and GDA /SGDA but supplies a
novel proof technique that applies to concave optimization problems with slowly changing
objective functions. Future directions of research include the investigation of lower bounds
for gradient-based algorithms in the nonconvex-concave settings and the extension of upper
bounds for TTGDA and TTSGDA in the structured nonconvex-nonconcave settings.
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Appendix A. Proofs for Technical Lemmas

We provide the detailed proofs for Lemmas 6, 7, 9, 16, 23, Propositions 11, 12, and auxiliary
results on stochastic gradients.

A.1 Proof of Lemma 6

We first prove that the Moreau envelope &, /24(-) is well defined. Fixing x and using that f
is (-smooth, the function f(-,y) + 0.5¢|| - —x]|? is convex for any y € ). By definition, we
have ®(-) + 0.5¢|| - —x||? = maxyey{f(-,y) + 0.5¢|| - —x||*}. Since the supremum of many
convex functions is convex, the function ®(-)+0.5¢|| - —x||? is convex. As such, the function
®(-) + £|| - —x]* is 0.5¢-strongly convex and the Moreau envelope @1 /9(+) is well defined.

As a byproduct of the above argument, proxg /9.(-) = argmin,, ®(w) + £||w — |1? is well
defined. By definition, we have

P(proxg jo0(x)) < (proxg j9¢(x)) + €| proxg joe(x) — x||? < ®(x), for all x € R™.
Finally, Davis and Drusvyatskiy (2019, Lemma 2.2) implies that the Moreau envelope ®; 5,
is £-smooth with V&, j50(x) = 2£(x — proxg 9¢(X))-

A.2 Proof of Lemma 7

Fixing x and using that f(x,y) is p-weakly convex in x, the function f(-,y) + 0.5p] - —x||?
is convex for any y € ). By applying the same argument used for proving Lemma 6, we
have that ®;/5, and proxgy,(-) are well defined, ®(proxg y,(x)) < ®(x) for all x € R™,
and @5, is p-smooth with V&, 5,(x) = 2p(x — proxg /2,(x))-

A.3 Proof of Lemma 9

It suffices to show that X = proxg j5(x) satisfies mingcops) I€]] < € and [|x — x|| < €/2p.
Indeed, Davis and Drusvyatskiy (2019, Lemma 2.2) guarantees that V®, /5,(x) = 2p(x —X)
where X = proxg j5,(x) and [[x —x|[| = [[V®y5,(x)||/2p. By the definition of proxg 9,(-), we
have 2p(x—%) € 0®(%). Putting these pieces together yields mingcaap(x) €]l < |V Py /2,(x)]-
Since [|[V® /5,(x)|| < €, we achieve the desired results.

A.4 Proof of Proposition 11

Given that x satisfies | V®(x)|| < ¢, the function f(X,y) is f-smooth and p-strongly concave
iny, and y*(X) = argmaxy.cy f(X,y) is uniquely defined. By applying the standard gradient
ascent algorithm for the optimization problem of maxycy f(X,-), we obtain a point y’ € Y
satisfying that, for y* = Py(y’ + %Vy f(x,¥")), the following inequalities hold true,

Iy"=yl<f Iy -y ®I<s (A.1)
Since |[V®(x)|| < € and V®(x) = Vi f(X,y*(X)), we have
IV f Gy D < IVaf (X y ") = V)| + [VR)]| = [V f (%, y") = Vi f %,y (%))l + e
Since f is f-smooth, we have ||V f(X,yT)|| < £|lyT — y*(X)|| + € < 2¢ and the convergence

guarantee of standard gradient descent method implies that the required number of gradient
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evaluations to output a point y’ € Y satisfying Eq. (A.1) is O(klog(1/e€)) (Nesterov, 2018).
The similar argument holds for applying stochastic gradient descent with proper stepsize
and the required number of stochastic gradient evaluations is O(e2).

Conversely, given that (%X,y) € R™ x ) is a 5--stationary point satisfying

IVef Gyl < 55 Iy =31 < 5
where y© = Py(y + (1/0)Vy f(X,¥)), we have
IVeE)| < [VO(%) = V(% ¥ )| + [V f Xy D) < llly™ = y* &) + 5
By the definition of y* and y*(x), we have
@) -3 " -y - iV f(x¥) 20,
which implies
(') -y =92 6" ®) -3 Yy f(x9).
Since the function f(x,-) is f-smooth and p-strongly concave, we have
Uy &) =35 TE =9 2 5ly* &) - 31> = gllst - 31>
In addition, we have
& -3)TET -9 < Iy &) -ylllyt -3l -yt - 31>
Putting these pieces together yields ||y — y*(%)|| < 2x[ly —y ™| < §. This together with

[yT —y*&)|| < ||y —y*(X)]| yields |[V®(x)|| < e+ 5= < 2¢ which implies the desired result.

A.5 Proof of Proposition 12

Given that X satisfies |[V®y5,(X)|| < €, the function f(x,y) + £||x — X||* is 0.5(-strongly
convex in x and concave in y, and x*(%X) = argmin,, ®(w) + £||w — %x||? is uniquely defined.
By applying the standard extragradient algorithm for solving the optimization problem of
ming maxycy f(x,y) + £||x — %||?, we obtain a pair of points (x',y’) € R™ x ) satisfying
that, for y* = Py(y’ + $Vy f(x',¥')), the following inequalities hold true,

IVsf (<, yT) +20x = %) < e, ¥ =&)< 5 Iy"=¥I<5 (A.2)
Since [|x*(X) — %|| = 55| V®1 j20(X)|| < 57, we have
IV, y D) < IV f (3, y7) + 20(x" = %) + 2€]x" — x* (%) || + 2¢]x* (%) — %[ < de.

To facilitate the reader’s understanding, we give a brief description of the extragradient
algorithm. It was introduced by Korpelevich (1976) and has been recognized as one of the
most useful methods for solving minimax optimization problems. In the convex-concave set-
ting, its global convergence rate guarantees were established for both averaged iterates (Ne-
mirovski, 2004; Mokhtari et al., 2020a,b) and last iterates (Gorbunov et al., 2022; Cai et al.,
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2022). When applied to solve the optimization problem of miny maxyey f(x,y)+£||x —x||?,
one iteration of the extragradient algorithm is summarized as follows,

Xt & Xp—1 — n(vxf(xt—b Yt—l) =+ 2€(Xt—1 - f())> Vi < yi-1+ nvyf(xt—b Yt—l)a
X¢ < Xe—1 — NV f(Xe, ¥¢) + 20(%; — X)), Yt < yi-1+ vaf(im Vi)

The convergence guarantee of extragradient algorithm implies that the required number of
gradient evaluations to output a pair of points (x’,y’) € R™ x ) satisfying Eq. (A.2) is
O(e™2). The similar argument holds for applying stochastic mirror-prox algorithm and the
required number of stochastic gradient evaluations is O(¢~*) (Juditsky et al., 2011).

Conversely, given that (x,y) is a -stationary point satisfying

62
max{1,(D}
A A €2 ~ “ €2
||fo(Xay+)H < max{1,(D}’ ||yJr -yl < Tmax{1,(D} (A.3)
where y© = Py(y + (1/0)Vy f(X,¥)), we have

V@1 /20(%) |7 = 462 — x*(%)|*.

Since ®(-) + /|| - —%||? is 0.5¢-strongly-convex, we have
max f(%,y) — max f(x*(%),y) — £]x*(%) — x| (A.4)
yey yey

= (%) — e(x" (%)) — {x" (%) = %[ = {1x — x*(X)|* = 55l VL1 /20(%) %

Further, we have

max f(%X,y) — max f(x*(%),y) — £||x*(%) — %
yey yey
= max f(X,y) — f(X,37) + f(X,3T) — max f(x*(X),y) — £]|x*(x) — x||*
yey yey
< maxf(ky) = f(%, Y+ (f(x37) — F(x*(%),37) — (Ix* (%) — %/?)
< max f(xy) - f(%, I+ (1% — &) ||V f G, 3] = £l1% - x*(%)]%)
< max f(%,y) — f&IT) + L Vaf (X, 37)|%
yey

By the definition of 3, we have (y —3")" (3 —3 — (1/0)Vy f(%x,¥)) > 0 for all y € V.
Since the function f(x,-) is -smooth and the diameter of J is D, we have

fxy) = f(x,57) <D||y* — ]l for all y € V.
Putting these pieces together yields

max f(X,y) — max f(x*(%),y) — £[x" (%) = %[> < LD|y" -y + 5[ V<S (X, 31|
yey yey

Plugging Eq. (A.3) into the above inequality yields

~ - * (S _e *A_A2<£ é_ A.5
gleaj)i(f(X’y) I;lea)))(f(x (%),y) [x" (%) —x[I"< T+ % (A.5)

Combining Eq. (A.4) with Eq. (A.5) yields [[V® jo0(X)|| < 4€* + 4€ and the desired result.
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A.6 Proof of Lemma 16

We prove the results under Assumption 14. Indeed, we have that Y*(x) = {y*(x)} since
the function f(x,-) is strongly concave for each x. Then, let x1,x2 € R™, the definition of
y*(x1) and the definition of y*(x2) imply

(y —¥*(x1)) " Vy f(x1,y*(x1)) <0, forally €Y, (A.6)
(y — y*(XQ))TVyf(XQ,y*(XQ)) <0, forallye). (A7)

Letting y = y*(x2) in Eq. (A.6) and y = y*(x1) in Eq. (A.7) and adding them yields
(v (x2) =y (x0)) (Vi f (1,57 (x1)) = Vy f (%2, (x2))) 0. (A-8)
Since the function f(x1,-) is p-strongly concave, we have
(v*(x2) = y* (%)) T (Vy f(x1, 5" (%2)) = Vy f (1,5 (x1))) < —plly*(x2) — y*(x1) > (A.9)
Combining Eq. (A.8) and Eq. (A.9) with the fact that f is f~smooth yields
plly ™ (x2) = y* (x)|I” < LIy (x2) — y* (xa) 12 — x|

which implies that the function y*(-) is x-Lipschitz.

Since y*(-) is a well-defined function and ) is a convex and bounded set, the celebrated
Danskin theorem (see Danskin (1967) and Bertsekas (1971, Proposition A.22)) implies that
V®(-) = Vxf(-,y*(-)). Since y*(-) is x-Lipschitz and x > 1, we have

VO (x)=VE(x)[| = [[Vaf (%, 5*(x)) = VxS (x', y* (X)) || < (llx—x"|[+5[[x—x||) < 2rl]]x—x||.

We then prove the results under Assumption 15. Indeed, Lemma 6 implies that the
function ®(-) is f-weakly convex. Since ) is a convex and bounded set, there exist y1,y2 € Y
such that

f(x1,y1) = max f(x1,y), f(x2,y2) = max f(x2,y), for any given x;,x5 € R™.

Thus, we have

O(x1) — P(x2) = f(x1,y1) — f(x2,¥2)
O(x2) — @(x1) = f(x2,¥2) — f(x1,¥y1)

< f(x1,y1) = f(x2,51),
< f(x2,y2) — f(x1,52).
Since the function f(-,y) is L-Lipschitz for each y € ), we have
9(x1) — Bx2)| = max (1) — (x2), Bz) — Bx1)} < Ll — sl
Further, we have ®(x) = OV¥(x) — ¢x for each x where ¥(x) = maxycy f(x,y) + 0.5 x||.

Since f(-,y) + 0.5¢| - || is convex for each y € ) where ) is convex and bounded, we have
that Vi f(x,y) + fx € 0¥(x) where y € Y*(x). This yields the desired result.
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A.7 Proof of Lemma 23

We prove the results under Assumption 22. Indeed, Lemma 7 implies that the function ®(-)
is p-weakly convex. Given any xi,x2, we have that there exist y1,y2 € ) such that

O(x1) — P(x2) = f(x1,y1) — f(x2,¥2)
P(x2) — P(x1) = f(x2,y2) — f(x1,¥1)

f(x1,y1) = f(x2,¥1),

<
< f(x2,y2) — f(x1,y2)-

Since f is L-Lipschitz, we have
[D(x1) — @(x2)| < Llx1 — x2.

Applying the same argument used for proving Lemma 16, we have that O f(x,y) C 0P (x)
for each x where y € V*(x).

We then prove the results under Assumption 21. Since the function f(x, ) is p-strongly
concave for each x, we have that Y*(x) = {y*(x)}. Since Assumption 21 is stronger than
Assumption 22, all other desired results follow from the previous analysis.

A.8 Auxiliary Results on Stochastic Gradient

We establish the properties of stochastic gradients sampled at each iteration.

Lemma 28. If Fq. (1.3) holds true, the estimators (g;,gty) = SG(G, {EYM |, x4, y1) satisfy

)

E[g; ‘ Xtvyt] € axf(xt>Yt)7 E[Hgi - E[g; ’ Xtvyt]HZ ‘ Xtvyt] <
E[@; | x¢,yt| € Oy f (x4, y1), E[||g§/ - E[g} | x¢, yi]|I? | x¢,y4) <

SRESN

Proof. Since G = (Gx, Gy) is unbiased and

1 (& A
gl = i (Z Gx(xt,yt,ﬁf)> ) g; = (Z Gy(XnYt,ff)) )
i=1 i=1

we have
E[g | xt, ¥ € Oxf (X1, ¥1), E[@; | xt,yt] € Oy f(xt, yt)-

Furthermore, we have

A~ A~ 2 N N 2
Ellgx — Elgx | xe, yell* [ xe. v < G0 Elllgy — Elgy | xe, yelll* | xe,54) < G-

This completes the proof. O

Appendix B. Smooth and Nonconvex-Strongly-Concave Setting

We provide the proof for Theorem 17. The trivial case is kK = 1 since it is as easy as smooth
nonconvex optimization, which has been investigated extensively. For simplicity, we assume
Kk > 1 in the subsequent analysis. Throughout this subsection, we set

nh=nx = m, n; =1y = %, for both Algorithms 1 and 2.
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Lemma 29. The iterates {x;}+>1 generated by Algorithm 1 satisfy
B(x;) < D(xp-1) — (%5 = 202r0) [ VO(xp—1) | + (B + 20350) [ VR (x4-1) = Vo f (x6-1, ye-1) ||
The iterates {x¢}+>1 generated by Algorithm 2 satisfy
E[®(x:)] < E[®(x¢-1)] = (% — 2ngnE[[VO(xe—1)|]
5 + 22 ROB] VP (xe1) = Voef (xe1,ye-) |7 + 57
Proof. We first prove the inequality for Algorithm 1. Since ®(-) is (2kf)-smooth, we have
B(xr) — D(xe-1) = (x¢ = X-1)  VO(xe-1) < mllfxe — 311
Since x¢ — x¢—1 = —1x Vxf(Xt—1,¥t—1), we have
B (xt) < P(x-1) = Mx(Vaf (Xe-1,¥6-1))  VO(xe-1) + 130L | Vi f (-1, o) ||
Using Young’s inequality yields
® (%) < P(x-1) ekl Ve f (Xt 1, - 1) [P+ 5 (VR (x0-1) = Vief (-1, ye-1) [ = | V@ (xe-1) ).
By the Cauchy-Schwartz inequality, we have
IV f (xe-1, ye- 1)1 < 201V (xe-1) = Vo f (xe—1, y-1) |* + [V @(x-1) %)

Putting these pieces yields the inequality for Algorithm 1.
We then prove the inequality for Algorithm 2. By using the same argument, we have

®(xt) < @(x¢-1) — x| VO (xe-1) 7 + mgrll| & |1” + mx(VO(xe-1) — 851 V@ (xe-1).

Conditioned on the iterate (x;—1,y¢—1), we take the expectation of both sides of the above
inequality (where the expectation is taken over the randomness in the selection of samples
{¢"13M ) and use Lemma 28 to yield

E[®(x) | -1, ye-1] < ®(xi-1) — mx| VO (1) |* + Beer”
02kl Ve f (X1, y-1)||* + nx (V@ (x4-1) — xf(Xt—h yi-1)) VO (xi1).
By using the same argument, we have
E[®(x:) | xt-1,¥1-1) < P(xs1) — (B — 20z60) [V (x1) 2
(% + 2260 | VR (x1-1) — VS (i1, y1-1) |2 + 51

We take the expectation of both sides of the above inequality (where the expectation is taken
over the randomness in the selection of all previous samples). This yields the inequality for
Algorithm 2. O

In the subsequent analysis, we define §; = ||y*(x;) — y¢||? and &; = E[|ly*(x;) — y¢||?] for
the iterates generated by Algorithms 1 and 2 respectively.
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Lemma 30. The iterates {x;}+>1 generated by Algorithm 1 satisfy
o < (1-— ﬁ + 4/@3£277,2()(5t_1 + 4%377,2(\\V<I>(xt_1)|]2.
The iterates {x¢}+>1 generated by Algorithm 2 satisfy
5 < (1= o +4R3P02)0, 1 + ARP2E[|V(x, )| + 2RO 4 2
Proof. We first prove the inequality for Algorithm 1. Since ny = %, we have
=y (ye—yi-1— $Vyf(xi-1,y1-1)) >0, forallye .
Rearranging the above inequality with y = y*(x;—1) yields
0y (xe—1) —ye) ' (ye — ye1) > (7 (xe=1) — ¥e) | Vy f (Xe—1,¥1-1)-
Since the function f(x;—1,-) is f~-smooth and u-strongly concave, we have
(Y (xe—1) = ¥e) Vyf(xem1,¥e-1) > Blly* (x¢-1) — yel* — Lye — yeal™
In addition, we have
(y*(x¢-1) — Yt)T(Yt —Yi-1) = %(Hy*(xtfl) - Yt71||2 — [y (x=1) — Yt”2 — |yt — Yt71||2)-
Putting these pieces together yields
ly*(xe—1) =yl < (1= $)d-1- (B.1)

Using Young’s inequality and the fact that the function y*(-) is x-Lipschitz, we have

o < (g ly (a-1) = vl + (26 = Dlly*(xe) = ¥ (xe-) |2
< ESly Gamn) =yl 26yt (xe) -y () 2
Eq. (B.1) 1 N N 9
< (1= g)0-1 + 26y (xe) — v (xe-1) |
S (1 - i)étfl + ZKBHXt - Xt,1||2.

Furthermore, we have
e = xe—1]1* = 92l Ve (xe1, ye—1)II” < 205 (€260—1 + [ VO (xe-1) %) -

Putting these pieces together yields the inequality for Algorithm 1.
We now prove the results for Algorithm 2. Applying the same argument used for proving
Eq. (B.1), we have
E[lly*(xs-1) — yell”] < (1= £)de-1 + F7,
which further implies

2

6 < (1= 52)0-1 + 26°E[||Ix¢ — xi—1*] + 557

Furthermore, we have

2

At— 20’
Efllx: — x-1]%) = ngElllgs %] < 20 (200—1 + E[|V(xe-1)|°]) + BT~

Putting these pieces together yields the inequality for Algorithm 2. O

31



LIN, JIN AND JORDAN

Lemma 31. The iterates {x;}+>1 generated by Algorithm 1 satisfy
2
() < D(xe-1) — GEV () [|* + =t

The iterates {x:}+>1 generated by Algorithm 2 satisfy

E[®(x;)] < E[®(x-1)] — 7”" E[||V®(x:1)]|?] + 977x41265t L4 nxnfa _

1

T6(nt 1770 in Algorithms 1 and 2, we have

Proof. Since nx =
T < b - 2Rl < 4 2inl < S (B2)

We first prove the results for Algorithm 1. By combining Eq. (B.2) with the first inequality
in Lemma 29, we have

D(xy) < P(xp-1) — T VO(x—1) || + FEVO(xe-1) — Vief (xe—1, ye1)|*-
Since VO(x;-1) = Vx f(X¢—1,y*(x¢-1)), we have
V(1) — Vaef (%01, ye-1)|I> < Plly*(xe-1) — yi1l|® = £26;_1.

Putting these pieces together yields the inequality for Algorithm 1.
We then prove the results for Algorithm 2. By combining Eq. (B.2) with the second
inequality in Lemma 29, we have

E[®(x,)] < E[®(x; 1))~ TEE[|V(xs1) 2]+ B V(0 1) — Vacf (k01,711 [+ 257
Since VO (x¢—1) = Vx f(x¢t—1,¥*(x¢—1)), we have

E[|[V®(xi-1) = Vaf (x¢—1,y1-1)|I)] < CE[ly*(x¢-1) — ye1ll*] = 261
Putting these pieces together yields the inequality for Algorithm 2. O
Proof of Theorem 17. For simplicity, we define v =1 — i + 4K30%n2

We first prove the results for Algorithm 1. Since &§; = ||y*(x¢) — y:||?, we have 6; < D?.
Performing the first inequality in Lemma 30 recursively and using 6y < D? yields

t—1
00 <A'D? 42 | AT Ve (B.3)
§=0

Combining Eq. (B.3) with the first inequality in Lemma 31 yields

t—2
Y TVe)|? ] - (B4)

3@2 3

B(xr) < Bxp_1)— T || VD () ||2 4 Ly D | Ot
7=0

Summing Eq. (B.4) over t = 1,2,...,7 + 1 and rearranging the terms yields

TH+1t-2

B(xri1) < D(xo)— Ll (ZHV@ ||2> + S (Zv) I NNV ()|

t=1 j=0
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Since 1y = W, we have y < 1— ;- and 9773‘6 < 187272” This yields Z?:o vt < 4k and
TH1 t—2 4 T
33 o eI < i (et
t=1 j=0 t=0

Putting these pieces together yields

2 M2
B(x711) < B(xp) — L <ZHV<I> r2> + St D

By the definition of Ag, we have

ZHVQ HZ 256(<I’(xO)—<1>(xT+1)) + 576r02D% - 128rk*(Ag+5r(2D?
T+1 1031< (T+1) 103(T+1) = T+1 .

This implies that the number of gradient evaluations required by Algorithm 1 to return an

e-stationary point is
€

20Ag+rE2D?
0(7” atr )

We then prove the results for Algorithm 2. Applying the same argument used for analyzing
Algorithm 1 but with the second inequalities in Lemmas 30 and 31, we have

T
1 2 256(2(x0)—E[®(x7+1)]) | 576x2D% | 2304r02
T+1 <ZE[||V(I)(X'5)” ]) = 1037x (1 +1) + T30 T TTo3ar
t=0
128k%4A g +5k4% D? 24Kko?
< T+1 + =5

This implies that the number of stochastic gradient evaluations required by Algorithm 2 to
return an e-stationary point is

0] 7K2£A@+2“£2D2 max 41 “%‘22 .
€ 7€
This completes the proof.

Appendix C. Smooth and Nonconvex-Concave Setting
We provide the proof for Theorem 19. Throughout this subsection, we set

t — _ : €2 et t — _ 1
T = 1x = Min{ g7, googrpzpz b Ny =Ny = 4

for Algorithm 1, and

t —

€2 et 8 t — SN 1 €2
= 7 = min { 800(L2102) 819203 (L2+02) D2 13107203 (L2 102) D202 [+ Ty = Tly = M\ 57 33752 ¢

for Algorithm 2. We define Ay = ®(x;) — f(x¢,y¢) and Ay = E[®(x¢) — f(x¢,y¢)] for the
iterates generated by Algorithms 1 and 2 respectively.
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Lemma 32. The iterates {x;}+>1 generated by Algorithm 1 satisfy
D1 jop(x¢) < Py jop(xe—1) + 20xlDi—1 — $0x| V1 jp(3xe—1) |* + mpl L.
The iterates {x:}+>1 generated by Algorithm 2 satisfy
E[®1 20(x¢)] < E[®1 /20(x¢—1)] + 20xlA—1 — 2B [V jop(xe—1)]12] + n2l(L* + o2).
Proof. We first prove the results for Algorithm 1. Letting X;—1 = proxg 9(x¢—1), we have
D1 jop(xr) < (Rem1) + L Fe—1 — x>,

Since the function f(-,y) is L-Lipschitz for each y € ), we have ||Vxf(x,y)|| < L for each
pair of x and y € V. This yields

[%e—1 — x¢]|* < IRt — X1 [” + 20 (Rem1 — xe1, Ve f (X¢—1, ye-1)) + na L7
Combining the above two inequalities yields

D1 o0(xe) < Dy yoe(x-1) + 20l (Ke1 — X1, Vief (-1, ¥1-1)) + 12l L. (C.1)
Since the function f(-,y;—1) is f-smooth, we have

(%1 — %11, Ve f (x0-1,¥1-1)) < Fim1,¥i-1) — F(Xi—1,yi-1) + 5[%i—1 — x1 [ (C.2)
Since ®(x) = maxyey f(x,y) and X;—1 = proxg o¢(x¢—1), we have
FGemt,yim1) + Zem1 — xe1]]? < D(Xem1) + Re—1 — X1 ||° < P(xi-1).

Since [V @1 /¢(x¢-1)[| = 2€[|%—1 — x¢—1]|, we have

o1, ye-1)— F (o1, ye1)+5Rem1—x-1 |2 < @(xe1) = f(xem1, yi-1)— g7 | V1 e (xe—1) |*-
(C.3)
Plugging Eq. (C.2) and Eq. (C.3) into Eq. (C.1) yields the inequality for Algorithm 1.
We then prove the results for Algorithm 2. By using the same argument, we have

%1 —xel|? = %o —xea]? 4 20 Keo1 — %1, 85 + 21|84 — Vi (xe-1, v )|
+277;2<<gf:1 - fo(Xt—h Yt—l)a vxf(xt—la Yt—1)> + 77)2<L2-

Conditioned on the iterate (x;—1,y:—1), we take the expectation of both sides of the above
inequality (where the expectation is taken over the randomness in the selection of samples
{¢713M ) and use Lemma 28 with M = 1 to yield

E[||%—1—x¢|% | x-1,ye1] < [%eo1—%e 1 [IP4H20 (Koo 1—%t 1, Ve f (Ko 1, ye1) )02 (L2 402).

We take the expectation of both sides of the above inequality (where the expectation is
taken over the randomness in the selection of all previous samples). This yields

El|[%e—1 — x[|*] < Ell|Re—1 = xe—1[1%] + 2mE[(Re—1 = Xe—1, Vo f (a1, ye-1))] + (L + 02).
Applying the same argument used for proving Eq. (C.1), we have

E[®1 20(x¢)] < E[®1 /20 (x¢—1)]+ 20 E[(Rs—1 —X¢—1, Ve f (41, Ye—1))] + 02l (L7 +07). (C.4)
Plugging Eq. (C.2) and Eq. (C.3) into Eq. (C.4) yields the inequality for Algorithm 2. O
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Lemma 33. The iterates {x;}+>1 generated by Algorithm 1 satisfy for Vs <t —1 that
Apr < nxL?(2t=25 = 1)+ 5 (Ilye-1 =y (%) 12 = lye =y (xo) 1)+ (f (xe, y6) = F (%1, ¥2-1)).
The iterates {x¢}+>1 generated by Algorithm 2 satisfy for Vs <t —1 that
Apr < nx(LP+0%)(2t = 25 = 1) + - (Elllye-1 — v (x5)I°] = Elllye — " (x) %))
+E[f (x¢,y¢) — f(xe-1,¥1-1)] + nyo™.
Proof. We first prove the results for Algorithm 1. By the definition of A;_;, we have
Ar1 < (f(xt,yt) — f(xt-1,¥1-1)) + A+ B+ C,

where

A = f(xi—1,¥t) — f(xt,¥1),
B = f(x-1,¥"(xs)) — f(xt-1,¥t),
C = f(xi—1,¥"(x¢-1)) = f(xe—1, ¥ (x5))-

Since f(+,y) is L-Lipschitz for each y € ), we have ||V f(x,y)|| < L for each pair of x and
y € Y. This yields

A < Llxi—1 — x¢|| = nx L[|V f (X1, ye-1) || < mxL>.
By using the same argument and that f(xs,y*(xs)) > f(xs,¥), we have

C = f(x—1,¥"(x¢=1)) = f(xs, ¥ (x¢=1)) + [ (%6, ¥ (x4-1)) — f(x—1, ¥ (%))

< f—1, ¥ (xem1)) = f(xs Y (xe-1) + (X, ¥ (%5)) — f(xe-1, ¥ (%))
t—1

2L -1 — xsl) < 2L (Z ||vxf<xk,yk>u> < L3t — 5 1),
k=s

IN

It suffices to bound the term B. Since n, = %, we have

(v = y0) (e = yim1 = §Vyf(-1,y0-1)) 2 0, forall y € V.
Rearranging the above inequality yields

I?

(y - Yt)Tvyf(thh}’tfl) < % (||y —yialP =y =yl = llye — thlH2) .

Since the function f(x;_1,-) is concave and ¢-smooth, we have

(v —yt) ' Vyf(X—1,y1-1) = (¥ — ¥e-1)  Vy f(xt—1,¥1-1) + (¥i—1 — yt) | Vyf (Xe—1,yi-1)
> f(xe—1,y) — F(Xe—1,yi-1) + f(Xe—1,¥i-1) — f(Xe—1,¥2) — 5|yt — ye1]*

Putting these pieces together yields
Fxe-1,¥) = F(xe-1,¥2) < 51y = ye-1l* = Iy = vel?)- (C.5)
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Since y*(x5) € Y for s <t — 1, Eq. (C.5) implies

B < 5(lly*(xs) = ye-1ll* = y*(xs) = yell?)-

Putting these pieces together yields the inequality for Algorithm 1.
We then prove the results for Algorithm 2. By the definition of A;_1, we have

A1 <E[f(xt,y1) — f(xXt-1,yt-1)] + A+ B+ C,

where

A = E[f(Xt—l, Yt) - f(Xt, Yt)]v
B = E[f(xi-1,y"(xs)) = f(xe—1,¥1)],
C = E[f(x¢—1,y"(x¢=1)) — f(xe—1,¥"(x5))].

Applying the same argument used for analyzing Algorithm 1, we have
t—1
A+ C <l (E[Iléi_ll] +2 (Z E[Iléﬁll]>> :
k=s
For Vk € {s,s +1,...,t — 1}, we have
18517 = 1V (ks yi) I + 2(8% — Vacf (%%, Y1), VS (%6, 1)) + 185 — VS (%8, y) I

Conditioned on the iterate (xx,yx), we take the expectation of both sides of this equation
(where the expectation is taken over the randomness in the selection of samples {éf f\i 1)
and use Lemma 28 with M =1 to yield

E[lgxll* | x5, yi] < IV (xi, yi) | + 0% < L? + 0,

We take the expectation of both sides of the above inequality (where the expectation is
taken over the randomness in the selection of all previous samples). This yields

E[lgh|?) < L* + o
Putting these pieces together yields
A+ C < (L?+0%)(2t — 25 — 1).
It suffices to bound the term B. By using the same argument, we have
ny(y —vo) T8 < L (ly —yieal? =y — yel? = llye — ye—1l?) -
Using the Young’s inequality, we have
ny(y —ye) 8 > ny(y —yee1) Tgh

0y (Ye-1 — Yt)TVyf(Xt—17Yt—1) - iHYt - yt—l”2 - 7732,"@;71 - Vyf(xt—17}’t—1)\|2-
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Conditioned on the iterate (x;—1,y:—1), we take the expectation of both sides of the above
inequality (where the expectation is taken over the randomness in the selection of samples
{€F3M ) and use Lemma 28 with M = 1 to yield

(v —vi-1) Vyfxi1,yi-1) +E[(ye1 — v) "Vy F(xe-1,¥e-1) | Xt—1,yi—1]
< g (ly - vie1l? —Ellly — yill® | xe—1, ye-1]) — 2 Elllye — yeoul? | %1, ye1] + nyo’.

We take the expectation of both sides of the above inequality (where the expectation is
taken over the randomness in the selection of all previous samples). This yields

E((y—ye) " Vyf(xi—1,¥0-1)] < g (BIlY = yerll”) = Elly = vel*]) = mis Ellye—ye—1 [P +ny 0.
Since the function f(x;_1,-) is concave and ¢-smooth, we have
(v —yt) Vyf(Xi—1,y1-1) > f(Xt-1,¥) — f(Xt—1,¥1) — §||Yt — vy
Since 7y < 2%, we have
Elf(xt-1,¥) = f(xe-1,50)] < 5= (Ellly = ye-1]%] = Ellly — ye|l*]) + nyo>. (C.6)
Since y*(x5) € Y for s <t — 1, Eq. (C.6) implies
B < 5= (E[lly* (xs) = ye-1[*] = E[ly*(xs) — yel*]) + g0,

Putting these pieces together yields the inequality for Algorithm 2. O

Without loss of generality, we let B < T'+1 satisfy that % is an integer. The following
lemma bounds %H(E?:O Ay) for Algorithm 1 and 2 using a novel localization technique.

Lemma 34. The iterates {x:}+>1 generated by Algorithm 1 satisfy

T
2 A
— (ZAt> <ne(B+1)L* + L + 2o
t=0

The iterates {x:}+>1 generated by Algorithm 2 satisfy

T
2 A
7 (Z At> < (B + 1)(L? +0°) + 350 + nyo” + £y
t=0

Proof. We first prove the results for Algorithm 1. Indeed, we can divide {A¢}]_, into several
blocks in which each block contains at most B terms, given by

(A AN AN g

Then, we have

T ! (j+1)B—1
%H (Z At> < % , + Z Ay . (C.7)
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Further, letting s = 0 in the first inequality in Lemma 33 yields

B-1

Z Ay < L*B? + 22 4 (f(xp,yB) — f(%0,¥0))-
t=0

Similarly, letting s = jB yields, for 1 < j < T“

(j+1)B-1

2
> A SIPB’+ 5 4 (f(xjis.YiBiB) — f(XiB,Y)B)).
t—iB

Plugging the above two inequalities into Eq. (C.7) yields

T
%H (Z At) < UxLzB + % + f(XT+1’YTT+Ji)1—f(X0,y0)_ (C.8)
t=0

Since f(-,y) is L-Lipschitz for each y € ), we have |Vxf(x,y)|| < L for each pair of x and
y € Y. This yields

f(xr41,y1+1) — f(%0,50) = [f(xr41,y7+1) — (X0, ¥y7+1) + f (%0, y7+1) — (X0, ¥0)
< LT +1)+ Ao.

Plugging this inequality into Eq. (C.8) yields the inequality for Algorithm 1.

We then prove the results for Algorithm 2. Applying the same argument used for
analyzing Algorithm 1 but with the second inequality in Lemma 33, we can obtain the
inequality for Algorithm 2. O

Proof of Theorem 19. We first prove the results for Algorithm 1. Summing the first
inequality in Lemma 32 over t =1,...,T 4 1 yields

D1 90(x741) < Py /20(%0) + 25l (Z At) -k (Z \|V‘1’1/2e(xt)||2> + 0L (T + 1).

t=0

Combining the above inequality with the first inequality in Lemma 34 yields

Dy jop(x741) < Pyjae(x0) + 20l(T + 1) (nx L* (B + 1) + D) 4 2yl

T
— (Z Hv(pl/%(xt)”2> + 20 LA(T +1).

t=0

By the definition of the function ®;9,(-), we have

®1/90(x0) = ming ®(w) +Llw—x0[*> < @(xo),
‘I’l/ze(XTJrl) = miny, ®(w) +£lw —x7[* > min, $(x),
which implies ®/9¢(x0) — ®1/20(%7+1) < Ag. Putting these pieces together yields

T
T (Z||v<1>w<xm ) < Rt 8L (B + 1)L + 5) + 520 + L2,
t=0
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Letting B = {2“/ J + 1, we have

T
ent (Z V@ o0(x¢)]] ) < nﬁil) + 580 4 160LD+/Unx + 20my (L7
t=0

By the definition of 7y, we have

T
4A 8¢A 2
T (Z V@1 0(x4) | > SarmtTa TS
t=0
This implies that the number of gradient evaluations required by Algorithm 1 to return an

e-stationary point is
0 ((ZL Ap | EA()) Inax{l, 4252 }) ‘

We then prove the results for Algorithm 2. Applying the same argument used for analyzing
Algorithm 1 but with the second inequalities in Lemmas 32 and 34, we have

T

2

T (ZE[HV‘I’U%(Xt)”Q]) < nx%il) +80(nx(L? + %) (B +1) + ggﬁy +1y0?)
=0

+8820 4 dn (L2 + o).
Lettlng B = [%1 / mJ + 1, we have

T

L“+o

= <Z]E [V 1 j90(xz) || ]) < St + R 160D %jusnyza +20nxl(L? +02).
t=0

By the definition of nx and 7y, we have

T

A 2

rhr (Y EITo ) < sl + 380 4.
t=0

This implies that the number of stochastic gradient evaluations required by Algorithm 2 to
return an e-stationary point is

0 ((Z(L%;ZZ)A n 5?0) max{l 6265)2752[)2 2}) .

This completes the proof.

Appendix D. Nonsmooth and Nonconvex-Strongly-Concave Setting

We provide the proof for Theorem 24. Throughout this subsection, we set

A _ : et ue
Tl = Tx = min { 48pL?> 1096p° L1 4096p2 L4 log? (1+4096p2 LA —2c—4) }
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and
s f1<t<B,
sigyy elseif B+1<t<2B,
. _ :
iy elseif jB4+1<t<(j+1)B, [1)x

for Algorithm 1, and

t — min €2 pet pe
T =Tx = 48p(L2+02) 4096p2(L2+02)2* 4096p2(L2+02)2 log? (1+4096p% (L2 +02)2p—2e— 1) [

and 75, in Eq. (D.1) for Algorithm 2. We define A; = ®(x;) — f(x¢,y¢) and Ay = E[®(x;) —
f(x¢,y¢)] for the iterates generated by Algorithms 1 and 2 respectively.

Lemma 35. The iterates {x;}+>1 generated by Algorithm 1 satisfy
D1 jo(x1) < Pryop(xi-1) + 20xpAi1 — x| VP o, (x1-1) 1> + mzpL?.
The iterates {x:}+>1 generated by Algorithm 2 satisfy
E[®y)9,(xt)] < E[®y)9,(xt-1)] + 27xpAs-1 — %UxE[HV‘I’l/zp(Xt—l)HQ] + mzp(L? +0%).

Proof. We first prove the results for Algorithm 1. Applying the same argument used for
proving Lemma 32, we have

Dy /op(xt) < Pyyop(xe—1) + 20xp(Xe—1 — Xt—1, g ) +nipL?. (D.2)
Since the function f(-,y¢_1) is p-weakly convex and gi! € Oy f(x¢_1,y¢_1), we have
(K1 — xe-1,85 1) < F(Re1,yi-1) — Fxem1,ye-1) + Gl %1 — xe—1]|% (D.3)
Applying the same argument used for proving Lemma 32, we have
&1, ye1) = F (X1, yeo1)+ 4 %e—1—xe1 ||* < (xp—1) — f(xe—1, thl)—gip||V‘I)1/2p(th1)||2-
Plugging Eq. (D.3) and Eq. (D.4) into Eq. (D.2) yields the inequality for Algorithm 1(D4)

We then prove the results for Algorithm 2. Applying the same argument used for proving
Lemma 32, we have

E[®1 /9, (x¢)] < E[®y 2, (x¢-1)] + 20xpB[(Re—1 — x¢—1, E[8L " | xe—1, ye—1])] + miap(L? + 0?).
Since E[gL " | x;—1,yi-1] € Oxf(X¢—1,¥yt-1), we have
E[(&e—1—x—1, E[gL " | xem1, yeo1])] < E[f (Ree1, yi—1)]—E[f (%e—1, Yo 1)+ 5E[||%e—1 —x0—1 ||7].

Combining two above inequalities with Eq. (D.4) yields the inequality for Algorithm 2. O
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Lemma 36. The iterates {x;}+>1 generated by Algorithm 1 satisfy for Vs <t —1 that

At £ 202 — s — 1)+ (= 8y =y 0P = ghrllye =y G2 + Sl L2

The iterates {x:}+>1 generated by Algorithm 2 satisfy for Vs <t —1 that

But < B 40) (=51 H (gt~ BBl 1~y (060) )~ g Elllye—y* e Pl (22 0?).
Proof. We first prove the results for Algorithm 1. By the definition of A;_1, we have
A1 <A+B,

where

A = f(thl,y*(th)) - f(thhy*(Xs))a
B = f(thlay*(Xs)) - f(thlathl)-

Since f(-,y) is L-Lipschitz for each y € ), we have ||g|| < L for all g € 0xf(x,y) and each
pair of x and y € ). Applying the same argument used for proving Lemma 33 yields

A <2 L2t —s—1).

It suffices to bound the term B. Indeed, we have

(y - }’t)Tgifl < (Hy —yi1lP = ly — v

2
<5k u

—|lyt — ye-1]?), forally € V.

t—1

y € Oy f(x¢—1,y¢-1), we have

Since the function f(x;—1,-) is pu-strongly concave and g

(v = ye-1) gt = fxe1,y) = Fxim1,y-1) + 51y — yeal”

Since the function f(x;—_1,-) is L-Lipschitz, we have Hgg,_lH < L. Combining this fact with
Young’s inequality yields

(i1 =y gy = —pllye — vl = g L%

Putting these pieces together yields

f(xi—1,y) = f(xe—1,¥1-1) < 2775_1 Uy =yealP=lly=yell>) = 5ly —ye-a1l*+3n5"L* (D.5)
Since y*(x5) € Y for s <t —1, Eq. (D.5) implies
B < ghr(ly vl — Iy —vil?) — 4l — el + 3 0%

Putting these pieces together yields the inequality for Algorithm 1.
We then prove the results for Algorithm 2. By the definition of A;_1, we have

At—l < A+Ba
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where

A = E[f(xtflay*(xtfl)) - f(thl,y*(Xs))]a
B = E[f(xtflay*(xs)) - f(thlvytfl)]-

Applying the same argument used for proving Lemma 33 yields
A <2 (L? + %)t — 5 —1).

It suffices to bound the term B. Indeed, we have

Tat—1

(y—ye) g, ' < 277;%1 (ly = ye—1l* = ly — y¢l?

— Iy — Yt—lHQ) , forallye).

Using Young’s inequality, we have

(y - Yt)Tgi,_l > (y - thl)TQ;_l

—27&%1”}’7& —yeall® = oS MBS | xeon,ye]I? — oy gt —Elgy ! | xi-1, vl
Conditioned on the iterate (x;—1,y¢—1), we take the expectation of both sides of the above
inequality (where the expectation is taken over the randomness in the selection of samples
{€F}M ) and use Lemma 28 with M = 1 to yield
(v —yi1) Elg) " | xi1,yi1]

< ﬁ (Ily — ye1l* = Ellly — yell* | Xi-1,¥e-1]) + n§_1IIE[§§_1 | x¢—1, ye-1]||* + i o

+ny, o

Note that E[gi™! | x¢—1,y¢-1] € 8y f(x¢—1,y¢-1) (cf. Lemma 28). Thus, by using the same
argument used for analyzing Algorithm 1, we have

fxi-1,y) = f(xt-1,¥t-1) < 277;%1 (ly = ye=1l? = Ellly = y¢ll* | xe=1,y1-1])
—8lly — yeal? + 0l (L2 + 7).

We take the expectation of both sides of the above inequality (where the expectation is
taken over the randomness in the selection of all previous samples). This yields

E[f(xt-1,¥) = f(xt—1,yt-1)] < (%_ DElly —ye-1l’] —%%E[Hy—}’tHQ]+77§'_1(L2+02)-

2n
(D.6)
Since y*(x5) € Y for s <t —1, Eq. (D.6) implies
B < (5t — Elly*(xs) = ye-1l’] = 5= Ellly* (xs) = well*] + 15 (L2 + 07).
2ny 2ny Y
Putting these pieces together yields the inequality for Algorithm 2. O

Without loss of generality, we let B < T'+ 1 satisfy that % is an integer. The following
lemma bounds %H(Zfzo Ay) for Algorithm 1 and 2 using the same localization technique.
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Lemma 37. The iterates {x;}+>1 generated by Algorithm 1 satisfy

T
1 2, L?*(1+log(B
t=0

The iterates {x¢}+>1 generated by Algorithm 2 satisfy

T

2 2 L?+02)(1+log(B

T1+1<ZAt>§?7xB(L +0?) + e los(B),
t=0

Proof. Applying the same argument used for proving Lemma 34 but with the two inequal-
ities in Lemma 36, we can obtain the inequalities for Algorithm 1 and 2. O

Proof of Theorem 24. We first prove the results for Algorithm 1. Applying the same
argument used for proving Theorem 19 but with the first inequalities in Lemmas 35 and 37,
we have

log(B
T+1 (Z [V Py /2, (xt) | > %fl) + 8pL* (nx B + %gfg)) + dnypL?.

Letting B = b / T J + 1, we have

= <Z||vq>1/2p(xt)\| ) nx(ﬂl) + 16pL2,/"x + 4pL?, )= 1og( 3;x> + 1204 pL2.
t=0

By the definition of 7%, we have

62
1 <§ :qu)l/%(xt)u ) %%il) + 2.
=0

This implies that the number of gradient evaluations required by Algorithm 1 to return an

e-stationary point is
L2A L L4
O(p ‘I’max{l,ZEQ,#ezlg ( 2264)}>.

We then prove the results for Algorithm 2. Applying the same argument used for analyzing

Algorithm 1 but with the second inequalities in Lemmas 35 and 37 and using B = |, / ﬁj +1

and the definition of 7y, we have

T
62
T+1 (ZE [V 1 9,(x4) ]> = nxzt%j?l) + 3T.

This implies that the number of stochastic gradient evaluations required by Algorithm 2 to
return an e-stationary point is

0 (p(L2tZQ)A¢ max{l p(L;;az)’ p(L;Jra ) 1og? (1 4P (L2+o ) )}) .

This completes the proof.
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Appendix E. Nonsmooth and Nonconvex-Concave Setting

We provide the proof for Theorem 26. Throughout this subsection, we set

6

to_— i €2 to_— 2
Nx = T)x = nun {48pL2’ 655363 L1 D2 } ; ny =Ty

_e
16pL2>

for Algorithm 1, and

t — s €2 8 t _ €2
x = T1x = min { 48p(L*+02)’ 131072p3(L2+a2)2D2} v Ny =Ty = 335(02702)

for Algorithm 2. We define Ay = ®(x¢) — f(x¢4,y:) and Ay = E[®(x;) — f(x¢,yt)] for the
iterates generated by Algorithms 1 and 2 respectively.

Lemma 38. The iterates {x:}+>1 generated by Algorithm 1 satisfy for Vs <t —1 that
Apor <20 L2t =5 = 1) + g ([yem1 = v (x)[1* = [lye — v (x5)II*) + 30y L?
-1 = 4lx Iy t-1 Y (Xs yr— Y (Xs Ny L.
The iterates {x¢}+>1 generated by Algorithm 2 satisfy for Vs <t —1 that
Aot < 2L +0%) (t =5 —1)+ 5 (Elllyi1 —y" () 2]~ Ellye -y () |2) 1y (L2 4+ 02).
Proof. The proof is the same as that of Lemma 36 with p = 0. O
Lemma 39. The iterates {x;}+>1 generated by Algorithm 1 satisfy

T
1 2 D? nyL?
T+1 (Z&) S MxBL™ + 55 + 75

t=0

The iterates {x¢}+>1 generated by Algorithm 2 satisfy

T

2

= <Z At> <B(L? +0°) + 55— + 1y (L* + 0%).
t=0

Proof. Applying the same argument used for proving Lemma 34 but with the two inequal-

ities in Lemma 38, we can obtain the inequalities for Algorithm 1 and 2. O

Proof of Theorem 26. We first prove the results for Algorithm 1. Applying the same
argument used for proving Theorem 19 but with the first inequalities in Lemmas 35 and 39,
we have

2 12
T (Z IV@1 /5, (¢2)l ) < Ry + 8p(nBL? + 5B + ) 4 dnepL?,
t=0

Letting B = [2L’ /77x77 J + 1, we have

T
(Z [V P12, (x2)| ) < amtmy + 16pLD /1= + dnypL? + 12nxp L.
t=0
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By the definition of nx and 7y, we have

4N 3e2
T (Z V172500l ) S @y o
t=0
This implies that the number of gradient evaluations required by Algorithm 1 to return an

0] (pL A max{l, p2[;iD2 }) )

We now prove the results for Algorithm 2. Applying the same argument used for analyzing
Algorithm 1 but with the second inequalities in Lemmas 35 and 39, we have

e-stationary point is

T
T+1 (ZE |V(I)1/2p(xt [ ]) nx(T+1)+8P(77xB<L2+‘7 )"'2377 +77y(L2+U ))+477xP(L2+‘7 )-
t=0

Letting B = [% mJ + 1, we have

T
= <Z]E[||V<I>1/2p(xt)||2]> < nx‘t?il)ﬂﬁpD,/M+8nyp(L2+a )+ 120 p(L2+0?).

t=0

By the definition of 7« and 7y, we have

T
T+1 (ZE |V<I’1/Qp(xt)” ]> < ﬂx%%il) + %'

t=0

This implies that the number of stochastic gradient evaluations required by Algorithm 2 to
return an e-stationary point is

€ €

This completes the proof.
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