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Abstract

Many existing covariate shift adaptation methods estimate sample weights to mitigate
the gap between the source and the target distribution. However, estimating the optimal
weights typically involves computationally expensive matrix inversion and hyper-parameter
tuning. In this paper, we propose a new covariate shift adaptation method which avoids
estimating the weights. The basic idea is to directly work on unlabeled target data, la-
beled according to the k-nearest neighbors in the source dataset. Our analysis reveals that
setting k = 1 is an optimal choice. This property eliminates the necessity of tuning the
hyper-parameter k and leads to a running time quasi-linear in the sample size. Our results
include sharp rates of convergence for our estimator, with a tight control of the mean square
error and explicit constants. In particular, the variance of our estimator has the same rate
of convergence as for standard parametric estimation despite their non-parametric nature.
The proposed estimator shares similarities with some matching-based treatment effect esti-
mators used, e.g., in biostatistics, econometrics, and epidemiology. Our experiments show
that it achieves drastic reduction in the running time with remarkable accuracy.
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1. Introduction

Traditional machine learning methods assume that the source data distribution P and the
target data distribution @) are identical. However, this assumption can be violated in practice
when there is a distribution shift (Chen et al., 2022) between them. Various types of shift
have been studied in the literature, and one of the most common scenarios is covariate
shift (Shimodaira, 2000) in which there is a shift in the input distribution: Px # @Qx while
the conditional distributions of the output variable given the input variable are the same:
Py | x = Qy | x, where X is the input and Y is the output variable. The goal of covariate
shift adaptation is to adapt a supervised learning algorithm to the target distribution using
labeled source data and unlabeled target data.

A standard approach to covariate shift is weighting source examples (Shimodaira, 2000),
and many studies focused on improving the weights (Huang et al., 2006; Gretton et al.,

(©2024 Francois Portier, Lionel Truquet, and Ikko Yamane.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v25/24-0890.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v25/24-0890.html

PORTIER, TRUQUET, AND YAMANE

2008; Yamada et al., 2013; Kanamori et al., 2009; Sugiyama et al., 2007, 2008; Loog, 2012;
Aminian et al., 2022) in the same line of research. We refer the reader to Section 6 for more
details of related work. Since we rarely know the model for how the input distributions
can be shifted a priori, non-parametric methods are particularly useful for covariate shift
adaptation. Some of the existing methods allow one to use non-parametric models through
kernels. However, such kernel-based methods take at least quadratic times in computing
kernel matrices. Some methods further need to solve linear systems and take cubic times in
the sample size unless one resorts to approximations (Williams and Seeger, 2000; Le et al.,
2013; Rudi and Rosasco, 2017). Moreover, their performance is often sensitive to the choice
of hyper-parameters of the kernel. Typically, one performs a grid search K-fold cross-
validation for selecting the hyper-parameters, which amplifies the running time by about
K|T'|, where T is the set of candidates for the hyper-parameters. Moreover, the criterion for
the hyper-parameter selection is not obvious either because we do not have access to the
labels for the target data. One can use weighted validation scores using the labeled source
data with importance sampling, but it is not straightforward to choose what weights to be
used for the cross-validation when we are choosing weights.

In this paper, we propose a non-parametric covariate shift adaptation method that is
scalable and has no hyper-parameter. Our idea is to generate synthetic labels for unlabeled
target data using a non-parametric conditional sampler constructed from source data. Under
the assumption of covariate shift, the target data attached with the generated labels behave
like labeled target data. This sampling technique allows any supervised learning method to
be simply applied to the generated data to produce a model already adapted to the target
distribution.

While the proposed approach is quite general and can be employed with various sam-
pling methods for the synthetic labeling part, our main result shows that using k-nearest
neighbor (k-NN) conditional sampling achieves an error of order (k/n)Y/*+1//n+1/y/m
for estimating an expectation on the target domain, where d is the data dimensionality, and
n and m are the source and the target sample size, respectively. Importantly, our error
bounds suggest that £ = 1 is the most favorable. This property, which is revealed by a
precise scaling of the variance term in 1/4/n, is a non-trivial and remarkable fact, given the
usual 1/ Vk-rate of the variance term associated to most k-NN estimators. In particular,
it contrasts with well-known applications of k-NN such as density estimation (Dasgupta
and Kpotufe, 2014), classification (Gadat et al., 2016; Cannings et al., 2020), regression
(Devroye et al., 1994; Jiang, 2019) or conditional distribution function estimation (Portier,
2025), in which case choosing k = 1 would not provide a consistent estimation and letting
k grow in a polynomial rate in the sample size is recommended to achieve a good balance
between bias and variance. Textbooks dealing with the k-NN algorithm include Gyorfi et al.
(2006); Devroye et al. (2013b); Biau and Devroye (2015).

This important difference in the rate of convergence, leading to the use of a single
nearest neighbor (k = 1), has also been noticed in several estimation problems where a
1-NN estimator is used as a necessary step to estimate a parameter of interest. It includes
entropy estimation (Berrett et al., 2019), integral approximation with control variates (Leluc
et al., 2023; Blanchet et al., 2023) and residual variance estimation (Devroye et al., 2018,
2013a). For instance, in Devroye et al. (2018), using a 1-NN regression estimator allows
achieving residual variance estimation with a variance term scaling as 1/4/n, as we obtain
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here. In the context of covariate shift, Loog (2012) proposed a 1-NN method to re-weight
the source sample, in the spirit of the matching approach discussed below, and reported
some encouraging empirical results.

The covariate shift problem is closely related to a well-known matching approach studied
in the context of treatment effect estimation. In particular, k-NN estimators have been used
to estimate the so-called average treatment effect to tackle missingness of potential outcomes.
See, e.g., Rosenbaum (1995); Abadie and Imbens (2006), for an error bound obtained in the
problem. More recently, Sharpnack (2022) proved consistency results on the 1-NN matching
method under much milder assumptions. In Section 6, we discuss the main differences
between the two problems and why their result is not generally applicable to ours.

In addition to being optimal with respect to the estimation error, setting £ = 1 circum-
vent the cumbersome hyper-parameter tuning while providing computational efficiency at
the same time. Our 1-NN-based algorithm takes only a quasi-linear time O((n + m)logn)
on average using the optimized k-d tree (Bentley, 1975; Friedman et al., 1977). Indeed,
our experiments show that the proposed method terminates faster than previous methods,
by large margins. Note that the problem of getting a computationally efficient method for
covariate shift adaptation, in particular for scalability to large data sets, is a recurrent prob-
lem in the existing literature. In fact, many existing methods resorted to implementation
heuristics such as using a fixed number of kernel centers for reducing the computational
burden at the cost of statistical guarantee (Kanamori et al., 2009; Sugiyama et al., 2007,
2008; Yamada et al., 2013).

Note also that computational advantages of using k£ = 1 have been exploited in a recent
line of work on classification, see for instance Kontorovich and Weiss (2015); Hanneke et al.
(2021); Gyorfi and Weiss (2021), where constructing special Voronoi partitioning admits
consistency results as well as finite-sample error bounds while keeping small complexities of
training and prediction in time and space.

Our method simulates the missing labels of the target sample, which in turn can be
used for a variety of downstream supervised learning tasks. Even though the main focus
of this paper is the estimation of expectations in the target domain, for illustrating the
usefulness of our method in a typical machine learning downstream task, we also demonstrate
consistency properties of parametric M-estimators in the target domain (Section 5). This
is particularly useful in regression with a mispecified parametric model. In this case, the
minimizer projected onto the model depends on the covariate distribution even though the
regression function stays the same.

In summary, the key contributions of this paper are the following. (i) Our method is
non-parametric. It does not introduce a model in covariate shift adaptation so that it will
have a minimum impact on the model trained for the downstream task. (ii) Our method
is fast. Adaptation only takes a quasi-linear time. (iii) There is no hyper-parameter to be
tuned. (iv) The proposed method only incurs an error of order (k/n)"? +1/\/n+1/\/m
for estimating an expectation on the target domain.

The outline is as follows. In Section 2, the problem of covariate shift adaptation is for-
mally introduced along with the mathematical notation. Section 3 contains the description
of the method. Section 4 is dedicated to the main theoretical results while Section 5 inves-
tigates the empirical risk minimization problem in presence of covariate shift adaptation.
Section 6 provides a description of several alternative approaches to a similar type of prob-
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lem as well as some points of comparison with our proposal. In Section 7, several avenues
for further research are discussed and finally, the numerical experiments are provided in
Section 8.

2. Problem setup

Let X = R% for some d > 1 and ) be a measurable space. Let P = Pxy and QQ = Qxy be
probability distributions defined on X x Y. Throughout the paper, we assume that P and
(@ admit the decomposition

P="Py xPx and Q=Qy x@x,

where Py | x—, and Qy | x—, are probability distributions defined on Y for each z € X A
Here, Px and Qx are the marginal distributions of X when (X,Y) is distributed with P
and @, respectively. We shall simply call Py | x (or Qy | x) the conditional distribution of
Y given X in the source domain (or the target domain).

Definition 1 (Source sample, source distribution) For each integern > 1, let (X;,Y;)!
be a collection of independent and identically distributed random variables with P. We refer
to (X;,Yi)l, as the (labeled) source sample and P as the source distribution.

Definition 2 (Target sample, target distribution) For each integerm > 1, let (X)),
be a collection of independent and identically distributed random variables with Qx . We refer
to (X})™, as the (unlabeled) target sample and Q as the target distribution.

Definition 3 (Covariate shift) Covariate shift is a situation in which the source and the
target distribution have different marginal distributions for X while sharing a common con-
ditional distribution:

(C1) Py x = Qy|x, Px- and Qx-a.s., but Px # Qx.

This paper focuses on the following simple but versatile estimation problem under co-
variate shift.

Definition 4 (Mean estimation under covariate shift) For each pair of integers n >
1, m > 1, and a known integrable function h: X x Y — R, the goal of mean estimation
under covariate shift is to estimate the mean of h under the target distribution,

QUh) = / Wz, y)Q(dz, dy),

given access to the source sample (X;,Y;)!; ~ P and the target sample (X)), ~ Qx
under Assumption (C1).

For instance, when h(zx,y) = ¢(f(x),y) for a loss function £: Y? — R and a hypothesis
function f: X — ), estimation of Q(h) becomes risk estimation, which is the central subtask
in empirical risk minimization.

1. More formally, we denote by Py |x—()(dy) a regular conditional measure (Bogachev and Ruas,
2007, Definition 10.4.1) such that the marginal distribution of Y can be expressed as Py (dy) =
J Py | x=z(dy)Px (dz). We also use Py | x(dy|-) for Py | x=(,)(dy). The same goes for Q.
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3. Proposed method

The basic idea of our proposed method is to use the source sample for learning to label the
target data. Specifically, using the source sample (X;,Y;)? ;, we will construct a stochastic
labeling function S that inputs any target data point X[ and outputs a random label Y, €
Y. (The subscript n of Y, ; is for explicitly denoting the dependence on the source sample.)
Once we succeed in generating labels for target data that behave like true target labels, we
will be able to perform any supervised learning method directly on the target sample for
the downstream task. For our mean estimation problem, we can simply average the output
h evaluated at the target data with the generated labels.

When do the generated labels behave like the true target labels? Let Py | x> denote the
probability distribution of an output Y,*; of S for input X;. We wish to obtain S such that
the probability distribution Q = Py | x@x of (X7,Y,;) will give a good estimate Q(h) of
Q(h) = (Qy | x@x)(h). In this sense, our task boils down to designing a good conditional

sampler S that mimics sampling from Py x. Algorithm 1 describes an outline of this general
framework. In the analysis and design choices, it will be important to note that accurately
estimating the integral Q(h) does not necessarily mean that Py | x should be accurately
estimated.

Algorithm 1 Conditional Sampling Adaptation

Input: Conditional sampler S and target sample (X pyLiny
Y Q(Xj*) for each j € {1,...,m}. // Generate a label conditioned on X7.
return m~! Do M(XGL Y.

In this paper, we propose a method using a non-parametric conditional sampler S based
on the k-Nearest Neighbor (k-NN) method, which randomly picks one of the k-nearest neigh-
bors of the input X ]* among the source instances (X;)"; and output the corresponding label
(Algorithm 2). We refer to this method as k-NN-based Conditional Sampling Adaptation
(k-NN-CSA).

Algorithm 2 k-Nearest Neighbor Conditional Sampler

Input: Source sample (X;,Y;);_; and target input X7.

(i1,...,4x) < the indices of the k-nearest neighbors of X7 among (X;)i.;.
Pick i* € {i1,..., 4} uniformly at random.

return V', := Y;I.

Computing time Recent advances for nearest neighbor search rely on tree-search to
reduce the computing time. The seminal paper by Bentley (1975) introduced the k-d tree
method. Building such a tree requires O(nlogn) and once the tree is available, search for
the nearest neighbor of a given point can be done in O(logn) time (Friedman et al., 1977).
As a consequence, the time complexity of k-NN-CSA is O(nlogn + kmlogn).
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4. Theoretical analysis

We now present the theory behind our approach in a didactic way by introducing a key
decomposition first and then studying separately each of the terms involved: the bootstrap
sampling error and the nonparametric error associated to k-NN. We will see that the k-
NN-CSA with & = 1 (1-NN-CSA for short) achieves the best theoretical performance among
those with other k’s.

4.1 The key decomposition

For the analysis of k-NN-CSA, recall that Q = py\xQX is an estimate of the target dis-
tribution @) = Py xQx that depends on the source sample (X5, Y5)!,, whose probability
distribution is P. We introduce the bootstrap sample as a collection of random variable
generated according to Q.

Definition 5 (Bootstrap sample) For each m > 1 and n > 1, let (X, Y. . )i<i<m be a

7)) n Z
collection of random variables identically distributed with Q and conditionally independent
given (X;, Vi),

Let h: X x Y — R be a measurable function. The quantity of interest is
A >k —1 Z h X* Y*

which is the CSA estimate of Q(h) = [ h(z,y)Q(dz, dy) as introduced in Algorithm 1. The

following decomposition is crumal in our analysis:

@ -Q= (@ -Q)h) + Q-Q)h) (1)
—_—— —_—

bootstrap sampling error nonparametric error

(: (Qx _QX)PY|X<h)+QX(PY|X_PY|X)(h)>’

where Q}() = % > Lx»—(, is the empirical measure defined with (X;),. The first term
is the error due to the use of Q} in place of @ x, which tends to zero as m grows. The second
term represents the error due to the use of Py | x in place of Py-| x. When using the k-nearest
neighbor algorithm to obtain Py | x, we show that this term is of order (k/n)'/4 +1/y/n,
which differs from the standard non-parametric convergence rate in (k/n)"/% +1/v/k found
in regression problems.

4.2 Bootstrap sampling error

First, we will show that the bootstrap sampling error, (Q* — Q)(h) (the first term in our
decomposition (1)), is of order 1/y/m. The analysis relies on martingale tools. Define
Fon=0((X1,Y1),...,(Xn,Ys)). For each 1 < i < m, we have
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This property implies that ", {h(X/, Y — Q(h)} is a martingale and therefore can be
analyzed using the Lindeberg Central Limit Theorem (CLT) conditionally on the initial
sample hence fixing the distribution Q The next property is reminiscent of certain results
about the bootstrap method where sampling is done with the basic empirical measure; see
e.g., Van der Vaart (2000). We need this type of results without specifying the measure Q
so that we can incorporate a variety of sampling schemes such as Q = Py | x@x. The proof
is given in Appendix B.1.

Proposition 1 Suppose that Q satisfies the following strong law of large number: for each h
such that Q(h) < oo, we have lim, oo Q(h) = Q(h) almost surely. Then, if m := m, — co
as n — 00, we have the following central limit theorem: for each function such that Q(h?) <
00, we have, conditionally to Fy, almost surely,

Vm{Q*(h) = Q(h)} ~ N(0,V)  asn — oo,
where V = lim,, oo {Q(h?) — Q(h)?}.

As a corollary of the previous results, we can already deduce that if m goes to co and
Q satisfies a strong law of large numbers, then Q*(h) converges to Q(h) provided that
Q(h?) exists. This is a general consistency result that justifies the use of any resampling
distribution Q that converges to (). In practical situations, it is useful to know a finite-
sample bound on the error. This is the purpose of the next proposition, in which we give a
non-asymptotic control of the bootstrap sampling error. A proof is given in Appendix B.2.

Proposition 2 Suppose that h is bounded by a constant U, > 0. Let § € (0,1). Then with
probability greater than 1 — 0,

Q" ()~ Q)| < " 108(2/6) + /22 108(2/),
where b, = Q(h?) — (Qh)?.

Notes. A natural “averaging” alternative to the above “bootstrap sampling” estimator
Q" can also be investigated using the same tools. Instead of sampling Y,”; according to

Py‘ x(dy|X7), one might consider taking the expectation, leading to

Q) = 2>~ [ X0 Py X0,
=1

This estimate can be studied in a similar way as before and the two above results are
still valid with small changes. In particular Proposition 2 holds true with smaller variance
term as, by Jensen’s inequality, E[ [ h(X;k,y)lf’y‘X(dy]Xi*)2 | Fu] < Q(h?). This alternative
Q(h) requires more computing time (when measured in terms of the number of evaluations
of h) and is less appealing for stochastic gradient descent algorithm or in semiparametric
estimation problems, as discussed in Section 7. Estimators similar to Q(h) have been studied
in average treatment effects literature (Rosenbaum, 1995; Abadie and Imbens, 2006) as well
as in covariate shift or bias sampling problems (Loog, 2012; Sharpnack, 2022); see Section 6
for precise discussions.
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4.3 Nonparametric error of the nearest neighbor estimator

In this section, we obtain several bounds on the nonparametric error Q(h)—Q(h), the second
term in our decomposition (1), when Py |x is the k-NN estimator of the conditional measure
Py |x. The obtained bounds will be then combined with the ones from previous section to

provide a guarantees on the global estimation error Q*(h) —Q(h).

Let z € R? and ||-|| be the Euclidean norm on R?. Denote the closed ball of radius 7 > 0
around x by B(x,7) :={z € R? | |z —z|| < 7}. Forn > 1and k € {1, ..., n}, the k-nearest
neighbor (k-NN for short) radius at z is denoted by 7,, 1, , and defined as the smallest radius
7 > 0 such that the ball B(z,7) contains at least k points from the collection {X1,..., X, }.
That is,

7A—n,k,:1: := inf {T >0: Z 1B(ac,7') (Xz> > k} y

i=1

where 14(z) is 1 if # € A and 0 elsewhere. The k-NN estimate of Py | x(dy | x) is given by

pY | x(dy|x) = k! Z 1||Xi—x||§+n,k,m5Yi (dy),
i=1

where 0,(-) is the Dirac measure at y € ) defined by 6,(A) = 14(y) for any measurable
set A C Y. Consequently, the k-NN estimate of the integral [ h(y,z)Py | x(dy | z) is then
defined as

[ )Py x(dy [9) = 7Y, b Yo
=1

Our result on Q(h)—Q(h) is established under the following set of assumptions. Consider
the case where source covariates X admit a density with respect to the Lebesgue measure.
We will need in addition that the support Sy is well shaped and that the density is lower
bounded. These are standard regularity conditions to obtain some upper bound on the k-NN
radius.

(X1) The random variable X admits a density px with compact support Sy C R
(X2) There is ¢ > 0 and T > 0 such that
M(Sx N B(x, 1)) > cAg(B(z, 1)), V1 € (0,T], Vx € Sx,
where \g is the Lebesgue measure on R%.
(X3) There are 0 < bx < Ux < 400 such that bx < px(z) < Uy, for all x € Sx.

In addition, we will use the following assumption on the target measure Q) x.

(X4) The probability measure @ x admits a density gx with support included in Sx. More-
over, there exists a measurable mapping C: Sx — [0, 00) such that [ C(z)Qx (dz) <
oo and that for any 7 > 0 and x € Sy,

Qx (B(z, 7)) < C(2)r%
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Assumption (X4) is satisfied in particular when the density ¢x is upper bounded. In this
case, one can simply take C(z) = Vgsup,cg, qx (), where Vy := A\g(B(0,1)) denotes the
volume of the unit ball of R%. However, it is possible to consider unbounded densities ¢x.
The simple example gx(z) = (1 — a)xz™® for z € Sx = (0,1) satisfies Assumption (X4) as
soon as « € (0,1/2). See Appendix G for details. In particular, the density ratio ¢x/px is
not necessarily bounded on Sx.

Two additional assumptions will be needed to deal with the function h and the probability
distribution of (Y, X).

(H1) There exists a measurable function g,: Sx — R such that [ ¢?(2)Qx(dz) < oo and
for any z in Sy,

[Eh(z,Y) | X = 2] = E[h(2,Y) | X = 2+ u]| < gn(2)]|u].

(H2) There exists o > 0 such that sup,cg, Var(h(z,Y)|X) < 0% a.s., where Var(h(z,Y)|X)
is the conditional variance of h(x,Y) given X.

We are in position to state our result on Q(h) — Q(h). It consists in an upper bound
on the mean squared error with explicit constants with respect to the dimension d and the
parameters of the problem. Additionally, we provide a lower bound for the variance term
which implies a standard parametric rate of convergence (see the notes below the statement).
The proof is given in Appendix C.1. Let |x| be the integer part of a real number x and
define the gamma function I' by T'(z) := [~ «* ! exp(—u)du for > 0.

Proposition 3 Suppose that Assumptions (X1), (X2), (X3), (X4), (H1), and (H2) are
fulfilled. We have
Qh — Qh = S, + B,

where By, is a bias term (defined in the proof) that satisfies, for any n > 1,

2T (1 + [2/d K2/
Bl < ZEEE) [ ooxian - S

1,d

and Sy, is a variance term (defined in the proof) that satisfies, for any n > 2,

21903 My.a | C@)Qx (dw)
M, ’

oIMiy 2 2
—n - < i < <
m, " S0, B L] = e B[S <
with My g = cbxVy and Ma g = UxVy. For the lower bound to be true, it is assumed that the
mapping h does not depend on x, i.e., h(x,y) = h(y) and 02 = inf,cg, Var (h(Y)|X = z).

Notes. (i) The two terms Bj and S, correspond respectively to the bias term and the
variance term. The upper bound obtained for the bias term is usual in k-NN regression
analysis. However, the upper and lower bound on the variance are particular to our frame-
work as they show that the variance behaves as in usual parametric estimation. A similar
result was obtained for residual variance estimation in Devroye et al. (2018). Consequently,
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our rates of convergence are sharper than the optimal rate of convergence n_ﬁ for non-
parametric estimation of Lipschitz functions. This can be explained by the fact that several
k-NN estimators are averaged to estimate Qh, which is a standard expectation and not a
conditional expectation.
(ii) Since the rate of convergence of the variance term Sy, does not depend on k, k might be
chosen according to the upper bound on the bias term, which gives £k = 1. One can deduce
the following convergence rates, depending on the dimension. For d = 1, we get the rate
n~1/2. For d = 2, the contributions of both terms, By, and S}, coincide and we get the rate
n~1/2. For d > 3, the rate is n=/4.

For the global mean squared error, which incorporates the bootstrap sampling error
Q*(h) — Q(h) as well as the k-NN nonparametric error Q(h) — Q(h), we give the following
result in the optimal case k = 1. The proof can be found in Appendix D.

Theorem 1 Suppose that Assumptions (X1), (X2), (X3), (X4) and (H1) hold true with
sup,esy, E [h?(2,Y)|X] bounded. If k = 1, there then exists C > 0 only depending on the
distribution of (X,Y), X*, and on h such that

E

R 2 1 1 1
Q*(h)_Q(h)‘ <C{m+n2/d+n}'

We next give a non-asymptotic control of Qh — Qh when h is a bounded function using
Bernstein’s concentration inequality. This bound affords a complement with respect to the
bound for the MSE. However, for technical reasons, this high-probability bound requires
that k grows at least logarithmically with respect to n, in contrast to Proposition 3. In our
numerical experiments, we will also include the case k = logn for comparison. Additionally,
we impose an upper bound for the target density gx (for clarity reason, we assume that ¢x
is bounded by Uy, as for px). The proof of the next result is given in Appendix C.2.

Proposition 4 Suppose that Assumptions (X1), (X2), (X3), (H1), and (H2) are fulfilled
and assume that Qx has a density qx bounded by Ux with support included in Sx. Suppose
that there exists a constant C > 0 such that C'logn < k < n/2 and that h is bounded by U},.
Let 6 € (0,1/3). With probability greater than 1 — 38, we have

1/d
‘Qh - Qh( < Lo (k) + %LQ log(2/8) + \/2L1“2 log(2/9),

n n

where

2\ 462 U2 AULUx
Lo = d 1= —X  [,= )
0 (cmed> /Qh(JC)QX( ), 1 R 2 T

Notes. (i) The proof needs a bound on sup,cg, 7nk, Which is given in (Portier, 2025,
Lemma 3). For this we need that k grows logarithmically with respect to n as stated in the
assumptions.

(ii) The sum of the two last terms in the upper-bound, which corresponds to the variance of
our estimator, is of order 1/4/n and the conditional variance of h appears as a multiplicative
factor. Combining Proposition 2 and Proposition 4, we finally obtain that Q*(h) — Q(h) is
of order 1/v/m + 1/v/n + (k/n)Y¢ (up to log factors).

10
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(iii) In Corollary 1 in Appendix E, the upper bound given in Proposition 2 is refined using
Proposition 4 that allows to (roughly speaking) replace the empirical variance by the true
variance.

5. Applications to empirical risk minimization

In this section, we illustrate our results with some applications to empirical risk minimiza-
tion. This is of particular interest in our context as the optimal linear model for the source
distribution might be different from the ideal linear model for the target. In such a case,
using covariate shift adaptation is necessary for consistency as the source minimizer will be
away from the target minimizer.

5.1 Mathematical background

Suppose that R, ,(0) = %Egl meg (Y* X*), where for each # € © C RP, my is a

n,e’ <1

measurable function from )Y x X to R. Set
6* inR* (6).
€ argmin R, ,,(6)
Similarly, we define
0" € argmin R™ (0)
6cO

with R*(0) = Emp (Y*, X™*) and (Y*, X*) is a copy of (Y;*, X}). Note that the expected
value is taken for the unobserved label ¥;* and not the generated label Y;*,. We assume here
that for a reference measure p on Y, there exists for each © € X' a conditional density p(-|x)
such that (z,y) — p(y|z) is jointly measurable and for any Borel set B,

P(Y € BIX =) = /B p(ylz)(dy).

One can then include the cases of classification (@ = g + 1), counts (p is the counting
measure on the set of nonnegative integers), or regression (u is the Lebesgue measure on R).

5.2 Consistency of general empirical risk minimizers

We will use the following assumptions. We denote by | - | an arbitrary norm on RP.

(A1) There exist a measurable function h : ) — R, = (0,400) and 7 : Ry — Ry such
that for any y € Y

sup sup [mg(y, z)| < h(y),
reEX €O

sup sup [mg(y, ) —me (y,x)| < h(y)n(d),
TEX |0—0'|<5

and such that E [h(Y)?/X] is a bounded random variable and limgs_, () = 0.

(A2) There exists a measurable function g, : X — Ry such that [ gn(2)?Qx(dr) <
and

[ )bk +0) = sl ) < gu(@)ll. - (o + ) € 5

11
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The above assumptions are satisfied, for instance, in the logistic regression framework
with compact covariates. In this case, h is a constant function and n(d) = 0. Note also
that p(1|z) could be different form (1 + exp (—xTQ))_l as soon as x — p(llz) € (0,1) is
Lipschitz on Sx.

In what follows, an assertion of the form X, ,, = op(1) as m,n — oo means that for any
€,( > 0, there exists A > 0 such that

min(m,n) > A =P (| Xmnn >e€) <.

Additionally, the assertion X, , = Op(1) means that for any € > 0, there exist A, M > 0
such that

sup P(| Xl > M) <e.
m,n>A

The proof of the following result is in Appendix F.1.

Proposition 5 Suppose that Assumptions (X1), (X2), (X3), (X4), and (A1), (A2) hold
true with a compact subset © of RP and assume that R* has a unique minimizer denoted by
0*. Then 60*—0* = op(1) as m,n — co. Moreover, the excess risk satisfies R*(6*)—R*(6*) =
0]}»(1).

5.3 Convergence rate for linear least-squares estimators

We now illustrate our results with an upper-bound on the excess risk for linear least-squares
estimators in the misspecified case. Here, the target risk is given by

2
R*(0) =E [(Y - X*T0> }
and any optimal linear rule should simply be satisfied:

0* € in R*().
arg min R (6)

Note that 6* is unique the matrix E [X *X *T] is of full rank. The empirical risk is defined
by

* 1 % * «T 2
R (0) = m Z (Yn,z‘ - Xi 9)
=1
and é*, the empirical risk minimizer, is given by

0* € arg min R* (6).
g min R7, (0)

The excess risk satisfies the following upper bound whose proof is given in Appendix F.1.

Proposition 6 Suppose that Assumptions (X1), (X2), (X3), (X4) hold true. Suppose that
the mapping x — E[Y|X = x| is Lipschitz and that the conditional expectation E[Y?|X] is
bounded. Suppose also that I = E[X*X*T] 1s positive definite. Then, we have

R*(6%) — R*(6%) = Op (m_l +nl 4 n_2/d) .

12
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Notes. The assumptions do not require the linear model for the (X;,Y;)’s to be valid, i.e.,
one can consider cases where E[Y|X] is not linear. Also, when the source data follows a
non-linear model of the form Y = r (X) 4+ ¢ where £ and X are independent, our regularity
assumptions means that r is Lipschitz on the compact set Sx.

6. Related work

A standard approach to covariate shift problems is to use some re-weighting in order to
“transfer” the source distribution with density px to the target distribution with density ¢x.
This approach relies on the following type of estimates:

~

Qu(h) =n~" Y w(X,)h(X;, Vi),
i=1

where ideally the function w would take the form ¢x/px. Such a choice has the nice
property that the expected value E[w(X;)h(X;,Y;)] is equal to the targeted quantity Q(h).
This however often cannot be directly computed as px and ¢x are unknown in practice.
There are actually different ways to estimate w, and our goal here is to distinguish between
two leading approaches.

Plug-in approach The plug-in approach is when the weights are computed using two
estimates px and ¢x in place of px and ¢x, respectively; i.e., simply use & = {x/px
instead w in the above formula, see for instance (Shimodaira, 2000; Sugiyama et al., 2007,
2008). Note that the selection of hyper-parameters for §x and px is needed and the n
evaluation (Gx(X;),px(X;)) might be heavy in terms of computing time.

For the sake of clarity, we focus on a specific instance of covariate shift problem in
which the target probability density ¢x is known and pyx is the kernel density estimate
(KDE), i.e., pKPE(x) = (1/n) Y1, Kp(z — X;), where K, typically is a Gaussian density
with mean 0 and variance b? (a hyper-parameter to be tuned). This framework is clearly
advantageous for weighted approaches as one usually unknown quantity, ¢x, is now given. In
this case, the analysis of Q,,(h) can be carried out using the decomposition Qg (h) —Q(h) =
Qu(h — Th) + Qa(Th) — Q(h), with operator T defined by Th(z) = E[h(X,Y)|X = z].
The first term above is a sum of centered random variable which (provided some conditions)
satisfies the so-called Lindeberg condition, so that the central limit theorem implies that
\/ﬁQw(h — Th) is asymptotically Gaussian. The second term above is more complicated
and the analysis can be derived using results in Delyon and Portier (2016); Clémengon
and Portier (2018). Those results assert (under some conditions) that Q4 (Th) — Q(h) =
Op(nb? + b) (in case py is Lipschitz). As a consequence, we obtain, optimizing over b, that
Quo(h) — Q(h) = Op(n~1/% 4 n~1/(14d)) This is easily compared to our bound, when gy is
known, n~ Y2 4+ n=1/4 which is smaller than the one given before.

Direct weight estimation Huang et al. (2006) proposed Kernel Mean Matching (KMM)
for estimating the ratios of the probability density functions of the source and the target
distribution. They used the estimated ratios for weighting the source sample. Gretton et al.
(2008) further studied this method theoretically and empirically. Sugiyama et al. (2007,
2008) proposed a method that estimates the ratios as a function by minimizing the Kullback-
Leibler divergence between the source density function multiplied by the ratio function and
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the target density function. The estimated function can predict ratios even outside of
the source sample, which enables cross-validation for hyper-parameter tuning. Kanamori
et al. (2009) proposed constrained and unconstrained least squares methods for estimating
the ratio function called Least-Squares Importance Fitting (LSIF) and unconstrained LSIF
(uLSIF). Yamada et al. (2013) developed its variant called Relative uLSIF (RuLISF), which
replaces the denominator of the ratio with a convex mixture of the source and the target
density functions to circumvent issues caused by near-zero denominators. Zhang et al. (2021)
proposed a covariate shift adaptation method that directly minimizes an upper bound of
the target risk in order to avoid estimation of weights. The method shows great empirical
performance while it does not exactly minimize the target risk and hence the minimizer
converges to a biased solution.

Connection to treatment effect estimation One of the quantities of great interest in
treatment effect estimation is the average treatment effect on the treated (ATT), E[Y() —
YO | W = 1], where W € {0,1} is a treatment assignment variable, Y() and Y(©) are
potential outcomes corresponding to the treatment 1 and 0.2 Suppose that we wish to
estimate the ATT using i.i.d. observations of W and its outcome Y := Y (W) together with
covariates X, (Y;, W;, XZ)Z]\L 1- Under the standard assumptions (see e.g., Hernan and Robins
(2023)) including the conditional exchangeability Y*) 1 W | X, the positivity P({W =
w| X}) >0, and the consistency W =w = Y@ =YW) =¥ for each w € {0,1}, the
ATT equals the difference between

E[Y(l) | W =1] = /?JPY<1) |X,W:1(dy)PX |w=1(d)

= /yPy | X,W:l(dy)PX | w=1(dz)
=E[Y | W =1] @)

and
EY©®|w =1] = /Z/Py(m | x,w=0(dy) Px w=1(dz)

= /yPYX,Wzo(dy)T(x) Pxw=o(dz)
=E[F(X)Y |W =0], (3)

where 7(z) is the density ratio defined such that r(x)dPx |w—o(z) = dPx |w=1(z). We can
easily estimate the first term E[Y (") | W = 1] (Eq. (2)) by the conditional sample average
Nil ZZ]\LI Y; - Ly,=1, where Ny := Zfil Iy,—1 and 1g denotes the indicator random variable
for any event E. Estimating the second term E[Y(O)|W = 1] (Eq. (3)) is more involved. The
sample average with the condition W = 0, NLO Zf\il Y; - 1w,=o0, where Ny := vazl 1w, —o,
would be biased to E[Y |W = 0] # E[Y© | W = 1], but the bias is only due to the change
in the conditional distributions of X given W =1 and X given W = 0 quantified by r(X),
similarly to the covariate shift (see Eq. (3)). One way to correct the bias is to use an

2. A common scenario is that we have a treated group (represented by treatment 1) and a non-treated, or
controlled group (represented by treatment 0).
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estimate 7 of the ratio r for the weighted average NLO ZZ]\L 1 T(X5) - Y5 - Tywy,—o, similarly to the

reweighting approach to covariate shift adaptation, leading to the following estimate:

— 1 1 .
ATT:EA > Yi—ﬁo‘ > X)) Y
i Wi=1 i W;=0

Another popular approach is the nearest neighbor matching Abadie and Imbens (2006).
See also Rosenbaum (1995) for a broad introduction to matching problems for evaluating
treatment effects. In Abadie and Imbens (2006), the ATT is estimated by

D S R Ul

i: W;=1

where Y;(0) = z Zjvzl Yi(1 = W;)Ljx,—x,|<rn.x, is the average of Y;’s over the k first NNs

of X; in the untreated group. The estimator takes the form

—_— 1 1 K(7)
ATT = — Y, — — Y:
Ny Z N Z [
i Wi=1 i: W;=0

where K (i) = Z;Vﬂ WjﬂllXi—XjHSTn,k,x]- is the number of times observation 7 is used as a
match, i.e., the number of times observation i is among the £k NNs of X,’s found in the

treated group. Note that ATT coincides with ATT if 7(X;) is defined as %)INO To see an
analogy with our method, one can consider the case in which h does not depend on z, i.e.
h(z,y) = h(y). Using the notation from the present paper (W =0 and W = 1 indicate the
target and the source domain, respectively, with Ny = n and N3 = m) the second term of

ATT above generalizes to the form

> B = LS b Byl x;) )
=1 1=1

with Ky (i) = Z;”Zl 1{|IX¢*X§IIS%,1€,X;}' The estimate (4) corresponds to the matching

method mentioned in the notes following Proposition 2. On the other hand, our estimator
applied to this case is given by

LS ) )
=1

Both estimators are different when £ > 1 but they coincide as soon as k = 1, for h only
depending on y. In fact, Py |x(dy|X;) has one single atom when k£ = 1, so that sampling
from it and evaluating the average are the same. Here are a few remarks:

e When k£ > 1, Eq. (5) requires fewer evaluations of h than Eq. (4). This is relevant
when evaluation of the function is time-consuming or costly such as observation from
physical experiments.

e Our theoretical analysis is rather different from that of Abadie and Imbens (2006).
Since they rely on the expression on the left side of Eq. (4), it is unclear whether they
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can or not handle the case when h depends on z (required for prediction purposes).
In contrast, our approach is based on the decomposition given in Section 4.2, with
bootstrap sampling error and nonparametric error, leveraging [ [ h(y) P, (dy|2)Q(dx)
as a centering term. Our results are more general because they include the case when
h depends on z and also we can deal with both estimates (4) and (5) in the meantime,
as mentioned in the notes following Proposition 2. Moreover, Proposition 3 implies
a lower bound for Eq. (4) and we believe this result to be new in treatment effect
literature.

e Recently, Lin et al. (2023) showed that the quantity K% (i), when properly normalized,
is an estimator of the density ratio (between target and source in our case). The
consistency as well as the minimax optimality require k& — oo while the previous work
by Abadie and Imbens (2006) considered a fixed value of k, as in our case. Note
that the same NN-based density ratio estimator was introduced by Loog (2012) in a
covariate shift context. Consistency results for this density ratio estimator (without
rates) are given in Sharpnack (2022) while rates and their minimax properties are
obtained in Lin et al. (2023).

Other references The idea of nonparametric sampling is a standard one in the field of
texture synthesis. In particular, the choice of 1-NN resampling was often used as a fast
method to generate new textures from a small sample. See Truquet (2011) for a literature
review in this context. Our conditional sampling framework bears resemblance with tradi-
tional bootstrap sampling (Efron, 1992) as there is random generation according to some
estimated distribution. In contrast, the original bootstrap method is usually made up using
draws from the standard empirical measure (1/n) > " | dx, v,. Here another distribution, Q,
has been used to generate new samples. Moreover, our goal is totally different here. While
the bootstrap technique was initially introduced for making inference, here the goal is to es-
timate an unknown quantity ((h) which appears in many machine learning tasks. Kpotufe
and Martinet (2021) theoretically study covariate shift adaptation under the assumption
that we have access to a labeled sample both from the source and the target distribution.
Although they consider a k-nearest-neighbor-based method, it is essentially different from
ours since they perform the k-NN method on the union of the source and the target sam-
ple. Lee (2013) proposed pseudo-labeling unlabeled data in the context of semi-supervised
learning. Wang (2023) proposed a hyper-parameter selection method for kernel ridge re-
gression under covariate shift using pseudo-labeling. The author focuses on model selection
in regression problems while we study the mean estimation that can be applied to a wider
range of supervised learning problems.

7. Extensions

Several ways to extend our method beyond the mean estimation problem are considered in
this section.

Heterogeneity in target distributions The case where the target covariates distribu-
tion @ x changes across the data might be of interest if one wishes to aggregate several pieces
of target data whose covariates distributions are not necessarily the same. This might oc-
cur when the target data is obtained by gathering individuals from different countries, and
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consequently, the distributions are not the same anymore, or when the time between the
measurements has caused some changes in the distribution.

While such an heterogeneity in target data might be seen as more complicated at first
glance, it actually can be examined using a similar decomposition and the same tools as
the ones used to obtain the non-asymptotic bound in Theorem 1. More formally, the target
distribution here is @ = (1/m)>_"; Q; with Q; = Py|xQx,. For each m > 1 and n >
1, let (X, ,Y;i)lgigm be a collection of random variables conditionally independent given
(Xi, i)™, and such that for each i = 1,...,m, (X}, Y,,) ~ QAm with Q;, = ]ADY‘XQXJ.
The quantity of interest and the proposed estimator are therefore slightly different from
before bug given by

Qh)=m™'Y Qi(h), Q" (h)=m~" Y h(X], Y\,
=1 =1

respectively. The decomposition is

Q" (h) ~ Q —12{ B(XEY) = Qunlh }+m—1Z{Qm ~ Q).

The non-asymptotic analysis of the bootstrap sampling error (first term above) is similar
to before as the Bernstein inequality is tailored to non-identically distributed variables. We
obtain that the rate O(m~'/2) as before by simply requiring a bound on the variance of
each random variables. The other term, concerning the conditional distribution, error can
be analyzed by writing

|m—1 3 { Qi) - @it}
=1

<m™' Y 11Qin(h) = Qi(h)] L,
i=1

where |W ||z, = VEW? and therefore we can directly apply Proposition 3 (given the assump-
tions are satisfied for each i uniformly). We finally obtain the rate m~Y2 ypl/d 4p=1/2,
similar to the one obtained before.

Stochastic gradient descent Our sampling approach can be easily combined with the
well-known stochastic gradient descent algorithm (and more generally with stochastic ap-
proximation), where only a small part of the data is used at each step to update the esti-
mator, reducing the number of operations at each iteration compared with the (batched)
gradient descent.

To illustrate this idea, consider the empirical risk minimization problem described in
Section 5 where one is interested in solving ming{R*(0) := E[my(Y™*, X*)]} where 6 —
mg(y, z) is differentiable. Suppose that n source samples have been obtained making the
conditional distribution Py| x available for sampling new points. Then the algorithm at step
i > 1, might proceed by first generating X and then Y7, ~ py' x;- This means finding the
nearest neighbor to X* among the source data and represents only log(n) operations using
the k-d tree. Having this been done, the update is simply

0; = 0i—1 —viVemg(Yy, ;, X).

TL’L’
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It results that each iteration in the above is similar to standard stochastic gradient descent,
the only difference being the additional 1-nearest neighbor search. We stress that this
is contrasting with the re-weighting approach using kernels for which a new sample, say
X, would require evaluating px(X;) and therefore would need to compute all n distances
between X, j = 1,...,n and the new Xj.

Semiparametric estimation Simulating the labels to obtain a new sample is also con-
venient in semiparametric problems where quantities of interest often involve additional
estimated parameters. Typical semiparametric problems involve expectations of functions
that are indexed by an unknown parameter, E[hg(X,Y)], and 6 is estimated from the data
using some transformation 6 of the sample. In such a situation, while estimating 6 using
reweighting is unclear without more information on é, one can directly use our sampling
approach by introducing m ! ZTZI b (X;, Y]*> where 6* = é(Xi“, Y, .., X, Y ). This
allows to obtain a semiparametric estimate with covariate shift adaptation. See Van der
Vaart (2000), Chapters 19.4 and 25.8 for more details and examples in parametric or semi-
parametric estimation.

8. Experiments

The main purpose of the experiments is to compare our k-NN-CSA approach with sev-
eral state-of-the-art competitors when facing multiple situations from mean estimation to
empirical risk minimization with synthetic and real-world data.

We consider the following instances of our proposed method.

1-NN-CSA: the Conditional Sampling Covariate-shift Adaptation (CSA) (Algorithm 1)
with k-Nearest Neighbor (k-NN) conditional sampler (Algorithm 2) with k& = 1.

logn-NN-CSA: the same as above but with £ = logn.

We use the Python module cKDTree (Archibald, 2008) from SciPy (Virtanen et al., 2020)
for nearest neighbor search in our methods. We compare them with the following existing
covariate-shift adaptation methods.

KDE-R-W (KDE-Ratio-Weighting): the weighting method using the ratio of the Ker-
nel Density Estimates (KDEs) of px and ¢x (see Section 6).

KMM-W (KMM-Weighting): the weighting method directly estimating gx/px using
the Kernel Mean Matching (KMM) (Huang et al., 2006; Gretton et al., 2008). We use
the Gaussian kernel.

KLIEP-W (KLIEP-Weighting): the weighting method estimating gx /px by the Kullback-
Leibler Importance Estimation Procedure (KLIEP) (Sugiyama et al., 2007, 2008). The
linear combination of the Gaussian basis functions centered at the sample points are
used for modeling the weight function.

KLIEP100-W: the same as KLIEP-W but using only 100 randomly subsampled kernel
centers (Sugiyama et al., 2007, 2008) for reducing the time- and space-complexities.
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RuLSIF-W (RuLSIF-Weighting): the weighting method using ¢x/(apx + (1 — a)gx)
estimated by Relative unconstrained Least-Squares Importance Fitting (RuLSIF') (Ya-
mada et al., 2013), where a € [0,1] is a hyper-parameter. We use the default value
a = 0.1. As a model of the weight function, the Gaussian basis functions centered at
the sample points are used.

RuLSIF100-W: the same as RuLSIF-W but using only 100 randomly subsampled kernel
centers (Yamada et al., 2013) for reducing the time- and space-complexities.

See Section 6 for more explanations of those methods. For KMM-W, KLIEP-W, and
RuLSIF-W, we used the implementations from Awesome Domain Adaptation Python Toolbox
(ADAPT) (de Mathelin et al., 2021). All the computations were performed on the cluster,
Grid5000 (Balouek et al., 2013). For the methods using Gaussian basis functions (KLIEP-
W, KLIEP100-W, RuLSIF-W, RuLSIF100-W), we use 5-fold cross-validation for choosing
the Gaussian bandwidth from {0.001,0.01,0.1,1,10}. KMM-W does not offer a way to do
cross-validation, and we fixed to 1. More details are in the supplementary material.

Furthermore, we also report the results for the following baseline method and ideal
method.

NoCorrection: the method that takes the average £ S°" | h(X;,Y;) only using the source

n

sample (X;,Y;)? , ~ P™, ignoring the target sample.

OracleY: the result for taking the average = > | h(X},Y,") using a sample (X, Y;°)", ~

1971

Q™. Note that Y,° are not available in practical scenarios of our interest and made

invisible to other methods.

We conduct experiments in three setups, detailed below, with different sample sizes n (= m)
and data dimensionalities d: (n,d) € {50,100, 500, 1000, 5000, 10000} x {1,2,5,10}. Each
experiment is repeated 50 times with different random seeds.

Setup of Experiment E1 (mean estimation with synthetic data): The task here
is to estimate Q(h) = [[y Py|x(dy | 2)Qx(dz) under the following setup. We define h
by h(z,y) = y, Px as the uniform distribution over [—1,1]%, Qx as that over [0,1] x
[~1,1]471, and Py x—, as the normal distribution with mean z; and standard deviation
0.1. Figure 7a in Appendix H shows an illustration of the setup. In this setup, we have
P(h) = [[y Py|x(dy|z)Px(dx) = 0 while Q(h) = [[y Py x(dy|z)Qx(dx) = 0.5. Because

of this difference, covariate shift adaptation is essential for correctly estimating Q(h).

Comparison of estimation errors for Experiment E1: The results are presented in
Figure 1. First, the errors for NoCorrection are not decreasing as the sample sizes increase,
ending up with large errors in all cases, because of the bias due to the covariate shift. Other
methods with covariate-shift adaptation had always smaller errors than that of this baseline.
Excluding OracleY, an ideal method unavailable in practice, KLIEP100-W, KMM-W, 1-
NN-CSA,; and log n-NN-CSA were among the best for smaller dimensionalities d € {1,2}
(Figures la and 1b). For the larger dimensionalites d € {5,10}, KMM-W and 1-NN-CSA
outperformed other methods. In particular, 1-NN-CSA gave outstanding performances in
many cases except d = 5 and n € {100, 500, 1000}, for which KMM-W was even better. The
errors of most methods roughly follow power laws, where the slope of a line corresponds
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Figure 1: Mean Absolute Errors (MAEs) for Experiment E1 (estimation of [y Q(dy)). The
horizontal axis is for the sample sizes n (= m), and the vertical axis is for the mean absolute
error of each estimate. The four figures are for different data dimensionalities.
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Figure 2: Running times for Experiment E1. The horizontal axis is for the sample sizes n
(=m), and the vertical axis is for the mean running time of each method. The four figures
are for different data dimensionalities.

to the power of the convergence rate (steeper is better). 1-NN-CSA and logn-NN-CSA
seem to have the steepest slopes for d = 10, although comparison is difficult for the lower
dimensionalities.

Comparison of running times in Experiment E1: Figure 2 shows the comparison
in running times. 1- and logn-NN-CSA were much faster than other methods in all cases
except for (d,n) = (10,50). Their advantage is most pronounced for larger sample sizes.
For instance, 1- and logn-NN-CSA were at least 100 times faster than other methods for
(n,d) = (10000,1) (Figure 2a).

Setup of Experiment E2 (risk estimation with synthetic data): In this experiment,
we compare the methods in the context of risk estimation of a fixed function fy. Setting
fo: @ — —x1, where x; is the first coordinate of z, we estimate the expected loss (i.e.,
risk) of fo(X) with the square loss in predicting the response Y when (X,Y") follows Q.
In other words, we set h as h(x,y) := (y — fo(x))?, and the goal is to estimate the risk
Q(h) = [(y — fo(®))*Q(dz,dy). We use the uniform distribution over [—1,1]¢ for Py
and that over [0,1] x [0,1]%"! for @x. The conditional distribution Py|x_, is the normal
distribution with mean |z;| and standard deviation 0.1 for any x € X := [~1,1]¢. Under
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Figure 4: Running times in Experiment E2

this setup, the function fy performs poorly on the support of Qx and should incur a large
risk. See Figure 7b for an illustration of the setup. In this setup, the risks under Px and
Qx largely differ because fy fits (X,Y) well in a half of the support of Px but not in that

of Qx.

Comparison of estimation errors for Experiment E2: We present the estimation
errors for Experiment E2 in Figure 3. KMM-W, 1-NN-CSA, logn-NN-CSA gave similar
results, almost matching those of OracleY, while KMM-W and 1-NN-CSA were advanta-
geous for d = 5, and 1-NN-CSA outperformed other methods for d = 10. We can notice
that KDE-W, KMM-W, RuLSTF-W, and RuLSIF100-W did not always improve errors over
NoCorrection (Figures 1c and 1d). Some methods such as KMM-W and KLIEP-W showed
great performance in some cases while giving poor results in other cases. In contrast, 1-NN-
CSA showed stable and often best performances in these experiments.

Comparison of running times in Experiment E2: The running times in Experiments
E2 (Figure 4) were very similar to those in Experiment E1 (Figure 4), but we can see more
clearly that 1- and log n-NN-CSA outperform other methods even for the smallest sample
size.

Setup of Experiment E3 (linear regression with synthetic data): Next, we present
experiments of linear regression. Using samples from the same source and test distributions
as in Experiment K2, we perform the ordinary least squares after covariate adaptation. More
precisely, we aim to optimize the parameters § € R?% of the model fy: R - R,z — 0z
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Figure 5: Mean Squared Errors (MSE) (subtracted by 0.0095) for Experiment E3 (linear
regression)
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Figure 6: Computation times (seconds) in Experiment E3

so that the Mean Squared Error (MSE) E[(Y* — fy(X*))?] in the target domain will be
minimized. To do so, we minimize the MSE estimated by each covariate shift adaptation
method.

Comparison of estimation errors for Experiment E3: The results are summarized
in Figures 5. KMM-W performed better than any other methods for the higher dimensions
d € {5,10} and the small-to-moderate sample sizes 50 < n < 500, 1-NN-CSA being the
second best. For n = 10000, 1-NN-CSA showed performance better than or comparable to
KMM-W.

Comparison of running times in Experiment E3: As in Experiments E1-E2, 1-
NN-CSA and logn-NN-CSA finished their computations faster than the other adaptation
methods by large margins (Figure 6).

In Experiments E1-E3, the proposed methods, 1- and log n-NN-CSA were able to finish
computation much faster than other adaptation methods without compromising on the
statistical performance. log n-NN-CSA did not show advantages in accuracy, with increased
computation costs. We can conclude that 1-NN-CSA is preferred over logn-NN-CSA. A
reason that we were not able to conduct experiments with larger sample sizes than 10000
is that the existing adaptation methods have too demanding computational requirements.

3. We plot the MSEs subtracted by 0.0095 to better present the curves in the region close to the minimum
population MSE 0.01 while keeping values positive.
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For instance, the running times of RuLSIF-W in Figure 6¢ grows about 100 times as the
sample size increases by 10 times, taking more than 10® seconds for n = 10000. For n =
10°, we would need at least 103 x 100 seconds, that is 27 hours of compute for a single
run. In contrast, the time complexity of 1-NN-CSA being O(nlogn) and its running time
less than one second for n = 10%, we can estimate its running time for n = 10° as 1 x
(105 log 10%) /(10* log 10%) = 12.5 seconds. 1-NN-CSA would stay feasible in applications of
even larger scales.

The previous methods construct the distance matrix between pairs of data points, which
takes running time and memory space quadratic in the sample size. Additionally, RuL.SIF-
W computes the inverse of the distance matrix, taking cubic running time. KMM-W and
KLIEP-W solve convex optimization problems with iterative procedures, for which the im-
plementations from de Mathelin et al. (2021) use stopping criteria based on objective func-
tion values. This resulted in good accuracy and milder growth in running time in our
experiments. However, tuning the solvers can be involved in practice. In contrast, k-NN-
CSA does not have such subtle issues around optimization solvers: we only have to perform
nearest neighbor search.

In all cases, we can observe that 1-NN-CSA showed clear power-law, with nearly straight
lines in the logarithmic scales. This is a significant advantage in predicting returns when
one invests on increasing the sample size.

Experiment E4 (linear regression and logistic regression with benchmark datasets):
We use regression benchmark datasets, diabetes®, california (Pace and Barry, 1997)°
and classification datasets, twonorm (Breiman, 1996)% and breast_cancer?. We apply the
ridge regression and the logistic regression, respectively. The evaluation metric is the mean
squared error for the regression tasks and the classification accuracy for classification tasks.
We synthetically introduce covariate shift by subsampling test data. See Appendix I for
more details.

Remark: For fair comparison, the benchmark experiments presented in this paper follow
the standard protocol used in the literature as similarly done in previous research (Gretton
et al., 2008; Kanamori et al., 2009; Yamada et al., 2013; Sugiyama et al., 2007, 2008): we
apply biased resampling to synthetically simulate a target dataset under covariate shift. It
is thus important to note that they are not completely real-world data. Nevertheless, this
ensures that the methods are tested in isolation from other types of distribution shifts while
using real data for the source covariate distribution as well as the conditional distributions.

Results for Experiment E4: Table 1 shows the obtained MSEs and classification ac-
curacies. 1-NN-CSA and logn-NN-CSA gave the best performance for california and
performances comparable to the best for breast_cancer. For the other datasets, different
methods performed the best depending on the dataset. On the other hand, in terms of
running time, INN-CSA was consistently faster than the previous methods (Table 2).

Our experiments show that the proposed method is almost always faster than the previ-
ous methods and gives great accuracy in many cases, even though it is not always the best.

4. Available at https://archive.ics.uci.edu/ml/index.php.
5. Available at https://www.dcc.fc.up.pt/~“1torgo/Regression/cal_housing.html.
6. Available at https://www.cs.utoronto.ca/ delve/data/datasets.html.
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Table 1: MSE/accuracy for regression/classification benchmark datasets. We repeat the
experiment using 50 different random subsamples and calculate the average scores (and
standard errors). The results comparable to the best in terms of Wilcoxon’s signed rank
test with significance level 1% are shown in bold fonts.

Regression (MSE) Classification (accuracy)

diabetes california breast_cancer twonorm
1INN-CSA 3470 (35) 0.146 (0.001) 0.9633 (0.002) 0.9327 (0.002)
lognNN-CSA 3605 (40)  0.150 (0.001) 0.9595 (0.002) 0.9293 (0.002)
KDE-R-W 3673 (52) 3.864 (1.067) 0.9596 (0.002) 0.5260 (0.009)
KMM-W 3831 (60) 3.702 (1.160)  0.9594 (0.002) 0.9583 (0.001)
KLIEP-W 3221 (31) 2.896 (0.798) 0.9648 (0.002) 0.9482 (0.001)
KLIEP100-W 3223 (31) 3.034 (0.843) 0.9648 (0.002) 0.9480 (0.001)
RuLSIF-W 3235 (31)  3.039 (0.843) 0.7794 (0.015) 0.9512 (0.001)
RuLSIF100-W 3238 (31)  3.045 (0.844) 0.7794 (0.015) 0.9539 (0.001)

Table 2: Total running times in seconds spent for the training including the hyper-parameter
tuning (if any) for benchmark datasets. We repeat the experiment using 50 different random
subsamples dataset and calculate the average running times (and standard errors). The
results comparable to the best in terms of Wilcoxon’s signed rank test with significance level
1% are shown in bold.

diabetes california breast_cancer twonorm
1INN-CSA 0.0015 (0.0000) 0.0084 (0.0001) 0.0036 (0.0000) 0.0051 (0.0000)
lognNN-CSA 0.0016 (0.0000) 0.0128 (0.0001) 0.0037 (0.0000) 0.0052 (0.0000)
KDE-R-W 0.0078 (0.0000) 0.2121 (0.0008) 0.0117 (0.0000) 0.0124 (0.0000)
KMM-W 0.0373 (0.0015)  0.4067 (0.0038)  0.0542 (0.0014)  0.0220 (0.0006)

KLIEP-W 7.602 (0.051) 29.98 (0.34) 8.67 (0.07) 8.86 (0.16)

KLIEP100-W  7.501 (0.045) 16.91 (0.07) 8.68 (0.07) 8.26 (0.10)
RuLSIF-W 0.0575 (0.0014) 1.686 (0.011) 0.0529 (0.0020) 0.2014 (0.0016)
RuLSIF100-W  0.0401 (0.0007)  0.1237 (0.0004)  0.0454 (0.0014)  0.0391 (0.0002)

1-NN-CSA is highly recommended as an off-the-shelf method applicable even in larger scales,
although the previous methods such as KMM-W, KLIEP-W, and RuL.SIF-W should not be
neglected, as far as the computational budget allows. The times spent for adaptation are
summarized in Table 2, showing that the proposed methods 1-NN-CSA and log n-NN-CSA
are much faster than other methods.

9. Conclusion

We proposed a k-NN-based covariate shift adaptation method. We provided error bounds,
which suggest setting k& = 1 is among the best choices. This resulted in a scalable non-
parametric method with no hyper-parameter. For future research directions, one could com-
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plete our results for the parametric inference on the target domain, in particular for finding
the asymptotic distribution of M-estimators. For the average treatment effect, Abadie and
Imbens (2006) derived asymptotic normality of their estimator and it could be interesting
to get a similar result in our sampling context as well as investigating efficiency properties
as conducted by Lin et al. (2023) relying on de-biased machine learning approach Cher-
nozhukov et al. (2018). Non-parametric estimation on the target domain could be also an
interesting direction. Ma et al. (2023) showed that in the reproducing kernel Hilbert space
framework, getting optimal rates of convergence requires to reweight the estimator when the
density ratio is unbounded. A natural question is whether optimal rates can be reachable
with our k-NN conditional sampling instead of reweighting. Finally, it may be useful to
extend our approach with approximate nearest neighbor methods for further scalability.
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Appendix A. Preliminary results

The first preliminary result is concerned about the order of magnitude of Px(B(x, 7)) for
which we obtain a lower bound and an upper bound.

Lemma 1 Under (X1), (X2), and (X3), it holds, for every x € Sx and 7 € [0,T],
My 47 < Px(B(z,7)) < My gt
with Ml,d = Cvad and Mg,d = Ude.
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Proof The proof of the lower bound follows from

px(y)dy > bx/ dy > bXC/ dy,
B(z,7)NSx B(x,T)

where we have used (X3) to get the first inequality and then (X2) to obtain the second one.
We conclude by change of variable y = x + Tu. The proof of the upper bound is similar:

Px(B(z,7)) = / px(y)dy < Ux/ dy < Ux/ dy.
B(z,7)NSx B(z,7)NSx B(z,T)

Py(B(e.7) = [

B(z,7)NSx

The same type of result can be obtained for Px(B(z1,71) U B(x2,72)) as follows.

Lemma 2 Under (X1), (X2), and (X3), it holds, for every (x1,22) € Sx xSx and (11, 72) €
[0, T,

1
ng,d(ﬁd +78) < Px(B(z1,71) U B(x2,72)) < Mag(r + 78),

with Ml,d = Cvad and MQ,d = Ude.

Proof The proof of the upper bound follows from the union bound and Lemma 1. For the
lower bound, start noting that for any events A and B, 1aup > (14 + 15)/2. Then the
conclusion follows from Lemma 1.

|

Based on the previous results, an upper and a lower bound are obtained on the moments
of the nearest neighbor radius 7, 1 . A similar upper bound is stated as Lemma 3 in Leluc
et al. (2023).

Lemma 3 Let q be a positive real number. Under (X1), (X2), and (X3), there exist two
positive real numbers cq q and Cq q, depending on q, d and on the distribution of X such that

for all x € Sx
kQ/d > o kq/d

— < E7T < _— .

Cq.d (n+ 1)q/d — Tn,k,w = Yqd (n+ 1)q/d

(6)
A more precise expression of the two constants are

—q/d
= Mo ar (1 (g
q, 2F(1+|_Q/dJ)7 q, 1,d >

where |x| denotes the integer part of the real number x.

Proof We have 7, » = Z(;;)(z) the kth-order statistics of Z;(v) = |z — X;|. Moreover, for
any measurable and non-negative function f,

Ef (Zgy(x)) =Efo F, ' (Upy),
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where Uy, is the kth-order statistics of a n sample of uniform random variables and since
Fu(z) =P (X1 € B(z,2)) € [My,42%, Ms 427,

) LA 1/d
F "(u)=inf{z e R: Fy(z) >u} € —8 —17a
24 Mg

Note that the range of Z;(x) is [0, diam(Sx)] and we use a constant c in the definition of
M, 4 = cbx Vg such that

inf Ay (B(z,2)) > cVyz? for 0 < z < diam(Sx).

TESx

If 2 = ul/d/Mi/dd > diam(Sy), we have F,(2) = 1 > u and we still have F, !(u) < 2.
Moreover, if g is measurable and nonnegative,

I(n+1) ! k-1 —k
E =n! g << cooduy = —u)" .
0 (U) = ! [ a0z sz -du, = e [t 0w

When f(z) = 27 for some g > 0, we get

q —a/dg [rra/ —q/al'(n + 1)I'(k + q/d)
E|2h)| < M3 E VR = M T(T(n +g/d+ 1)’
q ~a/dg [gra/d] _ yy-a/al(n + DUk +q/d)
E |25y 2 M0 E |UE] = M [T +q/d+ 1)

For x > 1 and s > 0, let Ny, = inf;>¢ %J(r;’)) and Na g = SUpy>1 1;(5904(;)) We then get

M*q/dNLq/d K1/
2d Ny gq (n+1)

N. La/d
<E < My YA 2ald
i = E 2w @) < Mg Nigja (n+1)a/d°

1—
By Wendel’s inequality (Wendel, 1948), for s € (0, 1), we have Ny ¢ > inf;>; <xis) ’ >1/2
and Ny g < 1. For s > 1, using the equality I'(z + 1) = 2I'(2), one can deduce that

Nl,s > 1/2, N27s < F(Q + lsj)

Indeed if s = s’ + ¢ with /€ Nand 0 < s’ < 1,

T(x+s) ﬁ<1+j+s’—1> T(z+5)

5T (x) i T 5T (x)
and ,
jt+s =1 .
1< - = .
_H<1+ . )gH(H]) I'(¢+2)
7j=1 7j=1
This completes the proof of Lemma 3. |
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Appendix B. Proofs of the results on the bootstrap sampling error
(Section 4.2)

B.1 Proof of Proposition 1

The proof relies on the Lindeberg central limit theorem as given in Proposition 2.27 in
Van der Vaart (2000) conditionally to F,,. We need to show the two properties:

(2 TL’L 777N,

_IZE WX7 Y0 = BI(X] Y0 | Fal)? | Fal =V,

m~! ZE Xy, nz ]l|h(Xi*,Y7f7i)\>e\/ﬁ | ]:n] — 0

where each convergence needs to happen with probability 1. Equivalently, using that
(X Y, )i=1,...,m is identically distributed according to (), we need to show that

o V= limm_mo{Q(hQ) — Q(h)?} exists; and
. Q(h2]l|h|>6\/5) — 0 for each € > 0.

The first assumption of the proposition ensures that Q(h%) < oo implies the existence of
limyy—00 Q(h2) and that Q(h) < oo implies the existence of limm%ooQ(h) and thus of
lim,, 00 Q(h)%. From the assumptions Q(h) < oo and Q(h?) < oo, V exists. For the second
result, fix M > 0. For all n sufficiently large, we have M < ey/n, implying that

QW1 s cym) < QR L= nr),
which converges to Q(h2]1|h|> ) by assumption. Since Q(h?) is finite, one can choose M
large enough to make Q(hQ]l‘ n|>M) arbitrarily small.
B.2 Proof of Proposition 2
Set Z:, = h (X* Y*. ) _ Q(h). We have

1 ?’LZ

| < 20, and Var (Z* .

) = 0,,. Note that
Q*(h)—Q(h) =+ =", Z ;. Bernstein’s concentration inequality leads to

N B 1/2u’m
P(|@n Qh‘ > u ‘ Fo) < 26w < Q(h?) — (Q(h))? + 2/3Uh“> |
Then setting

in(5) = 20 1og<2/5>+\/ 12— (O 1 g(o/5),

we get
P (’Q*h — Qh’ > i (0) )fn) <5
and then integrate both sides to obtain
P (‘Q*h _ Qh‘ > ah(a)) <4,

which leads to the stated bound.
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Appendix C. Proofs of the results on the k.-NN nonparametric error
(Section 4.3)

Here, we give proofs of the results on the k-NN nonparametric error appearing in Section
4.3.

C.1 Proof of Proposition 3

We start with a useful bias-variance decomposition. Introduce

() = bz, Yi) - / W 9)Py | x(dy | X0),
Afw, X;) = / W y)(Py | x(dy | X:) — Py | x(dy| ).
We have

/h<x,y><PY|X<dy|x> Py x(dy] )

=k Z Gi(x)lB(%f'n,k,z)(Xi) + K Z A(JZ, Xi)lB(z,i'n,k,z)(Xi)'
i=1 i=1

Integrating with respect to Qx(dz), we obtain

A~

(@ —=Q)(h) =Br+ S, (7)

with
By =k Z/A(w,Xi)lB(x77”—n7k,z)(Xi)QX(dm)a
=1
Sp=k" Z/61'(96)1B(w,+n,k,w)(Xi)QX<d9”)'
=1

The term By, is a bias term and the term S}, (which has mean 0) is a variance term.

The proof is divided into 3 steps. The first step takes care of bounding the bias term.
The second step deals with the variance upper-bound. The third step is concerned with the
variance lower bound.

The bias. First (H1) gives that for any X; € Sx N B(x, Ty k) and € Sx,

|A(z, X5)| < gn(z) T k2-

Consequently, using (X4) and the fact that >, L)X, —a||<#, 1. = K, we have
k12/A(SC,Xi)l{B(mn,k,z)}(Xz‘)Qx(dl’) < /%n,k,xgh(x)QX(dx)
i=1
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and from Jensen inequality

2
< / 2, g (@)Qx(dz)

Y / AT, Xi) (B2 20,003 (Xi)@x (da)
=1

From Lemma 3, we have sup,cg, E[77, ] < Cy,qk*%(n+1)72/? and the control of the bias

is given by

nkx

k’2/d
E[|B}]] < C2,d/gl21($)QX(dx) 1)/

The variance upper-bound. For the proof, we assume that 1 < k < n/2. We have for
each (z,2') € S% and (4,7) € {1,...,n}?,

/ o ifi # 5,
E[ei(x)Ej(x)|X1,...,Xn]—{E[GZ( Jei(z') | Xi] < VE[ei(@)? | XJE[e (@2 X <o ifi#].

For the second case, we used (H2) and the Cauchy-Schwarz inequality. As a consequence,
the variance is given by

E[S;] = ( 12/]1”)( )| < g € (T )Qx(d@’)>2
=k 2 ZE [(/ﬂnx 2| <A €T )QX(d$>> (/]1Xj—z’||<+n,k,z/Gj(w’)QX(de/))]
=k ZE [<//]1||X —al| < LX<, o B [€1(@)€5(2)) | X1, o, X QX(dw)QX(dx,))}
< k‘ZUi;E [//]lllXi—wIS%n,k@1Xi—:v’lléfn’kYI,QX(dx)QX(dx,):|
k202 Y B[V
=1

with ¥; = [ Lyx,—o|<tp . @x(dz). Let Zi(x) = ||lz—X;| and Z,(z), the kth order statistics
of the sample (Z;());<;<,- One can observe that

Zl(:C) < Z(k)(ﬂﬁ) < ZZ($) < Z(;l)(x),

where Z(_kl)( x) is the kth order statistics of the sample (Z;(z)) Note that the two

1<j#4i<n’

sigma fields generated respectively by {Z;(z): x € Sx} and {Z(k)( ):x € SX} are inde-

34



NEAREST NEIGHBOR SAMPLING FOR COVARIATE SHIFT ADAPTATION

pendent. For one mapping p : Sx — diam(Sy), we first bound

2
I = E' / L2, (2)<p(2)@x (d)

— [ [2(20) < p0). 21) < p(0) Qx(d2)Qx ()

= 2 [ [ 1) < p0))P (1) < plo). Z1(0) < pl0) Q)@ ()

= 2 [ [ 1pla) < plo). o~y < 20)P (22(0) < (o), Z3(0) < plw) Quc(d)Quc(dy)
20 [ [ 100) < ol o — 9l < 2000)}0(0)"Qux (d)Qx ()

IN

< 2y / Qx (B, 2p(1))) p(v)'Qx (dy)

< 2, / Clw)p(y)>Qx (dy)

The fourth inequality is due to the fact that when ||z —y|| > 2p(y), the two balls B(z, p(x))
and B(y, p(y)) do not intersect. The last inequality is a consequence of Assumption (X4).
We then get using Lemma 3,

275 My q [ Cly)Qx (dy) k*
M, n?

EY? <27 My / C(y)E {Z(,fj (y)}Qd Qx(dy) <

This leads to the variance upper-bound.

The variance lower-bound. Here we assume the 02 := inf,cg, Var (h(Y)|X = x) > 0.
From previous computations, we have

Var <Qh> > (;jg élﬁl [Yf} .

We have EY? > E2Y; and we have to find a lower bound for EY;. But from the arguments
used in the proof for the upper-bound, we have

. W o
BYi— | ¥ (Zi(2) < 23(@)) Qx(dw) = My /S E Z55(@)| Qx(da) = 5 T

where the last inequality follows from Lemma 3. This shows the lower bound and the proof

of Proposition 3 is now complete.

C.2 Proof of Proposition 4
Define

B B o 1/d
Tn,k = an,d .

The following Lemma (Portier, 2025, Lemma 3) controls the size of the k-NN balls uniformly
over all z € Sx.
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Lemma 4 (Portier (2025, Lemma 3)) Suppose that (X1) (X2) and (X3) hold true. Then
forallm > 1,6 € (0,1) and 1 < k < n such that 16dlog(12n/6) < k < TnbxcVy/2 , it
holds, with probability at least 1 — §:

sup 7A-n,lc,:t < Fn,k‘
TESx

We now deal with the variance term of our estimator. The variance term of the nearest-
neighbors estimator is given by V,, = k™! o, Y;, where

Y = /€i(90)113(x,+n,,€,x)(Xz')QX(dx)~
and Set 7, = sup,¢ Sy Tnkz- From our assumptions and Jensen’s inequality, we have
IVi| < 2U3 Mp gy, Var (?;|X1,...,Xn) < 0% M3 72

Applying Bernstein’s inequality for i.i.d. random variables (we recall that the Y;’s are
independent conditionally on the X;’s), we get for ¢ > 0,

letQ
P(|Va] > t|X1,...,Xp) <2exp | — — A23 ; — .
noy My 7% + sUn Mo a7k

This leads to
142
A —_— 2 n
P(IVal > ¢ 7% < Tngl X1, Xn) < 2exp <_M> |

Note that this upper-bound is not random and we get

%t2n
PV, >t, 7 <7 <2 _s . 8
(|Val Tk > Tn,k’) > 2€xXp Llai T Lot (8)

Setting

2L10’3

0,1) = 2 10g(2/0) + \/ B ro20/0) + 2% 10n(0/5),

which is smaller than

1/d 2L102
tn(6,h) = Lo (fj) + 22 10g(2/5) + \/ =A% Jog(2/5)

we then get

P(‘Vn’ > tn(67 h)) P (‘Vn’ > ;n((;: h)v'f_k < ?n,k) + P('fk > ?n,k)

<
< 29,

where the last inequality is a consequence of (8) and Lemma 4. Moreover, from the proof of
Proposition 3 and Lemma 4, the bias part can be dominated by Lo(k/n)/¢ with probability
at least 1 — §. This concludes the proof.
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Appendix D. Proof of Theorem 1

First, note that the boundedness of sup,cg, E [h*(z,Y)|X] entails H2. Setting Ap,, =
Q*(h) — Q(h) and B, = Q(h) — Q(h), Proposition 3 guarantees that

1 1
2
EBnSCl{WJrn}’

for some C7 > 0 only depending on the distribution of (X,Y"), X* and on h. It remains to
show that the same bound can obtained for A,, . Since,

E [Azn,n’]:n] < Q(h2) — Q(h)2 < Q(hz)

m m

It only remains to show that EQ(hQ) is bounded with respect to n. The approach is similar
to the control of the variance term for £ = 1 studied in the proof of Proposition 3. If L is
an upper-bound for sup,cg, E [A?(z,Y)|X], we have

EQ(R?) = D |, Qx(do)E [h2(f€vYl)]1||xl—z||smn2§jgnij—wn}
. X

< arf P(\Xl—xug i qu—xu)quw
Sx 2<j<n

< nLMyy / E min |X; — o]Qx (dz)
S 25i<n

_ 2Ly
M 4

The last upper bound is obtained from Lemma 3 using the fact that mino<;<y [|X; — 2|
has the same probability distribution as 7,—1,1,. We deduce the result taking C as the
maximum between C1 and 2LMy 4/M; 4. [ ]

Appendix E. A corollary bounding the bootstrap sampling error when
using k-NN sampling

Corollary 1 Suppose that (X1), (X2), (X3) are fulfilled and assume that Qx has a density
gx bounded by Ux with support included in Sx . Suppose also that (H1) and (H2) are fulfilled
for both h and h?® and h is bounded. Let k = k,, satisfying the condition of Lemma 4 and
5 € (0,1/7) and set s*(h) = Qh* — (Qh)? and 8%(h) = Qh* — (Qh)?. Let § € (0,1/7). Then
with probability greater than 1 — 74,

v (0,h)
m

s*(h)

Q*h —Qh < 10g(2/5)+\/2 -

4/fnUh log(2/4), (9)

log(2/0) + \/2

where
02 (8, h) = tn (6, %) + t,(8, h)% 4 2t,,(6, h) QA

and t, (0, h) is defined in the statement of Proposition 4.
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Proof We first use the result of Proposition 2. In particular, setting

ah<5>——‘*f§7h10g<2/6>+-\/24”*3j%99h°21og<2/5»

we have
P (’Q*h - Qh‘ > ah((s)) <4,

We then use the decomposition
) 4712 2 ) 2 A 2 A
Oh? — (Oh)? = $2(h) + Oh? — QK% — (Qh—@h) —20h (Qh—@h).
From Proposition 4, we know that
Qn? - Qn?| < t,(6,%)
with probability greater than 1 — 3§ and
Qh - Qh| < ta(6,h)

with probability greater than 1 — 3§. Collecting these three bounds, we easily obtain the
conclusion of the second point of Corollary 1. |

Appendix F. Proofs of the results on the empirical risk minimization
(Section 5)

Here, we present proofs of the result on the application to empirical risk minimization.

F.1 Proof of Proposition 5.

From (A1), supgee |ma (Y7, X7)| is integrable and 6 — R*(#) is continuous over the compact
set ©. As a consequence, weak consistency will follow from Theorem 5.7 in Van der Vaart
(2000) if we show that

up R 1 (6) — R*(6)] = 02(1). (10)

0O
Pointwise convergence holds true from assumptions (A1), (A2) as each mapping my satisfies
Assumptions (H1), (H2). One can then apply Theorem 1 and the Markov inequality to get
for any 0 € O,

Rinn(0) —R*(0) = op(1), m,n — oo.

We now prove uniform convergence. Let § > 0. One can cover the compact set © with
finitely many balls B(6;,6), 1 <i < k. For § € © N B(6;,0), we have
* * 1 - *
i=1
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Moreover, from Assumptions (A2) and Theorem 1 with the Markov inequality, we know
that

) > h(Yy) = ER(YY), m,n— oo,
m K
i=1
in probability. We also have
IR*(6) = R*(0:)| < n(0)Eh (YY)
Finally, one can use the bound
* * * * 1 - * *
sup [Ronn(0) = R¥O)] < max [R7,,(0:) = R*(6)] + () {m ; h(Yo;) +Eh (Y] )}
= 2n(0)Eh (YT') + op(1).

Given that § is arbitrary, the above implies (10) and the weak consistency of 6* follows. The
second assertion about the excess risk then follows easily using that

R*(0%) — RA(8") < 2sup [ Ry ,(6) — R (6) .
0cO

F.2 Proof of Proposition 6.
Let Z; = I~1/2X* and define

1 — 1 —
So=—3 22T, Np=—3 7 [Yn - X;"TO*] .
mia mis
The proof first requires some analysis of the smallest eigenvalues of ¥,,. From the matrix
Chernoff inequality given in Tropp (2012), see Corollary 5.2 and Remark 5.3, we have
P(Amin (Zm) < 1—1) < dexp(—n*m/2B)

where B = Apin (D) "td max,eg, |2|% is defined so as to satisfy || Z]|3 < Amin(T) 71| X||3 < B,
with probability 1. Inverting the previous we obtain that with probability at least 1 — 4,

Amin(Zm) > 1 —v/(2B/mlog(dé—1))

and therefore as soon as (8B/n)log(dé~!) < 1, we have that Ayin(X) > 1/2. On the
previous event, we have that

]_‘\1/2(@* _ 9*) — Z;nle
It follows that
R*(07) = R*(0%) = [T2(0" — 07)13 = 1S5 Nonl3 < 2] Nia 3.

We conclude using Theorem 1 with h(y, z) = T—1/2z (y — 276*). Note that E [ (Y*, X*)]
0 by definition of 6*.
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Appendix G. An unbounded density satisfying Assumption (X4)

Suppose that gx(y) = (1 — o)y~ for every y € Sx = (0,1), for some a € (0,1/2). We will
show that this example satisfies Assumption (X4) with C'(z) = Cpz™ for some C,, > 0. It
is only necessary to bound Qx (B(x,7)) for some 19 € (0,1). Indeed, for 7 > 7, one can
use the inequalities

Qx (B(z,7) <1< 7/190 < 2" % /70.

We choose 79 = 1/6. We have

Qx (B(z,71)) = / (1 —a)y *dy

(0,H)N[z—7,2+7]

< min(z + 7, 1)1 7 — max(z — 7,0)! 7.
We consider three cases.
o If 0 <z <27, we have

Qx (B(z,7)) < (z 4+ 7)17@ < 3tmaog—or,

e If now 1 — 27 < x < 1, using the mean value theorem, we have

Qx (B(z,7)) <1—(1-37)17%<3(1 —a)2% <3(1 — a)2% 7.

e Finally, if 27 <z <1 — 27, we get

11—« (1 —a)20t!
Qx (B(z,7)) < = T)a27' < o T.

We deduce that C(z) = Cox™® for some C, > 0 not depending on x € Sx. Assumption
(X4) is then satisfied.

Appendix H. Illustration for Experiments E1-E3

Mustrations of data used in Experiments K1-E3 can be found in Figure 7.

Appendix I. Details of the benchmark data experiments
We use the following datasets.

e california: Regression dataset called “California Housing” available from https:
//www.dcc.fc.up.pt/ 1ltorgo/Regression/cal_housing.html.

e diabetes: Regression dataset available from https://archive.ics.uci.edu/ml/index.
php (Dua and Graff, 2017).

e breast cancer: Classification dataset available from https://archive.ics.uci.
edu/ml/index.php (Dua and Graff, 2017).

e twonorm: Classification dataset available from https://www.cs.utoronto.ca/"delve/
data/datasets.html.
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(Xi, Yidi=1, ...,n ~ PxPyx

1.0 ? o3
P
0.5 <S5y
. 0.5 2
B
o (X, Y)~PxPyx > 0.0
(X", Y') ~ QxPyx
X,y ~ Ox"av\x
—-- JyPway) 03
(X, Y) ~ PxPyix
£ — Jyoudy) (X', Y™) ~ QxPy)x
kY ——- Y /m -10] — y=x
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
(a) Data for Experiment E1 (b) Data for Experiment E2 and E3

Figure 7: Visualization of data for Experiments E1-E3

Data splitting and sampling bias simulation We split the original to the training and
test set and simulate covariate shift by rejection sampling from the test set with rejection
probability determined according to the value of a covariate. For california, twonorm,
breast cancer, we follow the procedure of Sugiyama et al. (2007): we include each target
data point X; to the target set with probability min(l,4X§C) or reject it otherwise, where
Xi ¢ is the c-th attribute of X;. For diabetes, we used a different biasing procedure for this
data set because the technique of Sugiyama et al. (2007) rejects too many data points to
perform our experiment for this dataset. We instead use the procedure of an example from
the ADAPT package de Mathelin et al. (2021)7 for diabetes: for each data point X;, we
accept it with probability proportional to exp(—20 x | X age +0.06]), where X age is the age
attribute of X; and reject (i.e., exclude) otherwise.

Pre-processing We use the hot-encoding for all categorical features. We center and nor-
malize all the data using the mean and the dimension-wise standard deviation of the source
set. We do the same centering and normalization for the output variables for regression
datasets.

After training and prediction, we post-process the output using the inverse operation. Ta-
ble 3 shows basic information about the datasets after the bias-sampling and pre-processing.

7. https://adapt-python.github.io/adapt/examples/Sample_bias_example.html
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Table 3: Basic information of the datasets

california twonorm diabetes breast cancer

Input dimension d 8 20 10 9
source sample size n 1000 100 150 200
Target sample size m 1000 500 150 100
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