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Abstract

This paper considers stochastic-constrained stochastic optimization where the stochastic
constraint is to satisfy that the expectation of a random function is below a certain threshold.
In particular, we study the setting where data samples are drawn from a Markov chain and
thus are not independent and identically distributed. We generalize the drift-plus-penalty
framework, a primal-dual stochastic gradient method developed for the i.i.d. case, to the
Markov chain sampling setting. We propose three variants of drift-plus-penalty; two are for
the case when the mixing time of the underlying Markov chain is known while the other
is for the case of unknown mixing time. In fact, our algorithms apply to a more general
setting of constrained online convex optimization where the sequence of constraint functions
follows a Markov chain. The algorithms are adaptive in that the first two work without
knowledge of the time horizon while the third uses AdaGrad-style algorithm parameters,
which is of independent interest. We demonstrate the effectiveness of our proposed methods
through numerical experiments on classification with fairness constraints.

Keywords: stochastic-constrained stochastic optimization, constrained online convex
optimization, Markov chain stochastic gradient descent, drift-plus-penalty, classification
with fairness constraints

1. Introduction

In this paper, we consider the stochastic-constrained stochastic optimization (SCSO) problem

min Beo[f(2.6)] st Eeulg(e,8)] <0 (SCS0)
where the expectation is taken with respect to the random parameter £ over a stationary
distribution p, f and g are convex loss and constraint functions, and X is a compact
domain. This formulation of SCSO has applications in stochastic programming with a
risk constraint (Rockafellar and Uryasev, 2000), chance-constrained programming (Ne-
mirovski and Shapiro, 2007), portfolio optimization (Dentcheva and Ruszczynski, 2003),
sparse matrix completion (Akhtar et al., 2021), semi-supervised learning (Chapelle et al.,
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2010), classification with fairness constraints (Zafar et al., 2019; Celis et al., 2019; Donini
et al., 2018), Neyman-Pearson classification (Scott and Nowak, 2005; Rigollet and Tong,
2011), ranking with fairness constraints (Celis et al., 2018), recommendation systems with
fairness constraints (Yao and Huang, 2017), scheduling in distributed data centers (Yu
et al., 2017), safe reinforcement learning (Garcia et al., 2015), and stochastic simple bilevel
optimization (Jalilzadeh et al., 2023; Cao et al., 2023).

Stochastic approximation (SA) algorithms are prevalent solution methods for SCSO.
Basically, we run gradient-based algorithms with an oracle providing i.i.d. samples of
flx,€),9(x,6),Vf(x, &), Vg(x, &) for a given solution . Lan and Zhou (2020) proposed
the cooperative stochastic approximation scheme for SCSO, which is a stochastic extension
of Polyak’s subgradient method developed for constrained optimization (Polyak, 1967).
Xiao (2019) developed the penalized stochastic gradient method that takes the square
of the constrained function as a penalty term. Lin et al. (2020) developed a level set-
based algorithm for SCSO. Akhtar et al. (2021) studied an augmented Lagrangian-based
stochastic primal-dual algorithm, which was inspired by the primal-dual framework for online
convex optimization with long-term constraints due to Mahdavi et al. (2012). Furthermore,
motivated by recent success in adaptive gradient algorithms, Yan and Xu (2022) considered
an adaptive primal-dual stochastic gradient method for SCSO. Zhang et al. (2023) proposed
a stochastic variant of the proximal method of multipliers. Zhang et al. (2022) studied
another stochastic proximal method of multipliers based on linearization.

SA algorithms for other related problem settings are as follows. Yu et al. (2017) studied
online convex optimization with stochastic constraints where the constraint functions are
stochastic i.i.d. while the objective functions are arbitrary, for which they proposed the drift-
plus-penalty (DPP) algorithm. DPP applies to SCSO given that i.i.d. samples of g(x, £),
Vyg(x, &), and Vf(x, &) are available. Wei et al. (2020) developed an extension of DPP,
and Lee et al. (2023) provided a projection-free algorithm for the setting. Moreover, SCSO
can be formulated as a stochastic saddle-point problem by taking the Lagrangian if certain
constraint qualifications hold. Nemirovski et al. (2009); Juditsky et al. (2011) developed
stochastic mirror-prox algorithms for general stochastic saddle point problems. Zhao (2022)
devised an accelerated stochastic framework for convex-concave saddle-point problems, and
Yazdandoost Hamedani et al. (2023) devised a randomized adaptive primal-dual method.

The aforementioned solution methods for SCSO require i.i.d. data samples from the
stationary distribution p when running SA algorithms. However, there are several application
scenarios in which sampling from the stationary distribution p independently and identically
is difficult. For example, federated learning serves as an alternative to traditional machine
learning systems that require data centralization, with the purpose of improving data
privacy (Zhao et al., 2018). The basic framework is that data is stored on individual
local devices while the training is governed by a central server. Another related setting is
distributed optimization over sensor networks (Rabbat and Nowak, 2004; Lopes and Sayed,
2007; Johansson et al., 2007) and multi-agent systems (Johansson et al., 2008). For these
applications, an enormous amount of data is distributed over distinct nodes of a network,
for which data exchange and massage passing are between immediate neighboring nodes.

One resolution approach for such application scenarios is Markov chain stochastic
gradient descent (SGD) (Johansson et al., 2010; Ram et al., 2009a). Basically, Markov
chain SGD takes a random walk over a network of local data centers and updates solutions
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based on data acquired from the data centers visited. Here, as the data is generated by a
Markov random walk, there is inherent dependence and bias between data samples. More
generally, the framework can be viewed as a variant of the Markov chain Monte Carlo
method (Andrieu et al., 2003). That said, Markov chain SGD can be applied to other
applications domains where data is collected from a Markov process, such as decentralized
learning (Yang et al., 2021), robust estimation (Poljak and Tsypkin, 1980; Sarkar and
Rakhlin, 2019), and reinforcement learning (Nagaraj et al., 2020; Kowshik et al., 2021).

Following the Markov incremental subgradient methods due to Johansson et al. (2010);
Ram et al. (2009a) designed for distributed optimization problems, Markov chain SGD
with data sampled from a general Markov process have been studied. Duchi et al. (2012)
developed Markov chain SGD with data sampled from an ergodic process. Later, Sun et al.
(2018) studied Markov chain SGD for convex and nonconvex problems when the underlying
Markov chain is nonreversible. Doan et al. (2020) proposed an accelerated version of Markov
chain SGD for both convex and nonconvex settings. Chen et al. (2018); Nagaraj et al. (2020);
Kumar and Sarkar (2023) applied the downsampling technique to reduce dependence among
dependent samples. One limitation of these works, however, is that they require knowledge
of the mixing time.

When the mixing time of the underlying Markov chain is not a priori known, one may
estimate the mixing time directly from the data, with which we can run Markov chain
SGD. However, the sample complexity of learning the mixing time parameter can be large
and depend on the structure of the given Markov chain (Wolfer and Kontorovich, 2019).
Instead, Dorfman and Levy (2022) developed Markov chain SGD based on the multi-level
Monte Carlo estimation scheme due to Giles (2015); Blanchet and Glynn (2015). Roy et al.
(2022) studied nonconvex problems where the transition of the underlying Markov chain is
state-dependent, motivated by strategic classification and reinforcement learning. Recent
works (Doan, 2023; Even, 2023) established some performance guarantees of Markov chain
SGD under minimal assumptions.

Applications of SCSO naturally motivate and necessitate algorithmic frameworks that
can handle data sets with inherent dependence and bias. Portfolio optimization in finance
takes time series data. Machine learning with fairness constraints processes heterogeneous
data sets from disjoint sources. Scheduling in distributed data centers will benefit from
distributed optimization technologies. Safe and constrained reinforcement learning can
be formulated as SCSO for which the training data is obtained from trajectories of the
underlying Markov decision process. Despite this immediate need, no prior work exists for
solving SCSO with non-i.i.d. data samples. Motivated by this, the objective of this paper is
to develop stochastic approximation algorithms that run with data sampled from a Markov
chain.

1.1 Our Contributions

This paper initiates the study of stochastic approximation algorithms for stochastic-constrained
stochastic optimization (SCSO) using non-i.i.d. data samples. Inspired by recent advances in
Markov chain SGD, we develop primal-dual stochastic gradient methods using data sampled
from a Markov chain, which can be viewed as primal-dual variants of Markov chain SGD.
Specifically, we extend the drift-plus-penalty algorithm by Yu et al. (2017) that was originally
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Table 1: Bounds on regret, constraint violation, optimality gap, and feasibility gap under
Algorithms 1, 2, and 3 (8 € (0,1/2] is a predetermined algorithm parameter that
controls the balance between regret and constraint violation)

developed for the i.i.d. setting. We adopt the approach of ergodic mirror descent by Duchi
et al. (2012) for the case of known mixing time and the framework of Dorfman and Levy
(2022) for the setting where the mixing time is unknown.

Our key technical contribution is to develop three variants of the drift-plus-penalty
algorithm that can take a sequence of dependent constraint functions. These algorithms
solve constrained online convex optimization where the objective functions can be arbitrary
and the constraint functions are generated from a Markov chain. Two of them are for
the case of known mixing time, while the other is for the case when the mixing time is
unknown. We provide regret and constraint violation bounds for the algorithms, which
delineate how their performance depends on the mixing time. Based on the regret and
constraint violation guarantees, we analyze the optimality gap and feasibility gap for SCSO.
The connection between the constrained online convex optimization formulation and SCSO
for our Markovian setting is not as immediate as the i.i.d. setting because the expectation
in (SCSO) is taken with respect to the stationary distribution of the underlying Markov
chain. What follows is a more detailed description of our contributions. Our results are also
summarized in Table 1.

e In Section 3, we consider the case when the mixing time of the underlying Markov chain
is known, for which we develop Algorithm 1, a variant of the drift-plus-penalty algorithm.
We first prove that for online convex optimization with Markovian constraints, the
regret of Algorithm 1 is O(Tili;ﬁ T'=7) and the constraint violation is O(Tfl{j T(B+1)/2)
where Tiix is the mixing time, T is the length of horizon, 5 can be chosen to be any
number in (0,1/2], and O hides a poly log T' factor. If we further assume that (SCSO)
satisfies Slater’s constraint qualification, then the regret and constraint violation

of Algorithm 1 can be both bounded by O(y/TmixI’). We remark that Algorithm 1 is
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adaptive in that its parameters are chosen without knowledge of T', unlike the vanilla
drift-plus-penalty algorithm. These results generalize the work of Yu et al. (2017).

e Based on the regret and constraint violation analysis for Algorithm 1, we show that the
averaging of the sequence of solutions generated by Algorithm 1 guarantees that the
optimality gap is bounded by O(Tén_xﬁ T8 + 7'51{3 T-(1=8)/2) while the feasibility gap
is bounded by O(TQ{ET_G_’B)/Q). If we further assume that (SCSO) satisfies Slater’s
constraint qualification, then the optimality gap and feasibility gap of Algorithm 1
can be both bounded by O(y/Tmix/T). The optimality gap bound nearly matches the

lower bound of Q(y/Tmix/T") due to Duchi et al. (2012).

e In addition to Algorithm 1, we also develop Algorithm 2 for the setting where the
mixing time is known. We refer to the algorithm as DPP-DD which stands for drift-
plus-penalty with data drop. Algorithm 2 applies a single DPP update every Tmix
samples and discards the rest of the data, following the idea of SGD-DD due to Nagaraj
et al. (2020). As we take one sample in every batch of m,ix samples, the data sequence
gives rise to a Markov chain with mixing time 1. That said, Algorithm 2 is essentially
applying Algorithm 1 with 7nix = 1 for T'/7yix time steps. Then we analyze the
performance of Algorithm 2 based on the analysis of Algorithm 1.

e In Section 4, we propose Algorithm 3, another variant of the drift-plus-penalty al-
gorithm, for the setting where the mixing time is unknown. The parameters of
Algorithm 3 are set in an adaptive fashion, as in the AdaGrad method (Duchi et al.,
2011; Levy, 2017). Then we apply Algorithm 3 to constrained online convex opti-
mization where the objective and constraint functions are given by the Multi-level
Monte Carlo estimation scheme as in Dorfman and Levy (2022). We provide adaptive
regret and constraint violation bounds for Algorithm 3. We note that Algorithm 3 is
the first AdaGrad-style adaptive variant of the drift-plus-penalty algorithm. In fact,
Algorithm 3 applies to online convex optimization with adversarial constraints (Neely
and Yu, 2017) and provides adaptive performance guarantees. We include this result
in Appendix C.

e Combining the estimation accuracy bounds on the Multi-level Montel Carlo method
by Dorfman and Levy (2022) and our adaptive regret and constraint violation bounds,

we prove that the optimality gap under Algorithm 3 is bounded by O(Tili_xﬁ TP while
the feasibility gap is bounded by O(TgﬁH)MT*(l*mm).

1X
e In Section 5, we provide numerical results from experiments on a classification problem
with fairness constraints. Specifically, we take the logistic regression formulation
proposed in Zafar et al. (2019). The numerical results on random problem instances
demonstrate the efficacy of our proposed algorithmic frameworks for solving SCSO
with Markovian data.

The main component of our analysis is to provide bounds on the terms
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under our Markovian data regime. All these terms involve the virtual queue size ¢, and
therefore, controlling the virtual queue size is crucial to guarantee a fast convergence rate.
We include our proofs of the main theorems in Sections 6 and 7. We include some of the
known lemmas and tools for analyzing the drift-plus-penalty method due to Yu et al. (2017)
in Appendices A and D. In fact, Appendix A state these results for any adaptive version of
the drift-plus-penalty algorithm, which uses time-varying parameters V; and .

1.2 Related Work

Although we have listed and explained important lines of previous work that motivate
this paper, we supplement the list by mentioning a few more relevant results in stochastic
approximation algorithms and Markov chain stochastic gradient methods.

1.2.1 STOCHASTIC APPROXIMATION FOR STOCHASTIC OPTIMIZATION

Starting from the seminar paper by Robbins and Monro (1951), stochastic approximation
algorithms, also known as stochastic gradient methods, have been a central topic of research in
the domain of machine learning, operations research, and optimization (Ermoliev, 1983; Pflug,
1996; Ruszczyniski and Syski, 1986; Bottou et al., 2018). There already exist numerous works
on stochastic approximation algorithms for stochastic optimization. In particular, for SCSO
or stochastic optimization with expectation constraints, various stochastic approximation
methods were proposed and studied by Lan and Zhou (2020); Xiao (2019); Lin et al. (2020);
Akhtar et al. (2021); Yan and Xu (2022); Zhang et al. (2023, 2022), as discussed earlier.

We note that online convex optimization with stochastic constraints is a superclass of
SCSO under the i.i.d. data regime. Mahdavi et al. (2012); Jenatton et al. (2016) developed
augmented Lagrangian-based primal-dual algorithms for online convex optimization with
deterministic long-term constraints. It turns out that these algorithms and their analysis
can be adapted to the setting of stochastic constraints (Akhtar et al., 2021). Later, Yu et al.
(2017); Wei et al. (2020) proposed the drift-plus-penalty algorithm that achieves better regret
and constraint violation guarantees under Slater’s condition. Yuan and Lamperski (2018);
Yi et al. (2021); Guo et al. (2022) also provided algorithms for online convex optimization
with stochastic constraints.

1.2.2 MARKOV CHAIN STOCHASTIC GRADIENT DESCENT

The asymptotic convergence of Markov chain SGD was studied in Bertsekas and Tsitsiklis
(1996); Borkar (2008); Benveniste et al. (1990) based on ordinary differential equation
methods. Lopes and Sayed (2007); Johansson et al. (2007, 2010); Ram et al. (2009a)
developed incremental subgradient methods for the distributed optimization setting where
there is a network of data centers and an algorithm performs a random walk over the
network to obtain data samples. These methods are also referred to as token algorithms.
More recently, Mao et al. (2020) devised what they called the walkman algorithm, which
is a token algorithm based on an augmented Lagrangian method. Sun et al. (2022);
Ayache et al. (2023) considered adaptive variants of token algorithms. Hendrikx (2023)
developed a more general framework for token algorithms that allows multiple tokens for
improving communication efficiency and may adopt existing optimization tools such as
variance reduction and acceleration.
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In addition to random walk-based token algorithms, there exist general Markov chain
sampling frameworks for stochastic gradient methods. As mentioned earlier, Duchi et al.
(2012); Sun et al. (2018); Chen et al. (2018); Nagaraj et al. (2020); Doan et al. (2020);
Dorfman and Levy (2022); Roy et al. (2022); Kumar and Sarkar (2023) developed Markov
chain SGD methods for convex and nonconvex stochastic optimization problems. Moreover,
Sun et al. (2020) developed a Markov chain sampling-based block coordinate descent method.
Sun et al. (2023) proposed a decentralized variant of Markov chain SGD. Wang et al.
(2022) considered the stability of Markov chain SGD and deduced its generalization bounds.
Doan (2023) derived convergence guarantees on Markov chain SGD without a smoothness
assusmption, and Even (2023) studied convergence of Markov chain SGD without the
bounded gradient assumption.

2. Preliminaries

In this section, we provide problem formulations for stochastic-constrained stochastic and on-
line convex optimization under the Markovian data sampling regime. In addition, Section 2.1
gives the formal definition of the mixing time of a Markov chain. Section 2.4 describes a list
of assumptions considered throughout the paper.

2.1 Markov Chain and Mixing Time

Given two probability distributions P, Q over the probability space (S, F), the total variation
distance between them is defined as

IP — Ql|7v := sup [P(A) — Q(A)].
AcF

Let {&:}72, be a time-homogeneous ergodic Markov chain with a finite state space S. For a
distribution v over (S, F), we denote by P!(v,-) the conditional probability distribution of
&ey1 given & ~ v. Since {&:}72, is ergodic, it has a unique stationary distribution p, i.e.,
Pt(p,-) = p(-). In fact, the long-term distribution of the ergodic Markov chain converges to
u regardless of the initial distribution, which can be demonstrated as follows. It is known
that P!(v, ) for any ¢ and v satisfies

IP'(v, ) = ulry < Cal

for some « € (0,1) and C' > 0 (Levin and Peres, 2017). Then we define quantities dpix and
Tmix (€) as follows.

Admix = SupHPt(V, D= pllry,  Tmix(€) :=inf{t € N : dpix(t) < €}.
14
Moreover, following the convention, we define iy as
Tmix = Tmix(1/4)7

and we refer to myix as the mizing time of the underlying Markov chain. It is known that
dimix (ITmix) < 27 for every [ € N (Levin and Peres, 2017, Chapter 4), which implies that

Tmix (€) < [logs eilemiX.
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In particular, throughout the paper, we will use quantity 7 defined as
T := Tmix(1/T) = O(Tmix log T')

where T is the length of the time horizon.

We remark that the finite state space assumption is necessary for Algorithm 3 as
Lemmas 8 and 38 rely on Lemma 37 which requires the assumption. On the other hand, for
Algorithm 1, the stochastic process needs not to be a Markov chain or time-homogeneous
while it requires the exponentially fast convergence condition.

2.2 Stochastic-Constrained Online Convex Optimization with Markovian Data

Let X C R? be a compact convex domain. Let {f; : X — R}, be a sequence of arbitrary
convex functions. Another sequence of convex functions {g: : X — R}{2; is assumed to
follow an ergodic Markov chain. More precisely, there exists a time-homogeneous ergodic
Markov chain {£;}$°, such that g.(x) = g(x,&:). Let

g(x) = Eerplg(x, )]

for x € X where the expectation is taken with respect to the stationary distribution pu of
the Markov chain. Then the problem is to solve and compute

T
x* € argmin th(a:) st. g(x) <O0.
xrcX =1

However, the information about the functions { f;}7_; and {g;}._; is revealed online. Basically,
at each step ¢, we choose our decision x; € X before observing f;, g;, after which we receive
feedback about them. The stochastic setting studied in Yu et al. (2017) is that constraint
functions g1, ..., gr are i.i.d., which means that &;1,...,&r are i.i.d., while we consider the
case where constraint functions g¢i,...,gr follow an ergodic Markov chain and thus are
dependent. That said, we may refer to the problem setting as online convex optimization
with ergodic constraints.

To measure the performance of a learning algorithm for the online optimization problem,
we adopt the regret and cumulative constraint violation definition due to Yu et al. (2017).
The regret and cumulative constraint violation of an algorithm that generates solutions
x1,...,xp over T time steps are given by

T

T T
Regret(T) = Y _ fu(x:) — > _ fi(@*), Violation(T) = gy(a).
t=1 t=1

— t=1

We want these quantities to have a sublinear growth in 7. Note that the benchmark solution
x* satisfies the expectation constraint E¢.,[g(x*,&)] < 0.

2.3 Stochastic-Constrained Stochastic Optimization with Markovian Data

Next, we consider the setting where the objective functions { f;};2; as well as the constraint
functions {g:}7°, are given by an ergodic Markov chain. Without loss of generality, we
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may assume that fi(z) = f(x, &) and g:(x) = g(x, &) for some time-homogeneous ergodic
Markov chain {&;}7°, with a stationary distribution p. As before, let

f(@) = Egnplf(,€)]
and g(x) = E¢plg(x, §)] for £ € X. Then the problem is to solve and compute

z? € argmin f(x) st. g(z) <O0.
xeX
Here, we do not have direct access to (f,g), but we receive samples (f:, g;) which converge
to (f,g) in expectation.
For the performance measure of a learning algorithm for this problem, we consider the
following standard notions of optimality gap and constraint violation. For a solution x € X

Gap(xz) = f(x) — f(x™), Infeasibility(x) = g(x).

We want these quantities to approach 0 as T' grows. Hereinafter, we refer to Gap(x) and
Infeasibility () as the optimality gap and the feasibility gap, respectively.

In the special case where {&:}7°, are i.i.d. samples drawn from g, solving stochastic-
constrained online convex optimization would provide a solution to stochastic-constrained

stochastic optimization. One can argue that if &1, ..., & are i.i.d., then
Gap(Zr) < %IE [Regret(T)], Tnfeasibility (1) < %E Violation(T)]
where 7 denotes the simple average of @1, ..., xT:
1 I
TT = T ; Ti.

However, in contrast to the i.i.d. case, the above inequalities do not hold for the case of an
arbitrary ergodic Markov chain. This is because the distribution of £;41 conditioned on &;
is not equal to the stationary distribution pu.

On the other hand, we will use the fact that the long-term distribution of an ergodic
Markov chain converges to its stationary distribution. Based on this observation, we first
bound the expected regret and the expected constraint violation of the online problem,
and then we use this to bound the optimality gap and the feasibility gap of the stochastic
optimization problem.

2.4 Notations and Assumptions

We work over a norm ||-|| and its dual norm ||-||.. We choose a convex mirror map @ : C — R,
where ¢ € R? is a convex domain containing X. We use the corresponding Bregman
divergence defined as

D(z,y) = ®(z) — ®(y) — VO(y) ' (z — y).

Assumption 1 There is a constant R > 0 such that D(z,y) < R? for any =,y € X, and

® is 2-strongly conver with respect to norm ||-|| i.e. ||z — y||* < D(x,y) for any x,y € X.
Moreover, f(-,€) and g(-,&) are differentiable for each € € S.
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We use notations Fy, Gy, Hy for t € [T] given by

Fy = |V (@)« Gi:=[[Vagi(@e)ll«, He = |gi(t)]

which are parameters used in our adaptive algorithm. Due to the stochasticity of f;, g¢, these
are random variables. We assume these quantities are bounded.

Assumption 2 There exist constants F,G, H > 0 such that
IVaf(x &)l < F, [Vag(®, )|« <G, |g(x, &) < H

foranyx € X and € € S.

Assumptions 1 and 2 are common in online convex optimization, stochastic optimization,
and the Markov chain SGD literature. The following assumption is referred to as Slater’s
condition or Slater’s constraint qualification for constrained optimization.

Assumption 3 (Slater’s condition) There exists & € X such that g(&) < —e for some
e > 0.

For online convex optimization with stochastic i.i.d. constraint functions, Slater’s condition
leads to improvement in regret and constraint violation (Yu et al., 2017). In Section 3,
we will show that even for online convex optimization with ergodic constraint functions,
assuming that Slater’s condition holds results in an improvement in the regret and constraint
violation of Algorithm 1.

3. Known Mixing Time

We first focus on the setting where we have access to the mixing time 7,ix of the underlying
Markov chain {&;}7°,. Duchi et al. (2012) studied this case for stochastic convex minimization
without a stochastic functional constraint, for which they modified the step size of the
stochastic gradient descent method based on the mixing time parameter 7,ix. Inspired by
this approach, we take and modify the drift-plus-penalty (DPP) algorithm due to Neely and
Yu (2017); Yu et al. (2017) developed for stochastic-constrained online convex optimization.
Based on DPP, we develop our algorithm by setting the algorithm parameters properly to
adapt to the mixing time 7yix.

3.1 Ergodic Drift-Plus-Penalty

The DPP algorithm has two parameters, V and «, where V' is the penalty parameter and «
determines the step size. Yu et al. (2017) set V = /T and o = T In contrast to the vanilla
DPP algorithm, our algorithm uses parameters

Vi = (Tmixt)ﬁy Q¢ = Trixt

for iterations t = 1,...,T, where T is the length of the horizon and  is another algorithm
parameter that controls the balance between the regret and the constraint violation. Our
algorithm, which we call ergodic drift-plus-penalty (EDPP), is described in Algorithm 1.

10
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Algorithm 1 Ergodic Drift-Plus-Penalty (EDPP)
Initialize: Initial iterates 1 € X', Q1 =0, and 0 < 5 < 1/2.
fort=1to T do
Observe f; and gy.
Set penalty parameter V; and step size parameter a; as

‘/t = (Tmixt)67 Qp = Tmix?-

Primal update: Set x;y; as

Tyl = argﬂ)l(in {(vat(mt) +Q:Vgi(ze) " =+ . D(, ﬂft)}
xc

Dual update: Set Q:1 as

Qi1 = [Qt + gi(@e) + Vgi(zy) (@1 — wt)L

end for

Note that the mixing time 7yix is now part of parameters V; and a4, as in the ergodic
mirror descent algorithm by Duchi et al. (2012). Second, V; and oy are time-varying, so
our algorithm is adaptive (Jenatton et al., 2016) and oblivious to the length of the time
horizon T. One may wonder why we do not use T instead of ¢, i.e., V = (TmiXT)B and
& = TmixZ. In fact, our numerical results, which will be presented in Section 5, demonstrate
that Algorithm 1 with the adaptive parameters V; and «; outperforms the algorithm with
fixed parameters V = (TmiXT)ﬁ and a = Ty However, the performance analysis of the
vanilla DPP algorithm by Yu et al. (2017) does not immediately extend to such adaptive
parameters. Hence, we prove that the DPP framework with parameters of varying t still
achieves the desired regret and constraint violation guarantees.

Let us also briefly explain how the DPP framework initially developed by Yu et al. (2017)
as well as our Algorithm 1 works. We may regard @) as the size of a virtual queue at time
t. Then we consider the associated quadratic Lyapunov term L; = Q?/2 and study the
corresponding drift given by Ay = Ly — Ly = (QF,; — @Q7)/2. It is not difficult to see that

Ay < Qy (gt(cct) + Vgt(xt)—r(wt—i-l - CCt)) + %(Ht + GtR)2

holds (Lemma 22). Here, the upper bound on the drift A; has term Q;Vg(x) " (211 —
x;) that depends on the next iterate ;1. Hence, by choosing x;y; that minimizes
Q:Vgi(xzs) " (441 — x¢), we may attempt to control the drift. In fact, the primal update sets
T¢y1 to be the minimizer of

QtVQt(iL‘t)T(w — o)+ V;tvft(iﬂt)T(iE —x) + e D(x, )

drift penalty

over X. Consequently, at each iteration, we get to choose a solution that minimizes the drift
term A; and a penalty term for controlling the objective simultaneously.

11
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3.2 Performance Guarantees of Ergodic Drift-Plus-Penalty

First, we analyze the regret and constraint violation of EDPP for the constrained online
convex optimization setting under the Markovian sampling regime, formulated in Section 2.2.
Recall that Tiix = Tmix(1/4) and that parameter 7 is defined as 7 = Ty (T71), which
satisfies 7 < [logy T'] Tinix.-

Theorem 1 Suppose that Assumptions 1 and 2 hold. Then for online convex optimization
with ergodic constraints, Algorithm 1 achieves

E [Regret(T)] = O (T_ﬂTTkﬂ) :

mix
E [Violation(T)] = O (T§§§T<ﬁ+1>/ 24 (- 1)T>
where the expectation is taken with respect to the randomness in running the algorithm.

One of the key components of the analysis for proving Theorem 1 is that we bound the
expected size of the virtual queue ); at time ¢ as follows.

FlQ) = 0 (2042 VT TTF).
Another key part is to analyze the term

T

ZE [Qugi(z)]

t=1

where function g¢; is not independent of the virtual queue size (); under our Markovian
sampling regime. In contrast, if g1, ..., gr were i.i.d., then E [Q¢g:(x)] = E [Q:g(x)] would
hold. Instead, we relate the term with

T—71+1

Z E[Qtgt4r—1(x)]

t=1

and use the intuition that the distribution of the ergodic Markov chain after 7 steps is close
to its stationary distribution. We provide a bound on the term in Lemma 14. Similarly, we
also need to analyze the term

T

t=1 t

and an upper bound on the sum is given in Lemma 15. Based on these observations, we
provide an upper bound on the expected virtual queue size E [Q,], which is given in Lemma 16.
Then we apply the performance analysis results of the general adaptive drift-plus-penalty
method provided in Appendix A. The complete proof of Theorem 1 is given in Section 6.1.

Next we analyze the performance of EDPP on the stochastic-constrained stochastic
optimization problem under Markovian data sampling, whose formulation is given by (SCSO).

12
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Theorem 2 Suppose that Assumptions 1 and 2 hold. Then for stochastic-constrained
stochastic optimization (SCSO), Algorithm 1 guarantees that

T n T—1 +(T—1)3/2+1
7-6 T8 TI_B/QT(I—ﬂ)/Q Tmi$T1/2 T)’

miT mix

T n (1 —1)3/2 n T
T:ﬂ;mﬂ/QT(l—ﬁ)/Q Tmia:Tl/z T

E [Gap(zr)] = O (

E [Infeasibility (Zr)] = O (

where T = Zle /T and the expectation is taken with respect to the randomness in
running the algorithm.

Note that Theorem 1 implies

1 T

—E [Regret(T)] = O ,
T [Regret () (Tﬁh Tﬁ)
mix
but the bound on the optimality gap given in Theorem 2 has additional terms due to
the difference between the stationary distribution of the ergodic Markov chain and the

distribution of f;y1 conditioned on f;. In fact, under Markovian sampling, we have

T T

> Efi(m)) # D E[f(m)] .

t=1 t=1

Here, to get around this issue, we also use the intuition that E [ f(w;)] is close to E [ fir—1 (2¢)]
as the distribution of the Markov chain after 7 steps is close to its stationary distribution.

The proof of Theorem 2 is given in Section 6.2. Moreover, since 7 = O(Tpix), it follows that

E [Regret(T)] = O (rai’ '), E [Violation(T)] = O (rgfT*+V/2 4 /7T |

mix mix

= e 7—6'/2 Tmix
ElGap@n)] =0\ “p5~ t 7aap T )

B2
o1 — A Tmix m Tmix
E [Infeasibility (Z7)] = O <T(1f3)/2 + T + T )

where the O hides a logT factor. In particular, if we set § = 1/3, then we have
E [Regret(T)] = O(Ti/iiTQ/?’), E [Violation(T)] = O(T;l/iiTQ/?’ + Tél/iiTl/Z), E [Gap(ZT)] =
O(TiéiT*1/3 + Tmix T 1), and E [Infeasibility(Zr)] = O(T;4§T71/3 + 7}11/1)2(7171/2 + TnixT ).
Furthermore, observe that if {&:};2; is a sequence of i.i.d. random variables, then we
have Tmix = 7 = 1. In this case, by Theorems 1 and 2, Algorithm 1 guarantees that
E [Regret(T)] = O(T'~P), E [Violation(T)] = O(TP*+Y/2) E[Gap(Z7)] = O(T~?), and
E [Infeasibility (Z1)] = O(T~1=5)/2) for any 8 € (0,1/2], which recovers the result of Jenat-
ton et al. (2016).

If we further assume that Slater’s constraint qualification holds, we can argue that we get
a better control on the size of E[Q;]. Note that the upper bound on the expected queue size

13
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given by Lemma 16 is E[Q¢] = O(Ti{ft(ﬁ“)/ 2) which holds regardless of whether Slater’s
condition holds or not. On the other hand, we will argue that under Slater’s condition, we
have

Bl =0 (2 ) = 0

This is consistent with Yu et al. (2017) as they proved that E[Q;] = O(v/T) for the i.i.d.
setting. In fact, our proof for bounding E[Q;] is more involved than the argument of Yu et al.
(2017) because we use adaptive step sizes for Algorithm 1 and consider non-i.i.d. constraint
functions. This leads to improvements as stated in the following result.

Theorem 3 Suppose that Assumptions 1-8 hold. Then for online convex optimization
with ergodic constraints and stochastic-constrained stochastic optimization, Algorithm 1 with
B =1/2 guarantees

T
\V Tmiz

2 75/2
E|Gap(xT)] = O + ,
(Gep(@r)] N

miT

E [Regret(T)] = O <

) . E[Violation(T)] = O (T(Tm> :

V Tmigl'

-2 5/2 -2
E[Infeasibility (Z1)] = O TS;L/,;\/T + T + e )

miT mic

where the expectation is taken with respect to the randomness in running the algorithm.

Our analysis takes into account the time-varying algorithm parameters V; and oy as well as
the fact that the functions are correlated according to a Markov chain. To consider this, we
prove Lemmas 17 and 18 that lead to time-varying bounds on the expected virtual queue

size. The complete proof of Theorem 3 is included in Section 6.3. Since 7 = O(Tix),

3/2

E [Regret(T)] = O (m) , E[Violation(T)] = O ( et + %) ,
3/2

_ A m Tmix 1 — A \/m Tmix Tix
E[Gap(:m*)]—O( Nia + T ) E[Infeasibility (Z1)] = O T + T +T3/2 i

Note that the optimality gap bound of O(y/Tmix/T) nearly matches the lower bound of
Q(y/Tmix/T") by Duchi et al. (2012) for the case of no functional constraint. While Algorithm 1
achieves a nearly optimal bound on the optimality gap under Slater’s condition,

3.3 Drift-Plus-Penalty with Data Drop

As mentioned in the introduction, the downsampling technique intentionally takes a subset of
data and drops the rest, with the purpose of reducing dependence among data samples from
a Markov chain. Algorithm 2 applies the downsampling technique to the drift-plus-penalty
algorithm. The algorithm works as follows. We take an episode with 7,ix consecutive time
steps. Hence, if we run the algorithm for 7" time steps, it would have |7T/myix| episodes of

14
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Algorithm 2 Drift-Plus-Penalty with Data Drop (DPP-DD)
Initialize: Initial iterates 1 € X', Q1 =0, and 0 < 5 < 1/2.
for k =1 to |T/mmix| do

Set T(k—1)mmiti = T(k—1)mmiet1 10T = 2, ..., Tiix.
Observe fi, . and ggr_.. -
Set penalty parameter Vi and step size parameter oy as

Vi =k, ap=k.

Primal update: Set xy, . 11 as

kamix+1 = argn}l{in {(VkvfkTmlx (kamix) + kangmix (kamix))T T + akD(m’ kamix)}
xre

Dual update: Set Q41 as

Qk+1 = |:Qk + ngmix (mk'rmix) + vgk;'rmix (mk'rmix)—r(mk'rmix"l‘l - mk'rmix):| +

end for

Tmix time steps while the last episode has T' — | T/ Tiix | Tmix time steps. Then we choose a
fixed solution for all T« time steps of an episode. To be more specific, we take the solution
prepared for the first time step of an episode and use it for the rest of the episode. At the
end of each episode, we observe a data sample that gives rise to an objective function and a
cost function. Based on the functions, we prepare the solution for the next episode following
the drift-plus-penalty update. Note that the penalty and step size parameters are chosen as
if the mixing time of the underlying Markov chain is 1. This is justified because we take a
data sample in every batch of myix steps, and the resulting subsequence itself gives rise to a
Markov chain with mixing time 1. That said, Algorithm 2 can be interpreted as Algorithm 1
applied to a Markov chain whose mixing time is 1 for |7'/Tmix| time steps.

Theorem 4 Suppose that Assumptions 1 and 2 hold. Then for online convexr optimization
with ergodic constraints, Algorithm 2 achieves

mix

E [Regret(T)] = O (Tﬂ, T1—5> . E[Violation(T)] = O (ﬁ;;w 2T<5+1>/2)
Proof Running Algorithm 1 for |7/ myix | times steps with a Markov chain of mixing time 1 in-
curs the expected regret of O(Tﬁ&lTlf’B) and the constraint violation of O(Tr;i(XlJrﬂ)ﬂT(BH)/Q).
As Algorithm 2 takes a fixed solution for the 7y, time steps of each episode, the regret under
Algorithm 2 is what is obtained after multiplying the regret of Algorithm 1 by 7ynix. This
gives us the desired regret upper bound of O(Tfﬁle_ﬂ ). Likewise, the constraint violation

under Algorithm 2 is O (Trgigﬁ)/QT(ﬁH)/Q). m

Moreover, based on Theorem 2, we may deduce the following bounds on the optimality
gap and the feasibility gap under Algorithm 2.
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Theorem 5 Suppose that Assumptions 1 and 2 hold. Then for stochastic-constrained
stochastic optimization (SCSO), Algorithm 2 guarantees that

S -2 Tm)

miT mix
+ +

E [Gap(Zr)] = O ( T8 T T0-H2 " T

(1-8)/2
e, = . T iz VTmiz | Tmiz
E [Infeasibility (Zr)] = O (T(lﬁ)ﬂ + T +7 >

where T = Zthl /T and the expectation is taken with respect to the randomness in
running the algorithm.
Lastly, we derive the following result under Slater’s condition.

Theorem 6 Suppose that Assumptions 1-8 hold. Then for online convex optimization
with ergodic constraints and stochastic-constrained stochastic optimization, Algorithm 2 with
B =1/2 guarantees

. . 3/2
E [Regret(T)] = O <m> , E[Violation(T)] = O ( Tmizl + T\’/”%”) ,

_ A \/% Tmiz T _ - m Tmiz T iz
E[Gap(af:T)]—O< T + T ) E[Infeasibility (Z1)] = O T + - +T3/2 )

where the expectation is taken with respect to the randomness in running the algorithm.

4. Unknown Mixing Time

Next, we study the setting where the mixing time 7y is not observable. Even if we do not
know the mixing time of the underlying Markov chain, we would still want to provide a
learning algorithm that provides performance guarantees of similar orders. To achieve this
goal, we develop yet another variant of the drift-plus-penalty algorithm which incorporates
the multi-level Monte Carlo (MLMC) gradient estimation scheme (Giles, 2015; Blanchet
and Glynn, 2015; Dorfman and Levy, 2022). Dorfman and Levy (2022) first introduced
the approach of combining stochastic gradient descent with the MLMC gradient estimation
framework for stochastic optimization with no stochastic functional constraint.

For the case of known mixing time, we may update the step size based on the mixing
time 7mix to achieve an optimal dependence on the parameter. When 7, is not known,
Dorfman and Levy (2022) used AdaGrad-based adaptive step sizes (Duchi et al., 2011;
Levy, 2017; Ward et al., 2019). We take this idea to develop an AdaGrad variant of the
drift-plus-penalty algorithm for SCSO, described in Algorithm 3, that incorporates the
MLMC gradient estimation framework. The AdaGrad version of DPP itself is of independent
interest.

4.1 Multi-Level Monte Carlo Sampling

The idea behind the multi-level Monte Carlo estimation scheme is to obtain many consecutive
samples from an ergodic Markov chain and take their average. At the same time, we may
control the expected number of consecutive samples required for each time step by O(logT)).
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More precisely, for each time step ¢, we N; sample Et(l), .. ,E,ENt) where V; itself is a
random variable given by

N;, if N, < T2
Ny =
1,  otherwise
and N; = 27t with J; ~ Geom(1/2). Note that in our case, the condition is that N, < T2

where the bound on N is T2, while it was set to T in Dorfman and Levy (2022). With this
sampling strategy, we define F; as the o-field

t
J}:a<gw,”rm}uLJ{§”w”£gm}>.

s=1

Let E; [-] denote the conditional expectation with respect to F3, i.e., E;[-] = E[- | F]. Next,
for t > 1 and N > 1, we define

1 N N

@) =5 > f@ ). ol@) =5 > &),
i=1 =1
Based on this, we define the MLMC estimators of f and g as follows.
Jw((fﬂdw)—(?w2gf”%),ing>1

, otherwise.

(feg0) = (fHa) + {

Basically, functions f; and ¢; are obtained after applying the MLMC estimation scheme to
the underlying ergodic Markov chain. One thing to note, however, is that f; and g; are not
necessarily convex anymore (Dorfman and Levy, 2022). To remedy this issue, what we can
argue instead is that E,_;[f;] and E;_1[g:] are convex. Based on (Dorfman and Levy, 2022,
Lemma 3.1), we deduce the following lemma.

Lemma 7 Let jpax := max {j eN:2 < T2} = |2logy, T'|. Then for each t,

Eeolfi] = Boot [f27], EealVA] = Bey [V,

Eooalgl] = Bior [0 ], Bia[Var] = By [Vg2™].
Moreover, we have
E IV fi@)l2] = OF?rma),  E [[IVar(@)?] = O(C2rmu),  E [lgr(@:)[?] = O(H ).
Lastly, the expected number of samples for time step t satisfies E[N] < 2logy T + 1.

The reason for setting the upper bound 72 on Ny instead of T is to achieve high accuracy
of estimation for f, g;, Vfi, and Vg, that leads to the desired performance guarantees of
Algorithm 3. To be specific, we use the following estimation bounds based on (Dorfman and
Levy, 2022, Lemma A.6).
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Lemma 8 There exists C(T') > 0 with

C(T) =0 ((log(T) 10g (TmieT" log(T))) 1/2)

such that

IN

Bt |27 (@) - f@) | < CP T B [I97™ @) - Vi@ < Py

T2’

F Ug?j"““@) - g(m)ﬂ <O T, B [[Ve™ @) - Val@)|l2] < 0P

hold for any x € X that is measurable with respect to F;—1 and any t € [T).

The complete proof of this lemma is given in Appendix E.

4.2 Adaptive Drift-Plus-Penalty

The second component of our algorithm for the unknown mixing time setting is the AdaGrad
variant of the drift-plus-penalty algorithm. To develop AdaGrad-style step sizes, let us
define the following sequence of parameters. For some positive constant ¢ > 0, we set

F? !
ap = Sy = 4, at::zt+R2Gf+Hf+6, Spi=06+)  a
s=1

for ¢ > 1. Here, we may choose any positive number for §. Recall that F; = ||V fi(x)||«,
Gt = ||Vgi(xy) ||+, and Hy = |gi(x¢)|. Based on these parameters, we set the algorithm
parameters V; and a; as follows.

sB
for some 0 < < 1/2. Here, the penalty parameter V; and the step size parameter oy can
be chosen without knowledge of the global upper bounds F, G, H on F}, Gy, H;.

Now we are ready to describe our algorithm, which we call the MLMC' adaptive drift-
plus-penalty (MDPP) algorithm. Here, MDPP is a combination of the AdaGrad-style
adaptive drift-plus-penalty algorithm with the MLMC estimator presented in the previous
subsection. More importantly, the algorithm is designed to solve constrained online convex
optimization where the MLMC estimators f1, ..., fr are the objective loss functions and the
MLMC estimators g1, ..., gr are the constraint functions. The following lemma provides an
adaptive regret guarantee and an adaptive constraint violation bound for Algorithm 3 for
the associated online convex optimization.

Lemma 9 Suppose that Assumptions 1 and 2 hold. Then for the constrained online convex

optimization problem where the MLMC estimators f1,..., fr are the objective loss functions
and the MLMC' estimators g1, ..., gr are the constraint functions, Algorithm 3 achieves the
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Algorithm 3 MLMC Adaptive Drift-Plus-Penalty (MDPP)
Initialize: Initial iterates 1 € X', @1 = 0 and parameters 0 < § < 1/2, § > 0.
fort=1to T do
Observe f; and g¢ via MLMC method.
Set penalty parameter V;, step size parameter oy as (1).
Primal update: Set x;,1 as

w1 = argmin { (ViV/i(@) + QuVo () @ + 0D, )}
e

Dual update: Set Q:1 as
Qr1 = [Qt + gi(xi) + Vgi(a) (i1 — wt)} s

end for

following. For any x € X with g(x) <0, we have

T
E[S i - zft<w>]
t=1

-0 <IE [ST]I_B 12 [ST]1/2—5 4 T;/iiTl/‘*E [ST]1/4—5/2 i 7_1/2T1—B) :

~

w
Il
—

mix mic

~ E[St] + TV/2E[Sy)P+1/2
— 0 | E[S,1V2 4+ TVAR[S,|8/2+1/4 4 12 4
( [ T] [ T] Tmia Tié§+l/4Tﬁ/2+l/2

1/2 1/2 B/2+1/4
Toniz + E[STI/* + E[S7] 2 B/2-1/4mpp/2+41/2
" P2 s 2412 + (log 57) 7y T :

Recall that the parameters V; and a; depend on the parameter §. Here, we may decide any
positive number for 9§, its choice does affect the performance of Algorithm 3. Although the
bounds given in Lemma 9 do not exhibit an explicit dependence on §, our proof of Lemma 9 in
Section 7.2 reveals that increasing § increases the objective gap E[Zthl fr(xy) — Ethl fi(x)]
and decreases the constraint violation E[S7_| g;(z;)]. Likewise, decreasing § decreases the
objective gap and increases the constraint violation.

Lemma 7 implies that E[S7] = O(mmixT). Plugging in this bound on E[S7] to the
adaptive performance guarantees given in Lemma 9, we deduce the following result.

Proposition 10 Suppose that Assumptions 1 and 2 hold. Then for the constrained online
convex optimization problem where the MLMC' estimators f1,..., fr are the objective loss
functions and the MLMC' estimators g1, ..., gr are the constraint functions, Algorithm 3
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achieves the following. For any x € X with g(x) < 0, we have

T T
> filw) =) fil@)

T
£ [Saten]| =0 (LT o)
t=1

E =0 <Tl_’8T1_ﬁ> ,

miz

for any x € X satisfying g(x) < 0.

We remark that the performance bounds given in Lemma 9 and Proposition 10 are not
comparable to the regret and constraint violation bounds for stochastic-constrained stochastic
optimization. When each pair of loss and constraint functions for stochastic-constrained
stochastic optimization corresponds to a single data, the associated regret and constraint
violation measure are given by the following.

T Nt . T Nt .
Regret(T) = Z Z ft(J)(CCt) - Z Z ft(])(w*)7

t=1 j=1 t=1j=1

T N

Violation(T) = Z Z ggj)(ast).

t=1 j=1

Here, ft(l), een t(Nt) are the NV; sampled functions from which we derive the MLMC estimator
fi for t € [T]. In contrast, Lemma 9 and Proposition 10 analyze the performance of
Algorithm 3 on the sequence of the MLMC estimators. Despite this, it would be an
interesting question to understand the performance of Algorithm 3 for the latter online
convex optimization setting where each function pair corresponds to a single data.

The proof of Lemma 9 is given in Section 7. One of the main components of the analysis
is to provide adaptive bounds on the terms E [Q¢] and E [Q;/V;]. This is possible thanks
to our subtle choice of parameters V; and ay. It turns out that the AdaGrad style analysis
for drift-plus-penalty is more sophisticated than that for unconstrained stochastic gradient
descent.

Finally, we state the following theorem providing upper bounds on the optimality gap
and the feasibility gap under Algorithm 3 for SCSO. The argument is to use the results of
Proposition 10 and the estimation error bounds due to Lemma 8. In contrast to the setting
of Section 3 for which we had to rely on the mixing property of ergodic Markov chains
directly, the MLMC estimators are already close to f and g.

Theorem 11 Suppose that Assumptions 1 and 2 hold. Then for stochastic-constrained
stochastic optimization (SCSO), Algorithm 3 guarantees that

~ 7'17.5
E [Gap(#r)] = 0 (g,zﬁ> ,

LB/ (3-28)/4
T-8)2 T 7@ |-

E [Infeasibility (Z1)] = O < miz 4 Zmiz
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label
state 1 -1
1 purple yellow
2 blue orange
3 green red

Table 2: Colors for (State, Label) Pairs

5. Numerical Experiments

We examine the performance of the ergodic drift-plus-penalty algorithm (Algorithm 1) for the
known mixing time case and the MLMC adaptive drift-plus-penalty algorithm (Algorithm 3)
for the unknown mixing time case on a linear classification problem with fairness constraints
using synthetic data. We follow the experimental setup of Zafar et al. (2019). We adopt Zafar
et al. (2019) for creating data points and sensitive features (with ¢ = 7/2) and imposing
fairness constraints. To make our Markov chain more meaningful and complex enough, we
experiment with a 3-state chain instead of a 2-state chain in contrast to Dorfman and Levy
(2022). The 3-state Markov chain is given with the following transition matrix

1-2p D P
P 1—-2p P
P D 1-2p

which has stationary distribution (1/3,1/3,1/3).

Theorem 12 (Levin and Peres, 2017, Theorems 12.4 and 12.5) For an ergodic and reversible
Markov chain with n states, whose transition matriz is P, let 1 = X i > Ao > ... > A, be the
etgenvalues of P and pmin be the minimum entry of the stationary distribution. Then, the
mixing time of the chain satisfies

Ao log2 < 7 < 1 lo<4>
T max{Pal Nal} 07 = ™ = T max ol Pal} 0\ in )

Then it follows that the mixing time of the 3-state Markov chain satisfies

1-3p

1
log 2 < Thix < — log 12.
3p

In our experiment, we used 1/3p as an approximation of the mixing time.

For each set of data points, we generate two clusters, each of which has 1,000 data points
in R? sampled from a multivariate normal distribution. All data points from a cluster have
the same label in {—1,1}. We denote the index set corresponding to each state j € {1,2,3}
as D; and the whole index set as D = D1 U Dy U D3. The data clusters are drawn in Figure 1.
The color corresponding to each state and label is summarized in Table 2. We then generate
binary sensitive feature z; € {0, 1} randomly for each data point z; € R?, i.e., gender. We
want the binary-sensitive feature of the data points to have low covariance with the results
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15 4

10 4

Figure 1: Data Points

from our classifier. More details about how to create sensitive features are included in the
supplement.
We use logistic regression classifiers with the following loss functions

fi(w,b) = Z log(1+e —yi(w’ zitb))

| | 1€D;

and constraint functions

gj(w,b) = ]Dl]| 'z,;(zi —2)(w'z; +b) —c

hj(w,b) = Z — 2)(w x; +b) —c
eD;

for each state j, where Z = .. 2;/|D| and ¢ > 0. Then the stochastic-constrained
stochastic optimization problem is to minimize the usual logistic regression loss function
under fairness constraints, which was proposed by Zafar et al. (2019), as follows.

i 1 —yi(w " z;+b)
e 1B 3t
s.t. |D|Z i —2)(w 'z +0) <c

€D

Solving this problem with our framework can be viewed as a distributed optimization scheme
of Ram et al. (2009b) and Johansson et al. (2010). Basically, there are agents 1,2, and 3
sharing z, and agent ¢ has data D;. After we update our parameters w; and by, they are sent
to agent i, and the agent sends us back the information V f;, (wy, by), ge(we, be), Vgi, (wy, by),
hi(wy, by), Vhg, (wy, by). Here, we may impose that the sequence of selected agents gives rise
to an ergodic Markov chain.

The experimental setup involves two constraints. Although we consider the single
constraint setting in the paper for simplicity, our results can be easily extended to the case
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with multiple constraint functions gi, ..., gn. For each g;, we obtain sampled functions g ;
for t € [T']. Then for each ¢, we update x; and {Q;}!" , as

n T
Tyy1 = argmin (vat(wt) + Z Qt,z‘%,z‘(%)) x+ o D(x,xy) o,

xeX i—1
Qi1 = {Qt,i + gri(xe) + th,i(mt)T(thrl — ﬂrjt)]Jr , i=1,...,n.

For Algorithm 1, we use the parameters V; = (Tmixt)ﬁ and oy = Tmixt as before. For

(j)};y:tl for each ¢ € [n] and define

Algorithm 3, we define the MLMC estimator g;; using {gm

n

F2 n t
ap = So =0, ath*‘ZRQGiH‘ZHE@ Se=6+) a,
i=1 i=1 s=1

where Gt = ||Vari(xe) ||+, Hti = |gt,i(x¢)|. The parameters V; and o are defined as in (1).

We compare our DPP-based algorithms with some existing algorithms developed for
stochastic-constrained stochastic optimization with i.i.d. data. The list of algorithms that
we tested is given as follows.

e PD : Primal-dual method by Mahdavi et al. (2012).

e PD2 : Primal-dual method by Jenatton et al. (2016).

e DPP : Drift-plus-penalty algorithm by Yu et al. (2017).
e EDPP-t : Ergodic drift-plus-penalty (Algorithm 1).

e EDPP-T : modification of Algorithm 1 with non-adaptive parameters V; = v/ Tmix 1’
and oy = Tmixd -

e MDPP : MLMC adaptive drift-plus-penalty (Algorithm 3).

For MDPP, we observed that the MLMC estimator usually has a high variance in practice,
making experimental results unstable. Hence, we truncated MLMC sampling so that the
number of samples per iteration is at most 24. We chose § = F?/4 + 2R?>G? + 2H?, for
which we computed the constants F, G, H > 0 such that F; < F,G;; < G, H;; < H.

The results on the regret and the cumulative constraint violations are shown in Figures 4
and 5, respectively.

We set parameters to p = 0.001 and ¢ = 0.5 with which we ran the list of algorithms
with the same initial parameters and sequence of states. We first ran MDPP with 25,000
iterations which created 101,034 samples. The results on the optimality gap are summarized
in Figure 2, and the results on the infeasibility are presented in Figure 3 and Table 3.

As shown in the figures, Our algorithms (EDPP-T, EDPP-t, MDPP) outperform the
other algorithms in terms of the optimality gap. DPP also shows a good optimality gap but
it ends with a positive constraint 1 infeasibility. In contrast, EDPP-T, EDPP-t, and MDPP
all end with a negative constraint infeasibility. Note that after 20,000 samples, EDPP-T
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Optimality Gap Optimality Gap
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Figure 2: Optimality Gap (Left), Enlarged Figure around 5,000 - 30,000 Samples (Right)

Constraint 1 Infeasibility Constraint 2 Infeasibility
5
PD
— PD2
14
44 — DPPT
—— DPP-t
— EDPPT 5]
3 — EDPP-t
— MDPP
_3
24
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0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
Samples Samples

Figure 3: Constraint 1 Infeasibility (Left), Constraint 2 Infeasibility (Right)

Algorithm Final values of
constraint 1 infeasibility

PD —0.0533
PD2 —0.4997
DPP-T 0.0622
DPP-t 0.0800
EDPP-T 0.2042
EDPP-t —0.0904
MDPP —0.1536

Table 3: Final Values of Constraint 1 Infeasibility
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Figure 4: Regret

Constraint 1 Cumulative Violation Constraint 2 Cumulative Violation
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Figure 5: Constraint 1 Cumulative Violation (Left), Constraint 2 Cumulative Violation
(Right)

achieves the smallest optimality gap, followed by EDPP-t and MDPP. However, Figure 3
shows that EDPP-T incurs a significantly higher infeasibility for constraint 1, given by

|11) Z(zl —Z)(w'x +b) < c

than the other algorithms. In contrast, EDPP-t outperforms DPP-T and DPP-t in terms
of both the optimality gap and the infeasibility measure. It is also interesting to see that
DPP-T and DPP-t behave similarly, while DPP-t performs better than DPP-T.

Figure 4 shows the regret values under various algorithms for the online convex optimiza-
tion setting where each pair (f;, g:) of functions corresponds to one data sample. That said,
we excluded MDPP as it requires multiple samples in one round. In addition, we excluded
PD2, which exhibits much higher regret values than the other algorithms, to focus on and

25



KiM AND LEE

better present the performance of the other algorithms. Figure 5 shows that EDPP-T incurs
a positive cumulative constraint 1 violation, while the other algorithms result in a negative
cumulative constraint violation. We may check from Figures 4 and 5 that EDPP-t performs
the best for online convex optimization with ergodic constraints.

6. Analysis of Ergodic Drift-Plus-Penalty for the Known Mixing Time
Case

This section presents the proofs of Theorems 1 to 3 given in Section 3. Section 6.1 contains the
proof of Theorem 1 which provides regret and constraint violation bounds on the formulation
of online convex optimization with ergodic constraints. Then Section 6.2 presents the proof
of Theorem 2 that gives bounds on the optimality gap and the feasibility gap for SCSO.
In Section 6.3, we prove Theorem 3 for the case where Slater’s condition is satisfied. As
before, throughout this section, we denote by F; the o-field generated by the information
accumulated up to time step ¢. That is,

ft:O—({él"“aft})-

Moreover, E;[-] in this section refers to the conditional expectation with respect to F, i.e.,
E;[-] = E[- | 7] (In Sections 4 and 7, F; denotes the o-field generated up to time step ¢
under the MLMC estimation scheme). Furthermore, IP[St] for t > s denotes the probability
measure of £ conditional on F;.

6.1 Ergodic Drift-Plus-Penalty for Online Convex Optimization with Ergodic
Constraints

The three important components of our analysis are the one (Lemma 14) bounding the

term E [Zthl tht(a:)] , the part (Lemma 15) providing an upper bound on the term

E [Zle(Qt Vi) gt(w)} , and Lemma 16 that derives an upper bound on the expected queue

size E [@Q¢]. Then, plugging in the deduced bounds to the lemmas in Appendix A analyzing
the general template of adaptive drift-plus-penalty, we prove Theorem 1.

By the update rule and the convexity of g;, we deduce the following straightforward
bound on |Q¢+1 — Q-

Lemma 13 Fort > 1, we have —H — GR < Q11 — Q¢ < H.
Proof Note that we have
Qi1 = [Qr + ge(me) + V()" (w41 — )] 4+ =< Q¢ + ge(Tev1)], < Q¢+ H.

For the lower bound,

Qir1 > Qi + gi(ms) + V()T (ze41 — )
> Qi — |ge(xe)| — |Vage(xo)|l, |11 — 24|
> Qi — H—-GR,

as required. |
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As Q1 = 0, it follows that Q; < (t — 1)H. Recall that we denote 7 = i (T~!). The next
lemma provides a bound on the term Zthl E [Q:g:(x)]. As mentioned in Section 3.1, we
need to take into account that g1, ..., gr are not i.i.d. while they are generated by an ergodic
Markov chain.

Lemma 14 For any x € X such that g(x) <0,

T
E ZQtQt(m)] <H(H +GR)(r - 1T + 7ZE [Q1].
t=1

Proof If T' < 7, then

T T
S Q) < St - 2= YTV ey,
t=1

2
t=1

and the statement follows. If T > 7, then

T
E Z tht(m)]
o T—7+1

T—1
- ZE[tht(w)] + Z E[Qt+r—19t+r—1()]

t=1

T—1+1 T—71+1
<Zt—1H2+ Z E[(Qt1r—1 — Qt)gt4r—1(x)] + Z E[Qtgt1r—1(x)]
T*T+1 T—7+1
< CoNOII N DH(H GR) + Y E(QE (@) - 7(@)
t=1 t=1
T—1+4+1

T—-1)(2T —7)H(H + GR B
_ I 2) ( ) + Z E [QtEt—1[gt4+r—1(x) — g(z)]]
t=1
where the second inequality holds because (Q+r—1 — Qt)gi+r—1(x) < (H + GR)H due to
Lemma 13, g(x) < 0, and @y is F;—1-measurable. Here, to bound E;_1[g/4-—1(x) — g(x)],
we consider

=Ei1[g(z, §tr1) —
t+7—1 t+7—1
/ H(dP," " — dy) / H(dP," " — dp)

< 2H|PF — ulry

Ei 1[g9t4r—1(x) — g(x)

where ]P’ﬁTl] Ly

measurable set. By the definition of 7 = 7, (T~ 1), it follows that ||]P’tt+71] iy <11,

which implies that E;—1[gi4r—1(x) — g(x)] < 2H/T. From this, we deduce the desired
statement. [

is the probability measure of £;4-—_1 conditional on F;_1, & ~ p, and A is any

Next we provide an upper bound on the term Zthl E [Qig:(x)/V;], as we mentioned in
Section 3.1.
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Lemma 15 For any x € X such that g(x) <0,

T
E|Y %(m)] < PR

Proof Consider the case T' < 7 first. Note that

Ztht Ztl f< = Z (T+1)>P < %(TJFW—B

Ian t=1 IIllX( B) mlx(l - B)

where the second inequality is due to Corollary 32 and the third inequality is from T < 7.
Next we consider the case T' > 7. Note that

T Qt T7—1 T—74+1 Qt.t,_ .
Z ZE [ (x } Z E [ —gir1(z)] .
t=1

E
—1 —1 ‘/t—i-T—l
Here the first term on the right-hand side can be bounded as

7—1 27’ 1 2
t=1 ‘/t Thix t=1 m1x(2 6) mlx(l - B)

as above. Moreover, the second term can be bounded as follows.

=1 Vt-i-‘r—l
T—7+1 T—7+1
(Qt+771 - Qt) Qt
= t=1 B |: VtJrT 1 gt+T_l(x):| * tzz; g [VtJr‘rlgt—H-_l(w)]
-1 H +GR T—7+1 1 T—741
<D S Y QB (@)~ g(a)
mix t=1 = T
(r—1)H(H + GR) 18 g gT—r+1 [ O ]
- le(l _/8> (T (7_ 1) )+ T tz—; . ‘/t-‘r’r—l
HELGR) 0ypsy 2 5 2]
S VT Z Vi
H(H + GR)r s 2H? N
< —/——F—(T+1 + t
le( 6) ( ) Tr?lithZ:;
< M(T_,_ I R ﬁzi(T+ 1)2-7
Ian( ) mle( _6)
H(H +GR)(r +1) )
o (T +1)7

where the second inequality is from Lemma 13 and g(«) < 0, the third inequality holds due
to Corollary 32 and the choice of 7, the sixth inequality comes from Corollary 32, and the
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last inequality holds because T'(2 — ) > (T + 1)(1 — 3). [ |

Based on Lemmas 14 and 15, we can now prove the first part of Theorem 1, which upper
bounds the regret of Algorithm 1 for online convex optimization with ergodic constraints.
Proof [The first part of Theorem 1] Lemma 24 implies that

T o T
E [th(mt th R2+f E (H+2GR) i+ZE [%Qt(m*)} :
=1

4 —1 Ot
Next using Lemma 15 with «* satisfying g(*) < 0 and plugging in our choice of oy and V;,
we deduce the following.

T T
E Y fila) =) ft(in)]
t=1 t=1

2,51 (H + GR)?,

H(H+GR)(T+1)

F2r
< R¥(rupiu )17 4 —mix 76 4 a5 (T+1)"
4 2(1-5) o1 = B)
=0O( InlXTTl ﬁ)
as required. u

Next, we prove the second part of Theorem 1, which gives an upper bound on constraint
violation under Algorithm 1. The following lemma provides a time-varying bound on the
expected virtual queue size.

Lemma 16 Fort e [T + 1|, E[Q:] is bounded above by

3 [2FR7” . tb+1 3R
2](75—1)+67L Tm” + — /27T mia(t +—\/ )(t—1)+4H

2 B+1 1+ 2

where I = H? + G*R? + F?/4.

Proof To prove the lemma, we argue by induction. Note that the statement of the lemma
trivially holds when ¢t = 1 because ()1 = 0. Suppose the statement holds for ¢t < s for some
s > 1. What remains is to provide an upper bound on E[Qs+1]. Note that

E [Qt <9t(wt) + Vai(z:) ' (z — :1315))} =E {QtEt—l {gt(«%&) + V() " (z — wt)“

< E[Q¢E—1[g:(x)]]
= E[Q:g:(x)].

Then Lemma 27 together with Jensen’s inequality implies the following.

E[Qst1] < |25 (H? + R2G?) + 2RF Y Vi + 2R%a, + 2> E[Qigi(x)).
t=1 t=1
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Moreover, Y 7, E[Q:g:(x)] can be upper bounded based on Lemma 14. Then it follows that

E[QS‘FJ

< lors+ 2FRT§HX(S +1)8+1

148

4H <
+2R%Mﬁ+2HQY+GRXT—Us+i;§:E@A
t=1

2F R (s +1)8+1
<V2Is+ \/ Tmf‘f; ) + V2R s + /2H?(1 — 1)s 4 2

=3 sl
t=1

2FR7”. 1)8+1 1<
<V2Is+ Tinix (5 + 1) + V2R Tixes + /2H? (1 — 1)s + 2H + — ZE[Qt]
1+ 2s —

for s < T. By the induction hypothesis, it follows that E[Q] for any 1 < ¢t < s is upper
bounded by

3 3 [2FRrP tA+1 3R 3H
idﬂ@_u+6+ il 2o 1) + /20 D 1) +4H

B+1 1+

3 3 [2FR:?. 1A+ 3R 3H
S 2V2IS—|—§11\/ Tmixf; ) +7\/2Tmixs—{—7\/2(7'—1)S+4H.

This leads to the desired upper bound on E[Qs41]. |

We are now ready to prove the second part of Theorem 1, which proves the constraint
violation bound of Algorithm 1.

Proof [The second part of Theorem 1] Combining Lemmas 25 and 16, we deduce that

mix

FGEV, (P E
<BQril+ 530+ G S M o (RRr ),

T
E [Z ge(z¢)

t=1

as required. u

6.2 Ergodic Drift-Plus-Penalty for Stochastic-Constrained Stochastic
Optimization

In this section, we provide our formal proof of Theorem 2. To better organize and present
the result, we divide the analysis into two, one of which is for bounding the optimality gap
while the other is for bounding the feasibility gap. The main idea is to use the performance
bounds given in Theorem 1 and relate them to the optimality gap and the feasibility gap.
The relation between them is not as clear as in the i.i.d. setting, but we use the mixing
property of ergodic Markov chains.
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Proof [The first part of Theorem 2] For T' > 7 = Tyix (T 1), we have the following

T ) T-r1 )
S (f@) - f@) = > (fle) = f(®) = frora(m) + frrra(@))
=1 =
t TiT'i‘l
+ Y (frpra(@) = frpr1(®egr—1))
T o
+ Z (fe(ze) — fi(z)) + Z (f(ze) — f(x)).
t=1 t=T—7+2

We consider the four parts of the right-hand side separately. Here, the first part satisfies

Ei1 [f(e) — F() = fror—1(®:) + frir1()]
— [ (Hen€) - 1. €)) (dute) - arl7©)

< PR [ du(§) - aBli7 o)
< 2F Rl — BT oy

[t—1]
2FR

<=

- T

Hence, it follows that ZT TR f(x) — f(x) — fror—1(®) + frrr1(x)] < 2FR. To bound
the second part, we consider the following.

t+7—-2
Elfesr—1(20) = frrr1(@err—1)] = Y Elfesr—1(2s) = frrr—1(Tst1)]
Hif?
< > E[F|@s — zayall]
Hii?

F
> 5o EVAF + Q.6

s=t

IA

2 -2
F2 I/fnxl Hi S’B 1 FG ti E[QS]
2Tm1x — s
F2rP7t FG "R
< g (b4 =2) — (1= 1)7) 4 5 19

2Tmi S
mix s=
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where the last inequality holds due to Corollary 32. Here, we consider the following to
provide an upper bound on the second term on the right-most side.

t+1—2

3 E[?s] <3(V2It+r—2)-2I{t-1))

s=t

B (e i

+3R (\/2Tmix(t T 2) — /27t — 1))

+3H (¢2(T— Dt +7—2)— 20— 1)t — 1))
t+7’—2]
ot—1) ]

+ 4H log [

Here, we handle the above terms in the following manner. Note that

T—71+1

> <\/(t+r—2)ﬁ+1—\/(t—1)ﬂ+1)
t=1
— (-1 4 T+ D) —(r -2~

< (7 —1)TP/*H1/2

holds and that

T—1+1

3 (\/(t+r—2)—\/(t—1)):(T—l)%+---+(T—r+1)%—(r—2)%—---—1

t=1

< (r—1)TY2

The resulting terms form dominant terms, which means that
T—1+1

Z Elferr—1(xt) = fryr—1(Teqr—1)]
t=1

=0 (7’6./2_1(7 — 1)T’8/2‘H/2 + Tr;ilx(T — 1)3/2T1/2) .

mix

Moreover, by Theorem 1 and the triangular inequality, the third part is bounded as

mix

T
E [Z (fe(ze) — fi(@))

t=1

=0 <77B7T1_5 + (1 — 1)) :

The fourth part can be bounded as follows.
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Combining the bounds on the four parts, we can conclude that for any € X such that
g(z) <0,

—0 T +T—1 Tfl{f +(T_1)3/2+1
TB-XTB Trix T1-p)/2 TmixT1/2 T/

as required. |

Next we prove the feasibility gap bound of Algorithm 1, which is given as the second
part of Theorem 2.
Proof [Proof of the second part of Theorem 2] For T > 7 = 7y,ix (T 1), we have the following,

T—71+1 T—1+1

T
dd@) = > (@) = grrr1(@) + D> (Grrr—1(Th) = Grpr—1(Tegr—1))
t=1 t=1 t=1

T

T
+th(mt)+ Z g(xt)

t=T—1+2

where the right-hand side consists of four terms. We separately upper bound the four parts
of the right-hand side. As before, the first part satisfies

Boalg(en) — grra(@n)] = [ gl (dn() - a7 1(©)

<8 [ ldu(©) - B ©)
< 2H|lp— P Iy
2H
< —.
- T
This implies that ZtT:TH Elg(xt) — gi+r—1(x)] < 2H. Next, the second part satisfies

t+7—2
E[gt+771(mt) - 9t+771($t+~r—1)] = Z E[gtwfl(ms) - gt+771($3+1)]
s=t
t+7—2

S E[C]@s — wapa|

s=t

IN
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As in the proof of the first part of Theorem 2, we deduce that

T—71+1

> Elgerr1(@) = grira(@n)] <O (mas (7 = DT 4l (7 - )21 02).
t=1

Moreover, it follows from Theorem 1 and the triangular inequality that the third part can

be bounded as

T
E [ > gila)

t=7+42

=O<T£{ET6/2+1/2+W+T—1).

Lastly, the following provides an upper bound on the fourth part.

T

Z 9(1715)] < H(r—1).

t=T—71+42

E

Combining the bounds on the four parts, we have that

T

> g(x)

t=1

E <0 (TB/2T5/2+1/2 i 7’51{371(7' B 1)T5/2+1/2 + T@ilx(T _ 1)3/2T1/2 i 7_) ’

mix

implying in turn that

o 1
Efg(@r)] = 7E Ta-B2 " Loz T

T
> g(m)
t=1

as required. |

_o (fi/ PG ) |

6.3 Ergodic Drift-Plus-Penalty under Slater’s Condition

In this section, we prove Theorem 3, which analyzes the performance of Theorem 3 under
Slater’s constraint qualification stated in Assumption 3. We will see that Slater’s condition
does lead to improvement. Basically, we deduce a reduction on E[Q¢]. To argue this, we
follow the proof path of Yu et al. (2017). We first present a lemma, which is analogous to
(Yu et al., 2017, Lemma 5). The difference is that we use a time-varying parameter 6(t)
which allows time-varying algorithm parameters V; and «y. In fact, its proof is similar to
that of (Yu et al., 2017, Lemma 5), so we defer it to the appendix (Appendix D).

Lemma 17 Let {Z;,t > 0} be a discrete-time stochastic process adapted to a filtration
{Wy, t > 0} with Zg =0 and Wy = {0,S}. Suppose there exists a positive integer to, real
numbers 0 < ¢ < dmax, and a non-decreasing function 6(t) > 0 such that

’Zt—&—l - Zt’ S 6maxa

t05maxa Zf Zt < 0(25)

E[Zi11, — Zt|Wi] < {_tOC, if Zy > 0(t)
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for all positive integer t. Then,

2 2
E[Z1] < 6(t) + tobmax + to 451;“ log (8‘55;“)

for all positive integer t.

Here, the important part is that although 0(t) is time-varying, the parameter ¢y is some
fixed value that does not depend on t. That is why the condition in Lemma 17 can be
recursively applied.

Lemma 17 implies that if the stochastic process given by {Q,t > 0} where Qp = 0
satisfies the drift condition as in Lemma 17 with appropriate parameters dmax, to, and ¢,
then the expected queue size E [Q;] can be bounded. Moreover, by properly setting 6(t) as
well as the parameters, we may control the size of E [Q;]. The next lemma shows that the
stochastic process given by {Q;,t > 0} indeed satisfies the desired drift condition.

While proving the lemma, we need to consider the term

E¢1 [Qigi(2)]

for i > t where & is the solution satisfying Slater’s constraint qualification, i.e. g(&) < —e.
Here, we need to relate g(&) < —e and the term E;_; [Q;9;(£)], from which we deduce the
drift condition. Although g;(&) is not necessarily negative, we again use the property of
ergodic Markov chains that the distribution of g;(#) conditional on F;_; gets close to the
stationary distribution for a sufficiently large i.

Lemma 18 Let T > 4H /¢, tg > 27 = 27pie(T™1), and

2
O (t) = ———
tO() 6(t0—27’)
# 2 2 2 Ié; 1\8
M (2to(H? + G2R?) + 2RP] to(t +to — 1)7 ) .

(e(to — 7)*(H + GR) + 47(to + t — 1)(H + GR)?)

Then Algorithm 1 under Assumption 3 satisfies

|Qt+1 - Qt’ § H + GR’
(H+ GR)to,  if Qr < 04 (t)

Bi1[Qt1t — Qi < {_6t0/4’ if Qr > 04, (1)

Proof |Q:+1 — Q:| < H + GR follows directly from Lemma 13.
For the second part, note that by Jensen’s inequality, we have

E:_q [Q,H_to]z <Ei1 [Q?-Ho] .

Moreover, observe that

Oro (t) = 2elfo Z(;)Q_(ZIT;F GR) - (to—7)(H + GR) > 2,

2
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where the last inequality holds because ¢ty > 27 and H > e. This means that Q; > ety/4 if
Q@+ > 0(to). Therefore, it is sufficient to show that if Q; > 0(to),

Eto

Et—l[QtQtho] = <Qt - ) .
Recall that By Lemma 26 and the convexity of g;, we have for any ¢ > 1,

A; < H? + G?R? + Qigi(2) + V;RF + o; (D(&, ;) — D(&,®i41)) -

Thus, we have

t+to—1
Z Et—l[Az]
i=t
t+to—1 t+to—1
< to(H? + G*R?) + Z Er1[Qigi(#)] + RF7o; Z ’
t+to—2
+ o D(2, x¢) + Z (ip1 — ) D(Z, 1) — Qpt0-1D(E, 2444,
i=t
t+to—1
< to(H? + G®RY) + RF7) to(t +to — )% + appr1 B2+ Y Ero1[Qigi(2))-
i=t
We factor the last term as follows.
t+to—1
> Eia[Qigi(2))
i=t
t+7—2 t+t0 T
Z Ei_1[Qig:(& Z Ei 1 [(Qitr—1 — Qi) Gitr—1(T)]
t+t0 T t+to—T7

+ Z Ei—1[Qi(gisr—1(Z) — g(2))] + Z E¢1[Qig(2)]

t+717-3 t+to—T7

< H? i+ (to—7+1)(r—1)H(H + GR) + (Qf - e> Z Ei—1[Qi]

i=t—1

where the inequality is due to

2H

Booalg(en) = grra(@n)] < H [ 1du(€) - 4 ©)] < 27 = By ey < 5
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Then, since T' > 4H /e and thus 2H/T < €/2, it follows that

t+to—1

Z Ei1[Qigi(2)]

t+to—T7

< (to+t—2)(r — V)H(H + GR) — g > B[]

< (to+t=2)(r — )H(H + GR) - 5 Of(Qt —i(H + GR))
1=0

< (to+t—2)(r — 1)H(H + GR) — % ((to = 7)Q: — (to — 7)*(H + GR)).

As a result, we obtain

t+to—1
Ee-1[Qf ) = QF +2 Z Et—1[A]
it

< Q? —€(to —7)Q¢ + ety — 7)*(H + GR) + 2(to +t — 2)(r — 1)H(H + GR)
+2to(H? + G?R?) 4+ 2RF77_to(t +to — 1) + 27min (t + to — 1) R?

<Q? —e(to—7)Q + ety — 7)*(H + GR) + 47(to +t — 1)(H + GR)?
+ 2to(H? + G?R?) + 2RF7P_to(t +to — 1)°

If @ satisfies

%(to —27)Q > ety — 7)2(H + GR) + 47(tg + t — 1)(H + GR)?

+2to(H? + G®R?) 4+ 2RF77_to(t +to — 1)7,

m

which is equivalent to QQ; > 04,(t), then

2
Ei1[QF 1) < QF — %tOQt < <Qt — ?)

as required. |

Having prepared Lemmas 17 and 18, we can derive refined bounds on the expected
virtual queue size. Based on this, we are ready to prove Theorem 3.
Proof [Proof of Theorem 3] As the result is trivial when 7" < 4H/e where H and e are
constants, we may assume without loss of generality that 7" > 4H /e. Moreover, we will use
Lemma 17 for many values of ty greater than 27. Setting dmax = H + GR, ( = €/4, and
0 = 0y, where 0y, is defined as in Lemma 18, Lemma 17 gives us that

16
E[Qt—H] < Gto (t) + to(H + GR) + 1o 2

2 2
(H t GR) | (128(H +GR) > |
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In particular, as this inequality holds for any ¢ty > 27, the inequality with tg = 27 + [/Timix? |
holds. Recall that in Lemma 18, we set

2 2 2
=— — H 4 —1)(H
Oy, (1) o —27) (e(to — 7)*(H + GR) + 47(to + t — 1)(H + GR)?)
P (2t0(H2 + G?R?) 4+ 2RF7P_to(t +to — 1) )
€(to — 27) mix
Moreover,
€(tg — 27 € Tmlx Tmixt
o~ 20, (1) = DTinlly, ) > Vsl )
This implies the following.
6\/ijxt
01, (1)

< e(T + [VTmixt | )2(H + GR) + 47(27 + [VTmixt | +t — 1)(H + GR)?

+ 227 + [Vt ) (H? + G2R?) + 2RF72_ (27 + [/t ) (t + 27 + [Vt | — 1)°
< 2¢(H + GR)(1% + 47mixt) + 47(27 4 2¢/Tmixt + t)(H + GR)?

+ 4T 4 Vi) (H? + G*R?) + ARF12_ (7 4 \/Tonint) (t + 27 + 2/ Tixt)
< 2¢(H 4 GR) (72 + 4Tmixt) + 47(27 + Timix + 2t)(H + GR)?

(a) ()
+ AT + Vi) (H? + G*R?) + ARF7 (7 4 v/Tanint) (2t + 27 + Tanix))
(©) (d)

where the second inequality follows from (a + b)? < 2(a? + b?), [#] < 2z which holds for
x > 1 and the third inequality follows from AM-GM inequality. We see that term (c) grows
more slowly than term (d) which is of order

O (rinr + 0% + V7)) = O (787 + )7 + V) )

Here, we used the known fact that (a 4 b)® < a® 4 b for a,b > 0 and B < 1. Likewise, term
(a) grows more slowly than term (b) which is of order

O(r(r+1)).

Then it follows that

1)
0, ()= 0 (72 (P49 (14— )+ 70
o1 =0 (aute +0) (14 25 ) +
B B
-0 5 5 —I-TB t,B 1+ﬂTm1X 7-7-mixtﬂ 7—2 Tt

4
&i—/ mlx \/ Tmixt \/TIIHX \/Tmlx \/Tmlx
a’ 4
) ( ) (/) (d/) (6/) (f')
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Here, term (¢’) grows more slowly than term (e’), and term (f’) dominates term (b'). Also,
terms (a’) and (d') are dominated by

r=o(n /=) =o()+ ).

Tmix

which is due to the AM-GM inequality. Therefore,

Furthermore, since

to = 27 + [VTmnt] = O <T\(/%)>

which holds because 7(7 + t) > 271/7t, we have

) @

Tmix?t

which essentially gives rise to the desired refined bound on the expected virtual queue size.
Having provided the bound on the expected queue size, we now proceed to provide

bounds on the performance guarantees of Algorithm 1. First of all, note that the regret

bound given by Theorem 1 still holds with 5 = 1/2, as we use the same algorithm parameters.

Then we deduce that

ElQ] <0 (

E [Regret(T)] = O ( T > .

v/ Tmix

For constraint violation, we deduce from Lemma 25 and (2) that

T 9 T
E [Violation(T")] < E[Q7+41] + ? ; Z/; + % ; Egt]
T T
_0<M+Tﬁflzt51+ 1 T(T+t))
\/m i =1 Tmix —1 t\/m
o (")

Next, we consider the optimality gap. In the proof of Theorem 2, we argued that

F2hl rG "I EQ,)
- 'mix _ 9B _ (+_1\8 il —lws]
" ((t+7 2)% — (t—1) )+2Tmix z:; =

Here, using (2) again, the second term on the right-hand side can be bounded as follows.

1 E[Qs]

Tmix ot S

Elfirr—1(xs) = figr—1(@egr—1)] <

t+17—2

7_2

_ _ T
=0 7 M=)V = A(t+7-2)712) +W(\/t+r—2—\/t—1)
mix (a”) mix
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where
(z) = x, ifz >0
C13/2, ifz=0

Therefore, it follows that
T—74+1 Tﬁ._l
> Elfisra(@) = fryra(@igpr_1)] = O (;1;‘ ((T —1)P 4+ (T =7+ 1)5>
t=1
2 (3 _ _
+T3/2<2+11/2+---+(r2) 1/2> (3)

mix

if 7 > 2. Thus, we deduce
T—71+1

Z E[ft+7_1(wt) - ft+7——1($t+‘r—1)]

t=1
=0 (Tfl;l (1 — 1)T”8 + TZHT;S(Q +7(r — 1)7;5;/2\@)
/2 2T
=0\ St e )

We combine this result with the other parts of the proof of the first part of Theorem 2 to get
T 5/2 2/T 5/2 2

. - T 7T _ _ T 2T

E[Z(f(wt)—f(m)) :O< + 787! 6+T>:O<3/2+7’3/2>

t=1

for any & € X such that g(x) < 0 since 5 = 1/2. Similarly, we get

3/2 + 3/2 mix
mix mix

mix mix

it 5/2 2 /T
T T
X:E@“l@ﬁ—%wl@ww4ﬂzo<3m+w?).

t=1
As before, we combine this result with the other parts of the proof of the second part of

Theorem 2. Then we get
/2 2T T2 )

T 5/2 2 /T (

B T T4/ T(r+T)

E glxy)| =0 + + +7]=0 + +
oo o (T 3 T Vet

mix mix

Finally, we obtain that

) 75/2 72
E[Gap(Zr)] = O 327 + 73/_2\@ ’

mix
75/2 72 72
E[Infeasibility (Z7)] = + + ;
T T VT

as required.
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7. Analysis of MLMC Adaptive Drift-Plus-Penalty for the Unknown
Mixing Time Case

This section presents a complete proof of Theorem 11. Section 7.1 provides bounds on several
terms that involve the virtual queue size. In Section 7.2, we state the proof of Lemma 9,
and lastly, we prove Theorem 11.

7.1 Controlling the Expected Virtual Queue Size

In this section we provide upper bounds on terms E [Q;/V;] and E [Q;] under the MLMC
Adaptive Drift-Plus-Penalty algorithm (Algorithm 3). Lemma 19 gives a refined bound on
the term E [¢g¢(x)]. Using this, Lemma 20 derives an adaptive upper bound on the term
E [Q:/V4], and Lemma 21 deduces an adaptive upper bound on the term E [Q)y].

Note that if Z € X satisfies g(a) < 0, then ¢;(x) < g:(x) — g(x). Then we deduce

Ei-1[g(®)] < Eralon(@) - g(@)] = Bt 2™ (@) — 5(@)] < Eoea [l (@) - 5(=)]].

where the equality is due to Lemma 7. Applying Lemma 8 together with Jensen’s inequality
on the right-hand side, we obtain

Eralgn(@)] < C()mT™ = 0 (217", @)
In fact, we may derive a tighter bound on the term E;_1[g;(x)] as follows.

Lemma 19 For any x € X such that g(x) <0,

Ei_1[g:(x)] < D(T)rAr—1/2,

miz

where D(T) = \/C(T)H (4log, T + 3)
Proof Note that gi(x) < |g:(x)| < (2Ny + 1)H by the definition of g;. This implies that
E 1[gi(x)] < B q[(2Ny + 1)H] = (4logy T + 3)H,

where the equality follows from Lemma 7 and the fact that V; is independent of F;_;.
Moreover, as we argued above, we have

By ifgn(@)] < B [l2™ (@) - g(@)l] < \/Bes (102 (@) - g()|2] < COmfT,

where the last inequality follows from Jensen’s inequality and the equality follows from
Lemma 8. By taking the geometric mean of these two upper bounds, we get that

E 1[gi(x)] < /C(T)H(4log, T + 3)7 /i —1/2,

mix

as required. |
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Next, Lemma 27 implies that Qsy1 is at most

\l 2 XS:RV;Ft + \J QXS:(RQG? + HtQ) —+ 2R2055 +\l 2 zs: Qt(gt(mt) + Vgt(:ct)T(:B — l‘t))
t=1 t=1

= (©)

(a) (0)

Here, term (c) is equal to \/25s_1 which is at most /2S5, and term (b) is at most /2Ss.
For term (a), we have

S S
(a?=2> "8 F, <28)> F <257
t=1 t=1

S
sy F2 <2/s80t12,
t=1
where the second inequality holds by the power mean inequality. Thus,

Qi1 < 2¢/sSPH1/2 148, + 2 Z Qi(ge(m) + Vgr(zy) " (x — x40)), (5)
t=1

which in turn implies that

Qurr < 2VASY? 4+ VB J 23" Q1 () + Vaula) (@ —2)  (6)
t=1

Moreover, (6) implies that

s _ _ 2
Qs 1 < 2\/§RS;/2 By \/§R81/4S;/4 Bz | 2 E Qt (gt(x¢) + Vgi(xe) T (T — 1))
Vi1 Ver1 = Vi

as V; is non-decreasing. Taking the expectation, applying Jensen’s inequality, and using the
fact that Vi1 > sd, it follows that

E [%ﬂ] < 2VBRE[S,]/2P 4 vZRs/IE[5,]/45/2

s+1

S

S ]
t=1

Here, the last term on the right-hand side can be further upper bounded as follows.

J Bi [ By 1[go() + Vorlwn) T (az—xtﬂ <J<2§5E[€E g >]]

where we used the fact that
Ei 1 [ge(as) + V() " (x — 2)] = By [gjm“"(fct) + Vg (z) T (z — mt)}
< By [g7 ()] (7)
=Ei—1 [gt(z)]
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holds due to Lemma 7. Furthermore,

(jgﬁgE {%Et—l[gt(x)]] = (jg T) o~ UQZE[ ]
o

2RD(T) _/Ap1/2-p Qt
< T E|=|.

where the second inequality follows from the AM-GM inequality and the last equality follows
from s <T. Thus, we have

Qs—i—l
8 [Vs+1 }

_ B 2RD(T) 11 ~_[Q
< 1/2-8 1/4 1/4—3/2 [Amm1/2-B
< 2V/2RE[S,] + V2RsY*E[S,] + 55 Tt + 35 ;:1 E v 8)

le

< 2VARE[S;]' /P + VaRs'Elgr] - ¢ PEOM) ey L 2 2 E [% '
=1 t

5 ﬁ le

Now we can bound E [Q;/V;] as follow.

Lemma 20 Fort e [T +1],

4RD
E [% < 4V2RE[Sr])"/?7 + 2V2RTY R[Sy /4 7P/2 4 6; ) FMAT26,
t

Proof Fort =1, Q1 =0 and the inequality of the lemma holds. Assume that it holds for
t=1,...,s with s <T. Substituting the inequalities for ¢ = 1,..., s into (8), we derive the
inequality for ¢ = s + 1, as required. |

Next, we deduce an upper bound on E [Q¢]. First, we observe that (6) and Jensen’s
inequality imply the following. For s € [T,

E[Qor1] < 2V2E[S,])Y/? + V25 4R[S,/ 1 | 20(T) Y ;‘ﬁ" iE[Qt}
t=1

< VR[S, V2 + V25 AR[S, )P/ 1 sO(T) Tmlx ZE Q] )

< 2VIE[S,]"* + Vs ES T 4 C(T)ml + 5 ZE Qdl,

where the first inequality is implied by combining (6) and (7) and applying Lemma 19. Next
we provide an adaptive upper bound on E [Q]

43



KiM AND LEE

Lemma 21 For anyt € [T + 1],

/2 4 B2 1)l P 20(T)

max’

E[Q:] < 4V2E[S;_1

Proof We argue by induction. The inequality trivially holds when ¢ = 1 as Q1 = 0. Suppose
that the inequality holds for t = 1,2,...,s. Then

E[Qs+1] < 2V2E[S,|V/? + V25V 1E[S, )72/ 4 C(T)r )2

le
S

1 12, 10 1/4 B/2+1/4 1/2
+%Z<4\/§E[5tﬂ/ +§(t—1)/E[5 PR L 20(T),

Tmix
t=1

§2\@E[SS]1/2+\@81/4E[ ]/8/2+1/4+C( ) 1/2

le

+ is (4\@81}3[55]1/2 + 4\3655/4[5[5 18/241/4 | 950(T)r 1/2)

le

le’

= 4V2E[S,)'/? + 5\3551/%[5 [8/241/4 4 o0(T) /2

where the first inequality is from (9) and the second inequality is by Corollary 32. |

7.2 MLMC Adaptive Drift-Plus-Penalty for Stochastic-Constrained Stochastic
Optimization

Based on the bounds on E;_1[g:(x)], E[Q:/V}], and E[Q¢], in this section, we prove Lemma 9
and Theorem 11. To better present the proof of Lemma 9, we divide the analysis into two
parts, one for the regret and the other for the constraint violation. Then, using Lemma 9,
we prove Theorem 11.

Proof [Proof of the first part of lemma 9] We first bound

T T
B filas) =) ft(w)] :

t=1 t=1
By Lemma 24, this is less than or equal to
T T

V,F? (Hy + Gt

E|= .

3 B P b

t=1
Here, the first term is equal to RS%__[i which is less or equal to RST_ﬁ , and the second term

satisfies
E o~ ViF? T Sy F? T Sy e =0 (E|SL|) =0 (E|S;
> D SIEE| <R |3 sl =0 (E[s7]) =0 (]s7)])

where the inequality holds by Corollary 34. The third term satisfies

T T

(Hy + G¢R)? ag

E E —— E|R E —
L:l 2V, a t—1 Sf—l

+E

E|—R E
[VT ] "

<R

4

T po2 2
R*G# + H.
ERg 7% t

—o(e[si]).

t=1 St—l
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By Jensen’s inequality, we have E [S%ﬁﬁ] <E[Sr)'™? and E [Sﬂ < E[S7])?. The fourth
term can be bounded as follows. Note that

Eg% ] ZE[ E¢—1[g( )]]-

We have two upper bounds on E;_; [g:(x)], one given in (4) and the other one due to Lemma
19. Let m(T) be the minimum of the two upper bounds, i.e.,

m(T) = min {C(T) 121 D(T)#“T*l/?}.

le mix

Then it follows that

Y E [%Etl[gt(mﬂ]
t
t=1
a ARD(T)
<> m(T) (4\@RE[ST]1/2—5 + 2V2RTY R[Sy /452 ¢ —5 FT/2- ﬁ)
t=1
T 2
<y (C(T)Tél/li ' (4V2RE[S7)/277 + 2v/2RTE[S7]"/4=/2) + mgﬁmﬂiirﬁ)
t=1

mix

=0 (7'1/-2E[ST]1/275 + 7'];0/1)2(T1/41E[ST]1/47’8/2 + Til/iiTlfﬁ>

where the first inequality follows from (4) and Lemmas 19 and 20. Combining the bounds
on the four terms, we have proved the desired bound on E [Z;‘FZI fe(xy) — Z;‘,le ft(a:)] . ;

Proof [Proof of the second part of Lemma 9] By Lemma 25, we have

T
> g(®) < Qria + Z (ViFy + QiGo).
t=1

Moreover, by Lemma 21, we have

E[Qr] <0 (E[ST]l/ 24 TYAR[Sy)P2H4 4 1/2) .

le

Next it follows from Corollary 34 that

T T gh-
Z Fth ZS Sla :0<E[S§D:O(E[ST]5)-
—1 t=1
Furthermore,
o R2G2 I+6 1, Sp—I-6
E ;202@ <E|maxQ,- z}mi —EK%*gloga)?el?T}J{Qt}
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where the second inequality is implied by Lemma 33. Here, the last term can be upper
bounded using the AM-GM inequality as follows.

<I+5+110gST_I_5)maXQt

26 2 d te[T]
2 2
maxie|7) Qi 1 I+6 1 ﬁ /241 /4rmB/2 412
= 2(Inix ) B/2H1/ATB/241/2 ( 55 T3 log 5 (ITmix) T .

Let s = argmaxc[) Q¢ Then by (5) and (7),

s—1
E [Q2] < 4E[S. 1] + 2VE[S, )72 423 [QEi [u(@) + Var(@) (@ — 1)

t=1
s—1
< 4E[Sr] + 2VTE[Sr)7T1/2 + 2 "E[Q/E; 1 [g:(w)]].
t=1
Moreover,

s—1

> E[QiEi1[gi()]]

t=1

< O(T)r e 1215@

le IIllX

< (1) 1/2 12 <4fE ]1/2+E’\:3/§(t_1)1/4E[S ]B/2+1/4+20( )T 1/2>

mix 1’1’11X

gC(T)71/2 (4\fTIE[ST}1/2 \3[T5/4E[S ]3/2+1/4+20( T)r 1/2T>

= O (e BLST]"? 4 Ty ST ELST P i)

where the first inequality follows from (4), the second inequality follows from Lemma 21,
and the third inequality follows from Corollary 32. Thus, we get

th iEt

1/2E S B+1/2
_ 1/2 1/4 B/2+1/4 | _1/2 E[Sr] + T/°E[ST]
( [ST] T E[ST] + 7 mlx + Tii/f+1/4T6/2+1/2

1/2 1/2 B/24+1/4
m1x+E[S ] +E[ST] 2_B/2-1/43/24+1/2
i Tfl{jHMTﬁ/ZH/z + (log S7) Tmix T J

as required. u

Proof [Proof of Theorem 11] As f is convex,
~ ~ 1 &, ~
f@r) - f@t) < =3 (Fla) - fla?)).
t=1
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We can decompose the right-hand side as follows

f(%ﬁ) - f(iU#) _ f(%t) — fi(zy) I fe(xy) — ft(w#) + ft(w#) - f(a:#)
T T T T '

Here, Jensen’s inequality and Lemma 8 imply that

ZE (170 — )] < /B [F@) — @] = 021 2),

ZE (1) — fu@?)]] < TR (@) — fulah)] = OraliT ).

Moreover, we have derived Proposition 10 which provides an upper bound on the expectation
of Ethl fi(xy) — Zthl fi(x*). Consequently,

E[f(@r) - f@®)] <O (i) "7 7).

For the second part, Jensen’s inequality and Lemma 8 imply that

FEl3(@) — gi@)l] < 2 VET(@) — ail@P] = O(rafr?)

As a result,

t=1
1 T 1 T
=7 Z]E@(ict) = ge(xy)] + T ZE[Qt(mt)]
t=1 t=1
-0 <T§1/13T_2 1 T£{3+1/4T5/2—1/2 1 Ti/ii—ﬂ/2T—ﬁ/2—1/2)

— O~ <T£{§+1/4T’8/271/2 + Ti/ii*ﬁ/QT*ﬁ/2fl/2> 7

where the first inequality holds because g is convex and the second equality follows from
Proposition 10. n
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Algorithm 4 Adaptive Drift-Plus-Penalty
Initialize: Initial iterates 1 € X, Q1 = 0.
fort=1to T do
Observe f; and g;.
Set penalty parameter V; and step size parameter «; such that 0 < V1 < V; |,
0<oar1<a,and 0 <ap1/Vim1 <o/ Vi
Primal update: Set x;41 as

21 = avgmin { ViV (@) + QuVar(@) @ + aiD(, 1)}

xeX

Dual update: Set Q:1 as

Qi1 = [Qt + gi(@e) + V() (@41 — wt)} .

end for

Appendix A. Analysis of Adaptive Drift-Plus-Penalty

Algorithm 4 is a general template for adaptive variants of the drift-plus-penalty algorithm
whose parameters V; and «y satisfy that {V;}2_;, {a;}_;, and {a;/V;}]_, are non-decreasing
sequences of non-negative numbers. In this section, we analyze the general template of DPP
given by Algorithm 4, based on which we deduce performance guarantees on Algorithms 1
and 3.

Recall that A; = (Q? 1 Q?)/2 is the Lyapunov drift term. The following lemma
provides a bound on the drift term.

Lemma 22 Fort > 1,
T 1 2
Ar < Q¢ <9t($t) + Vagi(x) (Ti41 — fUt)) + i(Ht + GiR)*".

Proof As Q;y; = max {Qt + gi(xg) + Ve () T (2401 — a:t),()}, we have that Q%H <
(Qt + gi(xe) + Ve () T (2401 — wt))Q. Hence, it follows that

At —_ Q§+1 _ g%
2 2
1
< Q¢ (gt($t) + V() " (141 — mt)) + 5(91&(%) + V() ' (zr41 — 3’37&))2
1
< Q@ <9t($t) + Vai(a:) (1 — wt)) + 5 (He + GiR)®
where the last inequality is from Assumption 2. |

Since our drift-plus-penalty algorithm is a mirror descent version, we need the fol-
lowing lemma, which is obtained by substituting y = x;, ** = x411, and f(x) =
ViV fi(xy) + Qi V()" @ into (Wei et al., 2020, Lemma 2.1).
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Lemma 23 (Wei et al., 2020, Equation (22)) For any x € X and t > 1,

(ViV felae) + QiVage(ae)) ' (Tes1 — @) + e D(@e 1, 1)
< (ViV fi(xy) + Qtht(cct))—r (x —x) + ¢ D(x, @) — o D(x, 2141).

Recall that f; and g; for the known mixing time case in Section 3 correspond to one
sample and are assumed to be convex. In contrast, f; and g; for the unknown mixing time
setting in Section 4 come from the MLMC estimation scheme with multiple data samples
and thus are not necessarily convex. Nevertheless, we use the fact that E,_;[f;] and E;_1[g]
are convex. Based on this, we deduce the following lemma.

Lemma 24 Suppose that By_1[f;] = E4— 1[ft] and By_1[g:] = E¢—1[g¢] where ft and §; are
convex functions and that By_1[V f] = Ei— 1[Vft] and By_1[Vg| = E—1[Vgi]. Then for any
x e X,

T T
Q1 aT 52
E|S fulw) - f(w)]sra g<>+E[ R]
T 2

Proof Dividing both sides of the inequality given in Theorem 23 by V; and addding
fi(x) + Qige(xt)/ Vi to both sides, we get

.
fi() + %gt(wt) + (Vft(act) + ?;Vgt(mt)> (441 — ) + %D(xt—l-lawt)
f f f

)
< fulw) + Ly + (vmxt) T %Vgxwt)) (@ - 20) + 2D, @) — “LD(@, @is).

Vi Vi Vi
Here, the left-hand side is bounded below by

o A 1
filxe) + V() " (21 — ) + V:D(mt—&-la xt) + 7; - T%(Ht + GiR)®

by Lemma 22. Moreover, we have

87 o
V() " (21 — @) + VtD(th»mt) > —Fylleeyr — x| + VtH-’EtH — ay||?
t t

V. F; V. F;
_¥ +<||mt+1 tu—”)

4oy Vi 2
> — ViFE
B 4oy
where the first inequality holds by 2-strong convexity of ® with respect to || - |. Hence, we
deduce that
ViFE A1
filay) — ==L + = — ——(H; + G/R)’

doy Vi 2V

%D(fﬂv Tii1).

]
< i) + L) + (Vft(wt) n %Wxt)) (@~ @) + Dz, ) -

Vi
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For the right-hand side of this inequality, consider

T T
oy (€3] Q¢ Q1
YD D -%p D a _Mp
> 5 (Dle) ~ Dlaein)) = <w,mt>+t§_; @) (5= 5=t) = S Dl
041 2 2 01
— R+ R -
V1 Z (‘/% Vi—l)
OéT 2
=R
Vr

where the inequality holds since {ay/ V't}z;l is a non-decreasing sequence. Furthermore,
T T 2
Q2 Ql QT+1 1 Q1
_ ) >_=1L _
z > QR — @l = g+ Gt th (7o -7) 2 =0,

where the inequality holds since the sequence {V;}_; is non-negative and non-decreasing.
Combining these inequalities, we deduce that

L\’)\>—~

T

Z i) — ET: (ft(wt) +V (@) (@~ wt))

t=1 (10)

T
V,F? 1 H; + G4R)?
<3 (oo + Ve (e 0) + e 4 3 Sy (RO

Recall that E;_;[f] = Et_l[ft] and E;_1[g:] = Ei—1[g:] where ft and §; are convex and that
Et,l[Vft] = Etfl[Vft] and Et,l[Vgt} = Et,l[vgt]. Then it follows that

Ee1[fi()] + Beo1 [V fe(a)] (2 — 20) = B [fome)] + B [V fil(@e)] T (2 — 1)
< By [fi(a)]
=Ei1[fi(z)]

where the second inequality holds because ft is convex and x; is F;_1-measurable. Likewise,
we deduce that

Ei1(ge(@e)] + Eo 1 [Vge(a)] T (@ — @) < Eya[gi()].

Taking the expectations of both sides of (10), we obtain the inequality of this lemma, as
required. |

Next, we state a lemma that will be useful to provide an upper bound on the constraint
violation.

Lemma 25 Algorithm 4 achieves
1 T
_ < ~(V.F, < F
st — x| < o (ViFy + QiGY), ;:1 gr(xt) < Qry1 + g V;t t + QiGt).

50



STOCHASTIC- CONSTRAINED STOCHASTIC OPTIMIZATION WITH MARKOVIAN DATA

Proof As Qi1 > Q¢ + gi(xs) + Vgi(xy) T (zi11 — x¢), it follows that

91(@e) < Qui1 — Q= Vagi(me) T (@1 — 1) < Quin — Q1 + Gillwsr — x|
On the other hand, if we set @ = x; for the inequaity of Lemma 23, we get

D (@1, @) + D (@, @e41) < (ViVFi(@e) + QiVge(@e)) | (@ — ey1)-

Here, the left-hand side is greater or equal to 20y||Z;+1 — ;|| while the right-hand side is
less or equal to (ViF; + QtGt)||xi41 — x¢||. Therefore, it follows that

1
|er1 — x| < Y (ViFy + Q:Gy), (11)
Qi

which implies
T T o
th(iﬂt) <Qry1+ Z L (ViFy 4 QiGy),
t=1 =1 20

as required. |

To bound the constraint violation, we still need to bound the virtual queue size Qr41.
We also need the following lemma.

Lemma 26 For any x € X,
A < H? + R*G? + Q (gt(mt) +Vag(z) (z — mt)) Y V,RF, + ay(D(z,2;) — D(@,2011).
Proof By Lemma 22,
A< Qu (@) + Vaulwn) (s — @) + 3 (Ho+ REGY
< Qu (gu(@n) + Voula) (wer — @) + HE + B2G?

where the last inequality comes from the fact that (A + B)? < 2(A? + B?). Here, using
Lemma 23, the right-hand side can be further bounded above as follows.

Qi (ge(xs) + Vgt(ﬂlt)T(CctJrl — ) + H + R*G}
< Qi(gr(xe) + Va(me) (@ — @) + ViV fir(xe) " (T — x0) — ViV filme) T (ig1 — 2)
—ayD(xp41, ) + (D(m, x;) — D(x, :L't+1)) + H? + R*G?.

Moreover, it follows from the Cauchy-Schwarz inequality that
ViV fi(a) T (@ — ) = ViV fi(me) T (2141 — 1) = ViV fi(ar) T (@ — me11) < ViRE}

by Cauchy-Schwarz inequality. Then we have proved the lemma, as desired. |

Based on Lemma 26, we may provide the following bound on the virtual queue size.
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Lemma 27 For any x € X,s € [T],

Qsr1 < |2 Z (H? + R*G? 4+ V,RF;) + 2 Z Q¢ (gi(x) + V() T(x — x4)) + 2R,
t=1 t=1

Proof From Lemma 26, we get

Qi1 _ N
Loy
t=1

< Z (Ht2 + R?G? + Q4 (gt(wt) + Vgt(wt)T(iC - wt)) + VtRFt)
=1

+ a1 D(x, 1) + Z D(x, ) (o — 1) — asD(x, Tpiq).
t=2

Since ; is non-decreasing and D(z,x;) < R2, it follows that

S

a1 D(x,@1) + Y D(m,a;) (o — 1) — asD(@, Tp41) < R0
t=2

This implies the desired bound on Q44 1. |

Appendix B. Sum of Sequences

In this section, we consider some series of numbers and provide bounds on their partial sums
to make our paper self-contained. Given a sequence {z;}7°; of numbers, we use notation
X := Y7, x¢ to denote its partial sums.

Lemma 28 If f : Ry — Ry is continuous and non-increasing, then

T X7 X7
> F(X)m < a1 f(X0) + (x)dz < [ f(z)dz
t=1 X1 0
for any nonnegative x1,...,x7.

Proof By considering the area between f(z) and the z-axis over the interval [X;_1, X{] of
length z;, we have f(X;)z; < [ ))(i ’11 f(x)dx since f is non-increasing. Then it follows that

T T X Xr
Y F(Xpwe =2 f(X0) + Y f(Xw < a1 f(X0) + i flz)de < ; f(z)dz,
t=1 =2 1
as required. |

As a consequence of Lemma 28, we deduce the following list of bounds on series.
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Corollary 29 (Auer et al., 2002)

Tt
< 2/ Xr.
ng— g

Corollary 30
T

Z ot <1+ logXI(XT).
= X

Next we consider the following.

Lemma 31 If f: Ry — Ry is continuous and non-decreasing, then

T X141
S fma < [ fayis
t=1 X1

for any nonnegative x1,...,x7.

Proof By considering the area between f(z) and the z-axis over the interval [ Xy, X;41] of
length z441, we have f(X;)zi41 < [ ))(i "1 f(x)dx since f is non-decreasing. Then it follows
that

T T X141 X741
S F(Xarn = 22 f () + 3 F (X <maf)+ [ f@)de< [ o
t=1 t=2 X2 X1
as required. |

Lemma 31 implies the following.

Corollary 32 For g > 0,

T

1
t1 < qﬁ((T'ﬁ‘ 1t —1).
t=1

Moreover, when each z; is bounded by some fixed constant, we can deduce the following
result. For ease of notation, we start a sequence with xy and, with abuse of notation, define
partial sum Xy = > 7 2 with 29 = Xo = 4.

Lemma 33 If0<z; <C fort=0,...,T for some fived constant C and f: R4y — Ry is
continuous and non-increasing, then

T

max{§,X7—C}
Z f(Xi 1)z < CF(O) + /6 f(z)dz.

t=1

Proof If we consider the area between f(x) and the z-axis over the interval [X;_1, Xy], we
have f(X;—1)zy > [ ;(i ' | f(z)dz in which the inequality direction is the opposite of what we
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want. However, since x; < C, we can use the idea of translation by C' in the z-axis direction
in the following way. Let

. {fw), v € (00,0,
f(x), x € (§,00).

Then the graph of the translation f(z — C) is above the squares of height f(X;_;) on the
interval [X;_1, Xy]. Thus,

(X7 —0)f(8) < Cf(9), if Xp <0+0C,

Xr _
f Cf(o)+ dech f(z)dx, if Xp>d+C

T
Z J(Xi1)w < (x — C)dx < {
=1

Xo
which implies the desired statement of this lemma. |
As a corollary of Lemma 33 with f(x) = 277, we deduce the following inequality.

Corollary 34 Ifz; < C,0 <~y # 1, then

T

ZX;Vl%g <Co 7+ % (max {6, X7 — C}' ™7 —§'77).
-

t=1

Appendix C. Online Convex Optimization with Adversarial Losses and
Constraints

In this section, we show the performance of Algorithm 3, which is an AdaGrad-style variant
of the drift-plus-penalty algorithm for online convex optimization with adversarial loss and
constraint functions. To deal with adversarial constraint functions, we set the parameters V;
and oy differently as follows.

F? :
a; = Tt + RQG? + HE, S; = Zas
s=1
and then set parameters as
sP S,
‘/t - ﬁ) Qp = ﬁu (12)

for some 0 < 8 < 1/2. One distinction from (4) is the presence of additional parameter §,
and another difference is that V; and «; are defined with S¢, not S;_1. We now assume that
the convex constraint functions ¢, ..., gr as well as the convex loss functions fi,..., fr
are chosen adversarially. Following Neely and Yu (2017), we set the benchmark x° as an
optimal solution to

T
min th(a:) subject to gi(x) <0 fort=1,...,T.
t=1

Then the goal is to obtain upper bounds on

T T T
Regret(T) = Z fe(xy) — Z fi(2°), Violation(T) = th(a:t)
t=1 t=1 t=1
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in sublinear orders of T by properly choosing our inputs ;. For this, we need the following
theorem.

Theorem 35 Algorithm 3 with V; and « set as in (12) guarantees that
Regret(T) = O (S;‘/B) . Violation(T) = O (5;/2 LA 55/2“/4) _

Proof Applying Lemma 24 with ft = f, g+ = gt, and * = x°, we obtain

T

[/th 1 (Ht + GtR)Q
< —RZ4 E + = E RSl
Regret(T) R 1o, 5 - 7

The first term of the right hand side is RS}_B = O(S%_ﬁ ), and the second term satisfies

T
Z‘if: Zsﬁ Lp2 <RZSB ! g? =0 (s7).
t=1

where the last inequality follows from Lemma 28. The third term satisfies

4 H+G R2G2+H2 _
; R/ <R; t<RZ B_fslﬁ o (s77).

Combining these two inequalities, we get
1-8
Regret(T') = O (ST ) .

Next, we prove the second part of the theorem. By Lemma 25, we have

th o) < Qri1 + Z VtFt + Q¢Gy).

If we apply Lemma 27 with & = x°, we obtain

T
Qri1 < \ 2> " (H} + R2G? + ViRF,) + 2R?ar
t=1

T T
<\|2) RViF,+,|2) (R?G}+ H?) + V2R?ar .
\ t=1 t=1 (Vc)
(a) (b)

where the first inequality follows from the convexity of ¢; and g:(x°) < 0. Here, term (c) is
equal to /257, and term (b) is less than or equal to /2S7. For term (a), we have

T T
=2 "S/F <28.) F <25}

t=1 t=1

T
TS F? <avTs; 2
t=1
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where the second inequality holds by the power mean inequality. Thus,
Qri1 < (a) + (b) + (¢) < 2V28)/% 4+ 2T'/A80* 4 — o (5}/2 + T1/45§/2“/4) . (13)

We also have that

T
Z V2Fth _ ZSB lRFth/2
=1 =1

T
<> S/ N (F/A+ RG})/2
t=1

where the last inequality follows from Lemma 28. Lastly,

T T T
G} G} 172 GP /4 oB/2+1/4
“t0n, < —t 't
;mtc)t_z\/ﬁatst +;atT S|

T
1/4 at
SVEY STy
t=1 t
TV s/
257 g AT

-0 <S;/2 + T1/4S?/2+1/4) ,

where the first inequality follows from (13) and the last inequality follows from Lemma 28.
Combining the results, we get

Violation(T) = O (5:1/2 + T1/4S£/2+1/4> :

as required. |

Appendix D. Proof of the Time-Varying Drift Lemma

In this section, we prove Lemma 17 for the case of time-varying parameter 6,(t). We closely
follow the proof of (Yu et al., 2017, Lemma 5).

Lemma 36 Let r = (/(4tg02,,) and p =1 —(%/(862,,) = 1 — rto(/2. Then

E |:67~Z(t)i| < eT‘tO(Smax er@(t)

for allt > 0.
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Proof Since 0 < { < dpax, we have 0 < p < 1 < e™max, Define n(t) = Z(t + to) — Z(1).
Note that |n(t)| < todmax for all £ > 0 which implies that |rn(¢)| < (/(40max) < 1. Then,

ra(tito) — erZMern®) < erZ®) [1 4 pp(t) 4+ 20212024 = €7 |1+ r(t) + %rtgg“ (14)

where the inequality follows from the fact that e® < 14z + 222 for |z| < 1, |rn(t)| < 1, and
In(t)| < todmax while the equality follows by substituting r = ¢/(4t002,,.)-

Next, we consider the cases Z(t) > 6(t) and Z(t) < 0(t), separately. First, consider
the case Z(t) > 0(t). Taking the conditional expectation of each side of (14) gives us the
following.

E [¢r2(t+to) | Z(t)} <E [erz(t)(l + rn(t) + %TtoC) | Z(t)]

<2 {1 —rto¢ + ;rt(){]

_ 20 |1 TtoC
o0 |1 ]
:perZ(t)

where the inequality follows from the fact that E[Z(t + to) — Z(t)|F(t)] < —to¢ when
Z(t) > 0(t) while the second equality follows from the fact that p =1 — rto(/2. Likewise,
for the case Z(t) < 6(t), we deduce that

E |:erZ(t+t0) | Z(t):| -k |:€7“Z(t)ern(t) | Z(t):| _ erZ(t)E |:er77(t) | Z(t):| < e"‘t()(sn)axe"‘z(t)

)

where the inequality follows from the fact that 7(t) < tpdmax-
Putting the two cases together, we deduce that

E {erZ(tﬂo)}

—P(Z(t > > O(1)E [ 2000 | Z(1) = 0(1)| + P(Z(1) < 0()E [e4E+0) | Z(2) < o(1)]

< B [0 | Z() = 0(0)| P(Z(1) 2 0(1)) + e""0%E |20 | Z(2) < 6(1)| P(Z(1) < 0(1))
— oE :erz@} + (e”@max —p)E [eTZ(t) | Z(t) < e(t)] P(Z(t) < 6(1))

< pE :erZ(t)} i (ertoémax _ p> o0

< oE [ erZ(t)} 1 rtodmax or0(?)

where the first inequality follows from the analysis of the two separate cases and the second
inequality follows from the fact that ef0%max > p,
Then we argue by induction to prove the statement of this lemma. We first consider the
base case t € {0,1,...,t0}. Since Z(t) < tdmax for all ¢ > 0, it follows that
e"'to(smax
E[eT‘Z(t)] < ertémax < eTt05max < 761”9(15)
< < =T,
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for all t € {1,...,t9}, where the last inequality follows because e’® /(1 — p) > 1. Next
we assume that the inequality holds for all ¢t € {0,1,..., s} with some s > ¢y and consider
iteration t = s + 1.Note that

F [erZ(s—Q—l)} < pE [er‘Z(s—i-l—to)] + erto5maxeT9(S+1—to)

ertoémax
<p 6r0(s+1—t0) + ertgémaxerﬁ(s—l-l—to)
I—p
rt00max
< € 6r0(s+17t0)
L—p
rto0max
< € or0(s+1)
L—p

where the second inequality comes from the induction hypothesis by noting that 0 <
T 4+ 1 —to < 7 while the last inequality follows from the fact that 6(¢) is non-decreasing. W

Based on this lemma, we prove Lemma 17.

Proof [Proof of Lemma 17] Note that €"? is convex in x when r > 0. By Jensen’s inequality,

r(6(t)+todmax)
B0 < Bl 0] < T T
—p

where the inequality is implied by Lemma 36. Taking logarithm on both sides and dividing
by r yields that

A0tax 1 180max
E[Z(t)] < 0(t) + todmax + — log [1 — p] 6(t) + todmax + to ¢ log [ & 1,
where the equality holds because recalling that r = yo gz and p=1-— 852—2. |

Appendix E. Properties of the MLMC Estimator

In this section, we prove Lemmas 7 and 8.

Lemma 37 (Dorfman and Levy, 2022, Lemma A.6) Let h: X x S — R* for some k > 1.
Suppose that there exists some constant L > 0 such that |h(z,§)| < L for every (x,€) €
X x S, where the norm || - || satisfies || - || < n|| - |2 for some n > 0. We denote by

h(z) == E£~u[h($af)]a ht h(z Et

||M2
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Suppose that x is Fi_1 measurable and N < A for some A € N. If 27,,,,[2log A] < N, then

- Tmiz| 2 log A
Eo i [0 (2) - h(=)] < 12L [NM (14 VIog(Tmil210g ATN) )
n 6LNTmiz[21og A
N N
_ 576 L21*Tpiz[2log A
B (140 () — b)) < O 2B AL g, 2108 41V))
72020272, [21og A]? +8L2772
N? N

We point out that (Dorfman and Levy, 2022, Lemma A.6) was originally stated for the ¢y
norm, but the statement holds for any norm over a finite-dimensional vector space assuming
that || - || < || - ||2 for some fixed constant n > 0 and O hides the dependence on 7. In the
following lemma, we simplify the upper bounds of Lemma 37.

Lemma 38 Let h: X x S — R* for some k > 1. Suppose that there exists some constant
L > 0 such that ||h(x,&)|| < L for every (x,€) € X x S, where the norm || - || satisfies
|- <nll |2 for somen > 0. We denote by

h(z) := Ee~p[h(z, £)], ht (z €tz :

||M2

Suppose that x is F;—1 measurable and N < A for some A € N. Then

- miz 2log A
Ei_1 [Hhiv(w) — h(w)”} < 12Lmax(1,7) T[NM <2 + \/log(rmmm 10gA1N)> ,
576 L2 max(1,1)? 72 log A]

B |77 (&) = R(2)]?] <

N (2 + log(Tmiz[2log A]N)).

Proof First, we consider the case where 27ix[2log A| > N. Then by the triangle inequality,

7 27—mix 21o A
Ee_s [IIhY (2) — h(@)[] < 2L < 2L [N“
mix 21 A
< 12L max(1,n) T[NM (2 + \/log(TmiX [21log A] N)) ’

h 2Tmix|2log A
Ei 1 [|h () — h(z)|?] <4L? < 4LQTDVg1

< 576 L2 max (1, 7)?mmix [2log A]
- N

(2 + log(Tmix[2log A|N)).
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Next, we consider the case where 27yix[21log A] < N. By Lemma 37,

B [0 () - h@)l] < 120ny 2 2BAL (14 g alog ATN)
n 6LnTmix[2log A]
N N’
By (|0 (@) — h(a)|?] < 576L2n2ﬂ;?[210g141(1-%10g(ﬂnm[210g14WPJ»
720012, [2log A]?  8L?n?
N2 + N

Since Tix[2log A]/N < %, we deduce that

6LnTmix[2log A] N 4L < 12L0Tmix[21og A] <12Ly Tmix | 2 log A]
N N N N
and that
2L %72, [2log A2 N 8L%n? < 721202 Tinix [ 2 log A] N 8L2n?Timix [21log A]
N2 N - N N
- 576 L*1n* Tinix [2log A
_— N .
As a result, we obtain
- Tmix 2log A
Eo 1 [[hY () — h(x)|] < 12Ln (Ng] (2+ Viog(rmix[210g ATN) )
mix 2log A
< 12Lmax(1,n) T[NM (2 + /10g(Tmix[2 logA]N)) ,
_ 576 L21*Thix [21log A
B [ (@) — ()] < T 218 AL g oz 2108 4TV))
L? 1,1)*Tmix[21og A
< DT6L7 max( ”N) Tnix | 2108 41 5 | 1o (e [210g ATVY),

as required.

Proof [Proof of Lemma 7] We first argue that

By [fil@)] = B [ ()]
for any @ and ¢. Note that

]mdx

Et—l [ft] Et 1 ft + Z]P) 2]Et 1 |: t2j o 1€2j—1i| :Et_l |: t2jmaxi|
7=1

as P (J; = j) = 1/27 Similarly, we can show that

Ei—1]g] = E¢—1 [ 2Jmax}, Ei1[Vfi] = Ei [Vfw"‘ax], Ei_1[Vgi] = Ery [V 2Jmax}

60



STOCHASTIC- CONSTRAINED STOCHASTIC OPTIMIZATION WITH MARKOVIAN DATA

holds for any @ and t. For the second part, we have
E {Igﬂ < 2R [\gt - gHQ] +2H?
since ||z +ylI* < (|| + yl)* < 2[l=|* + 2[|y||* and |¢{| < H. Note that

Jmax

jmax

2 o ; 12 ) . .

E [!gt — gtll } = E P(J; = j)2YE “gtgz _ g ] — E 2R Dgty _ g
i=1 ‘

J=1

|
because P (J; = j) = 1/27. Here we can bound the right-most side based on the following.
.

_ < 9E Ug?j —gﬂ +2E Dg?jl - gﬂ =0 <T§ax)

j i—1
E “gf] — g7

where the last inequality follows from Lemma 38. Then it follows that

[ 2 = ~
E _|gt - gtl’ } < O(]mameix) = O(Tmix)
where the last equality holds because jmax = O(logT'). For the last part,

jmax
B[N =1+ > P(Jy=j)(2 = 1) < 1+ jmax < 1+2log, T,
j=1

as required. u

Proof [Proof of Lemma 8] By Assumption 2, we can apply Lemma 38 to g;, Vg, V f;.
Assumptions 1, 2 implies that |fi(a;)| < J for some J > 0. Thus, we can apply Lemma
38 to f; as well. Let L = max(F,G, H,J),A=T? and || - |/« <7l |2 for some n > 0. By
Lemma 38, the statement follows for

C(T) = \/ 576 L2 max(1,7)2[410g T](2 4 log(Tmix [4 log T'] 2imax)).

Since 2/max = O(T?), the order of C(T) follows. [ ]
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