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Abstract

We design and analyze reinforcement learning algorithms for Graphon Mean-Field Games
(GMFGs). In contrast to previous works that require the precise values of the graphons,
we aim to learn the Nash Equilibrium (NE) of the regularized GMFGs when the graphons
are unknown. Our contributions are threefold. First, we propose the Proximal Policy
Optimization for GMFG (GMFG-PPO) algorithm and show that it converges at a rate of
O(T‘l/ 3) after T iterations with an estimation oracle, improving on a previous work by
Xie et al. (ICML, 2021). Second, using kernel embedding of distributions, we design efficient
algorithms to estimate the transition kernels, reward functions, and graphons from sampled
agents. Convergence rates are then derived when the positions of the agents are either
known or unknown. Results for the combination of the optimization algorithm GMFG-PPO
and the estimation algorithm are then provided. These algorithms are the first specifically
designed for learning graphons from sampled agents. Finally, the efficacy of the proposed
algorithms are corroborated through simulations. These simulations demonstrate that
learning the unknown graphons reduces the exploitability effectively.
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ZHANG, TAN, WANG, AND YANG

1. Introduction

Multi-Agent Reinforcement Learning (MARL) aims to solve sequential decision-making
problems in multi-agent systems (Zhang et al., 2021; Gronauer and Diepold, 2022; Oroojlooy
and Hajinezhad, 2022). Although MARL has enjoyed tremendous successes across a wide
range of real-world applications (Tang and Ha, 2021; Wang et al., 2022a,b; Xu et al., 2021),
it suffers from the “curse of many agents” where the sizes of the state and action spaces
increase exponentially with the number of agents (Menda et al., 2018; Wang et al., 2020). A
potential remedy is to use the mean-field approximation (Yang et al., 2018; Carmona et al.,
2019). It assumes that the agents are homogeneous, and each agent is influenced only by the
common state distribution of agents. This assumption mitigates the exponential growth of
the state and action spaces (Wang et al., 2020; Guo et al., 2022a). However, the homogeneity
assumption heavily restricts the applicability of the Mean-Field Game (MFG). For example,
analyzing the propagation of Covid-19 in an extremely large population requires modeling
the fact that people in different regions have distinct activity intensities. This cannot be
captured by the mean-field approximation, which assumes a simplistic homogeneous setup.
As a result, the Graphon Mean-Field Game (GMFG) is proposed as a means to relax the
homogeneity assumption. It captures the heterogeneity of agents through graphons and
allows the number of agents to be potentially uncountably infinite (Parise and Ozdaglar,
2019; Carmona et al., 2022). GMFGs have achieved great successes in a wide range of
applications, including in networks (Gao and Caines, 2019) and epidemics (Aurell et al.,
2022a). In Aurell et al. (2022a), the states of people indicate their infection situation, and
the graphons represent the propagation intensity between different types of people.

However, learning algorithms for GMFG require significantly more efforts to design and
analyze. Cui and Koeppl (2021b) proposed to learn the Nash Equilibrium (NE) of GMFGs
by modifying existing MFG learning algorithms. However, these model-free algorithms suffer
from the fact that the distribution flow estimation in GMFG requires a large number of
samples due to the heterogeneity of the agents. In addition, these algorithms potentially
necessitate the use of a very large class of value functions. In particular, this function
class should include the nominal value function in GMFG with any graphons to satisfy the
realizability assumption (Jin et al., 2021; Zhan et al., 2022). Moreover, existing works only
prove the consistency of learning algorithms with rather stringent assumptions (Cui and
Koeppl, 2021b; Fabian et al., 2022). These assumptions include the contractivity of the
estimated operators and the access to the nominal value functions. The convergence rates of
algorithms in GMFGs with milder assumptions are currently lacking in the literature.

In this paper, we focus on learning the NE from data collected from a set of sampled
agents in a centralized manner. Concretely, the central planner has access to a simulator of
the GMFG which generates the states and rewards of agents with the policies of the agent
as its inputs. However, only the states and rewards of only a finite set of agents are revealed
to the learner. Compared with the settings in Cui and Koeppl (2021b) and Fabian et al.
(2022), our setting is more relevant in real-world applications where the number of agents is
always finite. We aim to learn the NE of the GMFG from the states and rewards of these
sampled agents.

Learning the NEs in our problem involves overcoming difficulties from the statistical and
optimization perspectives. From the statistical side, we suffer from the lack of information
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about the inputs of the functions to estimate. The transition kernels and the reward functions
of each agent take as inputs the collective behavior of all the other agents and the graphon. In
contrast, we do not know the graphons and only have information provided by a finite subset
of agents. From the optimization perspective, each agent is faced with a non-stationary
environment formed by other agents. Thus, we should design policy optimization procedures
that ensure that the policy of each agent converges to the optimal one in a time-varying
environment, while also ensuring that the non-stationary environment converges to a NE.

Main Contributions Addressing these difficulties, we summarize our main contributions
and results in Table 1 and in more details as follows:

1. We propose and analyze the Proximal Policy Optimization for GMFG (GMFG-PPO)
algorithm to learn the NE. Given an estimate oracle, our algorithm implements
a Proximal Policy Optimization (PPO)-like algorithm to update the agents’ poli-
cies (Schulman et al., 2017). The environment is simultaneously updated with a
carefully designed learning rate. These strategies overcome the optimization-related
hurdles. GMFG-PPO achieves a convergence rate O(T~'/3), where T is the number
of iterations. This convergence rate is faster than that of the algorithm in Xie et al.
(2021) and is proved under fewer assumptions. This improvement is attributed to our
carefully designed policy and environment update rates. In addition, the analysis of
our optimization leads to a faster convergence of the mirror descent algorithm on a
fixed MDP. As a byproduct, we generalize the result in Lan (2022) to inhomogeneous
MDPs with a finite horizon.

2. We design and analyze the model learning algorithm of GMFG under three different
agent sampling schemes, as shown in Table 1. The algorithm first incorporates the
graphon with the empirical measure to estimate the mean-embedding of each agent’s
influence. Then we take this estimate as the input and then perform a regression task;
this resolves the statistical difficulties mentioned above. In the case where sampled
agents have known and fixed positions, Theorem 5 shows that the convergence rate
for the model estimate is O((NL)~' + N~1/2), where N is the number of sampled
agents, and L is the number of samples from each agent. We also consider two
additional scenarios—the case in which the agents are randomly sampled from the unit
interval but their positions are known, and learning from sample agents with unknown
grid positions. Pertaining to the final scenario, Theorem 7 indicates that the lack
of information of the position of the agents results in the sample complexity being
degraded by an additional factor of O(N log N).

3. Our model estimation learning algorithm is the first one proposed for GMFGs. It
recovers the underlying graphons from the states sampled from a finite number of
agents. This model-learning problem is a considerable generalization of the distribution
regression problem (Szabd et al., 2016). Detailed discussions are provided in Section 5.4.
Also, our graphon learning setting can be regarded as a novel addition to the existing
graphon estimation literature, as discussed in Section 2.

Paper Outline The rest of the paper is organized as follows. We discuss related works
in Section 2. In Section 3, we introduce the GMFGs and a key property that they possess,
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Table 1: Summary of the theoretical results
Results Description

Convergence rate of GMFG-PPO,

Theorem 4 L .
when an estimation oracle is assumed.
Theorem 5 Convergence rate of the model estimation .p?ocedure,
when the agents have known fized positions.
Theorem 6 Convergence rate of the model estimation pl.“o.cedure,
when the agents have known random positions.
Theorem 7 Convergence rate of the model estimation procedure,

when the agents have unknown fized positions.

Convergence rate of the NE learning algorithm that implements GMFG-PPO
and collects data from agents with known fixed positions.

Corollary 9

Convergence rate of the NE learning algorithm that implements GMFG-PPO
Corollary 10 ) o
and collects data from agents with known random positions.

Convergence rate of the NE learning algorithm that implements GMFG-PPO
and collects data from agents with unknown fized positions.

Corollary 11

namely equivariance. Our three sampling schemes are also introduced. In Section 4, we
propose GMFG-PPO and analyze its convergence rate assuming an estimation oracle. In
Section 5, we first introduce our mean-embedding procedure. Then we propose and analyze
the model-learning algorithms for three sampling schemes. In Section 6, we combine the
results from Sections 4 and 5. In Section 7, we provide the numerical simulation results to
corroborate our theoretical findings. In Section 8, we conclude our paper.

2. Related Works

The GMFG has been proposed to study the games played between a large number of
heterogenous agents for several years. Parise and Ozdaglar (2019) first formulated the static
GMFG and proved that it is the limit of finite-agent games with graph structure. Carmona
et al. (2022) then generalized these results to the Bayesian setting. Caines and Huang (2019,
2021) formulated the continuous-time GMFG and studied the existence and the uniqueness
of their NE. As a special case, the continuous-time linear-quadratic GMFG was studied by
Aurell et al. (2022b); Tchuendom et al. (2020); Gao et al. (2020, 2021), where the existence
and uniqueness of NE were established, and the convergence of finite-agent games to GMFG
was analyzed. Learning of the NE on the discrete-time GMFG was first considered in Vasal
et al. (2020) via the master equation. After that, Cui and Koeppl (2021b) and Fabian et al.
(2022) proposed algorithms to learn the NE of discrete-time GMFG with dense and sparse
graphons, respectively.

As a special case, the MFG models a game between a large number of homogeneous
agents. This classical problem formulation was suggested in Lasry and Lions (2007); Huang
et al. (2006). NE learning algorithms for the continuous-time MFG have been designed via
fictitious play (Cardaliaguet and Hadikhanloo, 2017), mirror descent (Hadikhanloo, 2017),
generalized conditional gradient (Lavigne and Pfeiffer, 2022), and policy gradient (Guo
et al., 2022b). For discrete-time MFG, efficient algorithms have been proposed based on the
notion of contraction (Guo et al., 2019; Xie et al., 2021; Anahtarci et al., 2022; Yardim et al.,
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2022; Guo et al., 2023). With the monotonicity condition, Perrin et al. (2020) and Perolat
et al. (2021) propose fictitious play and mirror descent algorithms for learning the NE,

respectively. Readers are encouraged to refer to Lauriere et al. (2022) for a comprehensive
survey of MFGs.

The graphon estimation problem has been studied for a decade under different classes of
graphons and different performance metrics. Existing works mainly focus on the estimation
of graphons from the random graphs generated from it. Gao et al. (2015) first proposed a
rate-optimal algorithm to estimate the graphon at sampled points. The graphon estimation
is then studied under Ly norm (Klopp et al., 2017; Wolfe and Olhede, 2013), and cut
distance (Klopp and Verzelen, 2019). The spectral method for graphon estimation was
also studied in Xu (2018). For a comprehensice survey of graphon estimation, readers are
encouraged to refer to Gao and Ma (2021). Different from these works, we aim to estimate
the graphons without the graphs generated from them. Instead, we only have access to the
state and action samples of agents, who interact with each other according to an unknown
graphon structure.

Notations We denote {1,---,N} as [N]. For a set S, we denote the collection of all
the measures and the probability measures on § as M(S) and A(S), respectively. For a
measurable space (X, F) and two distributions P,Q € A(X) supported on X, the total
variation distance between them is defined as TV(P, Q) = supycr|P(A) — Q(A)|. For
to random variables X,Y supported on (X,F), we write TV(X,Y) to denote the total
variation between their distributions. For a graphon W, we define its infinity norm as

Wlloo = supyyepo,) W (2, 9)]-

3. Preliminaries

Graphons are measurable and symmetric functions that map [0, 1]? to [0,1]. By symmetry,
we mean that W(a, 8) = W(S, «) for any «, 5 € [0,1]. The set of all graphons is denoted as
W ={W:[0,1]> = [0,1] | W is symmetric}. In the following, graphons are used to represent
interactions between agents. We consider a finite horizon GMFG (Z, S, A, p1, H, P*,r*, W*).
In this game, each agent is indexed by o € Z = [0, 1]. The state space and the action space
of each agent are respectively denoted as § C R% and A C R%. We assume that S is a
compact subset of R% and A is a finite subset of R%. The horizon of the game is denoted
as H € N. The initial state distribution of each agent is u; € A(S), where A(S) is the
set of probability measures on §. We note that the initial distributions of agents can be
different by adding a new time step h = 0, where the reward is zero and the transition
kernel is independent of the action. The state transition kernels P* = {P,:‘},Ijzl are functions
Py S x Ax M(S) = A(S) for all h € [H], where M(S) is the set of measures on S. In
contrast to the single-agent Markov Decision Process (MDP), the state dynamics of each
agent in a GMFG depends on an aggregate z € M(S), which reflects the influence of other
agents on it. Since we consider the case in which the state space S is compact but potentially
infinite, we assume that P;(-|sp,an, z,) admits a probability density function with respect
to Lebesgue measure on S for any sj, € S,ap, € A, z, € M(S), and h € [H]. For time h and
agent a € Z, given a graphon W; € W* = {W} }5:1, the aggregate zj for agent « is defined
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as

1
o = / Wi (a, B)L(7) dB, (1)
0

where L(s) € A(S) denotes the law of the random variable s. We note that the agents in this
game are heterogeneous. This means that each agent is affected differently by other agents
or, in other words, the aggregates zj for different o € Z are, in general, different. Given
the state s§ € S and the action af € A of agent «, the agent transitions to a new state
sp ~ Pr(-| sy, ay, 2;). The reward functions r* = {r:}H_ are deterministic functions
rp S X Ax M(S) = R for all h € [H]. For agent o € T at time h, taking the action af
under the state s and the aggregate zj' earns the agent a reward of r} (s, af, z}').

We remark that the above GMFG subsumes the MFG (Xie et al., 2021; Anahtarci et al.,
2022) as a special case. To see this, let Wy (o, 8) =1 for all o, 8 € Z and h € [H], then the
agents are homogeneous. The aggregate z; in Eqn. (1) is simply the state distributions of
these homogeneous agents.

A Markov policy for the agent o € 7 is characterized by 7% = {71'}0;}{1{:1 e ¥ | where
7y S = A(A) lies in the class II = {r : S = A(A)}. The collection of policies of all
agents is denoted as 77 = (7%)4er € NP =TI We let uff = L(s¢) € A(S) be the
state distribution of the agent « at time h. Then puf = (u$)aezr € A(S)T is the set of
state distributions of all agents at time h. Note that the aggregate z;' is a function of the
distributions ,u% and the graphon W}, so we may write it more explicitly as z,‘f(u%, Wh).
The distribution flow % = (), € A(S)P*H = A consists of the state distributions of all
agents at any given time.

In this work, we focus on the regularized problem (Nachum et al., 2017; Cui and
Koeppl, 2021a). This setting augments standard reward functions with the entropy of
the implemented policy. Some recent works have shown that entropy regularization can
accelerate the convergence of the policy gradient methods (Shani et al., 2020; Cen et al.,
2022). In a A-regularized GMFG, when agent o implements policy 7j} at time h, she will
receive a reward 7} (sf, afy, z') — Aog mj(aj | si') by taking action af} at state sj/. Given the
underlying distribution flow u? and the policy %, the value function and the action-value
function for agent v € 7 in the A-regularized game with A > 0 are respectively defined as

H

Vo (s,m® ut, W) =E™ { > sk an 25 (g, Wip)) — Mog i (aft | sf1) | si = 8],
h=m

Qz,a(sv a, 7ra”u17 W*) = 7’;;(8,(1, Z%(ﬂ%? W;zk)) + E[Vh/\—f{(s(f):—i-lﬂrav MIa W*) | 5% =S5, a% = a]?

where the expectation E™ [] is taken with respect to af ~ (- | s¢) and 58, | ~ Py (-] s%, af, z}?)
for all h € [H]. The cumulative reward of agent a € Z under policy 77 is defined as
Je (o F W) = Epue [Vl)"a(s, 7@, ut, W*)], where the expectation is taken with respect
to s ~ puf.

Definition 1 A NE of the \-reqularized GMFG is a pair (7*%, ;%) € Il x A that satisfies

the following two conditions:

e (Agent rationality) JN (5%, T, W*) > Jh(7Y u*T W*) for all « € T and 7 €
.
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e (Distribution consistency) The distribution flow u** is equal to the distribution flow
T
Iz it

T induced by the policy w

We deﬁne the operator that returns the optimal policy when the underlying distribution
flow is u” and the graphon is W as I} (u%, W) € 11, i.e., 77 = T} (uF, W) if JA(n®, B, W) =
SUD:acfi JA(7T i, W) for all @ € Z. In this work, we focus on the case where the GMFG is
regularized, i.e.; A > 0. Thus, I’{‘ is uniquely defined. We also define the operator that returns
the distribution flow induced by the policy 7% as I'y(n%, W*) € A, ie., if =Ty(nt, W) if

fiiy11 (s /Z s)my (a|s)Py(s'] s, a, Zh(ﬂhaWh))d

acA
for all 8 € S,h € [H — 1] and o € Z,

and fif = pf. Our goal in this paper is to learn the NE of the A-regularized GMFG from
the data collected of the sampled agents. Before giving an overview of our agent sampling
schemes, we first introduce the equivariance property of GMFG.

3.1 Equivariance Property of GMFGs

We now argue that GMFG is equivariant to the measure-preserving bijection imposed on
agents. In the GMFG, all the interactions among agents are captured by the underlying
graphons. For agents «, 8 € Z, the value W(a, 3) represents the strength of interactions
between « and . Intuitively, if we “permute” the positions of agents in the graphon (i.e.,
we “permute” the values of o € 7) and transform the graphons accordingly, the resultant
game remains the same up to this permutation. However, given an uncountable number
of agents in [0, 1], the concept of “permutation” of finite objects should be more precisely
stated. This is formalized by the notion of measure-preserving bijections from [0, 1] to [0, 1].
Given a measure-preserving bijection ¢ : [0,1] — [0, 1], the transformation of a graphon W ¢
is defined as

We denote the set of all the measure-preserving bijections as By ;). Then the equivariance
property of the GMFG can be stated as follows.

Proposition 2 For any policy 7L e 1, let its distribution flow on (S, A, uy, H, P*,r*, W*)
be if € A. In other words, MI Lo(nf, W*). For any ¢ € Bjo,1), define the ¢- tmnsformed

policy 7T as 7% = 7% for all &« € I. Then we denote its distribution flow on
(S,A,ul,H,P*,r*,W¢’ ) as u®t € A, ie., p®T =Ty(n®Z, Wo*). We have

p® = 1@ for all a € T.

The proof is provided in Appendix D. Proposition 2 shows that the graphons transformed
by a measure-preserving bijections defines the same game as the original graphons up to the
bijection. In Section 5.5, we learn the values of the graphon from the sampled agents without
information of their positions. This proposition shows that we can learn the graphon up to
a measure-preserving bijection, which motivates the definition of the permutation-invariance
risk in Section 5.5.



ZHANG, TAN, WANG, AND YANG

3.2 Overview of Sampling Schemes

Our goal is to design algorithms for a central planner to learn the NE from the data collected
from a subset of sampled agents in a simulator. This simulator setting is widely accepted
and adopted in the MFG community (Guo et al., 2019; Anahtarci et al., 2022). We further
note that MFGs constitute a subclass of GMFGs. When all the agents indexed by [0, 1]
implement the behavior policies, the simulator will sample N agents from [0, 1] and collect
their states, actions, and rewards. The learner (central planner) only has access to the
samples of the sampled agents. In this work, we consider three types of agent sampling
procedures

1. Agents are sampled from known grid positions. In particular, we sample the agents at
grid positions {i/N}¥ , C [0, 1], and we know the position of each agent;

2. Agents are sampled from known random positions. In particular, we sample the agents
from N i.i.d. samples of Unif([0, 1]), and the positions of agents are also known;

3. Agents are sampled from grid positions, but the positions of the sampled agents are
unknown. For example, we know the positions of the sampled agents belong to the set
{i/N}¥ ,. However, the position of each agent within the set {i/N}¥ | is unknown.

In Section 5, we design and analyze a model learning algorithm that estimates the
transition kernel P*, the reward function r*, and the underlying graphons W* for each of
these three sampling schemes. In the first two cases, we design a model learning algorithm
that estimates the transition kernel P*, the reward function 7*, and the underlying graphons
W*. However, in the third case, we cannot estimate the original graphons, since the positions
of the agents are unknown. Instead, we can only estimate the original graphons up to a
measure-preserving bijection. In this case, we need to recover the “relative positions” of
sampled agents to select the graphons from set W. For N agents, there are N! potential
cases for their relative positions. The super-exponential size of the search space makes the
problem statistically challenging. To complete the story, there is a sampling scheme where
the positions of agents are unknown and random. However, the analysis of algorithms in
this case is difficult due to the need to carefully analyze the order statistics which is rather
different from the abovementioned three cases. We leave this case for future work.

4. Learning Algorithm for GMFG
4.1 Design of the GMFG-PPO Algorithm

In this section, we design an algorithm called GMFG-PPO (Algorithm 1) to learn an NE
of the A-regularized GMFG with A > 0. GMFG-PPO, which is an iterative algorithm,
involves three main steps in each iteration. First, it evaluates the distribution flow and
the action-value function (Line 4), assuming the access to a sub-module for computing
these. In Section 5, we design this sub-module as a model-based learning algorithm. Second,
it updates the distribution flow as a mixture of the distribution flow estimate jif of the
current policy 77 and the current distribution flow i (Line 5). The “bar” notation (such
as i) represents a mixture of distributions, and the “hat” notation (such as ji}) represents
estimated distributions. All procedures are repeated T times in the algorithm. This
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Algorithm 1 GMFG-PPO
Procedure:
1: Initialize 7{' (-|s) = Unif(A) for all s € S, h € [H] and a € T.
2: Tnitialize fif = Do(nf, W).
3: fort=1,2,...,7T do
4:  Compute the distribution flow fif = Iy (nZ, W) induced by policy 77 and corresponding
action-value function Qz’a(s, a, T, it W) for all « € Z and h € [H].
5 ffg = (1—o)iif +oufid.

ANt
R 1 AMt41 AN, PO
6: g p(]s) o (Wgh(~ |5))" At exp (1ﬁf\j7tl+1 Q" (s, if W)) for all & € 7 and

h € [H]
7 i (s) = (1= Ber) 7Ry 5 (- 8) + Beg1 Unif(A)
8: end for
9: Output 7t = Unif(ﬂﬁ:ﬂ) and it = Unif(/j[zl;T])

procedure is known as fictitious play in Xie et al. (2021) and Perrin et al. (2020). It slows
down the update of the distribution flow. In our analysis, this deceleration is shown to
be important for learning the optimal policy with respect to the current distribution flow.
Finally, we improve the policy with one-step mirror descent (Line 6). We note that Line 6 is
in fact the closed-form solution to the optimization

A2t 5) = axgmax i [(Qn (s, ' /i, W), p) = MI(p)] — KL(plln (-] 5)) Vs €8,
PEA(A)

where H(p) = (p,logp) is the negative entropy function. This procedure is one-step policy
mirror descent in Lan (2022), and it also corresponds to the PPO algorithm in Schulman
et al. (2017). This policy improvement procedure aims to optimize the policy in the MDP
induced by jif. With the convergence of jif to p*7, this procedure can learn the optimal
policy on p*7%, i.e., the policy 77 in the NE. Line 7 mixes the current policy iterate 7%
with the uniform distribution. Intuitively, this mixing ensures that the policy has sufficient
exploration in order to find the NE eventually.

GMFG-PPO differs from the NE learning algorithm of regularized MFG in Xie et al.
(2021) in three aspects. First, GMFG-PPO is designed to learn the NE of the regularized
GMFG. It involves graphon learning and requires the policy and action-value function
updates for all the agents. In contrast, the algorithm in Xie et al. (2021) can only learn the
NE of the regularized MFG, which is a special case of GMFG with constant graphons. It
only keeps track of the policy and action-value function of a representative agent. Second,
GMFG-PPO learns a non-stationary NE, whereas the algorithm in Xie et al. (2021) learns
a stationary NE. Finally, the stepsize n; used in the policy improvement (Line 6) will be
set to be a (non-vanishing) constant in Section 4.2. In contrast, the algorithm in Xie et al.
(2021) sets 1 = o(1). Our choice of 7 is the chief reason for the improved convergence rate.

4.2 Convergence Analysis of GMFG-PPO

Assuming that an NE exists (Cui and Koeppl, 2021b; Fabian et al., 2022), we now present
convergence results for learning it. We denote an NE of the A-regularized GMFG as
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(75T, 1*1). We measure the distances between policies and distribution flows with

1 H
D(WI,%I):/O ZEuZ,a[Hﬂﬁ(-H)—ﬁ,f(-]s)Hl] da,  and
h=1

1 H
d(", i) = /0 S lug — Al do.
h=1

For the purpose of our convergence results, we make a few assumptions about the \-
regularized GMFG. We first assume the Lipschitz continuity of transition kernels and reward
functions.

Assumption 1 The reward function ri,(s,a, z) is Lipschitz continuous in z for all h € [H],
that is |rp(s,a,z) — rp(s,a,2")| < Ly||z — 2'||1 for all h € [H], s € S and a € A. The
transition kernel Pp(-|s,a,z) is Lipschitz continuous in z with respect to the total variation,
that is TV(Py(-|s,a,z2), Py(-|s,a,2")) < Lp||z — 2'||1 for allh € [H], s €S and a € A.

This assumption is common in the MFG and GMFG literature (Cui and Koeppl, 2021b;
Anahtarci et al., 2022). We then assume that the composition of the operators I‘{‘ and I'y is
contractive in the following sense.

Assumption 2 There exist constants di,ds > 0 and dido < 1 such that for any policies
7L, 7L and distribution flows p*, i%, it holds that

D(Py (", W*), Dy (@5, W*)) < did(u*, i), and
d(To(nt, W*),Da(75, W*)) < do D(x*, 75).

This “contractive” assumption plays an important role in the design of efficient algorithms,
since it guarantees the convergence of both 7 and p? using simple fixed point iterations.
This assumption is widely adopted in the MFG literature (Xie et al., 2021; Guo et al., 2019),
and it holds if the regularization A is higher enough than L, and Lp (Anahtarci et al., 2022;
Cui and Koeppl, 2021a). We note that Assumption 2 indeed implies the existence and
uniqueness of NE.

Proposition 3 Under Assumption 2, the \-reqularized GMFG admits exactly one NE up
to a set of zero-measure agents with respect to the Lebesgue measure on [0, 1].

The proof is provided in Appendix O. For a policy 77 and any distribution flow pZ%, we
define the operator I's that satisfies pt? = I'z(nZ, ut, W) as

A
pi =i, qul(S')_Z/uZ’”‘(S)ﬂ%(a\S)Ph(S'\87a722(uﬁ,Wh))dsv

for all &' € S, € Z, and h > 1. The operator I's outputs the distribution flow 7 for
implementing the policy 77 on the MDP induced by p%. We now make an assumption about
certain concentrability coefficients.

10
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Assumption 3 For any distribution flow u*, we define its induced optimal policy on the
MDP induced by it as W;’I = F%(MI,W*) and the induced distribution flow as %% =

Fg(ﬁZ’I,,uI, W*). Then there exists a constant Cy, > 0 such that for any distribution flow

wr, it hold that

o [ " (s) 2] <2
Sup ~pTeo oy -~ .
aczhelr] L (s) g

This assumption concerns the boundedness of concentrability coefficients. This type of
assumption are standard in the policy optimization literatures (Shani et al., 2020; Bhandari
and Russo, 2019; Agarwal et al., 2020). The policy 7,/ (an|sp) > 0 is strictly positive for all
ap € A, sp € S due to the presence of the regularization. When S is finite, this assumption
holds if P} (sp+1|sn,an, zn) > 0 for all sp11,s, € S, ap € A, and 2, € M(S). When S is com-
pact (but uncountable) this assumption holds if Py (spi1|sh, an, 2n) < KPP} (Sh41|5h, an, 27,)
for some constant x > 0 and all sp41,5, € S, ap € A, and 2, z;, € M(S). We then make
an assumption about the accuracy about our distribution flow and action-value function
estimates in Line 4 of Algorithm 1.

Assumption 4 We have access to the estimator P = {P, YL 7 = {#}1L,, and W =
{Wi} | and corresponding operator estimate I's(-, W) and action-value function estimator
Qz’a(~, W) These estimates satisfy that for any policy 7%, we have that

d(To(r, W), To(nF, W*)) < e,
and that for any policy ©* and distribution flow p*

Y 2 A
?;_—lp EﬁayﬁlIHQh,a(Sa ) Tranu’I? W) - Qh7a(s7 ,,7-(-047 MI’ W*)Hoo < £Q-

T+,
for some constants €, and .

We make this assumption only for ease of the presentation of the analysis of our algorithm. In
Section 6, we will replace this assumption with the actual performance guarantee of our model
learning algorithms. When learning the model from L trajectories of N sampled agents, we
could quantify ¢, and eg as: (i) (known fixed positions) e, = O(N~Y/2 4+ (NL)~'/*) and
eg = O(N~Y2 4+ (NL)~Y2). (ii) (known random positions) £, = O(N~Y/2 4 (NL)~/4) and
eg = O(N~V4 4 (NL)~Y/2). (iii) (unknown fixed positions) e, = O(N~/2 + (N/L)!/*) and
eg = O(NV2 4 (L)71/%).

Theorem 4 We set ay = O(T~2/3), By = O(T™'), and n; to a constant that only depends
on X\, H and |A|. Under Assumptions 1, 2, 3, and 4, Algorithm 1 returns the policy ©* and
the distribution flow i* that satisfies

T T
1 N 1 AT x VdiegT
D(T E 7TtI77T7I>+d<T E Mtl-“u ’I> :0( Tl/'?’ )+O(€M+\/8Q+€H)'
t=1 t=1

11
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The proof is provided in Appendix E. There are two main differences in Theorem 4 and Xie
et al. (2021, Theorem 1). First, we achieve a faster rate O(T~'/3) than the rate O(T~'/%) in
Xie et al. (2021). This improvement is attributed to the newly designed stepsize 7;, which
is a constant, but the algorithm in Xie et al. (2021) sets 7; to be O(T~2/5). Intuitively, a
stepsize 7; that is independent of T" will result in faster convergence of an algorithm compared
to one that decays as T grows. However, the proof involves a novel optimization error
recursion analysis for this new stepsize. This novel optimization error recursion analysis
also generalizes Lan (2022, Theorem 1) to the time-inhomogeneous MDP with a finite
horizon. See Appendix F for the statement. Second, Theorem 4 does not require the first
condition in Assumptions 4 and 5 in Xie et al. (2021). Instead, we adopt the more realistic
Assumption 1 concerning the Lipschitzness of transition kernels and reward functions to
control the difference between the MDP induced by difference distribution flows.

5. Model Estimation From Datasets

We assume that the state space S C R% is a subset of R, i.e., ds = 1. Our results can be
extended to the case dg > 1 by using kernels of functions with multiple outputs. Since § is
compact, there exists a constant Bg > 0 such that |s| < Bg for all s € S.

5.1 Dataset Collection

Since the GMFG involves uncountably infinite agents, it is impossible to collect the trajec-
tories of all the agents. Thus, we sample N agents {&}Y, in [0,1] to collect their states,
actions, and rewards in each episode. We consider three sampling methods: (i) agents’
positions {¢;}Y, are known grids, namely, & = i/N for all i € [N]. Furthermore, the map
between the identity of each agent to the grid {i/N}¥ , is known. (i) {&}Y, are known
i.i.d. samples of the uniform distribution Unif([0,1]). (iii) agents’ positions {&}Y | are
grid points, and these positions are unknown. Then we acquire the states and actions of

these sampled agents For notational simplicity, we denote the state s% and action afj of

the agent &; as sh = si and ah = aiﬂ respectively. To collect these data, we implement

L behavior policies 7TI for all 7 € [L]. In the 7*" episode, a trajectory of these agents is
D; ={(s [71\2]’ Th],rgh], Th+1)}h 1 The dataset consists of L trajectories, i.e., D = {D,; }L_

We note that once the behavior policy 7Z is determined, the distribution flow pZ
is fixed. Then the influence aggregate on the " agent z;h(W;'L‘ ) is a function only of

&, which is independent of the states of other agents. Thus, the distribution of sl h] is

N & N
| J Nih =[Liz o -
5.2 Mean-Embedding of Distribution Flows

The transition kernels and the reward functions both take (s, a, z) as their inputs. However,
the aggregate z € M(S) for an agent which is defined in Eqn. (1) is not available to us,
since it requires the unknown values of graphons W* and the distribution flow p*. From the
collected data, we only have the states {S:_ L 1Y, sampled from distributions {,u’Th}f\L 1- Thus,
we first need to estimate the distribution flow u? from these sample. We handle this by using
a mean-embedding, which is a widely adopted method in distribution regression (Szabé et al.,

12



LEARNING REGULARIZED GRAPHON MEAN-FIELD GAMES WITH UNKNOWN GRAPHONS

2016, 2015). Define 2 = S x A S, then ds 4, = d5 X 0, X 2z is measure on =. Given a positive
definite kernel k£ : £ x E — R, we denote the Reproducing Kernel Hilbert Space (RKHS)
spanned by kernel £ as H. Then we embed the measure ds, . with the kernel £ as

Wy g, = /Sk(-,(s,a, s'))z(ds").

We have wq, ,. € H. We note that such mean-embedding procedure will not cause the
problem to be degenerate, since the embedding with the identity kernel degenerates to ds g ..
For our regression setting, we will embed the measure dso X dqe X 27 (W) for all a € Z, and
h € [H]. Here the aggregate z;' is the influence aggregate for agent « at time h defined in
Eqn. (1). Then the mean-embedding of the measure dgo X dqo X 2 (W) is

1
W (W) = /0 /5 Wi (e B (-, (55 aff, ) () ds dB.

Given such embedding representation, we reformulate the transition kernels and the reward
functions as functions f;, g7 : H — R that is defined as

shor = fi(wr W) +en, i = gi(wp(Wy)) for all h € [H],a € Z, (2)

where {e}}4ecz are independent zero-mean noises. Since |s| < Bg, we have || < 2Bg.

5.3 Assumptions for Model Learning

In the following, we will estimate the transition kernels {f;}/_,, the reward functions
{g:}:L | and the graphons {W; }}L_| from the collected data. With nonparametric regression
methods, we adopt a general graphon class W to estimate the underlying graphons and
adopt the kernels K : H x H — R and K : H x H — R to estimate the transition kernel and
reward functions, respectively. The space spanned by the kernels K and K are respectively
denoted as H and H. We postpone the details of the estimation algorithms for three
sampling schemes to the following sections, and we first state the assumptions needed for
the convergence of all these estimation algorithms.

First, we assume the Lipschitz continuity of the graphon class W and the nominal
graphons W* = {W;}_ . This assumption will help us to generalize the estimate from the
sampled agents to the unobserved agents.

Assumption 5 (Lipschitzness of Graphons) For any W € W (resp. {WiHEL ), we
have that |W (a, B) — W(d!/, 8")| < Ly (la — /| + |8 = B]) (resp. |[W (e, B) — W(c/, )| <
Lw+(la = '| +18 = B'])) for all a,a/, 3, 8" € [0,1], where Ly;, > 0 (resp. Ly > 0) is a
constant.

For ease of notation, we define Lyy = max{L,3,, Ly~ }. Second, we assume the boundedness
and the Lipschitz continuity of the kernels. Similar as Assumption 5, this assumption is
helpful to guarantee the boundedness of estimates and generalize the estimates from the
sampled agents to the unobserved agents.

Assumption 6 (Boundedness and Lipschitzness of Kernels) The reproducing kernels
k, K and K satisfy
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o The kernel k is bounded, i.e., there exists By, > 0 such that k(z,x) < Bg for all x € E.

o The kernel K (resp. K) is bounded, i.e., there exists Bg > 0 (resp. B > 0) such
that K (w,w) < B (resp. K(w,w) < B%{) for all w € H.

o The kernel K (resp. K) is Lg-Lipschitz (resp. Lz) continuous, i.e., |K(-,w) —
K(,w)lg < Lgllw = o/l (resp. IK(w) = K(,w)lly < Lglw = o/lln) for all
w,w €H.

For ease of notation, we define the maximal boundedness parameter Bx = max{By, B}
and the maximal Lipschitz constant Lx = max{L, L;}. Finally, we state the realizability
assumption. It guarantees that we choose the proper function class for our regression task.

We define the r-ball in a RKHS H as B(r,H) = {f € H ||| fll <7}

Assumption 7 (Realizability) The nominal transition Junctions fy, reward functions gj,
and graphons W satisfy that f; € B(r,H), g;; € B(F,H) and W' € W for all h € [H]|, where
r,7 > 0 are some constants.

For ease of notation, we define the maximal radius as 7 = max{r,7}. We note that our
algorithms and analysis are also applicable to the general function class F and F, replacing
#H and H. This assumption is realized when the chosen function classes are large enough. For
example, H and H can be chosen as kernels spaces of neural networks (Jacot et al., 2018), and
W can be a set of neural networks for the purpose of graphon estimation (Xia et al., 2023). In
addition to these non-parameteric function classes, for the case in which we know the form of
the underlying graphon (e.g., Wy (a, 8) = a—b-(a+ j3) for some a,b € R), we can also choose
the graphon class accordingly (e.g., W = {W | W (a, B) = k1 — ko - (o + B) for k1, ko € R}).
Here we adopt the RKHS for H and H the ease of representation.

5.4 Learning from Sampled Agents with Known Positions

In this section, we design regression algorithms when the positions of sampled agents are
known. From the data collection procedure in Section 5.1, the values of the distribution
flows uZ for 7 € [L] are not directly accessible. For the i*h agent, the mean-embedding of
her state, action and the aggregate at time A in the 7" episode is

Wi (W7) = /S (- (55 a0 8)) 22 p(ds) = / / Wi (€6 BY (- (5% s g, ) () ds dB.
(3)

Thus, the input of f; and g;, i.e., w;h(W,ff ), needs to be estimated. Given any graphon

W), € W, we derive the empirical estimate of the aggregate of the i agent at time h as
ZaWh) = 57— D Wal&, )0
J#Z

This estimate involves three kinds of error sources. The first is the graphon estimation error,
which originates from the difference between Wj, and W;'. The second is the agent sampling
error which originates from the approximation of uncountably many agents in [0, 1] with
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N — 1 of them, i.e., an integral over [0,1] is replaced by a sum over N — 1 terms. The

last is the state sampling error in which we replace the integral of uij , over state space S
with the singleton d_; . In the analysis, we handle these three errors separately. Given the
T,h

aggregate estimate 2; (W), the corresponding mean-embedding of the state, action, and
the aggregate for the i*" agent is

. 1 . . .
wrp(Wh) = N_1 Z Wi (&, &)k (-, (7 hs A s SJT,h))- (4)
J#i
Taking this estimate as the input of f; and g;, we evaluate the square error of the prediction

and derive the estimates by minimizing the error. Thus, the estimation procedure for
learning the system dynamics, the reward functions, and the graphons can be expressed as

~ o 2 . ) ~ 2
(Fand Wi) = argmin Z 3 (51— F @50 00)) + (i =g (@24 (1))) - (5)
fEB(rH),g€B(FH =1 i=1
Wwew
We note that the above optimization problem is, in general, non-convex. However, we focus
on the statistical property of it in this work, and the practical implementation can be done
with the help of non-convex optimization algorithms. In this estimation procedure, we form
our predictions of states/rewards via the composition of two procedures, i.e.,
(5 @b H 25 0L (W) 25 sy frt (6)
In the first stage, the states and actions are embedded with the kernel k£ and a selected
graphon W. In the second stage, the mean-embedding d}i’ (W) is forwarded by the functions
in H or H.

This two-stage prediction distinguishes our estimation procedure from the algorithms
designed for the distribution regression problem (Szabé et al., 2016; Fang et al., 2020;
Meunier et al., 2022). In the distribution regression problem, the covariate, i.e., the input
of f or g in Eqn. (6), is an unknown distribution. In this problem, we are tasked with
performing a regression from the data of the response variable and the i.i.d. samples of the
unknown distribution. Although the distribution regression problem also requires a two-
stage prediction similarly as Eqn. (6), i.e., the covariate should be first estimated from i.i.d.
samples drawn from itself, our problem setting involving graphons is a strict generalization
of distribution regression. First, the input of f or ¢ in our problem is a function of a set of
distributions {,uf_"h}aez. In contrast, the covariate of the distribution regression problem is a
single distribution. Second, in addition to the recovery of ,ui p, from its samples, our problem
requires the estimation of the graphon W to form w;h(W) However, the distribution
regression problem only requires the recovery of a distribution from its i.i.d. samples, which
corresponds to the case that W is a constant function.

5.4.1 AGENTS WITH KNOWN GRID POSITIONS

In this section, we provide the convergence result of the estimation procedure in Eqn. (5) in
the setting where the agents’ positions {¢;}, form a known grid on [0,1]. Without loss
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of generality, we assume that & < &; for any ¢ < j in [N], and denote the set of positions
as £ = {&}Y,. In this section, our behavior policies 72 for 7 € [L] are set as L,-Lipschitz
policies. It means that ||7§(-|s) — 7'['5( |s)|li < Ly|lae— B| for all h € [H] and o, 3 € Z. We
note that setting the behavior policies as Lipschitz policies will not restrict the applicability
of our estimation procedure, since the NE is shown to be Lipschitz under Assumptions 1
and 5 in Appendix P.

Then we introduce the performance metric for our estimates. Given f , the joint distribu-
tion of (87 ., af . 7 s 75 s S g1 )i 1 [jAd | P Where ply = (L), X, X6, z, X0 X Dy
Here 6, « is the delta distribution induced by the deterministic function 7. We deﬁne the
risk of (f,g, W) given £ as

. A 2 , A 2
Ref.0.W) = 12 398, | G = 1))+ (s = afetav) ] @)
=1 i=1

The risk Rg( f,9, W) measures the mean square error of the estimates f, g, W with respect
to the distributions of states, actions and distribution flow on the sampled agents. This
risk definition is motivated by the distribution regression (Szabé et al., 2015), since our
framework is a generalization of the distribution regression, as discussed in Section 5.4. The
convergence rate of our estimates ( fh, Ghs Wh) is stated as follows.

Theorem 5 Under Assumptions 1, 5, 6, and 7, if {gi}fil are known grid positions such
that & = i/N for i € [N], then with probability at least 1 — 0, the risk of the estimates in
Eqn. (5) can be bounded as
Re(fus ins Wi) = Re(fr, g3, W)
B 0< (Bs +7Br)* . Ni N3 Ny, . (Bs +7Br)TLic By log NLNw(1/VN,W) )

1 T
NL 8T 5 JN 5

generalization error

mean-embedding estimation error

where

Np, = J\/H<]\?L,B(T,H)>, N; =N <A?L,IB%(F,H)>, Ny, = N (L;’Mw)
The proof of the theorem and the definitions of these covering numbers are provided in
Appendix G. The estimation error in Theorem 5 consists of two terms: the first term
corresponds to the generalization error, and the second term corresponds to the mean-
embedding estimation error. The generalization error involves the error from optimizing
over the empirical mean of the risk in Eqn. (5) instead of the population risk in Eqn. (7).
The mean-embedding estimation error comes from the fact that we cannot directly observe
the distribution flow uZ, but we need to estimate it from the states of sampled agents. As
discussed in Section 5.4, the mean-embedding estimation error consists of the agent sampling
error and the state sampling error. If we use finite general function classes, then the covering
number in the bound will be replaced by the cardinalities of these function classes. The
resultant convergence rate would thus be O(1/v/N).

The model learning algorithm in Pasztor et al. (2021) for the MFG assumes access to
the nominal value of the distribution flow. Such an assumption can be achieved in MFGs by
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sampling a large number of agents at each time, since all the agents are homogeneous and
have the same state distribution flow. This estimation procedure will however, come at a
cost of O(1/+/N), which is not reflected in their results. What’s more, such an assumption is
no longer realistic in the GMFG, since the agents in GMFG are heterogeneous, and the state
distributions of agents are different. Our estimation procedure in (5) does not require the
access to the nominal value of the distribution flow u% . Instead, we estimate this quantity
from states of sampled agents and prove that such an estimate works for the heterogeneous
agents.

5.4.2 AGENTS WITH KNOWN RANDOM POSITIONS

In this section, we provide the convergence result of estimation procedure in Eqn. (5) in
the setting where the agent positions {fi}ij\il are known realizations of i.i.d. samples drawn
from Unif([0,1]). The set of positions is denoted as £ = {&}Y.,. We first specify the
performance metric in this section. For an agent o € Z, we denote the joint distribution
of (si‘,h,aﬁ‘,h,uih,r%h,sﬁ"h+l) as pl,, where pf, = u, x m¥, x 5#5”1 X 6z x Py. Then the

risk of f € H, g € H, and W € W is defined as

R(f )= L3 / By, (801 = Fe207) "+ (12 = 9007 a9
=1

Compared to the risk with grid positions defined in Eqn. (7), the risk defined in Eqn. (8)
can be derived by taking expectation with respect the distribution of the positions, i.e.,
R(f,g, W) = Eg[’Rg(f,g,W)]. The convergence rate of our estimates can be stated as
follows.

Theorem 6 Under Assumptions 5, 6, 7, and 1, if {fl}fll are known i.i.d. samples of
Unif([0,1]), then with probability at least 1 — ¢, the risk of the estimates in Eqn. (5) can be
bounded as

R(fha Gh Wh) - R(flta g;kw Wlt)
— 0((35 +7Bk)® Ve Ng, Ny

1
JN BT

. (Bs +7Bi)rLi By | NLNw(1/VN,W) N (Bg + 7B )* b Nz, Ng Ny,
JN & 5 NL 875 ’

where

. 1 _ - 1 - 1 ~
Np, :N-< B r,?—l> Nz =N < B(r ’H), i, =N (,W)
A\ oy B M) Vo = N 1 B M) | iy = N 167 L ByvV/N
The proof is provided in Appendix H. The estimation error in Theorem 6 consists of three
terms: the first term corresponds to the approximation error, the second term corresponds to
the generalization error, and the third term corresponds to the mean-embedding estimation
error. The first term comes from the fact that we can only approximate the risk R(f, g, W)

by Re(f, g, W) in the estimation procedure specified in Eqn. (5). The second and the third
terms can be explained in the same way as for the terms in Theorem 5.
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agent 1 agent 1

agent 2 agent 3

agent 3 agent 2

1 1

(a) The SBM graphon and three sampled agents. (b) Transformed SBM graphon and the corre-
spondingly transformed agents.

Figure 1: The left figure shows the SBM graphon and three sampled agents. Swapping
the second and the third communities, we obtain the graphon on the right. The
sampled agents are correspondingly swapped. Although the graphons and agent
positions in the left and the right figures are not the same, the agents in both
figures retain the same “relative positions” with the underlying graphons.

5.5 Learning from Sampled Agents with Unknown Positions

We now consider the setting where the positions of the sampled agents {§i}ij\i1 are on the
grid in [0, 1], but are unknown. This means that the set of sampled positions {&}Y, is
equal to {i/N}Y,, but we do not know which i/N each ¢; corresponds to. In addition to
the data collection procedures in Section 5.1, we assume that we implement the same policy
over L independent rounds. This sampling method implies that the distribution defined in
Section 5.5 satisfies p3; = pi’,h for all 7,7" € [L], « € Z and h € [H].

Intuitively, since the position information is missing from our observations, we cannot
estimate the precise values of graphons. For example, the collected data from the agents
in Figure 1(a) is same as that in Figure 1(b), so we cannot distinguish between these two
different graphons. However, we can see that these two graphons are the same up to a
measure-preserving bijection. Proposition 2 shows that the model with transformed graphons
is the same as the original model up to a measure-preserving bijection. Thus, in this section,
our goal is to estimate the model of GMFG up to a measure-preserving bijection.

In this setting, we cannot estimate the mean-embedding wih(W,’:) as Eqn. (4), since
we do not know the agents’ positions {ﬁl}fil Instead, we need to estimate the “relative
positions” of these agents. Here the relative positions refer to the relationship between the
agents’ positions and the underlying graphon. For example, in Figure 1, the agents retain
the same relative positions in different graphons. With N sampled agents, the relative
positions can be represented by the permutation of these agents. We denote the set of all
the permutations of N objects as CV, where |CV| = N!. For a permutation o € CY and a
graphon W, we estimate the relative position of i*" agent as ¢(i)/N for all i € [N]. Then
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mean-field embedding estimate can be derived as

S = Y 3 (ST etk O
];éz '=1

Similar as Eqn. (14), Eqn. (9) is also an average over L episodes, since we implement the
same policy for L independent times. In this estimate, only the relative positions between
agents and the underlying graphon matters, so we can equivalently express such estimate
with a transformed graphon. We define @;h(W) as w9 (W) with the identity map o. The
set of measure-preserving bijections that are permutations of the intervals [(i — 1)/N,i/N]
for i € [N] is denoted as Cﬁl]. Then for some ¢ € C[Jg,l], the estimate in Eqn. (9) can be
reformulated as

T > W (60i/). 6 R ()
j#i /=1
Given this mean-embedding estimate, our model estimation estimation procedure can be
stated as

N
S . 1 A - 2 . - 2
(fn> Gn> Why ¢n) = argmin 7NLE E <Th+1 ?,h(Wd’))) +(T17,h_g(w;,h(W¢)))'
fEIB(T‘ﬂ:[), T:]_ =1
gEB(7,H),
Wew.pecy

(10)

We note that the computational burden of this procedure can be high due the large number
of permutations in C[]g’ 1] (for large N). However, this high computational burden is common
in the graphon learning algorithms (Gao et al., 2015; Klopp et al., 2017). Our work mainly
focuses on the statistical analysis of the graphon problem, rather than their well-known
computational limitations. We leave the addressing of computational concerns to future work.
We then specify the performance metric under this setting. As mentioned earlier, we cannot
estimate the precise values of graphons. Thus, we measure the accuracy of our estimates by
transforming the graphon estimate with the optimal measure-preserving bijections. Such a
risk is known as the permutation—mvam’ant risk, which is defined as

Retro W)= int 338, (s = SaW9) 5 (ot ]

7=11=1

i i oy )2 i i o) 2
- 5 ZE (shor = £GRV) "+ (= a(eawe) ], )
0,1

where pi = pi , for all 7 € [L]. The term “permutation-invariant” comes from the analogy
between permutations and measure-preserving bijections and the fact that 725( fig, W)=
7_35-( f,9,W?) for any ¢ € Bip,1}- In the graphon learning problem, similar distances that take
the permutation-invariance into account have been defined in existing works (Klopp and
Verzelen, 2019). Our risk here is designed to reflect the permutation-invariance property and
various GMFG-related quantities. Our convergence guarantee of the estimation procedure
can be stated as follows.
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Theorem 7 Under Assumptions 5, 6, 7, and 1, if {&}Y, = {i/N}Y,, then with probability
at least 1 — 9, the risk of the estimates in Eqn. (10) can be bounded as

ﬁg(fh7gh7Wh) - ﬁg(f;7g;;awlr)

LwByFLk(Bs + 7B [N NLN.(\/N/L,W
_of bwBiLk(Bs +7 K)+(BS+fBK)FLKBK — log (v N/L, W)
N L 0
agent sampling error state sam}jling error
B 7B )4 NN, TJ\NI;J\N/*
+( s+L7“ K) log Bé]ﬂsr °°>7

generalization error

where

Ne, = Ny, (;,B(r,y)>, Ny = /\/ﬁ(i,ﬁ(ﬂ?—[}), = NOO<LK3L,w).
The proof is provided in Appendix I. The estimation error in Theorem 7 consists of three
terms: the first two terms correspond to the mean-embedding estimation error, and the
last term corresponds to the generalization error. As mentioned in Section 5.4, the mean-
embedding estimation error consists of agent sampling error and the state sampling error.
The first term in the bound represents the agent sampling error. Since the distance between
adjacent agents is 1/N, this approximation error is of order O(1/N). The second term
represents the state sampling error. The term /N in the numerator comes from the
estimation of relative positions from CV, whose size is N!, and the union bound among
this set. The third term, which is the generalization error, also suffers from the union
bound of N! relative positions. Compared with Corollary 12 in Section 5.4, the result in
Theorem 7 suffers from a multiplicative factor log N!. When the function classes are finite
and L = ©(N?) with 8 > 1, the convergence rate in Theorem 7 is O(max{N~(#=1)/2 N~11),
In contrast, the convergence rate Corollary 12 is O(N —(B+1)/2),

Theorem 7 states the estimate error in the permutation-invariant risk. In fact, we can
also derive the convergence rate of our estimation of relative positions éh. This means
that for some unknown correction ¢* € C[](\{ ) the risk defined in Eqn. (7) of our estimate

(fr» im0 Wff’how* ) vanishes.

Corollary 8 Given {&}N., = {i/N}Y,, we adopt ¢* € Cﬁl] to denote the mapping that
Y*(&) =i/N for all i € [N]. Under Assumptions 5, 6, 7, and 1, the risk of estimate can be
bounded as

Re(fs ns W) = Re( 7, 91, W)

LwBLFLk(Bs + 7B N . NLNo(/N/L,W
_ o IwBirLiBs +7Bk) | g ipyiL By N log NEN=(VN/LWY)
N L 5
(Bs + 7Bk)* NNBTNE;NOO>
7 log 5

with probability at least 1 — 4.
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Algorithm 2 Estimation of if, if,, and QA;\L’a(s,a,w,?‘, ik, W)

Inputs: the current policy 7rtI and the past distribution flow estimate ﬁtI
Outputs: ji7, ﬁtIH, and Qz’a(-, AT W) forall h e [H], a €T
Procedure:
1: Implement policy 77 for L times and collect the data {D, }~_; (with any kind of sampled
agents in Section 5)
2: Derive the MDP estimate (15, 7, W) with the estimation procedures in Section 5, where
P = {ph}thlv P= {Ph}flz{:p 7= {Pn}i,, and W= {Wh}thl
3: Derive fif as the distribution flow of implementing 77 on the MDP estimate.
4: Derive ff,; as jif,; = (1 — o) iif + oufif .
5: Implement a behavior policy 7T,]53 Z on the MDP induced by jif for L times and collect
the data {D!}E_, (with any kind of sampled agents in Section 5)
6: Derive the MDP estimate (P’,#,W’) with the estimation procedures in Section 5
7: Derive QAQ’O‘(-, &, AT W) as action-value functions of 77 on the MDP estimate

(P, # W").

The proof is provided in Appendix M. Combined with Proposition 2, Corollary 8 shows that

the model estimate ( Frsn, W ,‘f ") converges to the nominal model in the sense that they are

shown to be equivalent up to an unknown measure-preserving bijection ¥* € C[]g 1

6. Combination of Optimization and Estimation Results

In this section, we make use of the estimator we constructed and analyzed in Section 5 to
derive estimates in Step 4 in Algorithm 1. We assume that one has access to a population
simulator; this assumption is commonly made in the MFG literature (Guo et al., 2019;
Anahtarci et al., 2019, 2022). This simulator is able to generate data according to two types
of requests: (i) implement policy 7 on the MDP induced by a pre-specified distribution
flow pZ, (ii) implement policy 7% directly. In the latter case, the MDP is induced by the
distribution flow of 77 itself.

We use Algorithm 2 to derive the distribution flow and action-value function estimate
in Line 4 of Algorithm 1. In this algorithm, we call the simulator twice. First, we directly
implement the policy 7th for L times independently. With the collected data, we can estimate
the distribution flow p. Second, we implement a behavior policy 7710 Z on the MDP induced
by g for L times. Then estimate the action-value functions with the collected data.

One natural question is that why we need to estimate the transition kernels and underlying
graphons to estimate p7. An alternative is to implement 77 for L times and estimate the
distribution flow of the sampled agents as their empirical distribution. In fact, the convergence
rate of the alternative will be O(1/+/L) from central limit theorem. However, our estimate
will shown to have risk bounded by O(1/v/NL). This improvement is because our algorithm
makes use of the information of all the agents, but the alternative only uses the information
of single agent for the estimation.

To derive the theoretical guarantees on the accuracy of the distribution flow and action-
value function estimates, we make the following assumptions.
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Assumption 8 There exist L. > 0 such that the noises e, for h € [H| satisfy that for any
a€eR, TV(er +a,en) < Lea for all h € [H].

This assumption enables us to control the total variation error of our transition kernels
Py by the estimation error of f;. We note that Assumption 8 is satisfied for a wide range
of distributions, including the uniform distribution, the centralized Beta distributions for
a > 1,8 > 1, and the truncated Gaussian distribution. We then assume that the behavior
policy 77? 7 satisfies the following assumptions.

Assumption 9 There exist two constants Cr,Ck > 0 such that for all t € [T

Tin(@ls) malals)
sup o <Cr and sup —o —— <Cr.
s€8,a€A,0€T,he[H] 7r als) seS,acAa€LhelH] T, (als)

This assumption states that the behavior policy should explore the actions of the NE and
the policy 77, ;. It is quite natural since we want to estimate the action-value function of

mf,, from the data collected by Wf . Similar assumptions have been commonly made in the
off-policy evaluation literature (Kallus et al., 2021; Uehara et al., 2020).

Assumption 10 For any policy 7t € II, we define ptt = Ds(nt, gf, W*). We also define

ﬁ?z = Fg(ﬂf’z, pf, W*). There exists a constant C” > 0 such that for any t € [T] and any

policy ©t specified above, we have

g (s)
sup

o <O
s€S,he[H],aeT ,ut h (S)

This assumption states that the behavior policy should be sufficiently exploratory such that
the induced distribution of other policies can be covered by that of the behavior policy.
Similar assumptions haven been made in the policy optimization literatures (Shani et al.,
2020; Agarwal et al., 2020). We note that if we take the behavior policy 71'}?71 = Unif(A)2x#H
to be the uniform distribution on the action space, then the constants in Assumptions 9 and
10 can be set as C, = C% = |A| and C? = | A|H.

6.1 Known-position Case

In this section, we analyze Algorithm 1 and Algorithm 2 when we know the positions (grid
or random) of the sampled agents. In Algorithm 2, we know the distribution flow i during
our second call of the simulator. Thus, in Line 6 of Algorithm 2, we estimate the model
from the collected and the precise value of the distribution flows. This estimation procedure
can be acquired by simplifying the estimation procedure in Section 5.4.1 as

o - . ~ 2 . . ~ 2
(fas 3, W) = argmin —ZZ( Staer = FEa00)) + (1 — g(wha(1) ) (12)
fEIB(r'H T=114i=1
gEB(7,H),
Wew

where W’ h(W) is the mean-embedding calculated by Eqn. (3) and the known distribution
flow. Then the result for the agents with known grid positions is stated as
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Corollary 9 If we sample agents with known grid positions and adopt Algorithms (5) and
(12) to estimate the MDP, then under Assumptions 1 to 10, we have that GMFG-PPO
return the following estimates with probability at least 1 — o

T 1 T
( Zﬁm’) (TZﬁtI»H*’I>

t=1

( 5+rBK iTNB,nN Ny; +(BS+fBK)%(rLKBk)i log TN LN (1/VN, W)

1) (NL)s 1)
(BS + rBK)%(BS + 7By + FLg By)1 Viog T
+ o +0( Y3

The proof is provided in Appendix K. The error of learning NE consists of two types of
terms. The first originates from the estimation error of the distribution flow and the action-
value function. It involves the number of sampled agents N and the number of episodes
L. The second represents the optimization error and involves the number of iterations 7.
Consider the case where the function classes are finite. To learn a NE with error € measured
according to D(-,-) and d(-,-), we can run Algorithms 1 and 2 with 7' = O(¢~3) iterations
and O((NL)~Y/® 4+ N=1/4) = ¢. The second condition can be achieved by several parameter
settings, e.g., L=1, N =0(e®) and L = O(e™%), N = O(c™%).
The result for the agents with known random positions is stated as follows.

Corollary 10 If we sample agents with known random positions and adopt Algorithms (5)
and (12) to estimate the MDP, then under Assumptions 1 to 10, we have that GMFG-PPO
return the following estimates with probability at least 1 — 9

(i) ob )

< s+ rBK 1TNIB%TNB;NW+(BS +fBK)%(rLKBk)% log L TN LNoo(1/VNE, W)
) (NL) 1)
Bea 4+ 7B )1/2 Ng, N; N Toe T
+( S+?”1K) loat DB VEWY o (Viog T
Ns 1) T1/3

The proof is provided in Appendix L. Similar as Corollary 9, error of learning NE consists
of the estimation error and the optimization error. To learn a NE with error ¢ measured
according to D(-,-) and d(,-), we can run Algorithms 1 and 2 with 7' = O(¢~3) iterations
and N = O(e~®) sampled agents.

6.2 Unknown-position Case

In this section, we analyze Algorithms 1 and 2 when we do not know the grid positions of
the sampled agents. In Algorithm 2, we need to specify the policy 77 and distribution flow
fiF, which requires the information of agents’ positions. Thus, we additionally assume that
for a specific agent o € Z, we know which sampled agent is closest to a and the relative
position to the closest sampled agent. This assumption holds in many realistic scenarios.

23



ZHANG, TAN, WANG, AND YANG

For example, we consider the swarm robotics related problems (Elamvazhuthi and Berman,
2019). In this problem, we would like to find the NE of swarm robotics. The state and action
are the kinetic signals and acceleration of robotics, respectively. The reward is the quantity
related to the kinetic goal. The robotics that have close physical positions usually share
close positions in the underlying graphon, since the interaction among the swarm robotics is
related to the physics setting of them. Thus, in this example, although we do not know their
exact positions in graphons, we have information about their relative closeness in graphons
via their physical positions. In addition, since the data points are stored in each robotics,
the samples across different iterations can be guaranteed to come from the same robotics.
In this case, there is one sampled person from each state, and we assume that each person
knows which state she belongs to, i.e., which sampled person is the closest person to her.

Corollary 11 If we sample agents with known grid positions and adopt Algorithms (5)
and (12) to estimate the MDP, then under Assumptions 1 to 10, we have that GMFG-PPO
return the following estimates with probability at least 1 — 0

1 & 1 &
D<T Wtz,ﬂ*’z> +d<TZ/ltZ7,U'*’Z>
t=1

t=1
ByFLi(Bs + TBk) | (Bs+ FBg)Y4(FLgkBxN)/ANYS || NLN&(/N/L,W)
=0 + log
N1/4 L1/8 5
BS+fBK 1 4NNBTN]E;NOO \/logT
s %8 / 5 +O( /3

The proof is provided in Appendix N. Similar to Corollaries 9 and 10, the learning error
in Corollary 11 consists of the estimation error and the optimization error. To learn a NE
with error ¢ measured according to D(-,-) and d(-,-), we can run Algorithms 1 and 2 with
T = O(¢73) iterations, N = O(e~*) sampled agents, and L = O(e~'2) episodes.

7. Experiments

In this section, we utilize simulations to demonstrate the importance of learning the under-
lying graphons, thus corroborating our theoretical results. We simulate our algorithms on
the Susceptible-Infectious-Susceptible (SIS) problem and investment problem. The detailed
definitions of the problems are provided in Appendix A.

The SIS problem: This problem, which has also been considered in Cui and Koeppl
(2021a,b), models the propagation of an epidemic among a large population. People in the
population are infected with probability proportional to the number of infected neighbors.

An investment problem: This problem considers the situation where several compa-
nies aim to maximize their profits simultaneously. The profit of each company is proportional
to the quality of its product and decreases with the total quality of the products in its
neighborhood.

We experiment with four types of graphons: exp-graphon, SBM graphon, affine attach-
ment graphon, and ranked attachment graphon. The value of exp-graphon is affine in the
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Figure 2: Simulation results for SIS problem with grid known-position agents.

exponential of the product of «, 3, which is defined as

ex _ 2 exp(@ ) aﬁ)
W D) = T @)

which is parameterized by § > 0. The SBM graphon splits [0,1] into K > 1 blocks,
which is parameterized by {px}5_,. Here py = 0 and px = 1, and the i-th block is
(pi—1,pi]. The value of SBM graphon is then specified by {aij}fjffl with a;; = aj; as
WSBM (o, B) = a;j if pi1 < o < p; and pj_1 < B < p;. The affine attachment graphon is
defined as W;fg(a, B) =a—>b-(a+ ), where a,b € R parameterize the graphon. The ranked
attachment graphon is defined as ng})nk(a, B) =a—0b-ap. This is a generalization of the
definition in Cui and Koeppl (2021b).

Since we do not know the nominal value of the NE, we adopt the notion of exploitability
to measure the closeness between a policy and the NE. For a policy 77 and its induced
distribution flow pZ, the exploitability is defined as (Fabian et al., 2022)

/

If we do not learn the underlying graphons, reasonable guesses for them would be constant
graphons W(«, 8) = p for all a, f € Z, corresponding to the MFG. In the simulations, we
choose the constant p to be 0,0.25,0.5,0.75 and 1. These values model the cases from the
independent agents to the most intensely interacting agents.

Figure 2 displays the exploitability for the algorithms in the SIS problem with different
graphons. To learn the system model, we sample N = 7 and N = 14 agents with known

—1, (13)

sup JN(RY, pE, W) — TN (x®, pt, W) da,
FocIlH

A(rT)
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Figure 3: Simulation results for investment problem with grid known-position agents.

grid positions. The number of episodes for data collection L is set to 125 and 500. The
line “mf, L = 125” refers to the model-free algorithm in Cui and Koeppl (2021b) that uses
125 trajectories from 7 agents for distribution flow together with value function estimation
in each round. “L = 125” and “L = 500” refer to our algorithms that use 125 and
500 samples from each agent in each round for estimation of the graphons. Since the
messages from the results of different graphons are similar, we only display the results for
exp graphon and SBM graphon for brevity. Figure 2 demonstrates that our model-based
algorithm achieves lower exploitability than the model-free algorithm. The reason is that
the estimation error of the model-based algorithm is smaller, as mentioned in Section 6.
Lines “MD,p = 0,0.25,0.5,0.75,1” refer to the MFG learning algorithm that implements
one-step mirror descent in each iteration Xie et al. (2021); Yardim et al. (2022). Lines
“FPI,p=0,0.25,0.5,0.75,1" refer to the MFG learning algorithm that learns the optimal
policy for the current mean-field in each iteration Guo et al. (2019). For these MFG learning
algorithms, the reward functions and transition kernels are known to the algorithm. Thus,
there are no error bars for these lines. Figure 2 shows that when we assume that the
heterogeneous agents are homogeneous, the learning algorithm for NE will suffer from a
large error (large exploitability). In contrast, learning the graphons will enable us to learn
the NE more accurately. These results demonstrate the necessity of our model learning
algorithm in Algorithm 2. We can also observe that the learning error for N = 7, L. = 500
is less than that for N =7, L = 125, which justifies that the learning error decreases with
the increasing trajectory numbers L. In addition, the learning error for N = 14, L = 125
is less than that for N =7, L = 125. This shows that the learning error decreases with an
increasing number of sampled agents N. These observations corroborate Corollary 9.
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Figure 4: Simulation results for SIS and investment problems with random known-position
agents.

Figure 3 displays the exploitability for algorithms in the investment problem of Cui and
Koeppl (2021b) with different graphons. “L = 25” and “L = 100” refer to our algorithms
that estimate with 125 and 500 samples from each agent in each round. Although the
investment problem has a larger state space than the SIS problem, the simulation results
contain similar insights as discussed above. These results corroborate Corollary 9.

Figure 4 displays the exploitability for algorithms in the SIS and investment problems
with different graphons, where sampled agents have known random positions. We note
that lines “MD,p = 0,0.25,0.5,0.75,1” are same as those in Figures 2 and 3, since these
MFG algorithms have the full information of the reward function and transition kernel
where different estimation setting will not affect the MFG algorithm performance. Figure 4
shows that the GMFG learning algorithms have better performance than the MFG learning
algorithm. The reason is that the MFG learning algorithms wrongly assume that all the agents
are homogeneous. Figure 4 also indicates that “N =7, L = 500” (resp. “N =7, L = 100”)
has better performance than “N = 7, L = 125” (resp. “N = 7, L = 25”) in SIS problem
(resp. investment problem), which corroborates with Corollary 10.
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8. Conclusion

In this paper, we investigated learning the NE of GMFG in the graphons incognizant case.
Provably efficient optimization algorithms were designed and analyzed with an estimation
oracle, which improved on the previous works in convergence rate. In addition, adopting the
mean-embedding ideas, we designed and analyzed the model-based estimation algorithms
with sampled agents. Here, the sampled agents have known or unknown positions. These
estimation algorithms feature as the first model-based algorithms in GMFG without the
distribution flow information. We leave the analysis of more complex agent sampling schemes
for future works.
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Appendices for
“Learning Graphon Mean-Field Games with Unknown
Graphons”

Appendix A. Experimental Details

In this section, we provide the details of our experiments shown in Section 7 of the main
paper. We first formally define the SIS and investment problems.

SIS problem: The state space of this problem & = {S,I} consists of the states S
(susceptible) and I (infected). The action space A = {U, D} consists of the actions U (going
out) and D (keeping distance). The horizon is H = 50. The reward functions are defined as
ry(s,a,2) = =10 - I,—; — 2.5 - I,—p for all h € [H]. The transition kernels are defined as

Pr(S|I,-,) =02, PHI|S,Uz) =08 2(I), P/I|SD,)=0foralhe[H.

Investment problem: The state space is S = {0,1,...,9}, and the action space is
A ={I,0}. The horizon is H = 50. The reward function is

03-s
x = 2.1 _
O S
for all h € [H]. The transition kernel is specified as
9— 1
P;:(S—i_l‘svja'): 1087 P;LK(S’&I?'): ;(_)87 P;:(S’S,O,-):l

for all s € {0,...,8}, and s =9 is an absorbing state.

We then introduce our graphon parameters. We set § = 3 for exp-graphon. For SBM
graphon, we set K =2, pp =1,p1 =0.7,p2 = 1, a11 = a2 = 0.9, and a19 = a9; = 0.3. We
set a = 1,b = 0.5 for affine attachment graphon and ranked attachment graphon. We set the
regularization parameter as A = 1 in our experiments. For the choices of the model classes,
we note that the SIS and investment problems involve a set of parameters. For example, the
coefficients 10 and 2.5 for the reward function of SIS problem. We estimate these coefficients.
For the graphon classes, we note that all the graphons can be parameterized by some
parameters, and we estimate these parameters in the experiments. For the implementation
of 77 and the computation of u”, we discretize the infinitely many agents indexed by [0, 1]
into NV = 100 groups, and approximate the policies and distribution flows within each group
by one policy and one distribution flow. This step incurs an approximation error O(N 1)
with respect to the ¢1 norm.

To shorten the simulation time and convey the main message, we only estimate the
model in the beginning of the first iteration round and reuse this estimate in the following
iterations to generate action-value function estimates. Figures 2, 3 and 4 are derived from
twenty Monte-Carlo implementations of the algorithms. The error bar indicates the 25%
and the 75% quantile of the errors. When simulating the cases with constant graphons, we
implement the fixed point iteration of the mirror descent operator (Yardim et al., 2022; Xie
et al., 2021) or the game operator (Guo et al., 2019) to find the NE, and the calculations of
the optimal policy and the induced distribution flow are implemented via the dynamical
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programming and direct calculation with the nominal transition kernels and reward functions.
Thus, there is no error bar for these cases.

The code used in our simulations uses the code in Fabian et al. (2022) and Cui and
Koeppl (2021b) for building the simulation environment. We run our simulations on Intel(R)
Core(TM) i5-8257U CPU @ 1.40GHz.

Appendix B. Discussion of Regularization

We focus on regularized GMFGs in the paper. Here, for the sake of completeness, we
discuss the relationship between regularized and unregularized games. We show that the
NE of the regularized GMFG suffers at most a AH log | 4| exploitability compared to that of
unregularized MFGs. For a policy 77, we denote its exploitability in a A-regularized GMFG
as

1
AA(WI):/O sup  JNO (7, pt, W) — JM (e, pF W) da,

FoellH

We note that the exploitability A(7%) defined in Section 7 is indeed A*(7%) here. Then
Proposition 3 in Geist et al. (2019) asserts that

’AA(WZ) — AO(T('I)‘ < AH log | A

for all A > 0. This inequality implies that the NE of the regularized GMFG (resp. unregu-
larized) satisfies agent rationality in the unregularized (resp. regularized) up to AH log |A|.
This gap also appears in MFGs (Anahtarci et al., 2022; Xie et al., 2021), and mitigating the
bias remains an unsolved problem in MFGs, a strict subclass of GMFGs.

Appendix C. Corollary of Theorem 5 in Single-policy Setting

We next derive a corollary for the setting where we implement a single behavior policy for
L independent times to collect the data, i.e., 7% = 7 for all 7 € [L]. As such, instead of
Eqn. (4), we estimate the mean-embedding via

éj—,h(W) Z Z W fl? 63 K (55—7}“ ai,ha SZ—’,h))' (14)

];éz /=1

We note that Eqn. (14) averages the states over L episodes, since the distribution flows
of these L episodes are same. Correspondingly, the estimation procedure in Eqn. (5) is
modified to be

L N
L . 1 N2 IR
(fhsGn, Wr) = argmin mZZ(mH ﬂh(W)))+<Tr,h_g(wr,h(W))) :
feB(Tv?'é)zggl‘B(ﬁH)» =1 1=1
Wew
(15)

The convergence rate of the corresponding estimates ( fh, Jh, Wh) can be derived as follows.
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Corollary 12 Under Assumptions 1, 5, 6, and 7, if we implement a policy L independent
times to collect the data, and & = i/N for i € [N], then with probability at least 1 — 0, the
risk of the estimates in Eqn. (15) can be bounded as

Rg’(fh; gha Wh) - Rg(f;;: g;(w W;:)
(Bs+7Bg)*, N.Ng Ny, (Bs+7Bg)FLgBr. NLN.(1/VNLW)
=0 log a + log ,
NL 1) VNI 1)

where

3 — 3 ~ 3 ~
Ny =Ny —,B Nz =Ng| —,B(F Ny;, = —_— .
B, N?-L(NL: (T,H)), B N’}-[<NL7 (T’,H)), w N00<LKNL7W>
The proof is provided in Appendix J. Compared to the result in Theorem 5, the mean-
embedding estimation error, i.e., the second term, is improved from O(1/v/N) to O(1/v/NL).
Such an improvement is intuitive, since we now utilize the data from L episodes to estimate

the distribution flow, but the estimation procedure in Theorem 5 only uses the data from a
single episode for the same purpose.

Appendix D. Proof of Proposition 2

Proof [Proof of Proposition 2] We prove the desired results by induction on h € [H]. When

h=1, ,u‘lb(a) = ,u‘f’a holds trivially for all « € Z. Assume that ,uf(a) = ,ui’a holds for all
«a € Z, then for h + 1 and any a € Z we have that

i) = 3 [ @ 9P s O GE WD) s and
uﬁfl(s/)ZZ/Suﬁ’ ()2 a | $)PL(s' | 5,0, 25 (U W) ds
- /S 1O ()72 (0] )P (s' | 5, a, 2 (1P, WE)) ds,

where the last equality results from the definition of 77 and the hypothesis. To show that

Mi(fl) = ”ifl’ it remains to show z¢(a) (kW) = 28 (uh ,Wd)’ ). In fact, we have that

1
22 (ulT, W) /0 Wi (6(a), (8)l® dp = /O Wi (80, d,

where the last equality results from setting v = ¢(/3). Thus, we conclude the proof of
Proposition 2. |

Appendix E. Proof of Theorem 4

Proof [Proof of Theorem 4] For the analysis of the Algorithm 1, we define the nominal
distribution flows as

i =To(nf, W), ity = (1 — ap)fif + gy for all ¢ € [T].
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Our proof of Theorem 4 involves four distinct steps:

e First, we derive the first-order optimality condition of the policy ﬁfﬂ derived in Line 6
of Algorithm 1.

e Second, we derive the recurrence relationship of the policy learning error from the
relationship in the second step.

e Third, we derive the convergence rate of the learned mean-field.
e Finally, we obtain the desired result by combining step 2 and step 3.

Step 1: Analyze the property of the policy 7ATtI+1 derived in Line 6 of Algo-
rithm 1

We first note that the update of #f' | ,(-|s) in Line 6 of Algorithm 1 can be equivalently
defined as

Foan(ls) = AN [(Qﬁ’a(s, L i, W), p) — AH(p)} — KL(p|7{",(-15)),  (16)
pe

which can be proved using Lagrangian multipliers.

Proposition 13 For the policy #f',; ;(-|s), which is defined in Eqn. (16), we have that for
allse S, pe A(A), and h € [H]

Mo (Qn ™ (5,8 B W), 0 = w1 9)) + Mt [ R(720 (1 9)) — H (p)]
< KL(pllris(- 1)) = (14 A ) KL (plaE (- ) = KL (72 L 8) I8 (] 9))-

Proof [Proof of Proposition 13] See Appendix Q.2.1. |
Proposition 13 shows that

Mot ( QN (ons o 7' T, W), = s L 5n)) + M [ R(7a - [ n) = A (p)]

< KL(plgn(- [ sn) = (1+ Mg )KL (pllmitey (- [5n)) — KLy (- [sn) [m0n (- [5n))
+ (1) + (I1) + (III) + (IV), (17)

where the term (I) is the combination of the action-value function estimation error and the
difference between #7 ; and 77 ; that is defined as

(I) = Mt+1 |:<Q2’a(5h7 ) 7‘_?7 /-_LtI; W*)ap - W?+1,h(. ‘ Sh)>_<Q2’a(Sh7 ) ﬂféa /j‘tzv W)ap - 7}?4*1,]1(' | 3h)>] .

The term (II) is the entropy difference between 7ArtI+1 and ’7TtZ+1 that is defined as

(1D = Nneas (R(wa (- [ 5n)) = R(aga(-150)) )-
The term (III) is the KL divergence difference between ﬁfﬂ and TrtIH that is defined as

(1) = KL (g (|l sn)) — KLy (- Lsn) 78 (- [sn)).-
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The term (IV) is also the KL divergence difference between frgﬂ and ﬂfﬂ that is defined as

(IV) = (1 + M) [KL (2l [ sn)) = KL (pllg a1 50))]-
We define
A?—i—l,h = 277t+1HQ2’a(8h7 e 7[-1?7 ﬁtza W*) - sza(sha *y 771?’ /jz:? W)Hoo + 277t+1H(]- + )‘log |A|)ﬁt+1

A
+ 20441 [Lr + H(1 + Mog |A|) Lpe, + 2641 1og ’5 - 2(1 + Mpg1)Bea1, (18)

t
Then we can show the following bound.
Proposition 14 Under assumptions in Theorem 4, (I)+ (1I)+ (III) + (IV) < Ay, .
Proof See Appendix Q.2.2. |

Then inequality (17) shows that

M1 Q) (s s 8 I W), = s L 3)) + At [R (75 (- [n) = H ()|
+ KL(w2 (sl | )
< KL(pllrs (- [5n)) = (14 A0 )KL 0l - n) + Afi (19)

Step 2: Derive the recurrence relationship of the policy learning error from
the relationship the second step, and bound the dynamical error in such recur-
rence relationship.

Inequality (19) implies that the improvement of 7TtI+1 of the MDP induced by i over

77 can be lower bounded as

Vi@ (s, mens i, W) = Vi (s, s i, W)
=EBro a7 [}i (Qu (st i, W), g (- [ sn) = 78 (- sn))
ARG L) = Rt 150)] | sn =]
> (Q s,y 78 W), 11 (- 18) = 7 (1)) + A[R(7 ([ 9)) = R(720(19))]

1 H

- E fo =T |: Aa

Tey1oM Z t+1,h
Nt+1 h=m

o } (20)

where the equality results from Lemma 37, and the inequality results from inequality (19)
and that KL divergence is non-negative.

We denote the optimal policy on the MDP induced by i as 7, L — 1)@, W*). Then
Lemma 37 and inequality (20) implies that

H

A _ _
nt—&-lEﬁ;"a,ﬂtI |:Z <Qh7a(sh7 K 7Tta7 :u’:tzv W*)7 W:j}?(‘ ’ Sh) - 7-(-1(3:“—1-1,h(' ’ 8h)>
h=1

F AR |5n) — RG] sh))H
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H
/\,Oc _T * )\,a _T *
> nt-‘rl]Eﬁ—;"aﬂtI |:Z Vh (Sh) 7Tta7 Kt s w ) - Vh (5h7 7Tz?{+17 Kt s w )

h=
~Egje| |

+ 77t+1EM‘11 [Vl 70‘(3177?:7 7ﬂt ) W*) - Vl 7a(317 77?7/7’%7 W*)] (21)

1
hZEWtHth [ Z At+1 m
1

m=h

Applying inequality (19) with p = 7,3"(- | s5) to the left-hand side of inequality (21) and
rearranging the terms, we have that

H
Ao s, —T * ) Wo? _7 *
77t+1E7‘r:'a,ﬁtI [th Shaﬂt y Mg 7W ) - Vh <3h77T?+17/1’t 7W >:|

(14 Ao I[ZKL mea( \shmwm,h(-\sh))}
h=1

H

P e e R P el —T

< 77t+1Eﬁ:’°‘,ﬁtI |:th (8h77rt y M 7W*) - Vh (Shaﬂ-guut 7W*):|
h=1

- ﬁt+1Eu? [‘/Yl)\a(slv ﬁ-:’aa ﬂtz? W*) - ‘/1)\’&(517 ﬂ-tav ﬁtIv W*)]

H
B {ZKL(frz‘f(- 5wl (| sh>)}

h=1
+E *a I|:ZE7rt+1th |:Z At‘Hm Sh:|:| +E; :Q:NI[ZAH‘l h:| (22)

To handle the right-hand side of this inequality, we utilize the following proposition.

Proposition 15 For a A-regularized finite-horizon MDP (S, A, H, {rp }iL | {P,}L|) with
Irn| <1 for all h € [H], we denote the optimal policy as ©* = {m; }tL . Then for any policy
w, we have that

B [V (51,7) = VP (s1,7)] > B Er [th (s 7%) — Vs )|,

where the expectation is taken with respect to the state distribution induced by ©*, and 5* > 0
is a constant that only depends on A\, H and | A|.
Proof [Proof of Proposition 15] See Appendix Q.2.3. |

Define 0* = 1/(1+ 8*) < 1 and let n; = n, where 1 4+ Anp = 1/0*. Proposition 15 shows that

H
Ao _xa —T * Ao .y *
Efr:’avﬁtl [Z Vh (Shv T s My W ) - Vh (shvﬂfjrlnut W )]
h=1

b B {ZKL Gl )|
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H
< 9*{%% {Z Vi (s ™ W) = Vi (s, mt 1, W*)]
h=1

H
1 s a
b B | KLl 190)] |

h=1
S D SN SRV ] LR S RE

In the following, we will derive the rate of convergence of the following term

_sa - A _
Xl?{ =E; a7 |:th 8h>7T: aa:“’{i W*) - Vh a(shaﬂ-?nutza W*):|

+779* - -I[ZKL T |sh)\|wgh(-|sh))]. (24)

We note that X7 is a good quantity to measure the “distance” between 7 and NE. For
NE, 7% is the optimal policy on the MDP induced by the distribution flow p*Z of itself.
Since ﬂtI is close to ,utI , we expect that 7rtI achieves high rewards on the MDP induced by
pf if it is close to the NE. Inequality (23) shows that the recurrence relationship of X§ is

H
1
Sh” EW: *nf [ § :A?H,h] +Af,
h=1

(25)

H

. 1
weasoxes e[S e S,
h=1 m=h

where Af, | is the error introduced by the change of the environment, which is also called
the dynamical error, and it is defined as

H
a _ va Ao ko —T * Ao « —T *
1 = Xip1 — Eﬁz’a,ﬂ% [th (sn, 70 g, W7) — Vi (Sh, mi41s iy s W )]
h=1

H

1 s a

~ g B {Z KL(7750 (| sn) g - sh>)] -
h=1

Proposition 16 Under assumptions in Theorem 4, we have

|A|2> { A H

1 , L
Br+1 " 779* % B By T
”t+1 Fif 1 |: Z Hﬂ-t—i-l m ‘Sm - 7Ttm( |3m H :|

|v4|2
5+1

A2, < [H <2H(1 + Alog |A|) + ALg

+ [H(H(l + Alog |A|) + >Lp +2H (L, + H(1+ )\log\A\)Lp]]

770
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H 1
S [ Wi = s
m=1 0
H
= Ci(n, 5t+1)Efrt*ﬁ,ﬂ%+1 [ Z Hﬁ:flm( | 5m) = Tim(- | Sm)H1
m=1

H 1
+ OB Y /0 Vs 1 — B 8.
m=1

In the above, we defined C1(n, Bi+1) and Co(n, Bit1) for ease of notation subsequently.
Proof See Appendix Q.2.4. |

We need the following proposition to relate the difference between the optimal policies
T m (- | $m) and @) (| sm) in Proposition 16 to the distribution flows fif,; and jiy.

Proposition 17 For any two distribution flows pu* and ji*, we define the optimal policies
a5t = T (uk, W*) and 751 = T (ia%, W*). Under Assumption 1, we have that for any
h € [H] and a € [0,1]

A A ~ ~
Y;leagi ’Vh ,04(8’ ﬂ_*,Z’ MI’ W*) o Vh ,a(s’ ﬂ_*,l" 'uzv W*)‘

H 1
< (HO -+ MoglANLe + L) 3 [l - ilds,
m=h

ma 1)~ 75 C 9,

H 1
g%HO+AbQAW@+LOE:%”W%-ﬁﬂﬁﬁ
m=h

Proof [Proof of Proposition 17] See Appendix Q.2.9. [ |
Propositions 16 and 17 shows that

H .
AP < (QH(H(l + Mog|A|)Lp + L) C1(n, Bis1) + C2(77,5t+1)>2/0 Hﬂfﬂm - ﬂtﬁ,mHldﬁ
m=1

<2H <2H(H(1 + Mog |A|)Lp + L) Ci(n, Bis1) + Ca(n, 5t+1)>04t, (26)

where the inequality results from the definition of ﬂtIH.

Next, we will combine Eqn. (18) and inequalities (25) and (26) to derive a relationship
between X7, and X{*. Adopting Assumption 4 to control the estimation error of the
action-value functions in inequality (25), we have that

! ! H(H+1 A
/0 X da < 0*/0 Xdo + HH+1) 2neq + 2nH (1 + Alog|A|)Bi+1 + 26¢41 log |5t|

+2n[L, + H(1 + Xog |A|)Lp|eu + 2(1 + ) Biga
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+ 2H<2H(H(1 + Mog |A])Lp + Ly)C1(n, Be+1) + Ca(n, Bt+1))at7 (27)

where the inequality results from Assumption 4.
We set ay = O(T~2/3) and By = O(T ') for all t € [T]. Lemma 40 shows that

' t tj2  logT
/ Xida = O<(9*> + (6@ +€,)(07) 12+ T2/3) +0(eq +eu)-
0

Thus, we have

Z/ Xpda —O<1;§/€>+O(5Q+5u)‘ (28)

Step 3: Derive the convergence rate of the learned mean-field.

To derive the convergence behavior of jif, we define the distribution flow induced by
7% as it = To(77F, W*). Then we have that

d(/jtz—i—la M*’I) = d((l - @t)ﬁtz + OétﬂtIa M*’I)
< (1—ap)d(if, 1) + ewd(p, puF) + cwd(pd, 537 + aud (™, %), (29)

where the equality results from the definition of ﬁtIH, and the inequality results from the
triangle inequality. For the fourth term in the right-hand side of inequality (29), we have
that

d(ﬂ:,zv M*I) = d<r2 (Fi‘(ﬂ%, W*)7 W*) Lo (Fi\(:u*’za W*)v W*)>
< dydapd(jif , ")
< d1d2 (d(ﬂ%, ﬁtz) + d(ﬁtla N*l))a (30)

where the equality results from the definitions of fiy L and T the first inequality results
from Assumption 2, and the last inequality results from the triangle inequality. We then
define fiy e (7} L AL W*). For the third term in the right-hand side of inequality (29),
we have that

d(ut 7/1: I) d(FQ(ﬂ-t ; W*)a F2(7_T:’I> W*))

§d2/ ZE;L;“[HW%('| )= (] H]
—a [ zmuth[wju st 19) = 19, aa

< dyCWH ZE~M KL o \s)||wgh(-|s))]da, (31)

Ohl

where the first inequality results from Assumption 2, and the second inequality results from
Assumption 3 and the Cauchy-Schwarz inequality. Define Y; = d(pZ, u*%). Combining
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inequalities (29), (30), and (31), we have that

1
Vi1 < (1— awd)Ys + aqd (i, it ) + oudidod(iy , fif ) + oudaCyV Hy | 200* / X{da,
0

where d = 1 — dids.
Recall the expressions of fif and if in Eqn. (79), we have that
t—1
d(ﬂ%?/j’%) < Z am,t—ld(ﬂivﬂﬁ) < Eus

m=1

where the first inequality results from the triangle inequality, and the second inequality
results from Assumption 4. Take ay = . we have that

T
1 1 (1 + dyda) d2CyvH 1 /1
— Y; < —Y; — —r .- 2no* Xad
th1 S Gar T T T g T2\ fy e
T
1 (14 dids) d2C vV H L1 1 o
S _aTYI =+ J 5# + T . 2779 T E / Xt dO[,

where the last inequality results from Eqn. (28). Thus, we have

T
1 VdiegT
f g Y;J:O<111/3> +O(€P«+ €Q+€H)'

Step 4: Build the desired result from step 2 and step 3.
From the definition of Xy, i.e., Eqn. (24), and Eqn. (28), we have that

Z/ EM,I[ZKL Clsm)llmfn (| h>>]da=o<1;§/3>+o<m+gu>

Recall that we defined ﬁ:’z = Fg(ﬁ':’z, gZ, W*). Then we bound D(-,-) as follows

T

T D) = Z/DZ [:aj)uwffh(-rs) d Mda

t=1 h=1

<G TZ [ hZE (KL |92, )] do

V1ogT
§O< Ti/3 +O(\/eq +¢epu),

where the first inequality results from the same arguments in inequality (31). To bound the
distance between 7th and 77, we adopt the triangle inequality as

(e w*%) < Dk, ;") + DT w*T) < Dk, 7 ) + (i i),
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Thus, we have that

1 T T
D<TZ7TtI,7T*’I)+d< z_:,ut7 )
T
Z (nt, 70 F) + dud(iaf, ) + d(af, ™)

T
Z 7Tt 77Tt + dld(:ut y ) + d(/jtz> IU*VI) + dld(ﬂ%) /th)

=O<@

T1/3

) +O(ep+ \/eq + €u),

where the first inequality results from Jensen’s inequality, and the second inequality results
from the triangle inequality. Thus, we conclude the proof of Theorem 4. |

Appendix F. Corollary for Single-Agent MDP

In this section, we state and prove our corollary for the policy mirror descent algorithm
on single-agent MDP. A single-agent MDP is defined through a tuple (S, A, pu1, P,r, H).
The state space and the action space are denoted respectively as § and A. The initial
state distribution p; € A(S) is state distribution at time A = 1. The transition kernels
P, :Sx A— A(S)) and reward functions r, : S x A — [0, 1] for h € [H]| describe the state
transition behavior and the reward generation process. A policy m = {ﬂh}le is the set
of mappings 7, : S — A for h € [H]. Similar as the value function defined in Section 3,
the value function and the action-value function of a policy m on a A-regularized MDP are
defined as

H

Vh S, ) E”[Zrt Sty ar) — Alogm(ag | st) shzs],
t=h

Qh(saW—rh( )—i—E[VhHshH, \sh:s,ah:a].

The cumulative reward function is J*(r) = E,, [V{*(s, 7)], where the expectation is taken
with respect to s ~ pu;. We denote the optimal policy as 7" = argmax, cpn JA(). The
policy mirror descent algorithm is implementing

1— el
Ter1,n(-|8) o (7Tt,h(~ ’ s)) 341 exp (1 _:’ir;tﬂ Qh( )) for all h € [H].

for t € [T, and we set 7y p,(- | s) = Unif(.A) for all s € S. Then the convergence result of this
algorithm is

Corollary 18 Suppose that ny =n > 0 for all t € [T], and we set this as some function of
A, H and |A|. Then we have

H

1 .
ﬂ.* |:Z Vh Sph, T Vh (Sh, 7Tt+1):| + WEW* [ZKL(TF}L( ’ Sh)”’ﬂ't+1,h(' ’ Sh))

h=1
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< 9*{ [th)\ sp, ™) = Vj, (Shaﬂt)] + T];Ewg [hZIiKL(WZh(' | sn)llmen(- | Sh))} }7

where 0 < 0* < 1 is a function of \, H and |A|, and B« refers to the expectation with
respect to the state distribution induced by 7*.

Proof [Proof of Corollary 18] Similarly as Step 1 of the proof of Theorem 4, we have

N 1@ (Shys Te) s D — 7rt+1,h(-\8h)>+/\77t+1P3(7ft+1,h('!8h)) —R(p)}JrKL (Tes 1.0 Clsn) e n(-lsn))
< KL(pllme p(-sn)) — (1 + My 1) KL(p || meg1,n(- 1 sn))

for any p € A(A). Following the same pipeline to inequality (23), we have that

H
[j{jxcl 101"} = V2o )| + B | YKLl 50)]
N h=1

gm{{Zw%, wmmbgﬁ%immmmmmmﬂ}

where * is defined in Proposition 15, * = 1/(1 + 8*) < 1, n; = n is defined through
1+ A = 1/6*. We note that in this single-agent setting, we do not have the fi¥, which is
adopted to calculate the influence from others. Thus, the optimal policy 7* is not changed
over iterations. At the same time, we do not include the estimation error in the above
algorithm. We conclude the proof of Corollary 18. |

Appendix G. Proof of Theorem 5

Proof [Proof of Theorem 5| Before delving in the formal proof, we would like to recap
the definitions of covering numbers. The covering number of the graphon function class
Noo(e, W) is the minimal size C of a set of graphons {W;}¢_, that e-covers W. A set {W;}¢,
e-covers W if for any W € W, there exists an index i € [C] such that ||W; — W||s < &. The
covering number of the set F in RKHS H (resp. H) is defined as the minimal size C' of the
e-cover set {f;}_, CH. A set {f;}, e-covers F if for any f € F, there exists i € [C] such
that |1 — fillg < & (vesp. 1 = illy < ).

For the proof of the theorem, We first decompose the difference between the risk as the
sum of the generalization error of risk, the Estimation Error of mean-embedding, and the
empirical risk difference. Given the fact that the empirical risk difference is equal and less
to zero, Our proof involves two steps:

e Bound the Estimation Error of Mean-embedding.

e Bound the generalization error of risk.

Rg(fhvgha Wh) - Rf_(f]i:?gz7 W]j:)
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= Generalization Error of Risk + Estimation Error of Mean-embedding

+ Empirical Risk Difference,
where each term is defined as

Generalization Error of Risk

| LN o 9 2

= M;;Epw [( T h+1 fh(wT,h(Wh))) ( vhr — i ( Th(Wh))) }
— 2]\&22}( T hil fh(wqi-,h(Wh))> ( rh1 — I Th(Wh)))

| LN i o 9 i iy L2

+ NI ; ;Ep;h |:(T‘r,h — h (WT,h(Wh))) - (TT,h — 9n (Wr,h(Wh))) ]

L LN R , . 2
_ Qﬁ Z Z (T;,h - gh(wi,h(Wh)D - (T;,h - QZ(W;h(W;{))) :

This generalization error of risk represents the error due to the fact that we optimize over
the empirical estimation of the risk not the population risk.

Estimation Error of Mean-embedding

= 2722 ( stne1 — In( Th(Wh))) - (Si,hﬂ - fh(@,h(Wh)))Q

=1 =1
+2iZZ( Senr = fn (@rn (W, ))>2_ (S;hﬂ_f’f(w;h(wﬁ)))?
7=11i=1
1 L N ' ) . 2 ) 2
+ 257 21; (r;h - gh(w;h(wh))) — ( —gn(@ Th(Wh)))
1 L N 2 ) . 2
#2557 300 (v~ @R W)) = (v — g (ka (W)

i=1

‘1
Il
—
-
Il

Estimation error of mean-embedding represents the error due to the fact that we cannot
observe the value of &, (W}3). Instead, we can only estimate the value of it through the

states of sampled agents.

Empirical Risk Difference

— QLZZ( st 1 — I Th(Wh))) - (53,h+1 - fﬁ(‘f’;h(w’r))f

T=111=1

+21i§:(7—h an(@ Th(Wh))) —( —gh(@ Th(Wh))>2'

T7=11i=1
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Empirical risk difference represents the error from that fact that we choose ( fh, Jh,s Wh) not
(fy, 95, Wy) by minimizing the empirical risk. From the procedure of Algorithm (5), we have

Empirical Risk Difference < 0.

Thus, we have that

Rg(fhaghawh) - Rf(fi):ag;;vwif)

L N
< {]\:L Z; ;Epi’h [(S?r,thl - fh (C"i,h(VAVh)))2 - <Si,h+1 —fn (w;h<Wft))>2]
1 <& N , O 2 , , 2
~257 200 (shaen = Su(@ha )] = (shaen = S (@l (W)

1 L . ) R 2 ) ) 2
+ 51 2o 2 B, [(r;h — (@i a V)" = (v = gi (@i (W) }

—1i=1
L N
- 2% Tzz:l ; ( — gn(w Th(Wh)))z - <ri7h - g;(w;h(Wﬁ))Y}
vz oSS (= D) (s £a07)
jesmyew | NL o VT o it .
+ 2 sup '12L:§:( 79( i (W)))Z ( 79( (W)))Z
gEB(7,H),WeW NL r=1i=1 " o mh h
= (D) + (1D), (32)

We note that the terms related to the transition kernels and reward functions are similar. In
the following, we will only present the bounds for the terms related to the transition kernels,
and the bounds for the reward functions can be similarly derived.

Step 1: Bound the Estimation Error of Mean-embedding.

Considering term (II), we have that

'A} gg ( S i — h(W))>2 — (Sj_’}H,l - f(wZTh(W)))Q
2

fEB(r, H) Wew

N
< I Z\ W) = f (@ (W) - |25 1 = F @0 (W) = (w2, (W)
feB(r, 7—[) Wew im1

L N
2(Bs +rBg)rLk sup —

W) |45 (33)

where the first inequality results from the triangle inequality, and the second inequality

results from Assumption 6 and Lemma 33. Recall the definitions of d}i n (W) and w; L(W)
are

1 . .
= [ [ W& B (5t )i (5) s
0 S
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/\l 1 i ‘ '
W) = 5 S WG &k( (sh st s2)),
JF

respectively. We decompose the error between them as

sup [|@L, (W) —wl ,(W)]|,, < sup ||@, (W) —wl, (W), + sup ||@L, (W) — &L, (W),
wew Wew wew
= (III1) + (IV), (34)
where
; 1 ) . .
GEA) = 577 SOWE ) [ b sk abe )i (51
i

For term (IIT) = supy, .3 Hwih(W) — @t h(W)Hw we have that

T,

ik (W) = &, (W) < H/ /W&, S el )) i (5) ds B
. Z W(gi, ‘7_1) st )T (0) ds

Jj=

H - <£17 _1>/k('v(si,hvai,hvs))/ﬁ:}%l(s)ds

Z (.6) / (s (5 @1y )12 (5) ds

H

MZH

i H
= (V) + (VD) (35)
For term (V), we have that
H IR IR R
1 N j o i
TN W<£i’]\/'1>/‘gk("(si,hvai,hvs))ﬂghl (s)ds
Jj=1 H

N—

Z/ /W€l7 " T,hvar,hvs))ur,h(s)ds
(sz, 1) [ R et )l (9] a. (36)

where the inequality results from the triangle inequality. For each term in the sum, we have
that

/S W (&, B) (- (5, iy )1 (5)dls

43



ZHANG, TAN, WANG, AND YANG

- W<§Z7 Nj 1> / k(‘?(si,haa:—,has))ﬂ’?,{le (S)dS
- S H

< (e -w(egty)) [HCGman i

O Gy I [ AR IS

J
< BkLW‘ﬁ— N—l‘ + By,

H

H

. (37)

B pge
‘ HT,h - 'U’T,h

where the first inequality results from the triangle inequality, and the second results from
Assumptions 5 and 6.

Proposition 19 Under Assumptions 5 and 1, we have that

h—1
I — g1 < (B — 1)LpLwla — 8| + Zsup |7 (-|s) — (-] s)||, for all h € [H].
t=1 5
Proof [Proof of Proposition 19] See Appendix Q.1.1. |

Thus, we bound the second term of inequality (37) as

B e
Hern — 'U’T,h

1

+ZsupH7rt ) — N1 \s)‘

B+ 1‘ (38)

) < HLpLy

< (HLpLw + HLy)

where the first inequality results from Proposition 19, and the second inequality results
from the Lipschitzness of behavior policies. Substituting inequalities (37) and (38) into
inequality (36), we have that

/qu h7 Th? ))Mf’h(s)dsdﬁ
L j ;
i NI
_N—lZW<€i’]\7—1>/Sk('7(sﬂh’aﬂh’s))“7,h (s)ds y
< o w(Ly + HLpLy + HL I 1q
Z/J . Be(Lw+ HLpLy + HLx) - v 1|98
N-1
1
= Bu(Lw+HLpLy + HL,).
Q(N—l) k( w + pLw + )

For term (VI), we have that

N-1

HN— 1 Z (5“]\[]_1> /Sk("(Sz',h’ai,h’s))ﬂ,f.\f;l(s)ds
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1 ) ) )
TN-1 ;W@fﬂ /Sk(-, (8% s @b s 8) ) L, (5)ds

H
1

< — B
S N 1< [ kLW<
J#1

N

1
e [3 +2B(Ly + HLz + HL,Lyy) >
=1

& —

5J'_N‘7—1'Jr

i1 EE
N—1D + Bellnsy " =i,

where the first results from triangle inequality, and the second inequality results from
Proposition 19. Substituting the bounds for terms (V) and (VI) into inequality (35), we
have that

]

i
N -1 Sy

(D) = sup ||wl, (W) —al, (W),

Wew
N :
Bu(Lw + HLpLyw + HL;) 1 i
< 3+ 2B (L HL HL,L E i — —
> Q(N—l) +N—1 + k( W+ 7r+ pW)' é—z N
=1
1 3
= ——Bi(L HLpL HL —_—. 39
3N 1) W(Lw + HLpLw + HLx) + 5 (39)

For term (IV), we have that

djf—,h(W) - @i,h(W)HH

i i j 1 i j
W(fl’ fj)k('v (sr,h’ ) S?r,h)) - ﬁz W(éh f])/sk(v (Sr,hv ) 5))Mi,h(3)d5
J#i J#i

_ 1

- H N-1 H
To derive a concentration inequality for term (IV), we first construct the minimal e—cover

of W with respect to || - ||o. The covering number is denoted as Nao (g, W). Then for any

W € W, there exists a graphon W; for i € {1,---, Na(g, W)} such that |W — W] < €.
Then we have that

& (W) = &p, (W), <

(‘D'ir,h(Wi) - ‘D'ir,h(Wi)HH + 2e By,

where the inequality results from the triangle inequality. In the following, we set € = t/(4By).
Then the concentration inequality for term (IV) can be derived as

p(aVv eW,i € [N],r e (L], |[al, (W) — @i, (W), > t)

< ]P’(Hj € [Nao(e,W)],i € [N], 7 € [L],

@l (W) = @i,h(Wj)HH >t— 2aBk)

G (W5) = &b (W), = ¢/2)

< NLN(t/(4By), W v
< NINGW/(0B0D) e o

)42
<L /4B Wy (- B,

where the first inequality results from the construction of the cover, the second inequality
results from the union bound, and the last inequality results from Lemma 32 and that
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W (&, &)k (- (s;h,ai’h, s]Th)H < By, for any W € W. For t > 4B;,/v/N, we have that

]P’(HW eW,ie [N],r e L],

&Ly (W) = @b, (W), > 1)

142
< 2NLNOO(1/\/N,W)eXp<— (N32B12)t>
k

Thus, term (IV) can be bounded as

4 4/2B INLN+(1/V/N, W
(V) = sup |6, (W) V2Bt 1oy /YN W)

" 8 _wT,h(W)H'H < /N — 1 5 )

with probability at least 1 — §. Substituting inequalities (40) and (39) into inequalities (33)
and (34), we have that

N o 4 2 . . 2
su Slr,h+1 - f(@i,h(W)) - 8:—,h+1 - f(w:—,h(w))
fEB(r,H) WeW’NL;;< ) ( )
- O((BS + rBg)rLy By, log NLNs(1/VN, W)) |
VN )
with probability at least 1 — §.

Step 2: Bound the generalization error of risk.
Considering term (I), for ease of notation, we denote the quadruple (s v e @ s ,uT By Soh +1)

(40)

(41)

as ei’h. We define the function fy as

fw(ely) = (Si,hﬂ - f(wi,h(W))f B (Si,hﬂ —fn (wivh(w’j)))%

The correspond function class is defined as Fy;, = {fw | f € B(r,H),W € W}. Then we
have that

1 1
ZZEPih fW Th ZZfW Th
NL

lel 7=11=1

Proposition 20 With Assumption 6, we have that

1 L
<3fw€F ,NLZZE [w(ern)] = 57 22 2 fwlern)

=1 i=1 =1 1=1
>5<a+ﬂ+ZZE [fw(ely) ]))
=1 i=1

. e - ef ~
< 14Ny <40(BS BB Bl H)) +Noo (40(35 B )L By W)

e2(1 —e)aNL
- exp < o 20(Bs + rBg)*(1 + 8))

where a, >0 and 0 < e < 1/2.
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Proof [Proof of Proposition 20] See Appendix Q.1.2. |

Now consider,

t _ t -
<1 ] B *JVoo )
- WH < 160(Bs + rB)3Bj; B, H)> N (160(35 +rBj)3rLk By W)

tNL
. eX —
P\ T 480(Bs + rBR)t )

where the last inequality results from Proposition 20. We define that

3 -~ 3 ~
N]BT = N?:l <]VL,B(T’,H)> s NW = Noo (W, W) .

For 9 > 0, we set

_ 480(Bs +rBg)*, 14Ng, Ny,
t= NI log 5 ,
then we have that
| LN R ‘ 1 LN '
P(NL SO B, U] =257 20 fi(ehy) t) <4 (42)

=1 1=1 =1 1=1

Combining inequalities (32), (41), and (42), we have that the following holds with probability
at least 1 —§

Rg(fhaghvwh) - RE(f;:vglt?W;>

—)4 N Nz N,: _ A
<0 (Bs +1Bf) L (Bs + 7B )r L By log NLNw(1/V N, W) ,
NL 1) VN )
where
3 o~
NBFZNQ ﬁ?B(T7H) .
Thus, we conclude the proof of Theorem 5. [ ]
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Appendix H. Proof of Theorem 6

Proof [Proof of Theorem 6] We first decompose the difference between the risk as the sum
of the generalization error of risk from position sampling and the difference between the risk
given the positions. Our proof involves two steps:

e Bound the generalization error of risk from position sampling.

e Bound the difference between the risk given positions.

R(fn: Gns W) — R(f5 g7 Wi
= R(fhaghv Wh) - Rg(fhmgha Wh) - (R(ff;g:u Wft) - Rg(f;,gZ,W}f))
+ Re(fns Gn, Wa) — Re(f5> g Wi

<2 Sup ’R 59, ) Ré(fagaw)‘+R§(fhagh7Wh)_Ré(f;;ag;kwwft)
feB(r,H),g€B(7,H),W

= (IX) + (X), (43)

where (IX) is the generalization error of risk from position sampling, and (X) is the difference
between the risk given positions. Similar as the proof of Theorem 5, the terms related to the
transition kernels and reward functions in inequality (43) are analogous. In the following,
we will only present the proof for the terms related to the transition kernel, and the results
for the terms related to the reward functions can be similarly derived.

Step 1: Bound the generalization error of risk from position sampling.
We first define that

grwla ZEp (= sz’

The correspond function class for grw is Gy, = {grw | f € B(r,H),W € W}. Then term
in (IX) that is related to the transition kernels can be expressed as

1
/ grw(a a—*zgfw &)|.
0

Let § > 0, G5 be a minimal L., d—cover of g]_-w Then for any grw € wa, there exists
gsw € Gs such that |grw (o) — grw(a) <6 for all a € Z. For any ¢ > 0, we set § = t/4.
Then we have that

> t)

1
P( sup /gf,w( Oé—*zgfwfz
gf,WEQJ_—",v 0
1Y t
< P I (3 > =
N} gfw)gfgavaeéi (| [ ssavtaaa ¥ 2 o) > )
t Nt?
< 2N | =, 5 - |, 44
< 2N, (4 gﬁW) eXp( 2(Bs+7’Bf()4> <)
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where the first inequality results from the union bound, and the second inequality results
from that 0 < grw(a) < (Bs + rBg)? and Hoeffding inequality. To upper bound the
covering number in the tail probability, we note that

W) = Flusa¥)|

< 2(Bg +rBg)(Bgllf — fllg + rLeBillW — W),

L
_ 1
\grw (@) — grw(a)| < 2(Bs + rBg) S B, [
=1

where the first inequality results from the definition of g, and the second inequality
results from Lemma 33 and the triangle inequality. This inequality implies that

t t t -
Noo <4’ ng) < Ny (16(35 +rBg)Bg' B(r, H)> Noo (16(35 +rBg)rLg By’ W)'

For 1 > 6 > 0, we take

t:

V2(Bs + rBg)? 1 2N (16\F (T’ﬁ)> Noo (16TLKlBk\/N7 W)
N og 5 .

Then inequality (44) shows that

sup ’/ng da—fng, (&)

95, wEGE W

O((Bg+rBK)21 NH(mf’ (T’ﬁ)> 'NOO<MKIBNN7W>>
= 0}
N 5

with probability at least 1 — . Thus, we have that

_ 1 7y ) . 1 Y
s, it 20) (b )
JN ¢ 5

(IX) = 0<

N 1 S a7 ) . 1 A
(Bs +rBg)? M <16\/ﬁ B H)) M <16TLKBWN ’ W> ) (45)
+ 0
VN F 5
Step 2: Bound the difference between the risk given positions.

We adopt the similar procedures as the proof of Theorem 5. From inequalities (32),
(33),and (34), we define that

1 XN . . 2 . . 2
D B, {(si,hﬂ — fu(@hn W) = (shpas = fir(@hn (WD) ) ]

=1 i=1

— QL Zi ( Srh+1 — Th(Wh)))Q - <5i,h+1 —Jn (Wi,h(szk>))2

7':1 i=1
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L N
(XII) = 4(Bs + ’I”BK)’I”LK sup

W)l

L N
(XIII) = 4(Bg + By )rLk sup Z Z &L, (W) = wi , (W),

For term (XIII), we adopt a different method with the proof of Theorem 5. Let € > 0,
W= be a Lo, e—cover of W. Then for any W € W, there exists W € W. such that
W — W||so <e. Then we have

// (&6 W(si,m)k(-,(si,h,ai,h,s>)uf,h<s>dsdﬁHH

< EBk,

lwr p (W) = & (W)l =

where the inequality results from the triangle inequality. Similarly, we have that H(Z)ﬁh(W) —

@;h(W)HH < eBy. For any t > 0, we will set ¢ = t/(4By). Then the tail probability for
(XIII) can be bounded as

p((sup 117 35S ) kW 21

T=1 i=1

IP<EIW eW,T € [L],i € [N, ||@L, (W) - wl (W), > t>

t ~ 4 ‘ y
< NLN, ( W> max ]P’( @b (W) — wh (W > )
4By’ Wewﬁ,re[L“e[M H A(W) a( )HH 5
p

ot (N — 1)t

where the second inequality results from the union bound, and the last inequality resutls
from Lemma 32. For any 0 < § < 1, we set

L
s, V()

b= N1 5
Then we have that
NLN ( W)
- N’
(XIII) go<(BS+r§%)TLKB’“1 og ; ) (46)

with probability at least 1 — §. )
For term (XII), we follow the proof of Theorem 5 and condition on the values of £ to
bound the tail probability. We have that

ST S ERRE NI
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(g A -

- 2
NN AT P (— “VBW
k

where we condition on the values of ¢ in the first equality, and the inequality results from
inequality (40). Thus, we have that

(XII) < O <( (47)

Bg + rBg)rLi By, log NLN(1/V/N, W))
VN 5

with probability at least 1 — 4.
For term (XI), we just adopt the same conditional probability trick as shown in the
bound of (XII). From inequality (42), we have that

(BS +7“BK)4 N]BrNW>

log

NL 4] (48)

(XI) < o(

with probability at least 1 — §.
Combining the inequalities (43), (45), (46), (47), and (48), we have that

R(fn: g Wa) = RAf3;, 95, Wi)
y - -
- O((Bs + rmax{Bg, Bz }) log NBTN@FNW>

JN 5

N (BS + rmax{ B, Bf{})r max{Lg, L;Bg} o NLN (N W>
VN * 5
(Bs + rmax{Bg, B;)" NBTNI@;NW>

NL o8 5

Thus, we conclude the proof of Theorem 6. |

Appendix I. Proof of Theorem 7

Proof [Proof of Theorem 7] We first decompose the difference between the permutation-
invariant risk as the sum of the generalization error of risk, the Estimation Error of Mean-
embedding, and the empirical risk difference. Given the fact that the empirical risk difference
is equal and less to zero, Our proof involves two steps:

e Bound the estimation error of mean-embedding.
e Bound the generalization error of the risk.

Consider,
,ﬁ’g(fha gh? Wh) - ,ﬁ’{_(fitﬂ 927 W;:)
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=i N Z S5, | (s = Pt 70)) (st = an 7))
=1i=1
- (si,hﬂ ~ i (wi,h<W;:>))2 - (rin g (w;h<w;>))2]
inf NI Z ZE [<Si,h+1 - fh(w;h(VV,?)))2 + (riﬁ - §h(wi7h(W}?)))2

¢€CN r=1i=1
% * (1 * 2 A *( * 2
- (ST,h—H —In (wT,h(Wh))> - (TT,h — Gn (Wr,h(Wh)))
= Generalization Error of Risk + Estimation Error of Mean-embedding
+ Empirical Risk Difference,
where each term is defined as
Generalization Error of Risk

¢€CN NL Z ZE [<8i,h+1 - fh(wi,h(w}?)))z + (Ti,h - f]h(wi,h(W;f)))Z

=1 i=1

_ (si,h+1 B (W,l'n,l(vvg‘)))2 - (ri,h — gi (whn (W) ]

(wrn
—2 inf ZZ[( Stnet — fn(w Th(Wl(f))>2+
(wrn (W)

[0,1] =1 i=1

)
inf (rin = an(wtn())
~ (st = i) = (= gt awi)) .

This generalization error of risk represents the error due to the fact that we optimize over
the empirical estimation of the risk not the population risk.

Estimation Error of Mean—embedding
, o 2
=2 int 5 Z Z (shsr = Al 90)) + (= (0 07))
1 M, o 2 . L 2
-2 inf o > (S:',h+1 — fn (@,h(”ﬁf))) + (Tzf,h —dn (@,h(”@?)))
1 L X i */2q *,0* 2 i * (24 *,P* 2
+t257 Z Z (ST,h+1 — fi (&L, (W ))) + (TT,h — g (@, (W )))

1 L N 2 ) . 2
~ 257 D0 (Sher = Fiwha WD) )+ (1 = gk (WD) )

Estimation error of mean-embedding represents the error due to the fact that we cannot
observe the value of &’ , (W}3). Instead, we can only estimate the value of it through the
states of sampled agents.

Empirical Risk Difference
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L N
. 1 i P2 (TR 2 i ~ (20 (TR 2
=2 it 33 (s = @a07)) o+ (rhn = 90 (@5, 071)))
L, . . . .\ 2
=25 S5 (st — L @LTN)) + (v g (G 07))
where ¢* € C[ng] is a permutation of ((i — 1)/N,i/N] for ¢ € [N] such that ¢*(i/N) = &;.
From the estimation procedure of Algorithm (10), we have that
Empirical Risk Difference < 0.
Thus, we have that
Re(fns 9ny W) — Re(fi, g1, W)
< Generalization Error of Risk + Estimation Error of Mean-embedding.

Step 1: Bound the Estimation Error of Mean-embedding.
From the definition of the generalization error, we bound two terms separately

Estimation Error of Mean—embedding

<2pup| 73D (o~ A7)+ (ra—a(Ea00))
¢££ N ; ; ( Srhtl — T,h(Wd))))Q + (Ti,h — g(w;h(Wd’)))Q
1 L N ' y ) )
#2733 (st~ S @A)+ (v = i E5007)
1 an . 2 A A 2
~2577 222 (st — AR b W) + (o = i (5 00)
= (XIV) + (XV) (49

We first denote the composition of two measure-preserving bijections ¢ and ¥ as ¢ o). When
appiled to a graphon W, the composition of bijections maps the values of the graphon as

WO, y) = W (6(6()), 6(6())).

Then we bound the term (XIV) as

L
¢eig£7 J\: L2 2 (Sivhﬂ —f (@3,h(W¢°¢*)))2 + (Ti,h - g(@i,h(W¢°¢*)))2
. 1 XN ; i s ) 2 ; . RY
: (’561?%,11 NL 2 Z (ST’hH ~F (W >)) + <TTJL = g(wrn (W ))> ‘
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fwe | NL =5
1 L N . " 2 ; ; 8 2
~NL ZZ <37,h+1 — fwrn(W ))) + <7”Th = g(wy, (W )))
=1 1i=1
1 <& . A
4Bs +TB)Lic  sup >0 [0, (W) Wl (WO, (50)
WEW,peC( | =1 i=1

where the equality results from the fact that ¢* is a measure-preserving bijection, and the
inequality results from the same arguments in inequality (33).
We decompose the error as

Qe n (W) —wi (W),

< supl|@? (W2) = wi (W) |+ sup [, (W) — @i, (W),
W.o W,¢

where

Wi, (W?) = / / W (6(6), BB K (-, (51 i, )12 ()5,
0 S
@R (W?) = ﬁZW(qb(fim(sj)) /S k(- (s al g, 8) el (s)ds,

JF#i
‘f)i,h(quod)* Z Z W ))k('7 (Si,m ai,m Sjr’,h))‘
]#z T'=1
For term supyy,, erh W?) — Wi Y (W?) HH, we define the interval Z; = ((i — 1)/N,i/N]
for ¢ € [N]. Then we have that

|@L (W) — wl ), (W?)]|

<—Bk+2 /

H
/ W ((6), (8))h (- (5 i, )12 ()5l
J#i

)

H

1 4 , .
3 D). 06) [ R st (5)ds
j#i s
where the inequality results from the triangle inequality. For each term in the sum, we

bound it as

& . .
/5,_1 /s W(6(&), ¢(B)) k(- (sp> 0z s 3))Mf7h(s)dsdﬂ
SR, 06) [ K 5 )L

js«éz’
<[ 6660 (e ) 1205 1) s
&+ H

H
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H W (0060 69)) = W (0160, 66) (- (5 )i ()53
fﬂ‘* H

Ly By,
-0 >7
where the first inequality results from the triangle inequality, and the second inequality

results from the same argument in inequality (38) and the fact that 5 and §; are always in
the same interval for any ¢ € CY 01" Thus, we have that

(51)

suprTh (W?) _th (W) H?—L O(LWBk>.

N

For supyy 4 Hi}iyh(W‘i’o(f’*) —w, , (W
inequality (40).

pod* { [
P(S;VlgHw (W) = (W), = ¢)

)

¢)H7{’ we adopt the similar procedure in the proof of

< NINLNw(t/(4Bg), W P(||&k, (WP > /2
< NININoo(t/ (4B, W) mae P80 007) = @b, (W), 2 1/2)
2
< ONINLNo(t/(4By), W) exp ( - NL’;)

16 B2

where the first inequality results from the proof of inequality (40), and the last inequality
results from Lemma 32. Thus, we have that with probability at least 1 —§

. N . NLNy(/N/L,W
S‘;}{;Hw R(W0) — i ( ¢)HH:O<Bk\/Zlog (\F )>. (52)

)

Combining inequalities (50), (51) and (52), we have that

LwByTLk(Bs + 7B N . NLN+(/N/LW
(XIV):O( WK K](VSM K)+(BS+7’BK)7’LKBM/Llog at (5 / W)>.

(53)
Following the similar arguments, we can derive that
B7L(Bs + FBi) o 1 NLNy(y/N/L, W))
XV)=0 + (Bsg + 7By )rLig B lo .
(XV) < N (Bs k)7L By, VNL g

Step 2: Bound the generalization error of risk
We follow the Similar procedures in Step 2 of the proof of Theorem 5. We denote the
quadruple (s’ 7o @ :“rh? rh+1) as eTh We define the function fy as

F(etsWod) = (shin = TV ) = (st = Ji (5 00)))

Then we have that

( in ZZEp Fnlenns Wi @)] =2 inf NLth €5 Wh: 0) > )

ey NL 175 ¢€Cio,1)
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N L
1 4 2 4
< ]P’(H feB(r,H), WeW, max | —— Ey [flernW,d)]—7 D flern, W.o)| > t)
¢ecm][NL;; Prh NL; }
1 L N 2 L
< N! maxIP(EIfEIBB(T H), WeW, —— B, [f(eln, W, o)]—~+ D flely, W,¢)> t)
9ECEy) 'NL ; = NL szl

t _ t -
< 14NN JB(r,H) ) - N W,
- e (160(35 +rBr)3Bg (r )> > <160(Bs + 7B )3r L By, >
where the second inequality results from the union bound and the fact that min, f(z) —
min, g(x) < max, f(z) — g(x), and the final inequality results from Proposition 20. Thus,
we have that with probability at least 1 — 9§

L
TV
inf ZZ M Wiod)] =2 int 5o 3 falern Wioo)

B B—4 NNg Ny
:o(( s +rBg) log ]]fs > (54)

where

Combining inequalities (54) and (53), we have that
ﬁé(fh,gh,Wh) - ﬁé(fij’.g;;wij)
LywBFLg(Bs + 7B N . NLN.(y/N/LN
_o(IwBTLeBs £ TBK) gy vpy gLy By )Y 1og MEN=(WN/L W)
N L 4]
(BS + fBK)4 log NNIBTN@FNoo>

L © 5
where

Ns, =Ny @,B(f, 92)).

Thus, we conclude the proof of Theorem 7.

Appendix J. Proof of Corollary 12

Proof [Proof of Corollary 12] The proof of Corollary 12 follows the same procedures as the
proof of Theorem 5. The only difference is that inequality (40) in the proof of Theorem 5 is
replaced by
4V2By, log 2NLNoo(1/VNL, W)

o .
N-0L ° 5

(IV) = sup [[&7 ,(W) =@, (W), <
Wew
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Appendix K. Proof of Corollary 9
Proof [Proof of Corollary 9] Our proof mainly involves four steps
e Derive the performance guarantee of Algorithm (12).
e Generalize the performance guarantee from {&} to [0, 1] by lipschitzness.
e Bound the estimation error of distribution flow and action-value function estimate.
e Conclude the final result.

Step 1: Derive the performance guarantee of Algorithm (12).

We first derive the performance guarantee of Algorithm (12) when we we sample agents
with known grld positions. In such setting, we 1mplement 7L for L times on the MDP
induced by p? to collect the dataset D, = {( Th, [Th],r[T]\,[L],s[T h+1)}h | for 7 € [L]. We
define pt* = I'z(n?, u, W*) as the distribution flow of implementing 7L on the MDP

induced by p%. Then the joint distribution of (s Sy s Qs Ty Tthl)fVl is HZ 1 ,oTh, where

pj,f = ,u;L,z X 7['7_ p X 0 x Py With a little abuse of notation, we define the risk of (f,9, W)

given ¢ as

1 L ) 2 ) ) 2
Re(f,9.W) = &7 ZZEM [( Stht1 f(wi,h(W)D + (T;,h - g(w:—,h(W))> ]
=1 11=1
1 « i i 2 i i 2
N ;E/’L ) |:<Sh+1 - f(wh(W))> + (Th—Q—l — g(wh(W))) :|7

where the second equality results from that we implement the same policy for L times. The
difference between this definition and Eqn. (7) is that we take expectation with respect to
p h ' instead of pl - The reason is that in the setting where we specify Eqn. (7), the MDP is
induced by the distribution flow of the policy itself, not by a pre-specified distribution flow.
We state the performance guarantee as

Corollary 21 Under Assumptions 5, 6, 7, and 1, if & = i/N fori € [N], then the risk of
estimate derived in Algorithm (12) can be bounded as

Re(fnr Gns W) — Re(f5, 91 W)

(Bs +7Br)* | Np,Ng Ny
< T
< O< NI log 5

with probability at least 1 — &, where Npg,, NIE%;’ and N3, are defined in Theorem 5.
Proof [Proof of Corollary 21] See Appendix Q.3.1. [ |

Step 2: Generalize the performance guarantee from {¢}Y, to [0,1] by lips-
chitzness.

Intuitively, when the implemented policy is lipschitz, we can generalize the performance
guarantee of R¢(f, g, W) to that of R(f, g, W). Here we consider the case where the MDP
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is induced by the distribution flow of the policy itself, i.e., the case specified in Section 5.

The results for the case where the MDP is induced by a pre-specified distribution flow can
be similarly derived. We note that

R(fhvgh)wh) - R(f};glz W}t)
= R(fh?.éh: Wh) - Ré(fhagfhwh) - (R(f;;,g;,W;:) - Rg(fli::g;;v Wl;k))
+Ré(fhagh7Wh) _Rg(fltag;knwft)

<2 ~ sup _ . }R(fvg7W)_R§_(fvg7W)’+R§_(fh7ghawh)_Rg(f;:vg;;awir)
feB(r,H),geB(F,H),WeWw

(55)

Then we attempt to bound the first term of the right-hand side of inequality (55). For any
two positions a, 8 € Z and f € B(r, H), we have

Epe, {(ST,hH — f(wijh(W)))T - Eﬂf,h [(ST,h—i—l - f(wf,h(W))>2]
<&, |:(37,h+1 _ f(wi"h(W)))Q} ~E, [(sr,hﬂ - f(w?,h(W))>2] ’
+[E,, |:(37',h+1 _ f(wﬁh(W)))2:| ~E; [<Sr,h+1 - f(wf,h(W))>2] ‘a (56)

where the inequality results from the triangle inequality. For the first term in the right-hand
side of inequality (56), we have that

2 2
]Epg,h |:(S7—’h+1 — f(w,?f,h(W))) :| - Epf,h |:(5’r,h+1 - f(wg,h(W))> :|
< (Bs +7BR)? |12 — #lall + Eus, (1720 18) = 72, ([ 9)1]

o L |28 e W) = 2 s Wi
< O(Bs +rBg)*-|a— 4],

where C' > 0 is a constant, the first inequality results from the definition of PZ: n» and the
last inequality adopts Proposition 19 and Assumption 5 to bound these three terms. The
second term in the right-hand side of inequality (56) can be bounded as

2 2
Eﬂf,h [(Sﬂh“ - f(wﬁh(W))) ] - Epf,h |:<57—,h+1 - f(wgh(W))> }
< 2(Bs + rBg)rLiLwByi|a — 8],

where the inequality results from Lemma 33 and Assumption 5. Thus, we conclude that

Epe, [<Sr,h+1 - f(wg,h(W))>2] - Epf’h [(37,h+1 - f(Wf,h(W))ﬂ
= O((BS +rBg)(Bs +rBi +rLpBy)|la — ﬁ])
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By decomposing the interval [0,1] into the disjoint union of intervals ((: — 1)/N,i/N]
for ¢ € [N] and using this result, we can bound the first term of the right-hand side of
inequality (55) as

sSup B ‘R(fag7 ) R,f f g7 ‘ - (

BS + fBK)(BS + 7B + T’LKBk))
fEB(r/H),g€B(7,H),WeWw

N
(57)
Eqn. (57) implies that we can transfer the results in Corollary 12 and Corollary 21 to

R(fn, Gn, Wy) with an additional term shown in Eqn. (57). Thus, for the case where the
MDP is induced by the distribution flow of the policy itself, we have that

R(fu dn, W) — R(f5 g5, W)
B O<(BS + 7Bk )(Bs + 7B + 7Lk By) n (Bs + 7Bk)* | Ng, Nj Ny,

7

N NL 8 5
n (Bs—i—TBK)’I“LKBk log NLNOO(l/\/NL,W)>. (58)
vVNL

For the case where the MDP is induced by a pre-specified distribution flow, we have that

R(f1, 31 Wi) — R(fis 91 W)
Bg + 7By )(Bg + 7B 7L B Bg +7Bg)* . Np,Nj Ny
:O<( s+ 7Bk)(Bs + 7Bk + Lk k)_|_( s + 7Bk) log B VB, w>. (59)

N NL o8 5

Step 3: Bound the estimation error of distribution flow and action-value
function estimate.
For the estimation error of the distribution flow 17, we have the following proposition

Proposition 22 Given two GMFGs (P*,r*,W*) and (]5 7, W) for a polzcy 7L e 11, we
define the distribution flows induced by thzs policy as pt = To(n?, W*) and ji* Fg( ,W).
Assume that the transition kernels P* and P are equwalently defined by f* and f cB(r,H)
from Eqn. (2). Under Assumption 8, we have that

H 1 H
I~ wil < HQ+ L LB Y [ enfas s Y e
m=1"0 m=1

where eZ’a is defined as

= Ly By [(fh (0T — 17 (w,%(w;>>>2]7
/ W B (5 ) (50505,

py = pp x mp for a € T.

Proof [Proof of Proposition 22| See Appendix Q.3.2. [ |
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From the definition of risk in Eqn. (8), we have that
R(fns gy Wi) = R(fi 95> Wi)

B iEL:/oing’h [<f; (wra(Wi)) = fh(wﬁ,h(Wh)))2+(97§(W3,h(Wﬁ)) — n (wf,h(Wh)))Q]da.
=1

Since we implement the same policy 7f for L times in Step 1 of Algorithm 2, pS,, for 7 € [L]
are the same. Thus, we have

H 1 H
d(jif pt) = /0 1 — palhda < S VR gns Wi) — RS 07, W7,
h=1 h=1

where C' > 0 is a constant, and the inequality results from Proposition 22 and Hoélder
inequality. The right-hande side of this inequality will play the role of ¢, in the proof of
Theorem 4, which is bounded in Eqn. (58).

Next, we bound the estimation error of the action-value function.

Proposition 23 Assume that we have two GMFGs (P*,r*,W*) and (P,#,W). For a
policy € I, a behavior policy ™7 € I, and a distribution flow p? € A, we define the
distribution flows induced by the behavior policy on the GMFG (P*,r*, W*) with underlying
distribution flow pt as Pt = T3(x>L, yr, W*). Assume that the transition kernels P*
and P are equivalently defined by f* and f € B(r,H) from Eqn. (2), and reward functions
r* and 7 are equivalently defined by g* and § € B(7,H) from Eqn. (2). Assume that
SUPses acAacT he[H] Th (@] 5)/77,2’0‘(@ |s) < C. Under Assumption 8, we have that

]E b, |: :|
Ph,

H 2
<cH Zh\/ e[ (3 @R V) = g3 (W) ) ]

QA,D( $,a, Waausz _Q)\’a S,G,WQ,MI,W*
h h

+ L.H(1+ Mog|A)CH i \/ b Kfm (w;of(Wm)) — I (wi?(Wﬁz)))Q]v
m=h

where p]Z’a s defined as pZ’a = ,uZ’a . W}}z’a, Q;"a(s?a,ﬂ'a,,uz,W) and Qz’a(s,a,wa,uz, W)
are the action-value functions of policy 7t on two GMFGs, and

1
W)= [ [ Wa Bk (ot ) (s) s

Proof [Proof of Proposition 23] See Appendix Q.3.3. |

Next, we will make use of Proposition 23 to bound the estimation error of action-value
function. Here, we adopt a different method to bound term (I) defined in Step 1 of the proof
of Theorem 4. From inequality (78), we have

A _ AN ~ z
(I) < nt+1‘<Qh7a($h7 '771'?, M%) W*) - Qh’a(sfu ) Trtauu’tIv W)ap - 7Tta+1,h(‘ ’ Sh)>‘

AN, S z ~
i [(QN (s 15 B ), 75 L) — T )|
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A, — * Ao *
< 2"7t+1HQha(Sh, T i, W) — Q" (sh, -,y i LW H + 21 H (1 + Mog |A[) Bey1
Ao W , -
+ 77t+1‘<Qh Shs 77Tt 7Mt ) ) Qh (Sha '77Tt 7lut ) W)ap - 7rta+1,h(' | Sh)>" (60)

For the third term in the right-hand side of inequality (60), if p = 7r ( | sn), we have that

A, AN, 2 T
‘<Qha(sh7 77Tt 7Mt7 *) Qha(sha'aﬂgmutlvw) Trth( ‘Sh) W?+1,h("8h)>’

A~

A, ~ AN, ~
Z [Qha(shva'haﬂ—?vutz7 W*) - Qha(Sh,ah,T(?,/J,tI, W)]
acA

T
Ton (an|sn) = 7y p(an | sn)
b,a
Ty (an | sn)

A A « AN, AT b,
< (Cﬂ' + C;r) Z ‘Qh7a(shaah’W?7MtI>W ) - Qha(shaahaﬂ-?mutzaw)} : 7Tt,ha(ah ‘ Sh)a
acA

b
: ﬂ—t,’l;x(ah | sn) -

(61)

where the inequality results from Assumption 9. We note that we can let p = 7Tt 3 L1 sn)
in our whole proof, because we will use such bound to upper bound the right- hand side of
inequality (22), which we take p = fr:hI( | sn) to prove. Now we can define a new A, ,
with the terms in inequalities (60) and (61) replacing the original upper bound of term (I).
In such case, the term e¢ in inequality (27) can be replaced by the upper bound of the
expectation of the third term in right-hand side in inequality (60).

H

A 2 A 2 F b
Ew: a#I |:Z(Cﬂ— + C;r) Z ‘Qh7a(8h, ah,ﬂ'?, MtI, W*) - Qh@(sh?ahv F?,,U,:t[, W)l ' Wtjbx(ah ’ Sh)
h=1 acA

H
< (Cr + CLICU(1 + LH (L + Nog LAD) CH B S \R(FL, . W) — R(S, 07 W),
h=1
where the inequality results from Propositions 27 and 23 and Assumption 10. The right-hand
side of this inequality can be further bounded with Eqn. (59)
Step 4: Conclude the final result.

Replacing ¢, and g with the derived new bounds and using the union bound, we have
that

T
D(;Zﬂf,w*l)—kd( Zut, * )
t=1

_ O<\ﬁlogT> N O((BS + 7By )YA(F Ly By,) /4 g/t TN LNoo(1/VN, W)

T1/3 (NL)l/S )
Bs+ 7Bk, 1 TNg, N3 Ny, (Bs+7Bk)Y*(Bs + 7B + 7LgBy,)"/*
(NL)/A4 & ) + N1/4 :
Thus, we conclude the proof of Corollary 9. [ ]
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Appendix L. Proof of Corollary 10

Proof [Proof of Corollary 10] The proof of Corollary 10 is same as the proof of Corollary 9,
except that we use the bound in Theorem 6 instead of Theorem 5. |

Appendix M. Proof of Corollary 8

Proof [Proof of Corollary 8] We first define the inverse function of ¢* as ¢*, i.e., ¢*(¢V*(a)) =
a for all o € Z. Similar to the proof of Theorem 7, we can decompose the risk difference as

Refns ons Wi*"") = Re( £, b W)
= Generalization Error of Risk + Estimation Error of Mean-embedding
+ Empirical Risk Difference.

For ease of notation, we only write the definition of each term for the transition kernel. The
term for the reward functions can be easily derived.

Generalization Error of Risk

38, (s s NY (1 - 5568, 0970) ]

le*

- 27 ZZ ( St et — fn (Wl (W) pred” ))> (Sivhﬂ —fi (wi’h(W;))f

T=1 =1
Estimation Error of Mean-embedding
L N

=253 (st — Al 7)) = (s = (@ 07))°
=1 i=1

+2—ZZ< Srh4+1 T fh Th( )))2 - <Si,h+1 B f;(wivh(wft))y

T=1i=1
Empirical Risk Difference

o LSS (s — @057~ (s — i G0
r=1i=1

From the estimation procedure of Algorithm 10, we have that
Empirical Risk Difference < 0.

For Estimation Error of Mean-embedding, we can use the bound in inequality (50) in the
proof of Theorem 7 to bound it. In fact, since ¥* is the inverse function of ¢*, the expression
of the Estimation Error of Mean-embedding here is same as the term in inequality (50). For
generalization error of risk, we can use inequality (54) in the proof of Theorem 7 to bound
it. Thus, we conclude the proof of Corollary 8. [ ]
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Appendix N. Proof of Corollary 11

Proof [Proof of Corollary 11] We note that Line 6 of Algorithm 2 involves the estimation of
MDP when the underlying distribution flow is given. However, different from the setting
in Section 6.1, here we can only specify the distribution flow through {M(&—l/N,Ei]}f\Ll.
We concatenate these distribution flows to form ji” that is defined as ji® = pfite—/N if
a € ((i—1)/N,i/N]. That is, we assume that & = i/N. Then we define the mean-embedding
induced by it as

1
_/ /W(Z‘/N7ﬁ)k('7(Si,haa’i,has))laf,h(s)deB'
0 JS

Then we estimate the transition kernels, reward functions, and graphons as

X o 2 ‘ 4 2
(fhs Gn, Wh, o) = faerm%(ljl;g ﬁ ;Z; ( Srhtl — T,h(Wd)))) + (Ti,h - g(a}i,h(Wd)))) :
gEB(7, 9—[) ’
Wew,
e |

(62)

Here we adopt the similar steps as the proof of Corollary 9. We note that the only
different procedure is the first step. Next, we will derive the performance guarantee of
Algorithm (62).

In such setting, we implement {r(&—1/N:&] }N | for L times on the MDP induced by
{p&—NEGNN 4o collect the dataset D, = (S[T]\Q,a[;’\;l],r[:’v,j,s[:ﬁ_kl)}hzl for 7 € [L]. We
define put7% = I3(n%, %, W*) as the distribution flow of implementing 7% on the MDP
induced by . We highlight that we will not use quantity in the estimation procedure but
use it only in the analysis. The joint distribution of (s’ o @ T Th+1)l ) is HZ 1 pTh,
where p M = =t . X 7rT p X Opr X Py Same as the proof of Corollary 8, we define two bijections
(RS COl] as P (&) = Z/N for all i € [N], and ¢* o ¥* () = ¢*(¢¥*(«v)) = « for all & € 7.

With a little abuse of notation, we define the risk of (f, g, W) given & as
1 o i i 2 i i 2
Re(7:7) = 1 By (s = £0) + (e = aleho7) .
i=1

Corollary 24 Under Assumptions 5, 6, 7, and 1, if {&}Y, = {i/N}Y.,, then the risk of
estimate derived in Algorithm (62) can be bounded as

PN % dporh* * % * BS+7~Bi4 NN’V‘NOO
Rg(fhagh7Wf?hw )_Rg(fhag}nwh)SO(( I K) lOg & )
with probability at least 1 — 6.
Proof [Proof of Corollary 24] See Appendix Q.3.4. [ |

Then we only need to exactly follow the steps 2, 3, and 4 in the proof of Corollary 9 to
prove the desired results. Thus, we conclude the proof of Corollary 11. [ ]
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Appendix O. Proof of Proposition 3

The existence follows from the Banach fixed point theorem. To prove the uniqueness, we
adopt proof by contradiction. In this case, we admit the existence of multiple different NEs.
Then the expectations in distances D(-,-) and d(-, -) defined in Section 4.2 can be taken with
respect to any NE.

Proof [Proof of Proposition 3] We first prove the existence of NE under Assumption 2.
From the mean-field side, for two mean fields pZ and jit, we have that

a(To (DY (7, W), W), D (D (a7, W), W)
<dsy- D(F{‘(MI, W*)v F{\(ﬁzv W*))
< ddad(p*, i)

Banach fixed point theorem shows that there exists a fixed point for I'y oF{‘, which we denote
as u*t. We then define 7% = I'} (u*%, W*). Definition 1 shows that (7*Z, u*7) is a NE.

Then we prove the uniqueness of NE. Assume that there are two NEs (7*7, u*7) and
(7%%, i*1). From the Definition 1 of the NE, we have that

ﬂ_*,I _ F?(M*’I, W*), M*,I _ FQ(?T*’I, W*), ﬁ_*,l — Fi\(ﬂ*,l7 W*), ﬂ*,l = PQ(ﬁ-*,I7 W*)
Then Assumption 2 implies that

d(u*’z,ﬂ*’z) < d1d2d(u*’1,ﬁ*’1).

Thus, we have d(u*Z, i*%) = 0, which implies that they are different only on a set of

zero-measure agents with respect to the Lebesgue measure on [0, 1]. Thus, we conclude the
proof of Proposition 3. [ ]

Appendix P. Lipschitzness of NE

Proposition 25 Under Assumptions 1 and 5, for any NE of the A-reqularized GMFG
(7N M) with A > 0, we have that

NV 2H Ly | Ly + H(1+ Alog | A|) Lp | )
Hﬂh (]s) —m, ('\5)"1§ \ | — | for all h € [H],s € S.

Proof [Proof of Proposition 25] For any distribution flow uZ, we denote the optimal value
function in the A-regularized MDP induced by pf as V7 = A ’I)thl. Then we prove the
proposition in two steps:

e Given any distribution flow pZ, the optimal value function V*7 is Lipschitz in the
positions of agents, i.e., |V;"*(s) — V;"*(s)| < H[L, + H(1 + Alog | A|)Lp]Ly|a — f]
for all s € S and h € [H].

e Any policy 77 that achieves the optimal value function V*7 is Lipschitz in the positions
of agents.
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These two steps concludes the proof of Proposition 25 by noting that for any A-NE (727, M),

the policy 77 achieves the maximal accumulative rewards in the MDP induced by p*t
according to Definition 1.

Step 1: Show the optimal value function V*7 is Lipschitz in the positions of
agents.

For any distribution flow uZ € A(S)*# we define an operator acting on S — R as

T[L‘I’au(s) = sup Zp( )ru(s,a, zp)—AR(p +Z/ a)Py(s' | s,a, 25 )u(s")ds for he [H — 1],
peA(A)aeA acA

T a o
Tllj ' U(S) = sup Z p(a)rH(Sa a, ZH)_)‘R(p)a
peA('A)aeA

where R(-) is the negative entropy function. Since V*7 is the optimal value function of the
MDP induced by p%, we have that

T“ Vi (s) = Vp%(s) and VY (s) =0 for all s € S,h € [H], e € T.
For any h € [H — 1], we have that

Vo (s) = Vi P (s))|

< sup Zp(a) (Th(‘g?aa Zfolé) - ’f'h(S, a, Zﬁ))
PEA(A) acA
+Z/ (5' | 5,0, 2 Vi (') = P’ 5,0, 2) Vi () ds’
acA
< Lyll2f = 2l + H(1 + Mog | A Lp||2f, —ZhHlJrSUP\V;ﬁ )= Vi ()],

where the first inequality results from Assumption 1. Note that Hzﬁ‘—zf <1/ 01 (V[/',AL(oé7 v)—
Wi (B, ’Y))M dvl||1 < Lwy|a — B, we have

up |V () = Vi ()] < (L + H (1 + Nog | A Lp] Ll — Bl +sup [V,55 () = Vi3 s)]
s€ sE

Summing this inequality for ¢t = h,--- , H and noting that V;}’j_‘l(s) = 0, we have
sup |V, %(s) — V;’B(s)} < H[LT + H(1+ Alog \A|)Lp} Lyyla — 3.
sES

Step 2: Any policy that achieves the optimal value function V*7 is Lipschitz
in the positions of agents

Assume that policy 77 achieves the optimal value function V*Z. For any o, 8 € Z, s € S,
and h € [H], we have that

(o7

(-] )—argmapr rr(s,a,zp) — AR(p —i—Z/ a)Py(s'|s,a,z25) h+1( s")ds’

PEA(A) Gea acA
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ﬂ,ﬁl( | )—argmapr )rh(s,a zh — AR(p —1—2/ a)Py(s'| s, a, zh) h+1( s")ds'
PEA(A) 4eu acA

Define y*(s,a) = r1(s,a, 25) + [sp(a)Pu(s'| 5,0, 2) V5 (s')ds’ for all @ € Z. Lemma 34
shows that

7 19) = mC Il < %G ) = 1G5 e
Term [|y(s,-) — 4°(5, )]loc can be bounded as
ly*(s,) = 47 (5, )lloo
< [L,, + H(1+ Mlog yAy)Lp} Lyl — 8] + H[Lr + H(1+ Mog yAy)Lp} Lyla — ]
<2H [LT + H(1+ Mog |A|)Lp} Lla — 8|,

where the first inequality results from the triangle inequality, and the second inequality
results from Step 1. Thus, we conclude that

5 2H | L, + H (14 Mog | Al) Lp | L
7 (- 1s) = mhC19)]l, < \ la — B,

which proves the claim of Proposition 25. |

Appendix Q. Supporting Propositions and Lemmas
Q.1 Propositions and Lemmas for Estimation
Q.1.1 PROOF OF PROPOSITION 19

Proof [Proof of Proposition 19] For any h € [H — 1], we have that

ey — 1y 1l
/Z/Ph "Is,a, 25 ) uf(s)mi(al s ds—Z/Ph \sazh (),’f(a!s)dsds’
acA ac A
SMMﬁQMHM—MMHgWﬂl—ﬁ )|, (63)
S

where the first inequality results from the triangle inequality, and the second inequality
results from Assumptions 5 and 1. We further bound the first term in the right-hand side of
inequality (63) as

1 1
H#—ﬁm:HAWme%m—Avnww@m

S LW’a_5‘7
1

where the inequality results from Assumption 5. Substituting this inequality to the right-hand
side of inequality (63), we derive that

i = il < iy = gl + LpLwla — Bl + Sup EAGDEEAGPI
S
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Summing these inequalities for h = 1,--- ,t, we have that
t—1
g = wf s < <t—1>Lprra—6|+ZsupH7rh =m (19
which results from that pf = ,u’f . Thus, we concludes the proof of Proposition 19. |

Q.1.2 PROOF OF PROPOSITION 20

Proof [Proof of Proposition 20] Our proof of Proposition 20 follows the pipeline of the proof
of Gyorfi et al. (2002, Theorem 11.4). However, the random variables in our problem are not
identically distributed, which requires additional techniques to control the tail probabilities.
Our proof involves three steps:

e Symmetrization by a ghost sample.
e Additional randomization by random signs.
e Bounding the covering number

Step 1: Symmetrization by a ghost sample.
We construct the random variables D; = {eTh}” , that are independent of and

identically distributed as D), = {eT h}

and they are independent. For ease of notation, we write 25:1 Zf\i , as >, Choose a
function fyr that depends on Dy, such that

1 ; 1
N 2Bt L (ern)] - NLZfW Th>>e<a+/3+NL

T,4=1"

It means that é’ D i el , for all 7 € [L],i € [N],

p;h [fW(é,h)])

’Tl

holds. If such function does not exist, then fy is an arbitrary function in F;,. Then we
have that

E,);h [(fw(éi,fﬂ —E;, [fw (&) | Dh]>2 ‘ Dh:|

b, (Gt |
< 4(Bs + er)zEp;h [(f(a’i,h(w)) —fn (@j—,h(Wﬁ)))Q Dh]
= 4(Bs +rBR)’E,; | [fw(€,) | D), (64)

where the second inequality results from Lemma 33, and the last equality results from that

Eﬂi,h [§i’h+1 | Dy, w;h(W;)] = fr (&J;h(W;)) Then the tail probability for the ghost sample

f)h is bouneded as

(NLZE [fw (@) | Dn] - ZfW (Q+B+NLZE Lfw (@ ’Dh]»

Y
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2
= |:<NIL Zm‘ Epf.’h [fW(éi,h) | Dh] - ﬁ Zm' fW(d—,h)) ]

2
(8(0;8) +oNT Zm‘ Ep;h [fW(éi,h) ’ Dh])

4(Bs+rBg)? 1 ~;
R Y B, [fw (@) | Dl

< 2
<€(a;6) + ot Zm‘ Epi,h [fW(éi,h) ‘ Dh])

4(35 + T’Bf()2
S (a+B)NLeZ '

where the first inequality results from Chebyshev inequality, the second inequality results
from inequality (64), and the last inequality results from z/(a+2)? < 1/(4a) for any x,a > 0.
When NL > 32(Bs +rBg)?/((a + B)e?), we have that

<NLZE [fw (&) | Dn] - wa
_2<a+B+NLZE [fw (e, ‘Dh]>>§

(65)

oo\H

Thus, we have that

(waeP,NLZE fw(etn)] NLwa ) <a+/3+ZE Th)}»
<3fwef~,NLZE [fw (&n)] = fw (Ep) < 2<a+B+NLZE [fw (& >}>7
NLZE )] - fW<Th>>s<a+/3+NLZE [fw(er ﬂ))

<3fwef,NLwa en) = fw(erp) > <a+ﬁ+NLZE [fw(er >}>),

(66)

where the first inequality results from inequality (65), the detailed proof of this step is in
Gyorfi et al. (2002, Theorem 11.4). To derive the fast rate result, we want to replace the
expectation of the function in the right-hand side of inequality (66) by the expectation of
the square of the function. Thus, We handle the right-hand side of inequality (66) as

P<3fwef”J\iLZfW(éi NL wa ) (a+5+NL ZEP Wlwe Thﬂ))
§P<3fw€]:*,]\}Lwa(éi wa €rn) <Oé+5+NLZE fw (e m)])

wa €rh) NLZE [Fir ()] <e <a+5+NLZE [fir(e Th)]>

\UOO
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Z;fav(éi NLZE [fiir( Th]<5<a+B+NLZE [fi (e )]>>

+2P<afwef~,mzfﬁv<é;h> [fW<Th>}<a(a+ﬁ+NLZE @)

= (VII) + (VIII), (67)

where the inequality follows from the union bound. For the term (VIII), Proposition 26
shows that

P(ﬂfWeP,A;LZfVZV(éZ' NLZE (£ (& ]s(a+5

ZE [fir (e ]))
< 2E [Nl ((a;,@) {fv | fw € FpdAeindrl 1)] Xp ( B 4306(212129]1?4)

< (e P Eti )| oo (- ) @

For term (VII), the last two events in (VII) are equivalent to that

1 )
1+€NLZ )] 2 (=) 57y 3 A ) <l t 6)

(1+)57 ZE,,i @) 20— S @) —sa 6. (©9)

Then term (VII) can be bounded as

(V1I)
SIF)(afwEJT”NlLZfW(éi NLZfW ) Z (a;m
2ath) (1 o)
~ 4(Bs+rBg)2(1+¢) +8(Bs+rBK) (1+¢) NLZfW SORIC Th>>

(70)
where the inequality results from inequality (69) and the fact that E ; h[ f%v(ei,h)} < 4(Bs +
rBi)E,  [fw(el )]

Proposition 26 Let B > 1, G be a set of functions g : X — [0,B]. Let Z1,---,Zy be
independent X —valued random wvariables that are distributed as pi1,--- , pn, Tespectively.
Assume o >0, 0< e <1, n>1. Then we have that

(T a2 (5 o )] (-5

forn > 16B/(2a).
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Proof [Proof of Proposition 26] See Appendix Q.1.3. |

Step 2: Addltlonal randomization by random signs.
Let {U h}T ", be independent and uniformly distributed over {+1, —1} that are also
independent of Dy, and Dj,. Then we have that

P(afwefw,;LZfW(éi Lwa ") <a2+5)

52(04‘71‘6) e(l—e¢)
~ 4(Bs+1rBg)2(1+¢)  8(Bg+rBg)2(1+¢) NLZfW Th)+fW( )>
<2E[P<3fwefw,’]\;LZU;hfW(eg )’2(0‘:5)
(a+p) | e(1—¢)
78(BS+7“B[()2(1+8) 8<BS+TBK) (1_|_5 NL ZfW Th) {eTh}TZ 1>:|

(71)

where the inequality results from the union bound. Let § > 0, F5 be a L1 d—cover of Fy;
on {6rh}m 1~ Then for any fu € F;,, there exists fyyr € F5 such that

1 X _ .
N7 D lfwetn) = Fwle )| <o
T,
This inequality implies that

<9

1 . , 1 o
R DLIVICII B SUAEN
1 ; 1 ;
NI Z fl%/(e:',h) “NL Z fizd/(ez-,h) > —2(Bs +rBg)?,
; T,

where these inequalities results from the triangle inequality. In the following, we take
0 = ¢f/5. Thus, we can bound the right-hand side of inequality (71) as

<3fW€'FW"NLZ Fafw (€ >(a4+ﬁ>
_8(Bsifnoé;§21+s) +8(BS+§"1B;§)(1+5 NL ZfW ern) {erntril 1>
<N1< L P et 1> fvgg;%P(\]vlLZU;hfwwi,h) >
8(Bs+r€;z)2(1+e) +8(BS+§”1B;)€)(1+5 NL ZfW ern) [{enntril 1>
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§2N1< 2 ,Fyiste Th}T’L 1) eXp( 20(

where the first inequality results from the union bound.

Step 3: Bounding the covering number.

In this step, we upper bound the covering number of F;, by the covering numbers of
B(r,H) and W and conclude the tail probability. We note that

7 S Lfwet ) = el )]

< 2(Bg+1Bg) [Bi|f — flli + L BrllW — W],

e2(1 —e)aNL
Bs+rBg)*(1+ 8))

where the inequality results from Lemma 33 and the triangle inequality. Thus, we have that

) _ ) -
(Bs +rBg)Bg B(r, H)> Noo <4(Bs +rBg)rLk By, ’ W>
(73)

N (5 ‘FW?{eTh}Tz 1) SN’F[<4

for any {eiyh}f”,ﬁl. Combining the inequalities (66), (67), (68), (70), (71), and (72), we have
that for NL > 32(Bgs +rBg)?/((a + B)e?)

(wae]-" ,NLZE wa ety
>e(a+ﬁ+NLZ]E [ fw (el )]))

< 6—741@ [Nl (10(;iajrg_) Fi ebntiis 1)} exp < - fg;iifg}i;)

32 eB e2(1 —e)aNL
= Fe (5t (- s g )
ef

, 2(1-¢)aNL
< (i LN _ e(
= [N 1<10(Bs+r3f<)2’]: v ACeadimy ) | SP\ 7 30035 B )11 9

) ep = ep ~
< 14N (40(35 BB Bl H)> Noo <40(Bg B )L By W)

e2(1 —e)aNL
- exp < - 20(Bs + rBg)*(1 + 5))

where the last inequality results from inequality (73). For NL < 32(Bs+rBg)?/((a+ B)e?),
we have that

(1-¢e)aNL 32(1—¢) 32
P <_ 20(Bs + rBg (1 + e)> = oxp <_ 20(Bs + rB)2(1 + &) (a + B)) = exp <_80> =RV

Thus, we conclude the proof of Proposition 20. [ ]
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Q.1.3 PROOF OF PROPOSITION 26

Proof [Proof of Proposition 26] The proof of Proposition 26 mainly follows the pipeline
of the proof of Gyorfi et al. (2002, Theorem 11.6). However, the random variables in our
problem are not identically distributed, which requires additional techniques to control the
tail probabilities. Our proof involves two steps:

e Symmetrization by a ghost sample.
¢ Additional randomization by random signs

Step 1: Symmetrization by a ghost sample.
We draw ghost samples Z1 = (Zl, oo Zn ) that are independent of and identically

distributed as Z' = (Z1,--- , Zy). Then we have that
1 Z; E,.[9(Z)
P(Sup Z'L 19( ) E'L 1 pz|: :| >/B>
9eg a+ 3 iy 9(Zi) + 5 iy By, [9(2)]

_E[(zaz - W)DZ]
n?[3? (04 + o Z@ 1 Epz )
> (B - Epi[ (Z )D [Q(Z)]

< ;
n?[? (a + 5 i By o ])

where the first inequality results from Chebyshev inequality, and the last inequality results
from that g : X — [0, B]. For two constants a,b > 0 and variables 0 < x; < b for i € [n],
some basic calculus calculations show that

(74)

f('rlf" ,.%'n):

> 1(b ;)T < ib

(CL + 5 Zz 1 ‘TZ) 20’
Thus, inequality (74) shows that

1ls~n Z) - 13" R, [9(2) B

]P’(Sup Zz lg( ) nZz 1 Pz|: :| >B> S 5 )

geg « + = Zz 1 g( ) + = Z’L 1 Epz [g(Z)] 2/8 an

We take B = /4. If n > 16B/(c?a), such probability is upper bounded by 1/2. Then we
have that

IP’( 12?19( ')*%Z?’zlEm[g(Z)] )] >E>

sup
geg o+ = Zz 1 g(Zi) + % Z?:l Epi [Q(Z

n

<2(30e0.0 > (o(2) - o(2)) 2 5 (204 2 Y (020 +9(2)) ). (7
i=1 =1

where the inequality results from the conditional probability trick. The detailed procedure
can be found in Gyorfi et al. (2002, Theorem 11.6).
Step 2: Additional randomization by random signs.
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Let {U;}i_, be independent and uniformly distributed random variables on {+1,1} that
are independent of Z?' and Z}. Then we have that

(30653 02— o) 2 5 (204 13- (020 +t20))
§2E[ <3geg ZUlg ><a—|— Zg )‘Z{L:z?ﬂ, (76)

where the inequality results from the union bound. Let 5 > 0, Gs be a Ly d—cover of G on

2}'. Then for any g € G, there exists g € G5 such that > ;" | |g(z;) — g(zi)|/n < é. Thus, we
have that

1< 3e 1< Y
P<39€g,nZUi9(Zi) > 8<a+n;9(zi)) ‘Z1 :Z1>
3¢
<IP><EIg€Q§,6+ ZUzg >< -0+ = Zg >’ 1:z?>

=1

38@ 3ed 3el
< P Uig( — —— =0+ —— Z) | 21 =
< |Gs| max ( Z 9(Z : +8n119( )| Z1 Z1>
where the last inequality follows from the union bound. Take § = ea/5, then we have
dea 320 o ea
8 8 —10°

Thus, we can control the tail probability as
1 n
(geg,n; oz > 5 (a0 1Y 0tz )\ )
SN(5 00 ) P ZUzg =+ §lZn:g(zi)
geg Ea = 10 ]
< Nl( .G, Z1> exp < 9% (ftna+ 30 9(2) )

Z1 = z’f)
128B S 9(z)

2
< j\/'l( .G, zl> exp < — 3Z§Bn>’ (77)

where the second inequality results from the Hoeffding’s inequality, and the last inequality

results from that (a +y)?/y > 4a for any a,y > 0. Combining the inequalities (75), (76)
and (77), we conclude the proof of Proposition 26. [ |

Q.2 Propositions and Lemmas for Optimization

Q.2.1 PROOF OF PROPOSITION 13

Proof [Proof of Proposition 13] From the definition of R(-) and KL(-||-), we have that
VpR(p) =1+1ogp V,KL(p|lg) =1+ log f]j
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Then the first-order optimal condition of Eqn. (16) is that for any p € A(A)

Ao
AN, 2 2 N 7Tt+17h(' ’ S)
<m+1Qh (s, iy, W) = M log 72y (- | 5) — log —o7———

_ g i < 0.
7_‘_t,h(.|5) » D ﬂ-t—‘rl,h( ‘8)> — O

Note that

KL(p1|lp2) = KL(ps|lp2) + (Vs KL(p3|[p2), p1 — p3) + KL(p1|pa)
KL(p1|p2) = R(p1) — R(p2) + (VR(p2),p2 — p1)-

Then we have
AN, a & T ~ o ~ o ~ o ey
77t+1<Qh (8,57 7“7517 W)7p_77t+1,h("3)>+/\77t+1{Fi(7Tt+1,h("3))_R(p):| +KL(7Tt+1,h("5)”Wt,h(‘\s))
< KL(pllfh(- 15)) = (1 + Ms )KL (pll 1 1 (-] ).

Thus, we conclude the proof of Proposition 13. |

Q.2.2 PROOF OF PROPOSITION 14

Proof [Proof of Proposition 14] In the following, we upper bound these four terms separately.
For term (I), we have that

(1) < et [(Q (s 18 BE W2 = L sn)) = (@ s o8 B W), = 8L 5)|
< et [ Qs vy s T W) = Qe (s 75 B W), p = iy - )|
1 [(QN (s 05 B W), A8 ) = 8L sn)|
< 277t+1HQ2’a(8h, L g, W) — Q27a(8h7 T I W*)Hoo

)\’ 2o * A)\, = T
+ 277t+1HQha(Sha '7”?7#%7 w ) - Qh a(sha "ﬂ—tav MtI7 W)Hoo
+ 2m1 H (1 + Alog |A[) Be41, (78)

where the second inequality results from the triangle inequality, and the last inequality
results from the Holder inequality and the triangle inequality. To bound the second term in
the right-hand side of inequality (78), we state the proposition

Proposition 27 Under Assumption 1, for any policy 7 and two distribution flows p* and
iL, we have that

H
|Qy (5, a, 7% 5, W) —Qp* (s, a, 7% i5, W*)| < [Ly + H(1 + Mlog \A|)LP]Z/H,,L51 — a2 111dg,
m=h 0
H 1
“/h/\,oc(s7 7_‘_a7 NZ7 W*)_Vh)\,a(s,ﬂ'a’ /NLI? W*)‘ < [Lr =+ H(l + )\log ‘A|)Lp] Z/O Hurﬁn — ﬂglnldﬂ
m=h

forallaeZ, se€S,ac Aandh € [H].
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Proof [Proof of Proposition 27] See Appendix Q.2.8. |
Thus, we have that

H 1
(1) < 20 [Le + H(1L+ Mog | ADLp] 3 /0 V2 — A2 lhdB
=1

+ 277t+1 HQ27OC(Sh7 K 7Tta7 ﬁ%v W*)_QQ,O&(S}“ ) 7-(-?7 ﬁtzﬂ W)“w+2nt+1H(1 + )\lOg |A|)/Bt+1-

Define ay,; = oy, [hz m+1( — o) for m € [t], where o, = ay, for m > 2 and o] =1 (since
it = iF). Then it satisfies that Zf;:ll ot = 1, and that

Ht - Z Omt - :u‘ma and /J“t - Z Cmt - :U’m (79)
Then we have that
t—1
Z / 8 — il = A D) < S Cmprd(id, 1) < 2
m=1

where the inequality results from the triangle inequality. Thus, we have
A ~ A\ ~ z
(I) S 27715-1—1 Hthé(Sh, Yy Trta? ,utI7 W*) - Qh7a(8h7 "y 7Tta7 /j’tz-a W)Hoo
+ 277t+1 [Lr + H(l + )\log ’A’)LP] €u + 27]t+1H(1 + )\log |.A|),Bt+1.

For term (II), Lemma 31 shows that (II) < 0.
For term (III), we have that

. . 1
(D) = R(nfyy (- [sn) = R(AF (- 1sn) + D (7hinlal sn) = #241 4(al sn)) log o alo)
a€A T2 Sh)
S ol o) o M
< Jaganlal sn) — w2 (e si)| log
acA Bt
A
S 2ﬁt+1 lOg u?
B

where the last inequality results from the definition of 7" , and 7,4 5.
For term (IV), Lemma 36 shows that for 5,41 < 1/2, we have that (IV) < 2(14+Ane1) Bet1-
Summing these four terms, we conclude the proof of the proposition. |

Q.2.3 PROOF OF PROPOSITION 15

Proof [Proof of Proposition 15] Our proof involves two steps:

o Proof Eq [V (sp, m*) — ViX(sn, )] = 7B [V (sha1, ) — Vi i (Sp41,m)] for all
h € [H], where v* > 0 is a constant.

e Proof the desired result from Step 1.
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Step 1: Proof Er [V, (sp, ) = VM (sp, m)] = 7 Ere [V 1 (Sha1, T) — Vi1 (841, )] for
all h € [H].

If 7y = m} for all t > h + 1, then the result trivially holds. In the following, we assume
that m; # 7} for some ¢t > h + 1. This implies that

Ere [Vt (81, ) — Vg (sha1, )] > 0.

For ease of notation, we define that
y(s,a) =rp(s,a) + /SPh(s/ | s,a)Vhi1(s',m)ds
y*(s,a) = rp(s,a) + /SPh(s' | s,a)Viy1(s',7%)ds’.
Then we expand these two differences between value functions as
E [Vh’\(sh, ) — Vh/\(sh, 7T)]
ZJEW*KQ(Shf)aW;(Wsh)—-ﬂh(ﬁsh)%ﬁkP?(Wh(ﬁsh»—J%(Wﬁ(WSh»]+<y*(Sh,)-—y(shvﬁaﬂﬁ('|Sh)ﬂ
Ers [Vh)\+1(5h+17 ) — Vh)\+1(3h+1’ W)]

=B (4" (sh,) — y(sn, ), m (- [sn))],

where R(p) = (p,logp). In the following, we will prove that for any s € S

(95,771 8) = w1 9)) + A[R(ma(-| ) = R(wi(-19))] + (0 (s) = w5 ), w3 | )
> 5y (5,7) =yl ), i), (50)

and our desired result immediately follows from taking expectation on the both sides of
inequality (80). For ease of notation, we define p* = 7 (- |s). From the definition of the
optimal policy, we have that

p* = argmax(q,y*(s,")) — AR(q), p = argmax(q,y(s,-)) — AR(q).
qeA(A) qeA(A)

These distributions admit closed-form expressions p*(a) = exp(y*(s,a)/\)/Z*(s) and p(a) =

exp(y(s, a)/A)/Z(s), where Z*(s) = 3, exp(y*(s,a)/A) and Z(s) = 3_, exp(y(s,a)/A). To
prove inequality (80), it suffices to prove that

(y(s,),p" = p) + A[R(p) = R(p")] = (v" = Dy (s,7) — y(s,),p")- (81)
The left-hand side the inequality (81) is

(y(s,-),p* = p) + A[R(p) — R(p")] = (Alogp, p* — p) + A[R(p) — R(p")] = _A<p*, log ];*>,
(82)

where the first equality results from the closed-form expression of p, and the second inequality
results from the definition of R(-). We further expand this term as

A Z(s)  Jexp(y*(s,)/A) L,
Mg ) = <atog 7 (PN s y(s)) (s3)
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where the equalitys result from the closed-form expressions of p and p*. The right-hand side
of inequality (81) is

(07 = 006 =900 = 7 = DA ((loe 2 ) 106 T ) s

where the equalitys result from the closed-form expressions of p and p*. Combining Eqn. (82),
(83), and (84), we have

(y(s,),p" —p) + A[R(p) — R(P*)] = (v" = 1)(¥*(s,-) — y(s,-), p")
& ’;<exp (y (j’ .)>,y*(s, D) —y(s, )> < Z*(s)log ZZ((;)) (85)

In the following, we prove inequality (85). The right-hand side of (85) can be lower-bounded
as

. Z*(s) _ log B 2aca &P (y7(s, a)/A
Z*(s)log Z((s)) > 82 Ze xp (y* (s, a)/A) - [Za;: exli)(é/(s’a)/)‘)) o
logB

2 ZGXP )(y*(s’a) —y(s,a)), (86)

acA

aE.A

where B = exp(H (1+ Alog |.A|)/A), the first inequality results from that log B/(B—1) - (x —
1) <logz for x € [1, B] and the facts that y*(s,a) > y(s,a) and |y*(s,a)| < H(1+ Alog|.A|)
for all s € S and a € A, and the second inequality results from that exp(z) —1 > x and
that y*(s,a) > y(s,a). The left-hand side of inequality (85) can be upper bounded as

§<e><p<y*(;,')>,y*(s,.)y( > B exp (y(s,a)/A) (y*(s,a) — y(s,a)),

acA

(87)

where the inequality results from that y*(s,a)/y(s,a) < B for all s € S and a € A.
Combining inequalities (86) and (87), we prove inequality (85) given

*

log B
< — .
0<7 =3B

Step 2: Proof the desired result from Step 1.
We define that

Dy, = B [Vi (51, ) = Vi (s, 7))
for h € [H]. Then Step 1 shows that Dy, > v*Djyq for all h € [H]. Thus, we have

Er [V (s1,7%) — VN (51,7)] Dy 1
= —H = —H :
S Vid(sn ) — Vidsnom) | 2=z Di 2 Du/ D1
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For each term, we have that

Dy _ Dp Dy )
D1 Dy1 Dy

Thus, we have that
Ep [V (s1,m) = VMNsrm)] (L=t
H A A 1— ,y*(H—l) -
Zh:Z Vh (Shvﬂ-*) — Vh (Sh, Tr)

The proof of Proposition 15 is complete. |

Q.2.4 PROOF OF PROPOSITION 16

Proof [Proof of Proposition 16]
We first write

H
a  _ ya Ao s, =T * Aa o =1 *
Ay = X — Eﬁ:’o‘,ﬁ% [Z Vi S s iy, W) = Vi (s iy, i, W)

H
- B [Z KL (w3 (sl | sh»]
h=1

= (V) + (VI) + (VII) + (VIIT) + (IX). (88)

Term (V) is the error that measures the difference between the action-value function induced
by the optimal policies of ﬂtIH and fiZ, which is defined as

ko —T * pWe' _x,a —T *
(V) 7Tt+1’”t+1 I:ZV 5h77rt+1nu't+17 w ) - Vh (3h77rt » Higg-1s w ):|

To upper bound the term (V), we note that the optimal policies ,atZH and [if satisfy the
following property.

Proposition 28 For a A-reqularized finite-horizon MDP (S, A, H, {rp }iL | {P,}L ) with
i, € [0,1] for all h € [H], we denote the optimal policy as ©* = {m} }L . Then we have that
for any s €S, and h € [H]

1
14 |Alexp (H — h+1)(1+ Alog|A|)/A)

min 7 (a|s) =

Proof [Proof of Proposition 28] See Appendix Q.2.5 [ |
Then we have that

A _ — A _ _
‘Vh ,01(5}“ erép H%+17 W*) - Vh 7a(5h7 7_‘_;‘7067 th+17 W*){

< (H(1+ Mog|Al) + ALR)Ezra - [Z 17 m C sm) = Tom L sm) |, |

”t+1u“t+1
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where Lr = log(1+ |Alexp (H(1+ Xlog|Al)/)), the inequality results from the performance
difference lemma, Lemma 37, proposition 28 and Lemma 38. Thus, we have that

(V) < H(H(1+ Xog |A|) + ALR) Epre, MI[Z 7 Gl sm) = T ([ sm) | ] (89)

Term (VI) is the error that measures the difference between the distribution of states
induced by optimal policies of ﬂtIH and fif, which is defined as

(VI) =E

—_*,a —T —_ =%, T
Ty M1 Y Ui

H
A _ _ A _
|:Z Vh 7OL(Sh’ 77-2(7047 /[;/[—H’ W*) - Vh 7O[(Shv 7Tta+1’ /[;/[—i-l’ W*):|
h=1

H
1 _x
+ no* (Eﬁifpﬂil - Eﬁ?’avﬂtﬂl) [Z KL (a5 ([ sillmian( | Sh))] ‘

Proposition 29 Given any two policies w2, 7% and distribution flow p*, we define pt

s(n, ypt, W) and g+t = T3(7%, u?, W) for any graphons W = {W,}_,. Then we hcwe

oy = il < ZE e |17 18) =7 19| .
for all o € T and h € [H].
Proof [Proof of Proposition 29] See Appendix Q.2.6. [ |

Proposition 29 shows that

(VD) < H(H(L+ Alog | A+ _max KL(F(|9)l7fiaa(19)))

E”:fl’/_‘wl[z Hﬂt-f-lm ‘Sm th( ‘Sm H ]

Note that
o) Al
KL(Wt,h (Is)lmpypn(- 1)) <log|Al+log —— Brn

Thus, we have

A ST a2
o0 < 1 (B (14 Ao |A) + o B0 ) B TS R - mRC sl

m=1

(90)

Term (VII) is the error that measures the difference between the distribution of states
induced by i} on ,atZH and fi7, which is defined as

(VH) E Ut o« ZI:ZV 5h7ﬁ:7a7latz+1>W*) - Vh>\7a(5h77rta+l7/1’tz+1vw*):|

1
/)79* <E7—r:,a’ﬁtz+l E— ,a I) [ZKL ﬂ-th ‘ Sh)Hﬂ-zH»l h( ’Sh)):|

+
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Proposition 30 Given any policy 7% and two distribution flows p* and ji*, we define
ptt =Ta(n, B, W*) and pt7% = Ts(xt, iZ, W*). Under Assumption 1, we have that

h—1 1
i =il < 2o Y [ i = laas
m=1"0
foralla € T and h € [H].

Proof [Proof of Proposition 30] See Appendix Q.2.7. [ |

Following the similar arguments in inequality (90), we have that

1 A2 T )
(Vi) SH(H(1+MOg\AD+ne* 10g|ﬁt+’1)LP. S [ Wfosm = nlhds. o)
m=1

Term (VIII) is the error that measures the difference between the action-value function
induced by difference distribution flows fif,; and fif, which is defined as

H
A, —k,00 — * A, — *
(VIII) = Eﬁf’a,ﬂ% {ZV}L (s, [ aaMtIHvW )=V, a(shaﬂfﬂautzﬂvw )}
h=1

H
A« k. —T * Ao _7 *
—Egra pz [Z Vi S (sp, m " iy, W) = Vi (spe iy, iy , W )]
h=1

From Proposition 27, we have that
H 1
(VIIL) < 28 [L, + H( 4+ Alog | A)Le] S [l = 78 bl (92)
m=1"0

Term (IX) is the error that measures the difference between the KL divergence related
to the optimal policies of ﬂtzﬂ and fif, which is defined as

H
]‘ — % — %k
(10 = Bt | LKL sl [50)) = KLGEC Tsn)latant )|
h=1

Lemma 39 and Proposition 28 show that

H
2 A _ia _ia
0 < G {1ow 220 LB [ 57 i ow) = sl | 09

Combining Eqn. (88) and inequalities (89), (90), (91), (92), (93), we conclude the proof of
this proposition. |
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Q.2.5 PROOF OF PROPOSITION 28

Proof [Proof of Proposition 28] We denote the value function of the optimal policy 7* as
VA (s, m*) for h € [H]. From the definition of the optimal policy, we have that for any s € S

7 (- | s) = argmax(ry(s,-),p) — AR(p) + 2/ a)Py(s'| s, a)VhH(s 7*)ds’.
PEA(A) acA

Then we have that

7 (a]s) x exp <i (rh(s,a) + /SPh(S/ | S,Q)Vh’\+1(s',7r*)ds’)>.

The desired result follows from that VMs',7*) < (H — h + 1)(1 + Alog|A|). Thus, we
conclude the proof of Proposition 28. |

Q.2.6 PROOF OF PROPOSITION 29
Proof [Proof of Proposition 29] For any h € [H — 1] and a € Z, we have

H'thrl /1;+01H1

<Z//‘,u (s)mp(als) — ﬂ;’a(s)ﬁﬁ(a|5)|Ph(sl\S,a,zﬁ‘(,u%,Wh))dsds’

acA
<Z/ Wals)—mr(als |ds+2/‘,u uh “(s)|75 (a] s)ds

=E, o [wai(-ls) — L] + e = A

where the first inequality results from the definition of I's and the triangle inequality, and

the second inequality results from the triangle inequality. Note that ,u;“a = [Lf’a = uf.

Summing over h, we prove the desired result. This completes the proof of Proposition 29. B

Q.2.7 PROOF OF PROPOSITION 30

Proof [Proof of Proposition 30] For any h € [H — 1], we have that

Hﬂh+1 ~Z+Q1H1

/ Z/ — ()i al 8) Py (s | s, a, 25 (i, W) |ds”

acA

o,

~+ -7
< ||Mh Oé||1 + Lp|| 25 ( (i, Wi) — 2 (g, W) 1

ds’

oy ()mii(al ) (i (s |0, 25, W) = P (s' |, a, 202, W) )
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where the first inequality results from the definition of I's and triangle inequality, and the
second inequality results from Assumption 1. For the right-hand side term, we have that

1
2 (s, W) — 25 (i, W) |, = /’/ Wi (e, B) (1) (s) — fij,(s))dB dss/O 1) — iy |1 dB,

where the inequality results from the triangle inequality and that [W;| < 1. Summing over
h, we prove the desired result. Thus, we conclude the proof of Proposition 30. |

Q.2.8 PROOF OF PROPOSITION 27

Proof [Proof of Proposition 27] From the definitions of the value function and the action-
value function, we have that for any h € [H]

s W) = 1 (s W) + [ [ 3w @ QM i W)
a'cA

. )\R(W;Of“(' ‘ S/))}Pf[(s |s,a, Z?(MI, W*))dsl.
Thus, we have that
Q1 (s,a, 7 1P W) = Q° (5,0, 7%, i, W)

1
< (L O+ Nog ADLr) [ 11 = i aap
3 QM el s~ Q2 (el W o) v T W)

where the inequality results from the triangle inequality and Assumption 1. By induction, it
is easy to prove that

Q1 (5. 0, w7 W W)= Q)" (5,0, 7% AT W) [<[Ly + H(1 + Mog | A]) L) zjrmm 41148,
From the relationship between the value function and action-value function, we have that
’Vh/\,a (s,7 MIW*) VAa(S < ~IVV* }<[ + H(1+ Mlog|A|) Lp Z/H,um ,umHldﬁ

Thus, we conclude the proof of Proposition 27. |

Q.2.9 PROOF OF PROPOSITION 17

Proof [Proof of Proposition 17] We first prove the claim related to the value function. From
the definition of the optimal policy, we have that

vV (s, 7T pt W) = Jax (ru (s, 25 (g, W), p) — AR(p)
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o * A« * *
+ E [Sp(a)Ph (Sl ’ S, @, Zp, (M%a Wh))VhJ,-l(Sv ™ 7I7 Mza w )dsl'
acA

Thus, we have that
[Vt (s, m™F, P W) = Vi (s, 7 F, i W)
1
< (H(1+ MoglADLp + L) [ — iflas
0

A A ~ ~
+max [V (s, w™ it W) = Vi (s, 77 W)

)

where the inequality results from the fact that | max, f(z) —max, g(x)| < max, |f(z)—g(x)|
and Assumption 1. By induction, it is easy to prove that

A, N, sT -
max |V, U (s, m™ pE W) = Ve (s, 7O W)

H 1
< (H(L+ MoglANLp + Ly) S /0 12, — i, 114 .
m=h

Next, we prove the claim related to the optimal policies. From the definition of the
optimal policies, we have that

F:L’a(' | S) = argmax <Th (57 ) Zg(ﬂ%a W;:))7p> - )\R(p)
PEA(A)

+ Z pla)Py(s' | s,a, 2 (uk, W;))Vh)‘_ﬁ(s, T ut, W*)ds'.
acA’S
We define that

* * A, * *
yp(s,a) = rh(s, a, zﬁ‘(,u%, Wh)) + Ph(s' | s,a, zg(,u%, Wh))Vh+O{(s,7T ’I,,uI, wW*)ds',

G5 (s, ) = (s a2 G W) + [ Pals'|s,a, 20 G, Win) ) VS (s T, 7, W) ds .

o~

Then Lemma 34 shows that

Hﬂ—l?a(' | 3) - 7~[_Z,a<_ ‘ S)Hl < Hyg(sv ) - Z];O{(S, )HOO

From the triangle inequality and Assumption 1, we have that
[ui (s5) = i (s, )|
1
< (H(1+ NogANLp + L) [ 1] = ifllas
0
H 1
+ (HO+ NoglANLe +L,) Y- [ i = ilhas,
m=h "0
which proves the claim related to the optimal policies. Thus, we conclude the proof of

Proposition 17 [ |
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Q.3 Propositions and Lemmas for Combination
Q.3.1 PROOF OF COROLLARY 21

Proof [Proof of Corollary 21] Following the proof of Theorem 5, we decompose the risk
difference as

Rg(fhnghv Wh) - Rg(fljj7g;:7 lej)

= Generalization Error of Risk + Empirical Risk Difference,

where the generalization error of risk and the empirical risk difference are defined similarly
as those in Theorem 5. From the procedure of Algorithm (5), we have

Empirical Risk Difference < 0.

The generalization error of risk can be bounded by inequality (42) in the proof of Theorem 5.
Thus, we conclude the proof of Corollary 21. |

Q.3.2 PROOF OF PROPOSITION 22

Proof [Proof of Proposition 22| For any h € [H — 1], the definition of I'y shows that

() = /S Pr(s' | 5, a, 2§ (i, Wi e (s) s (a | s)dls,
acA

Assumption 8 implies that we can bound the total variation between pj | and fig | as

b1 — Bl
< LBy || Fa (@R W) = fi (@R W) || + LeBog || £ (W (W) — fu(@5:(W) |
+ [k — iyl (94)
where
1 . .
W) = [ [ W@ Bk sk pab ) f(s) dsds,
The first term in the right-hand side of inequality (94) can be upper bounded as
LBy [|fu(wh 1) = i (@ (W3)|] < e,

where the inequality results from the Holder inequality. The second term in the right-hand
side of inequality (94) can be upper-bounded as

1
LeEge Ufh (Wi (Wh)) = fn (@R (Wh)) \] <rLgLe||wy (Wh)—0p (Wh)l3 <Lk Le By OHﬂﬁ — 1) [l1dB,
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where the first inequality results from Lemma 33, and the second inequality results from the
triangle inequality. Thus, we have that

1
gy — il < i — gl + rLx LBy, /0 Iy — iy 11dB + ep.

By induction, it is easy to prove that

I =il < 30 S0 (e rLeLBt [ s 3 e
m=1 k=0 0 m=1
which proves our desired results. Thus, we conclude the proof of Proposition 22. |

Q.3.3 PROOF OF PROPOSITION 23

Proof [Proof of Proposition 23] From the definition of the action-value function, we have
that

Qp (s, 0,7 1", W) = ra(s, a, 24 (5, W) + E[V5 (8, 7%, i, W) | st = 5, aff = a
Vi (s, m, uE W) = (Qy % (s, 7%, pF, W), mi (- | 9)) + AR (- |9)). (95)

Thus for any h € [H]|, we have that

E+,a|:

g || Q7 (s, 0, WE W) = @y (s,a, 7, W)

|

s, 0, 26 (07 W) = i, a, 25, )|

o+ (H = B)(1+ Alog [ ADE .o || Pa(- |5, 2527, W) = Py | 5,0, 25 (07, W) | |

]

where the inequality results from the triangle inequality and Eqn. (95). Since Q}\{il =

Q?ﬁ‘rl = 0, we have that

<E 4
<B [

A < A,
+C- Epz,a Hthl(s,a, 7, W) — thl(s,a,ﬂa,uz, W)

+1

EP:’O‘ |: Qza(sv a,m 7“15 W) - Q27a(8’ a, 7%, ’uI’ w7 }
H
< 3 By [ (w (0F) — g (W) |
m=h

P (@ (W) — fr (wi (W)

]

where the inequality results from Assumption 8. Our desired result follows from the Holder
inequality. Thus, we conclude the proof of Proposition 23. [ |

H
+ LH(1+ Mog|A]) > \/Epw [
m=h
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Q.3.4 PROOF OF COROLLARY 24

Proof [Proof of Corollary 24] We proof mainly takes two steps:
e Reformulate the algorithm (62).
e Decompose the risk difference and control each terms.

Step 1: Reformulate the algorithm (62).
From the definition ¢*, we have that for a € ((i — 1)/N,i/N]

~ “(i/N)+a—i/N _ ¢
sy, = o Nre o),

where the first equality results from the definition of iZ, and the second equality results

from that a € ((i — 1)/N,i/N] and ¢* is a permutation of {((i —1)/N,i/N]}¥,. Thus, we
have that

1 . . *
@ (W?) = / / W (6(i/N), $(8)k (-, (st pralp, ) 2D (5)ds dB
0 JS
1 . . *
= [ LW 0w o6 /M) 007 0 6" BE( (s )i () ds s
/ / W (600" (&), 6 0 (1)) (- (5 0L )il () ds dy
(W9,
where the second equality results from that ¢* is the inverse functio of ¥*, and the third

equality results from taking v = ¢*(8) and ¢*(i/N) = . Thus, Algorithm (62) can be
equivalent formulated as

(fh?gl”w Wha &h)

L
1 A . o ) 2 . . o n ) 2
= argmin =3} (si,hﬂ — flwpp (W ))) + (r;h — g(wh (W ))) . (96)
feB(rH) r=1i=1
ge]B(F,’H)
WEW
peC

Step 2: Decompose the risk difference and control each terms.

Rg(fh, Jhs W}?how*) — Re(fr 9n, Wi ) = Generalization Error of Risk + Empirical Risk Difference,
where the generalization error of risk and the empirical risk difference are defined as

Generalization Error of Risk

1 K , . . 2
= 3z 2B, | (st = A7) = (st~ fi a9’

T=11=1
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| LN e N2 . , 2
=20 305 (st — Al V) ) = (st — 07
1 ZZlN 1 . . X 2
%zlzﬁpi,h[( a0 ) st 7))
T7=1 i=1
— 27 i ( Ty n — G (w Th(W(bhOW))) (Tivh N gz(wi’h(WZ))>2’
7=1 i=1

Empirical Risk Difference

1 S o i £ i 7 rpow* 2 i *( * 2
= 2577 202 (shaers = ulera70) ) = (s = fi WD)
1

Ly N2 . 4 2
£ 2= 33 (b = (b a V) = (v = gi (@i (W) )

T=11i=1

From the procedure of Algorithm (96), we have
Empirical Risk Difference < 0.

The generalization error of risk can be controlled exactly as the proof of Theorem 7. Thus,
we conclude the proof of Corollary 24. |

Q.4 Technical Lemmas

Lemma 31 For a finite alphabet X and any distribution p supported on it, we define
pg = (1 — B)p+ BUnif(X). Then the function f(B) = R(pg) is a decreasing function on
g€ [0,1].

Proof [Proof of Lemma 31] From calculus, we can show that

£"(B) = 0 for B € [0,1].

Since f’(1) = 0, we have that f'(3) < 0 for 8 € [0,1]. Thus, we conclude the proof of
Lemma 31. u

Lemma 32 (Theorem 3.5 in Pinelis (1994)) Let Xi,---,X,, be independent random
variables that take values in a Hilbert space. If | X;|| < M and E[X;] = 0 for all i € [n].
Then P(|| X1 + -+ + X,|| > t) < 2exp(—t2/(2nM)).

Lemma 33 In a RKHS H with kernel k : X x X — R that satisfies: (i) k(x,z) < Bi for
allz e X. (i) ||k(-,z) — k(- 2") || < Lgllx — 2’| x for all x,2’ € X. We have that for any
feBr,H): (i) |f(x) < rBg forallx € X. (i) |f(x) — f(2")] < rLg||x — 2'||x for all
r, 2’ € X.
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Proof [Proof of Lemma 33] For the first claim, we have that

@) = | R )] < U [5G 2) |, < B

For the second claim, we have that

) = £ = [ G w) = BCa)] < Ul [5G 2) = kG, < ke = 2/l

Thus, we conclude the proof of Lemma 33. |

Lemma 34 Let X be a nonempty compact convex set and f : X — R be a differentiable
k-strongly convez function, i.e., f(z) > f(y) +{(Vf(y),x —y) + ngU —y||? for all z,y € X.
For any two elements yi1,y2, we define

x; = argmax(z,y;) — f(x) fori=1,2.
reX

Then ||z1 — za|| < ||ly1 — y2ll«/k, where || - ||« is the dual norm of || - ||.

Proof [Proof of Lemma 34| Define f;(z) = (z,y;) — f(x) for ¢ = 1,2. Then Shalev-Shwartz
(2012, Lemma 2.8) shows that

k k
Sl = wo|* < fi(z1) — fi(z2)  and Sl = 22||* < falwa) — fa(1).
Summing these two inequalities, we have
klloy — ma)® < (@1 — w9, y1 — y2) < oy — zal - o1 — w2l

where the second inequality results from the definition of the dual norm. Thus, we conclude
the proof of Lemma 34. [ |

Lemma 35 (Lemma 3.3 in Cai et al. (2020)) For any distribution p,p* € A(A) and
any function g : A — [0, H], it holds for g € A(A) with q(-) o p(-) exp (ag()) that

(9(-),p*() = p(-)) < aH?/2+ o~ ' [KL(p*|Ip) — KL(p*||q)]-

Lemma 36 For any two distributions p*,p € A(A) and p = (1 — B)p + BUnif(A) with
B € (0,1). Then

- A
KL(p*|p) < log‘/6,|

KL(p*[|p) — KL(p*|lp) < B/(1 - B).
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Proof [Proof of Lemma 36]

. « P . 1 Al
KL(p ||p)§<p ,log(l_ﬁ)p+ﬂ/|A|>§<p ,log6/|A’>—log 5

Thus, we prove the first inequality. For the second inequality, we have

KL(®"||[p) —KL(p"[lp) = (p";lo <(phlog m——— ) (P T2 ) ==
(0" 1)~ KL [p) = { g(l—ﬁ)p+ﬂ/!Ay> ( g(1_5)p> ( 1_5> =7
where the second inequality results from log(z) < z — 1 for > 0. Thus, we conclude the

proof of Lemma 36.
|

Lemma 37 (Performance Difference Lemma) Given a policy 7* and the correspond-
ing mean-field flow u*, for any agent o € T and any policy ©*, we have

‘/’1)\704( Naau W) V ' (Svﬂ-anu’IvW +)‘E~D‘ [ZKL |Sh Hﬂ-h( |8%)) ‘8(11 _S:|
H
A, o e o o o
—Eﬁa,ﬂ{z< ha(shfﬂr 7MI,W)—)\10g7Th( | 8k), T (-] k) — Wh("sh»‘sl —3],
h=1

where the expectation Bza 1 is taken with respect to the randomness in implementing policy
7 for agent o under the MDP induced by p*.

Proof [Proof of Lemma 37] From the definition of Vf\’a(s, 7@, ut, W), we have

VP (s, 7 i, W)

= Era, z[zrh sfy afs 25) — Mog & (aft|sf) + Vi (sft, w5 W) = Voo (s, w% W)

Ese o [Zrusﬁr, 0§ 20) — Nog F(af | 85) + VN (s 17, 1T, W)

_ Vh)\@(s%’ 71-0‘7 #I’ W)

55— } T ) (o7)

where the second equality results from the rearrangement from the terms. We then focus on
a part of the right-hand side of Eqn. (97).

Eﬁ-a“ul' [Th(s‘f{, ay, zp) — Alog i (af | s§) + Vh/\_;oi(sﬁ+l,7ro‘, ,uI, W) st = s]
A, ~
= Eao i [n(s50, 0 20) + Vi (e, 7 15, W) |85 = 5] = ABzo [ R(FR( | 7)) | = 5]
e (N (58 0 W W), AR 58)) |5 = 5| = ABga x| R(FRC | 58) |5 = s,
(98)
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where R(-) is the negative entropy function, the inner product (-,-) is taken with respect
to the action space A, and the second equality results from the definition of Qz’a and

Vh+1 Substituting Eqn. (98) into Eqn. (97) and noting the fact that Vh)"a(s%,wa,,uI, W) =
(@ (s, 7, uF, W), (- | 52)) = R(msi(- | 53)), we derive that

Vl/\’a( ~a7)u W) V ’ (saﬂ-aausz)

H
Ao o « ~a « « « «
= Epez [Z@h (5, 7 u T W), 70| 5) — (] 55)) | 5 = ]

h=1

- Es. [ZR (1) = RORC1 ) |58 =5

H
A, -
= Eo [Z< MO T W), | s) — (] s3)) | s = ]

h=1
AEsa. {ZKL CISPImE L)) + (log (152, A2 ClsE) — 72 (1s2)) | ¢ = |,

where the last equality results from the definition of the negative entropy R(-). This concludes
the proof of Lemma 37.

Lemma 38 For a finite alphabet X, define R as the negative entropy function. For two
distributions p, q supported on X, we have that

|R(p) — R(g)| < max { [ 1og(p)|| ., log(q)Hoo}Hp —dlh-
Proof [Proof of Lemma 38| Then we have that
1 1
[R(p) — R(q)| < /O KVR(q +tp—q),p— q>(dt <lp—adlh /0 H log (¢ +t(p — q)) Hoodt,
where the first inequality results from the definition of integral and the triangle inequality,
and the second inequality results from Holder’s inequality. The desired result follows from

the fact that for t € [0,1]

H log (¢ +t(p — q)) HOO < maX{H log(p)|| ., || log(Q)Hoo}-

Thus, we conclude the proof of Lemma 38. |

Lemma 39 (Lemma 3 in Xie et al. (2021)) Let p,q,u € A(X) be distributions sup-
ported on a finite set X. If p(x) > a1, q(x) > a1, and u(x) > ag for allx € X. Then

1
KL KL 1+log ——— —
(o)~ Kol < (14108 LYo =l
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Lemma 40 (Lemma 39 in Wei et al. (2021)) Let {g:}+>0 and {h:}+>0 be non-negative
sequences that satisft gy < (1 — ¢)gi—1 + hy for some 0 < ¢ <1 for allt > 1. Then

maXreuyn b e, Mreiy2g b

gt < go(1—c) +
C C
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