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Abstract

Motivated by several examples, we consider a general framework of learning with linear
loss functions. In this context, we provide excess risk and estimation bounds that hold
with large probability for four estimators: ERM, minmax MOM and their regularized
versions. These general bounds are applied for the problem of robustness in sparse PCA.
In particular, we improve the state of the art result for this this problems, obtain results
under weak moment assumptions as well as for adversarial contaminated data.

Keywords: SDP relaxation, empirical processes, robustness, heavy-tailed, adversarial
contamination, high-dimensional statistics.

1. Introduction

Community detection, phase recovery, signed clustering, angular group synchronization,
Max-CuT, sparse PCA, and the sparse single index model are all classical topics in machine
learning and statistics. At first glance, they are pretty different problems with different types
of data and different goals. However, they can all be written in such a way that a common
analysis of various estimators introduced for these problems can be analyzed the same
way. All these problems can be recast in the classical machine learning framework of risk
minimization ( ). It is therefore possible to leverage the vast literature related
to risk minimization to derive excess risk and estimation bounds as well as algorithms for all
the problems cited above as well as many other ones. It appears that the general framework
that can encapsulate all these problems relies in fact on a simple loss function, maybe the
simplest one: the linear loss function. Indeed, this observation is the baseline of

( ): several estimators introduced recently in some of the problems cited at the
beginning are in fact empirical risk minimizers (ERM) for linear loss functions. They can
therefore be analyzed using all the machinery (see, for instance, ( ),
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( ) or ( )) developed during the last fifty years for ERM in this
very specific framework of the linear loss function.

General excess risk and estimation bounds have therefore been obtained in
( ) for ERM using a linear loss function. State-of-the art techniques like localization,
homogeneity argument, local curvature and complexity fixed points equation have been
used in ( ) to obtain these general bounds that have then been applied
in Community detection, phase recovery, signed clustering, angular group synchronization
and MAX-CuT. This new perspective allowed us to obtain new results or recover older
one with a new proof technique but most importantly it showed that a common analysis of
several problems that looks a priori very different can be performed.

The aim of the article is to push forward the analysis of statistical procedures based
on linear loss functions and to show that this viewpoint allows to deal with the problem of
structural risk minimization and of robustness' in all the problems cited above and in many
other ones (some of them are given below). Indeed, ( ) only deals with
ERM procedures. However, some problems rely on some structure such as sparsity and
other are facing the problem of robustness. For these issues, ERM is not the right answer
and these two problems call for other procedures such as regularized ERM (for structural
risk minimization) or the recently introduced minmax MOM estimator
( ) (for robustness issues). It is therefore the first contribution of this paper to derive
general statistical bounds for regularized ERM, minmax MOM and its regularized version
in the framework of linear loss functions. As an illustration these bounds are applied to the
problem of sparse PCA. Using our viewpoint, we improve state-of the art results for this
problem (improvement on the rates and the deviation for less stringent assumptions) as well
as getting robust (to heavy-tailed data and to adversarial contamination) versions of these
results thanks to the minmax MOM approach. Another aim of this article is to show that
the linear loss functions appears in many problems and so we provide a list of problems
that can be recast in this framework. But first, we explain how linear loss function appear
only recently, even though they are simpler than many other loss functions previously used
in machine learning such as the quadratic or the logistic loss functions.

Statistics, machine learning and optimization got closer during the last twenty years and
gave birth in part to data sciences. One consequence of these connections is that nowadays
statistical estimators and machine learning procedures should be computable on a laptop in
a reasonable amount of time and should not be purely theoretical objects. This viewpoint
shed some lights on algorithms from the statistical perspective and may now be seen as
statistical procedures that can receive a statistical analysis such as satisfying excess risk
bounds. For instance, statistical properties of some gradient-descent based algorithms and
SDP relaxation procedures have been obtained during the last twenty years. In particular,
the SDP relaxation has proved to be very successful first in optimization and nowadays in
statistics for many graph related issues such as community detection. From our perspective,
SDP relaxation has been at the origin of many examples of ERMs based on a linear loss
function.

Semidefinite programming (SDP) as a mathematical concept was introduced in the late
1980s and early 1990s. The foundations of SDP were laid down by researchers such as

1. In all this article, robustness means robust to data contamination and to heavy-tailed data.
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Yurii Nesterov, Arkadi Nemirovski, and others ( ( ),

( ), ( )), who extended the ideas of linear programming
to semidefinite matrices, allowing for the optimization of linear functions subject to semidef-
inite constraints. The theoretical development and algorithms for solving SDP problems
gained significant attention during this period, leading to its establishment as a fundamental
optimization framework within the mathematical community.

The growing interest in SDPs in recent years is due to several compelling factors. One of
the main factors is its broad applicability, as it can address a wide variety of complex prob-

lems arising in various mathematical contexts, including graph theory ( ),

( ), combinatorial optimization ( ), signal pro-
cessing ( ), quantum information ( ), for the Komlds
conjecture ( ) or in integer programming ( ). Its potency lies

in its ability to efficiently handle non-convex and combinatorial optimization challenges by
approximating them with convex semidefinite constraints. At the same time, the devel-
opment of efficient algorithms for solving SDP problems, such as interior-point methods

( ) and first-order methods ( ), has significantly improved
the feasibility of tackling large-scale SDPs, thereby broadening the range of possibilities for
applying SDP to real-world problems.

From our point-of-view SDP relaxations provide many examples of machine learning
procedures such as ERM or RERM (regularized ERM) based on a linear loss function. We
are now providing some of these examples and later we will dive deeper into the example
of sparse PCA.

Notations. Throughout this paper, we use uppercase letters for matrix and lowercase
letters for vectors. For a matrix A € RV*F, we note A > 0 to indicate that Ai; = 0 for
any (4,7) € {1,...,N} x {1,..., P} and A > 0 to say that A is positive semidefinite. For
A and B € RV*P we define their Frobenius inner product as <A, B> := Trace(BT A), and
we write A o B for their element-wise product. If z is a vector in C? then |x| denotes the
vector in RY made of the modules of the coordinates of x. We denote [N] = {1,..., N}.

Community detection. SDPs have been used to handle the problem of community

detection on graphs in ( ) or ( ) under the
Stochastic Block Model assumption, which is as follows. We consider a set of vertices
V = {1,---,d}, and assume it is partitioned into K communities Cy,--- ,Cx of arbitrary
sizes |C1|, - -, |Ck|. For any pair of nodes 4, j € V, we denote by i ~ j when i and j belong

to the same community, and by i % j if ¢ and j do not belong to the same community. For
each pair (7, ) of nodes from V, we draw an edge between i and j with a fixed probability
p;; independently from the other edges. We assume that there exist numbers p and ¢
satisfying 0 < ¢ < p < 1, such that p;; > pifi~jand i # j, p;j =1if ¢ = j and p;; < ¢
otherwise. We denote by A = (A; ;)1<i,j<d the observed symmetric adjacency matrix, such
that, for all 1 < i < j < d, A;; is distributed according to a Bernoulli of parameter p;;.
The community structure of such a graph is captured by the membership matrix Z € R¥*?,
defined by Zij =1ifi~ j, and Zij = 0 otherwise. The objective is to reconstruct Z from
the observation A. Lemma 7.1 of ( ) shows that the membership
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matrix Z is given by the following oracle:

d
Z* € argmax(E[A], Z), C:= {Z eR¥: 7 >0,7 > 0,diag(Z) < I, 2 Zij < )\}
ZeC

4,j=1

where A\ = Z?,j=1 Zi; = Zle |Ci|? denotes the number of nonzero elements in the mem-
bership matrix Z. Since only the A matrix is observed, the authors consider the following
estimator for Z*:
Ze argmax<A, Z>.
ZeC
This estimator is therefore obtained as the solution of an ERM with the linear loss function
Z — Lz(A) :== —(A, Z), constructed from a single observation of the random matrix A.

Variable clustering. SDP estimators have been used in ( ) to solve the
variable clustering problem. The problem is that of grouping into clusters similar com-
ponents of a vector X € R?, that is to find a partition G = {Gy,...,Gk} of {1,...,d}
that separates the components of X. To that end, the authors observe N independant
copies X1,...,Xy of X and place themselves in the case where the covariance matrix X
of X follows a block model. To describe this model, we need to define the membership
matrix Q € RP*K associated with a partition G as Qg = T{aeq,y- Then, X is said to
follow an exact G-block covariance model when it decomposes as ¥ = QCQT + I', where
C is a symmetric K x K matrix and I' is a diagonal d x d matrix. For a given par-
tition G, we also introduce its corresponding membership matrix Z* € R?*¢ defined by
Z = |Gk|_1]l{z' and j belong to the same group ¢} There is a one-to-one correspondence
between partitions G and their corresponding membership matrices, so that looking for G
is equivalent to looking for Z*. Using the K-means algorithm and a relaxation of it given in

( ), the authors show that the best partition for the X;’s can be estimated
with the one corresponding to the following membership matrix:

Z e argmax(A,Z),  C:= {Z R Z>0,2>0,> Zj = Vi, Tr (Z) = K}
ZeC -
J

where A := % Zl]\i 1 XiXZ-T is the empirical covariance of the X;’s. In the noiseless case, we

would have Z* € argmax.(E[A], Z). The estimator Z can therefore be seen as an ERM
with the linear loss function Z — fz(A) := —<A, Z >, constructed from the observation of

A.

Angular synchronization. The angular synchronization problem consists of estimating
d unknown angles 61, - - - , 04 (up to a global shift angle) given a noisy subset of their pairwise
offsets 6;; = 0; — 0;. This problem is investigated in ( ). The authors
consider that they observe d(d — 1)/2 measurements of the following form:

aij:eLéij+eij, forl<i<j<d.

They assume the (€;;)i<;’s to be i.i.d complex Gaussian variables. The problem can be
rewritten under the following form:

A=XXT +oW
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with X € C¢ defined by X; = e, W being a complex Wigner matrix and ¢ > 0 being
the variance of the noise. The aim is then to reconstruct the vector z* = (e'¥i)?_, whose
maximum likelihood estimator is, up to a global rotation of its coordinates, the unique

solution to the following maximization problem:

aurgmam{:iT EA ZL'} where £ := {:17 eCl: |zl =1foralli=1,... ,d} .
ze€

By noticing that &€ = {Z € H,, : Z > 0,diag(Z) = 14,rank(Z) = 1}, they lead to the

following SDP formulation of the problem, after removing the rank constraint:

Z* € argmin (—(E[A], Z)) where C := {Z € H,, : Z > 0,diag(Z) = 14}. (1)
ZeC
They show that in this setting, * can be obtain from Z* as its leading unit-length eigen
vector. Since E[A] is not known and only observed through A, Z € argming.. (—(A, Z)) is
a natural estimator for Z*. This is therefore another example of an ERM estimator based
on the observation of the matrix A and the linear loss function Z — (z(A) = —(A, Z).

Max-Cut. In ( ), the authors propose an SDP estimator to handle the
Max-Cut problem. The MAX-CUT problem is a classical graph theory problem, which
consists of taking a graph with vertices V := {1,...,d} and edges E c V x V and finding a
partition S U S = V of vertices such that the number of edges connecting a vertex in S to
a vertex in S is maximal among all possible partitions. Most of the time, we observe only
A € {0,1}%%? a noisy or partial version of the adjacency matrix of the graph. Hence, the
true adjacency matrix of the graph is not observed but it is usually assumed to be equal to
the expectation EA of the observed one A. Hence, A is considered as our data and from this
data, we wish to find an optimal partition S* of the original graph. Choosing a partition S
being equivalent to choosing = € {—1, 1}, it is shown in ( ),
via a lifting argument, that an optimal partition is a first eigenvector of a solution to the
following optimization problem:

Z* € argmin ((E[A],Z) : Z > 0, Z;; = 1 Vi,rank(Z) = 1) .
ZecRdxd
Then, using an SDP relaxation by removing the rank constraint, we recover the classical
Max-Cut SDP relaxation procedure introduced by Goemans and Williamson. The ERM
counterpart based on the data A is

Ze argmin(A, Z) for C := {Z eR™ 7 >0,Z; =1 Vi}
ZeC

It is indeed an ERM procedure based on the observation of A and the linear loss function
Z — lz(A) := (A, Z) over a convex set.

Phase recovery. The former problem is close to the one of phase recovery, which aims
at recovering a vector x € C¢ from the noisy observation of the amplitude of N random
linear measurements: X = |Bz| € RY, with B € CV*¢ a random matrix. In

( ), the authors use a strategy that involves separating phase from amplitude
and optimizing only the values of the phase variables. In the noiseless case, they write
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xr = Btdiag(X)u, where u € CV is a phase vector and BT € CV*¥ is the pseudo-inverse
of B. In this format, they show that finding = € C? such that |Bz| = X is equivalent to
solving the following problem:

2* € argmin(E[A], 22" ) where £ := {z € C" : |z;| = 1,Vi e [N]}
ze€
and A := (XXT) o (Iy — BBT). Writing Z = 2z', this problem is equivalent to the
following one:

min ((E[A],Z) : Z = 0, Zi = 1Vi,rank(Z) = 1)
which may be relaxed by dropping the rank constraint:

Z* € argmin(E[A], Z) for C:= {Z e RV*N : Z = 0,Z;; = 1 Vie [N]}.
ZeC
The optimal value of z* is then obtained as the first eigenvector of the oracle Z*. An
estimator of Z* from the observation of A is then Z € argminy.c(A, Z) which is a SDP

optimization problem that we see as an ERM with the linear loss function Z — ¢z(A) :=
(A, Z).

Distance metric learning SDP estimators can also be used in learning distance metrics,
as it is done in ( ). Learning distances is particularly important, as the choice
of a metric that is correctly adapted to the input space is crucial to the acuity of many
learning algorithms, especially in clustering, where it is essential to take deep account of
the relationships between the data. Let’s consider a set of points (X;),_, € R? that we
observe partially or with noise. Now, consider the task of learning a distance metric of the
form

dz(X,Y) =/ Tr(X — Y)(X - Y)T2),

where Z > 0 is positive semidefinite. We note that, since one has Tr((X — Y)(X - Y)'Z) =
|1ZY/2(X — Y)|3, learning such a distance metric amounts to finding a rescaling of data
that replaces each point X with Z/2X and applying the standard Euclidean metric to the
rescaled data. Now, assume that we want the X;’s to be as close as possible to each other for
this metric. This leads us to solve the problem minzsq Zgj:l dZ(Xi,Xj)2. However, this
last problem is trivially solved by Z = 0 hence, we may add some constraints: we suppose to
know M points (Y;)i—1,.. ., distinct from the X;’s, for which we want 2%:1 dz(Y:,Y;) =1
to be satisfied. This prevent the situation where dz collapses the dataset into a single point.
Let us then define A := Zgjzl (Xi — X;) (X — Xj)T. In the noiseless case, the matrix Z*
we are looking for can then be taken as a solution to the following problem:

M
Z* € argmin(E[A], Z) where C := {Z e R 7 >, Z (Y =Y5) (Yi - Yj)T,Z>1/2 > 1} .
ZeC

ij=1

One can show that the set C is convex (see Appendix ). In practice, the observation
A is a noisy version of E[A], so we just replace E[A] with A to get an estimator of Z*:
Ze argminZec<A, A > which is again an ERM estimator with the linear loss function Z —
(7(A) = (A, Z), constructed from an observation of the random matrix A.
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Noisy optimal transport. Let X = (z1,...,zx) and Y = (y1,...,yn) be two clouds of
points in R?. The quadratic optimal transport problem (or quadratic assignment problem)
is defined by the Ws-Wasserstein distance

N
2 : 2
W2(X,Y) = m = Yot 2
206.9) = min 3o = ol 2)

where Gy is the set of all permutations of [IN]. Finding a solution to (2) is a standard
problem in optimal transport that can be lifted to the matrix problem

Z* e argminz |z — y; 5P
ZeC i,j

and C is the set of all N x N bi-stochastic matrices (i.e. of matrices with non-negative
entries summing to one along rows and columns). Indeed, if 7* denotes an optimal solution
to (2) then for all i € [N], Zj sy = 1and Z5 = 0 when j # T*(1).

Let us now assume that we do not observe exactly the points in X and ) but we only
have access to a noisy version of these points: for alli € [N], X; = z;+0G; and Y; = y;+0G],
where o > 0 and (G;, G})¥, are 2N i.i.d. standard mean zero random vectors in R?. The

quadratic assignment problem for this two noisy cloud of points is a solution to the problem

Z € argmin(A, Z) where A = (|X; — Yj[3)1<ij<n
ZeC
and it can be shown that in the free noise case, we have Z* € argminy.-(EA, Z). The noisy
quadratic OT problem is to identify a sharp phase transition that is a o* such that 1) if
o < o* then with high probability Z = Z* and 2) for all ¢ > ¢*, with probability larger
than 1/2, Z # Z*. Once again, one may looked at Z as an ERM for a linear loss function.

The sparse single index model. For this last example, we consider a semi-parametric
model where an output Y € R is generated from an input X € R%, via a ‘link’ function in
the following way:

Y = f(<X,[5’*>) +e€

where 8* € R? is assumed to be a k-sparse unit vector, f : R — R is an unknown univariate
measurable function and € is a noise that is generally assumed to be independent of the
input. The entries of X are assumed to be i.i.d with a given density pg. The joint density of
X is then p = ®§l:1p0 with respect to the Lebesgue measure. We define a univariate score
function s : z € R — R by s(x) = —p{(z)/po(z), defined for pp-almost all = € R and the first
and second score functions associated with p are defined for p-almost all z = (xj);l:l by

S(@) = (5(2;)) 1< jca € R” and T(x) = S(2)S(2)T — diag (((21)) ;g ) -

Unlike the previous examples, the dimension d may be larger than N however, the
target index 8* is assumed to be k-sparse with k < N. We therefore fall into the realm
of structural learning. The work of ( ) focuses on this problem where it is
proved that 8* can be obtained as the leading eigenvector of

Z* € argmin (—(E[A], Z)) where C := {0 < W < I, Tr(W) = 1}
ZeC
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and A := YT(X). Regularized ERM promotes the sparsity structure via a ¢;-regularization.
The oracle Z* can then be estimated as follows:

Z € argmin (—(A, Z> + /\HZHl)
ZeC

which takes the form of a regularized ERM estimator based on the observation A, the linear
loss function Z — £z(A) = —(A, Z) and a {; regularization.

Goal of the paper. The list of examples provided above indicates that there is a real
interest in the general study of linear loss functions in machine learning (we will provide later
one more examples in structural learning for which we will provide a complete statistical
analysis). Our aim is to propose such a unified methodology to obtain statistical properties
of classical machine learning procedures based on linear loss functions such as the SDP
procedures introduced above that we are now looking as ERM procedures constructed with
a linear loss function. We continue the work begun in ( ) and go further
here by presenting three other estimators that address the two problems of structural risk
minimization and robustness. Our machine learning viewpoint allows to introduce new
procedures (addressing the previously mentioned two issues) as well as study their statistical
properties.

Framework. Our general framework is as follows. Let H be a Hilbert space. Let A be
a random vector in H that we observe and C < H be a constraint set (most of the time it
will be a convex set). We suppose to be interested in an object which is the solution to the
‘oracle’ optimization problem

Z* € argmax(E[A], Z). (3)
ZeC

In some cases, Z* is not our direct object of interest, but knowing about it enables us to
achieve our objective (for instance, by retrieving one of its first eigen-vector). We then
propose several estimators for the estimation of the oracle Z*, among which we will choose
depending on the presence or not of some particular structure and on the quality of the

data (presence or not of corrupted and/or heavy-tailed data).
The first estimator we propose is the one studied in ( ) and is the

standard ERM estimator built on the random matrix A but for the (non standard) linear
loss function, that is Z — (7(A) = —(A, Z):

Ze argmax(A, Z). (4)
ZeC

Then, we turn to two classical machine learning and statistics problems: structured learn-
ing and robustness. Leveraging on our view point (i.e. all the previous procedures are all
ERMs), we attack the structural learning problem by proposing a regularized version of this
ERM estimator by adding a regularization function to the objective function in (1). After-
wards, we turn to the robustness problem and introduce an estimator based on the median
of means (MOM) principle, which has been introduced in ( ) and
that is called the minmax MOM. This latter estimator addresses the problem of robustness
and can be constructed whatever the loss function is and in particular it fits our linear loss
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function setup. We show that the resulting estimators are robust to data contamination as
well as to heavy-tailed data. As for ERMs, we present a classical and a regularized version
of the minmax MOM estimator in this setup.

For each of those estimators we are able to propose statistical guarantees when E[A] is
only partially observed through A. In particular, our approach leads to new non-asymptotic
rates of convergence or exact reconstruction properties for a wide range of estimators that
fall within our framework. Then, in order to show the versatility of our approach, we apply
these general bounds to the sparse PCA problem. Using our approach we are able to handle
this classical statistical problem using our general excess risk and estimation bounds. As
a result we improve the state-of-the art results in sparse PCA as well as introduce new
procedures with statistical optimal guarantees that solve the problems of robust structural
learning for this problem. Efficient robust gradient descent based algorithms may easily
be derived from these procedures as in ( ). We provide such a
construction in Remark 5 below. We will however not dive deeper into the algorithmic
consequences of our approach.

2. General excess risk and estimation bounds for ERM, minmax MOM
estimators and their regularized versions

In this section, we provide high probability excess risk and estimation bounds satisfied by
four procedures (ERM, minmax MOM and their regularized versions) in the setup intro-
duced above, that is for the linear loss function. The results for ERM are taken from

( ) and are recalled here for completeness and because it presents an
‘easy’ setup for the introduction of two key tools: local complexity fixed points and local
curvature equations. The proofs of all the results are postponed to Section 5. They use
state-of-the art machinery such as localization, homogeneity argument, local curvature and
fixed point complexity parameters.

In particular, there are several ways to localize around the oracle depending on the metric
used; it can be either the excess risk itself or a natural local curvature metric, denoted later
by the G function or the standard Lo metric with respect to the probability measure of the
data. Depending on the metric, this defines different local curvatures and different fixed
points. For each type of localization, we state a statistical result. We therefore obtain
various bounds for each of the four estimators in this section. Hence, this section provides
a complete description of the results one can obtain for these estimators in the setup of
linear loss functions and for any regularization norm. We will apply these results in the
sparse PCA framework later to show how these general bounds can be applied in a concrete
example.

2.1 General framework

Throughout this section, we place ourselves in the classical context considered in machine
learning and provide its relation with the setup from the Introduction section, in particular,
we provide for each example the random matrix A appearing in (3) and ().

Let H be a Hilbert space and X be a random vector with values in H distributed
according to a distribution P. For any function g : H — R for which it makes sense, we
denote by Pg := Ex.p[g(X)] the expectation of the g function under the distribution P.
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For each p > 1, we denote by |g|z, = (P[|g|p])% its L,(P)-norm. Let C be a subset of H.
For all Z in H, the loss function of Z is the linear loss function, £z : X € H — —<X, Z> (it
is an alignment measure, which quantifies the error made when estimating Z with X). As
usual in machine learning, we are interested in the best element in H that minimizes the risk
(i.e. the expectation of the loss function) over C, i.e. we want to estimate/learn/infer/test

Z* € argmin Ply. (5)
zZeC

Sometimes Z* is called the oracle because it is a quantity we would like to know but we
usually cannot have a direct access to it because the distribution P of X is not known to
the Statistician and so is the risk function Z — P¢;. However, we have access to a sample
distributed according to P. This sample / dataset is denoted by {X; : i € [N]} where
N € N is called the sample size. From a mathematical point of view (X;)e[n] is a family
of i.i.d. random variables distributed according to P — in the section below concerning
median-of-means estimators we will relax this assumption and consider a situation where a
fraction of the dataset may have been corrupted by an adversary, in that case the X;’s are
not anymore assumed to be i.i.d..

The setup we just introduced is pretty much the same as in the Introductory section.
We just have to identify the random matrix A for each particular examples. Since, the
'linear loss function’ setup is not standard in machine learning, we provide the connection
between A and the X;’s for each example:

e in community detection, N = 1 and A = X is the adjacency matrix of the observed
graph;

e in variable clustering, A := % Zfil XZ‘XiT is the empirical covariance of the observed
variables X;’s;

e in angular synchronization, A = (e“sij + eij) is made of the noisy measure-

T I<i<j<d
ments of the pairwise offsets;

e in the MAX-CUT problem, A is the adjacency matrix of the observed graph;

e in phase recovery, A := (XX ")o(Ix — BB"), where X is the vector of the N observed
measurements and B is the measurement matrix;

e in distance metric learning, A := Zgjzl (Xs — Xj) (Xs — Xj)T where the X;’s are the

observed data from which we want to learn the metric;

e in noisy optimal transport, A = (| X;—Y;[3)1<ij<n, where {X1,..., Xy} and {V1,..., YN}
are the two sets of observed vectors that we wish to transport one over the other;

e in the sparse single index model, 4 = + Zf\il Y;T(X;), where for any i € [N], YV; =
f (<X¢, ﬁ*>) + ¢; is the noisy output associated to the input X; via the link function
f, and T(X;) € R¥% is the second order score matrix of X.

Remark 1 Most of the problems introduced in Section 1 are presented as maximization
problems, whereas ERM is a minimization problem. Given the linearity of the loss function,

10
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there are several ways to write the maximization problem into a minimization one: one may
take the opposite of the linear loss function, or replace A with —A, or C with —C. Here, we
consider the loss function £z : A — —<A, Z>, i.e. we take the opposite of the loss function,
which is still a linear one.

Moving back to the “learning with a linear loss function” introduced at the beginning
of this section, we want to estimate/learn the oracle Z* from the data (X;)[n]. Let Z be
an estimator constructed with these data. The quality of prediction of Z is measured via
the excess risk PL, where Z € C — Lz := {7 — {z= is called the excess loss. The quality of
estimation of Z is measured by the error rate |Z — Z *H%Q, where Ly is taken with respect
to the P distribution.

There are many ways to construct estimators in the machine learning context consid-
ered here. We will see four of them below. The most classical one is the empirical risk
minimization procedure ( ) introduced in the next section. Before moving to
the construction of estimators, we say a word about the set C. In all examples introduced
in Section 1, C is a convex set by construction. For our theoretical purpose, we will however
need a weaker assumption given now: the star-shaped property.

Definition 2.1 We say that a set C is star-shaped in Z* when for all Z € C, the segment
[Z,Z*] is in C.

In all our results we will assume C to be star-shaped in Z*. This property is satisfied
in all examples introduced in Section | because a convex set is star-shaped in any of its
elements.

2.2 The ERM estimator and its regularized version: definition and general
bounds

In this section, we consider the ‘¢.i.d setup’ introduced in the previous section and consider
the standard ERM estimator and its regularized version for which we provide high proba-
bility excess risk and estimation bounds. The bounds for the ERM are taken from

( ). We reproduce them here because they introduce key quantities (localization,
local curvature and complexity fixed points) in an ’easy’ setup and they will appear in the
study of the three other estimators in a more convoluted way.

2.2.1 ERM FOR THE LINEAR LOSS FUNCTION

For any loss function and in particular for the linear one considered here £z : X € H —
—(X,Z), defined for all Z € C, the ERM is

N

N
. , 1 1
Z € arggélnPNﬁz where Pyl = N;ﬁz(Xi) = N;<_Xiaz>'

The ERM is the natural empirical version of the oracle Z* since P{; appearing in the
definition of Z* in (5) has been replaced by its empirical counterpart Pyfz. When there
is only one observation, ie N = 1, for instance in the community detection problem, we

Simply have PNKZ = Plgz = —<X1,Z> = —<A, Z>

11



LECUE AND NEIRAC

The study of the statistical properties of ERM estimators goes back to

( ) and has been at the heart of many researches since then (see, for
instance, ( ) and ( )). The results recalled below are
for the special case of the linear loss function and are taken from ( ).

They are however based on nowadays classical concepts in machine learning.

A key quantity driving the rate of convergence of the ERM is a local complexity fixed
point parameter. This kind of parameter carries all the statistical complexity of the problem.
It can however be hard to compute (see for instance ( ) or Section
below), since it requires to control with large probability the supremum of an empirical
processes indexed by a ”localized classes”, i.e. of the set C intersected with a neighborhood
of the oracle. We now define such a complexity fixed point related to the problem we are
considering here.

Definition 2.2 [Complezity fized point parameter] Let 0 < A < 1. The fized point com-

plexity parameter at deviation 1 — A is

r*(A)=inf [ r>0:P sup (Py—P)Lz < z
ZeC:PLy<r 2

>1—A>. (6)

In what follows, we give some statistical properties of the ERM Z build from this com-
plexity parameter. They are taken from ( ) up to the slight modification
that the results from ( ) have been stated in the case N = 1 and X; = A.
They can however be extended to the general sample size N just by replacing the empirical
measure P; by Py. Below we state these results in the general case.

Theorem 2.3 (Theorem 1 in ( )) We assume that the constraint
C is star-shaped in Z*. Then, for all 0 < A < 1, with probability at least 1 — A, it holds
true that PL, < r*(A).

From Theorem 2.3, we get that one way to grab some information on the ERM is to get
an upper bound for the complexity fixed point 7*(A). To that end, one needs to understand
the shape of the sets C " {Z : PL; < r} for r > 0. This task may however be hard because
of the shape of the neighborhoods {Z : PL; < r} given by the excess risk. In that case, it
has been shown ( ) that one can leverage on a local curvature of the excess
risk to introduce easier to compute fixed points. We are now introducing the complexity
fixed point associated with this other localization and then the notion of local curvature.
In what follows, G is some function from H to R.

Definition 2.4 [Complezity fized point parameter with G-localization] Let 0 < A < 1. The
fized point complexity parameter with respect to the G-localization at deviation 1 — A is

r&(A) = inf <r >0:P [ sup (PN —P)Lz < 7’] >1- A) . (7)
Z2eC:G(Z—Z%)<r 2

The difference between r* and r{ lies in the fact that the local subsets are not defined

with the same proximity function: r* used the excess risk function for localization whereas

r& uses the G function. The latter G function should play the role of a simple description of

the curvature of the excess risk around the oracle as it is granted in the following assumption.

12
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Assumption 2.5 For all Z €C, if PLz < r{(A) then PLy > G(Z* — Z).

There are examples where one can show a curvature of the excess risk over the entire set
C - this is for instance the case in the sparse PCA example below (see Lemma below).
In that case, we speak about a global curvature. What shows the following result is that we
only need a local curvature of the excess risk around Z* to hold in order to get statistical
bounds for the ERM Z.

Theorem 2.6 (Corollary 1 in ( )) We assume that the constraint
C is star-shaped in Z* and that the “local curvature” Assumption holds for some 0 <
A < 1. With probability at least 1 — A, it holds true that

r&(A) = PL, > G(Z* - Z).

Finally a third and final estimation bound is given in the following for cases where
Assumption is hard to verify. They are situations where the shape of the local subsets
Cn{Z:PLz <r}is hard to understand. In that case, we can simplify this assumption by
considering neighborhoods with respect to the G function.

Assumption 2.7 For all Z€C, if G(Z* — Z) < r&(A), then PLz > G(Z* — Z).

The following result establishes that, under Assumption 2.7, Zis a good estimate of Z*
with respect to the G function, but no guarantee on the excess risk is obtained.

Theorem 2.8 (Theorem 2 in ( )) We assume that the constraint
C is star-shaped in Z* and that the “local curvature” Assumption holds for some 0 < A <
1. We assume that the G function is continuous, G(0) = 0 and G(N(Z*—Z)) < N\G(Z*—2)
for any X € [0,1] and Z € C. Then, with probability at least 1 — A, it holds true that
G(Z* — Z) <ri(A).

We refer the reader to ( ) for the application of these results in com-
munity detection, signed clustering, angular group synchronization (for both multiplicative
and additive models) and the MAX-CuUT problem. All these problems share the feature that
the oracle Z* does not have some special structure onto which one can leverage to improve
the rates of convergence. They are however situations such as in sparse PCA or in the
sparse single index model where the target has a structure that can be beneficial in order
to improve statistical performance. In such cases, one may consider some regularization
procedures like in the following section.

2.2.2 REGULARIZED ERM FOR THE LINEAR LOSS

We focus here on structural learning in which targets/oracles have a structure (such as
sparsity, low rank or regularity) onto which the statistician can leverage to construct more
statistically efficient estimators. The typical approach to this problem is to regularize the
ERM in order to force the estimator toward the desired structure.

We place ourselves in the framework defined above in Section except that we need
here a regularization function, i.e. a function that favors some structure. In this work, we
consider a general norm defined at least on the span of C and denoted by | - |. Typical

13
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examples are the 1 norm and the trace-norm used in high-dimensional statistics to induce
sparsity or low-rank. When Z* has some structure a natural way to force an estimator
toward Z* is by adding a mutliple of this norm. This yields to the regularized ERM, later
called RERM:

ZRERM ¢ argmin (Pnlz + M Z]) ®)
zeC

where A > 0 is called the regularization parameter and has the role to make a trade-off
between the data adequation term Py{z and the regularization term |Z].

As for the ERM, convergence rates achieved by the RERM ZRERM gre driven by a local
complexity fixed point parameter. However, the regularization norm appears in this type
of parameter: it is now the set C intersected with balls with respect to || - | centered at
Z* (and for some radius) that are “localized” by some neighborhood of Z*. Somehow the
model in structural learning is of the form Cn{Z : |Z — Z*|| < r}. Asin the ERM case, one
may consider two different ways to construct localization: either via the excess risk or via
a local curvature G function. However, to avoid a lengthy presentation, we focus only on
the latter one, i.e. on a localization via a local curvature G function because it is this result
that we will use for the our application later in sparse PCA. In what follows, we consider
a function G : H — R, which characterizes the curvature of the objective function, i.e. the
risk, Z € H — P{yz around its minimizer Z*.

Definition 2.9 For parameter A > 0, radius p > 0 and deviation parameter § € (0,1), we
define the complexity fixed point for the structural learning with a linear loss function by

rrERM,G (4, p, ) = inf <7" >0:P ( sup |(P— Pn)Lz| < 37:4> >1-— 5)
ZeCi| Z— 2% | <p,G(Z—2Z%)<r

where we recall that for oll Z € C, Lz = €y — L7+ is the excess loss function of Z.

After introducing the fixed point rﬁERM’G(A, p,d), we are now in a position to introduce
the G function as a description of the local curvature of the excess risk. As we already
mentioned above, the G function describes the curvature of the excess risk locally around
the oracle.

Assumption 2.10 We assume there exist A > 0, p* > 0 and 6 € (0,1) such that, for
all Z € C satisfying G(Z — Z*) = rigram,g(A: p*,0) and |Z — Z¥| < p*, then APLy >
G(Z - 7).

We now leverage on the structure inducing property of the regularization norm and
explain what features must the radius p* appearing in Assumption have in relation to
this property. We will use the assumption below, that is adapted from the one in

( ), to get the statistical bounds satisfied by the RERM estimator ZFRM
The idea is that the regularization norm |.| is expected to promote some structure by having
a large subdifferential at elements in H having this structure. First, let us recall what the
subdifferential of |.| at a point Z is:

@lNz:={®eH:|Z+h|—|Z]|=(®,h)forallhe H}.

14
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Elements in (||.|])z are called the subgradients of || - | in Z. What matters in structural
learning to get fast rates is that Z* is close to an element with a structure induced by the
regularization norm. Therefore we consider the set of all subgradients of | - || of points close
to Z*:
forany p>0: Tz(p)= ] (3])z
ZeZ*+45B

where B is the unit ball of |.|. We expect I'zx(p) to be a large subset of the unit dual
sphere (or dual ball, when 0 € Z* + (p/20)B) of |.| when Z* is structured or close to a
structured element in H, for the notion of structure associated with |.|. This intuition is
formalized in the following definition.

Definition 2.11 For A >0, p> 0 and § € (0,1) we define:
prA = {Ze C : HZ— Z*H =p and G(Z — Z*) < TEERM,G(A7/)7 5)}
and

A(p,A) ;= inf su O, 7 —7%).
(p, A) Zer,Aq>erZE(p)< )

We say that p > 0 satisfies the A-sparsity equation when A(p, A) = (4/5)p.

Note that it is always true that A(p, A) < p — because |Z — Z*| = p and @ is a subgradient
of | - || — hence, a radius p satisfying the A-sparsity equation is somehow extremal up to the
absolute constant 4/5 (the analysis works for any other absolute constant, there is nothing
special with 4/5). It means that I'z«(p) is almost as big as the unit dual sphere (or ball) of
| - || More details and intuition on the objects introduced in Definition may be found
in ( ) and ( ).

All the material introduced above (complexity fixed points, local curvatures and the
sparsity equation) are the corner stones of our statistical analysis of RERMs. Once intro-
duced, we are in a position to state our main result on RERM estimators for linear loss
functions and a general regularization norm.

Theorem 2.12 Let § € (0,1). Assume that the constraint set C is star-shaped in Z*.
Consider a continuous function G : H — R such that G(0) = 0. Suppose the existence of

A > 0 and p* > 0 such that Assumption holds and p* > 0 satisfies the A-sparsity
equation from Definition . Define the function r*(.) := ripry.q(4s - 0) and assume
that

10 (") 2 (")

— A< — . 9

24 pr T34 pr )

Then, with probability at least 1 — §, the following bounds hold for the RERM estimator
defined in (5):

H (%
HZRERM_Z*H gp* ’ G(ZRERM_Z*) <7’*(p*) and PﬁZRERM < r Eéf )

We note that in the case where G is the risk function Z — P{z - that is when the
excess risk is used for localization, because, by linearity G(Z — Z*) = Ply_z« = PLy -
Assumption is trivially verified with A = 1, and as a consequence Theorem applies.
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2.3 Median of Means estimators: definitions and general bounds

In this section, we move to the construction and the statistical analysis of another family
of estimators introduced in ( ) whose aims are to solve robustness
issues related to adversarial contamination of the dataset as well as heavy-tailed data. We
are interested here in the case where our data could be contaminated by possible outliers
generated by an adversary and the inliers data may be heavy-tailed. Even though the
framework seems not in favor of statisticians because the dataset is of poor quality, we still
want to achieve the same statistical performance as if there was no outliers and light-tailed
(such as sub-gaussian) data. It is known that the classical ERM or RERM approaches from
the previous section do not perform well in general on this type of dataset and that is the
reason why we move to median-of-means (MOM) estimators.

The statistical framework considered in this section cannot be the ideal i.i.d. setup
considered in the previous section that fits well for ERM and RERM. Indeed, the i.i.d.
framework do not allow for adversarial corruption. That is why we consider the following
setup in this section.

~

Assumption 2.13 [Adversarial contamination setup] Let N i.i.d. random vectors (X;)N,
in H. These vectors are first given to an adversary who is allowed to modify up to |O| of
them. This modification does not have to follow any rule and is unknown to the statistician.
This leads to the modified dataset {X1,...,Xn} that the adversary gives to the statistician.
Hence, the dataset at hands {X1,..., XN} is said to be ‘adversarially’ contaminated. It can
be partitioned into two groups: the modified data (X;)ieo, which can be seen as outliers
and the ‘good data’, or inliers, (X;)iez such that for any i € I, X; = X;. Of course,
the statistician does mot know which data has been modified or not so that the partition
OuZ=/{l,...,N} is unknown to the statistician.

Remark 2 Since there are two types of data considered in Assumption (the ’good’ X;s
and the corrupted ones X;s), we need to be clear on the objects we will be using later: the
risk function and its associated oracle are the one associated with the ’good’ data:

ZeC— Ply =E(—X,Z) and Z* € argmin P(y
ZeC

where X has the same probability distribution as X1,...,Xn. It is also the same for the

Lo-norm: forallZ € H, |Z|1, = 1/ E<X, Z>2. Note that the Lo-norm is in general different
from the original Hilbert norm defining H, which is denoted by | - 2.

The adversarial contamination setup addresses several questions in statistics regarding
the rates of convergence, the probability deviations and the number of outliers. Many
approaches have been introduced to answer these questions ( ).
There was an important renewal of this topic during the last ten years with ( ),
in statistics and ( ) in computer science. The approach we use
in this section is based on the median-of-means principle introduced in ( ),

( ) and ( ): [N] is partitioned into K equal-size
groups Bi,..., Bk (w.lo.g. K is assumed to divide N, otherwise we only have to remove
some data). For any function g : H — R and k € [K] we define Pp, g = (K/N) X;cp, 9(Xi),
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the empirical mean of g over Bx. Then, we define MOMg(g) as the median of these K
empirical means:

MOMk (g) := Med(Pg, 9, - .., Pp.9)-

This data partition scheme is at the heart of our approach to answer the robustness issues.
It is used as a building block in the minmax MOM estimator. We recall its construction and
provide its statistical properties in the remaining of this section as well as for its regularized
version for the robust structural learning problem.

2.3.1 THE MINMAX MOM ESTIMATOR FOR THE LINEAR LOSS FUNCTION.

To solve the robustness to adversarial corruption as well as to heavy-tailed data, one can use

a systematic approach called the minimax MOM estimator in ( ). It
works whenever a loss function exists and a robust gradient descent algorithm may also be
constructed out of it (see ( ) and Remark 5 below for more details).

When the dataset has been split into K equal size blocks, it takes the following form:

ZMOM ¢ argmin sup MOMg (€7 — £51) (10)
ZeC Z'eC

and can therefore be used in the particular case studied here of the linear loss function
x — lz(x) = —(Z,z). From our theoretical perspective, the aim of the minmax MOM
estimator Z}(AOM is to achieve the rates of convergence for the same deviation probability
in the contaminated and heavy-tailed setup as in the ideal i.i.d. setup with light-tailed
data, as long as the number of outliers is not too large. It is the aim of the next section
to prove such statistical bounds. As for the ERM case, rates of convergence are given by
local complexity fixed points that depends on the choice of localization. Below, we consider
three different ways to localize: either via the Lo(P)-norm, or via the excess risk or via
some general curvature function G.

MOM estimator with excess-risk localization. As previously for ERMs, the con-
vergence rate of the minmax MOM estimator is driven by a local complexity fixed point
parameters. In this section, we consider the case where the excess risk is simple enough
so that it can serve as a localization. In that case, there is no need to identify the curva-
ture of the excess risk locally around Z* since the excess risk describes it by itself. There is
therefore no curvature assumption. In the next two paragraphs the picture will be different.

Definition 2.14 Let 01,...,0n be N independent Rademacher variables which are inde-
pendent of the X;’s. For v > 0, we define:

E
rvomER(Y) 1= inf{r >0 : max ((T) 12800VK(7~)> < 7«2}
’ v

where, for all r > 0,

] and Vi (r) := \/5 sup A/ Var(Lz(X)).

1 .
— >, 0:Lz(X;)
N ,LZ; ’ ’ ZeC:PL 7 <r?

E(r):=E sup
ZeC:PL 7 <r?
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In the case of excess risk localization, there is no need for other tools than the fixed
point 7{;onm gr(7) to describe the rate of convergence of the minmax MOM. This is what
shows the following result.

Theorem 2.15 We consider the adversarial contamination setup of Assumption . We
assume that the constraint set C is star-shaped in Z*. Let v = 1/6400 and consider K,
a divisor of N such that K > 100|O|. Then, it holds true that with probability at least
1-— eXp(—72K/625), PﬁZ}\{mM < TIT/IOM,ER(’Y)z'

Compared to the fixed point from Definition describing the rate of convergence of
the ERM, we note that the one from Definition uses a local Rademacher complexity,
denoted by E(r) , and a variance term, denoted by Vi (r). In particular, there is no need
to upper bound with high probability the supremum of an empirical process but only its
expectation. For minmax MOM estimators, the task of computing fixed point complexity
parameters is therefore easier. Moreover, as one can see in Theorem , the convergence
rate is obtained with an exponentially large probability even though no strong concentration
property is assumed; only the existence of a second moment (so that the variance term
Vi (r) exists) is required. This shows the robustness to heavy-tail data of minmax MOM
estimators for the linear loss function as well as its robustness with respect to adversarial
contamination since it is proved in the setup of Assumption . However, the computation
of the complexity term FE(r) may require more moments than just 2 in order to recover a
Gaussian regime, i.e. a rate achieved when the data have a (light) subgaussian tail.

MOM estimator with Ls-localization. In this section, we consider the case where
the behaviour / curvature of the excess risk locally around the oracle Z* is well described
by the Lo-norm to the square. This is the situation when a margin assumption APL; >
|1Z—-Z* Hi, VZ € C holds, i.e. with a margin parameter equal to 2, as introduced in

( ). In that case, one needs to modify the definition of the complexity
fixed point parameter by using a Ls-localization.

Definition 2.16 Let 01,...,0n be independent Rademacher variables which are indepen-
dent of the X;’s. For v > 0, we define

As we said above, we use the Lo-norm in the localization to define the fixed point
TNOM. L, (7) When it describes the curvature of the excess risk around Z*. We now formalize
this property in the next assumption.

N
1 N
MOM,L, (V) i= inf <7“ >0:E [ sup ~ Y 0l z (X))
=1

ZeC: | Z—Z%|p,<r

where we recall that | Z| 1, = 7/E(X, Z>2 for all Z € H.

Assumption 2.17 There exists A > 0 such that for any Z € C, if HZ—Z*H%2 < Ck 4, then
1Z — Z*H%2 < APLyz, where Ck 4 := max (TQOM7L2 (7)2,7_1A2(K/N)) for v =1/3200.
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Looking at Assumption , this may be surprising to have a quadratic term ||Z —Z* H%Q
describing a linear term PLy = <EX' NARA > However, one may see that the local
curvature of the excess risk from Assumption holds only for Z in C not in H. Thanks to
the two tools introduced above (a local complexity fixed point and a curvature assumption),
we are now ready to state our main result on the minmax MOM estimator in the adversarial
contamination setup for a Ls-localization.

Theorem 2.18 We consider the adversarial contamination setup of Assumption . We
assume that the constraint set C is star-shaped in Z*. Lety = 1/3200. Assume the existence
of 0 < A < 1 such that Assumption holds. Let K be a divisor of N such that K >
100|O|. Then, it holds true that with probability at least 1 — exp(—72K /625):

C N
PL jyom < Z’A and | Z¥OM — 7|2 < Cia.

Theorem can be used under a margin assumption with a margin parameter equal to
2. It can be extended to margin parameter other than 2. However, one may be interested in
other situations where the local curvature of the excess risk is not described by the square
of the Lo norm but for instance by the square of the native Hilbert norm of H - as it will
be the case for the sparse PCA problem. In the next paragraph, we provide a statistical
bound for the minmax MOM estimator for a local curvature of the excess risk described by
a general G function.

MOM estimator with G localization. In this final paragraph regarding the minmax
MOM estimator, we consider a general G function describing locally the excess risk around
Z* and derive statistical bounds when this function is used for localization. When applied
to the particular cases of the excess risk or the Lo norm to the square, we recover the last
two results. However, other G functions may be considered, for instance, if the calculation
of r{jom Er(7) is too hard or if Lo-norm to the square does not describe well enough the
excess risk. We need first to define a complexity fixed point for a localization w.r.t. a general
G function. Unlike in the previous section dealing with the Lo to the square localization
and as in the last but one section dealing with a excess risk localization, there is a variance
term in this fixed point equation.

Definition 2.19 Let 01,...,0n be N independent Rademacher variables which are inde-
pendent of the X;’s. For G: H — R and v > 0, we define:

E
ryom,c(y) = inf {r >0 : max ( G,},(T)’ 12800VK’G(7“)> < r2}
K -
Vika(r) == \/; sup Var(Lz(X)).
7eC:G(Z—Z*)<r?
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N
Z L7 (X))

Eq(r) :=E sup
ZeC:G(Z—2%)<
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The function G characterizes the curvature of the excess risk Z € C - PLy = <EX AR
Z > locally around its minimizer Z*. This is formalized in the following assumption.

Assumption 2.20 There exist A > 0 and v > 0 such that for all Z € C, if G(Z — Z*) <
(rfom,c(1)?, then APLz > G(Z — Z*).

The difference between r¥ion pr @and mon ¢ 1S that the local subsets are not defined
using the same proximity function to the oracle Z*. The main advantage in finding a
curvature function G satisfying Assumption is that r{;o\ ¢ may be easier to compute
than 75100 gro Since the shape of a neighborhood defined by G Vmay be easier to understand
than the one defined by the excess risk. However, one always has TKAOM’ER < ThraLq Since
there is no better way to describe the excess risk than the excess risk itself. We now obtain
statistical bounds satisfied by the minmax MOM estimator (10) under this local curvature
assumption.

Theorem 2.21 We consider the adversarial contamination setup of Assumption . We
assume that the constraint set C is star-shaped in Z*. We consider a continuous function
G: H — R. Let v = 1/6400. We assume the existence of 0 < A < 2 such that the local
curvature Assumption holds for those values of v and G. Then, with probability at
least 1 — exp(—T7T2K /625) it holds true that:

1 .
PL juom < §T’K/IOM,G(7)2 and  G(Z* — Z}M) < roma (1)

Theorem may be applied in the examples introduced from Section | if one is willing
to handle robustness issues for these (none structured) learning problems. If one wants
to handle the robustness issues in structural learning then one may consider regularized
versions of the minmax MOM estimator as in the next section.

2.3.2 REGULARIZED MINMAX MOM ESTIMATORS FOR THE LINEAR LOSS FUNCTION

We are now considering the setup of robust structural learning that allows for high-dimensional
statistics, i.e. when the dimension of the parameter to estimate Z* is larger than the num-
ber of observations. In that case, some structure is usually assumed to be satisfied by Z*
and should be taken into account for the construction of estimators. On top of that, we
consider a setup where the data may have been corrupted by some outliers and the inliers
may be heavy-tailed. We therefore have to face several issues related to robustness and
high-dimensions that we propose to solve using a regularized version of the minmax MOM
estimator introduced in Section

AI%%IOM € argmin sup (MOMK(EZ —lz) + N Z] — HZ'H)) (11)
ZeC Z'eC
where A > 0 is some regularization parameter and ||- | is a norm inducing some structure. In

the following sections, we provide statistical guarantees for this estimator. As in the previous
sections, the convergence rates depend on local complexity fixed points, local curvature
properties of the excess risk and of the ’structure inducing power’ of the regularization
norm | - |. As previously, the choice of the localization function plays a key role in the
definition of all these concepts. We therefore consider three paragraphs depending on the
localization function used: it can either be the excess risk, the Lo-norm or some general
function G.
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RMOM estimator with excess-risk localization. As in the previous section, we start
with the excess risk localization.

Definition 2.22 Let 01,...,0n be independent Rademacher variables which are indepen-
dent of the X;’s. For v >0 and p > 0, we define:

E
rrvom,er (7, p) 1= inf {7‘ >0 : max < (: P) , 400V 2V (1, p)> < r2}

where, for all p,r >0 and C,, = {Z €eC:|Z—-2Z%|<p,PLy < 7'2},

] and Vi (r, p) = \/E sup A/ Var(Lz(X)).

1Y .
il oL (X;
N; ! ( Z) ZeCp,r

E(r,p) :=E [Zs%p
€Cpr

The sparsity equation introduced for the study of the RERM in Definition has to be
slightly modified according to this new definition of the complexity parameter.

Definition 2.23 For v > 0 and p > 0, let
Hp = {Z €C:|Z—-Z%|=pand PLy < rﬁMOM’ER(%p)Z}

and A(p) := inf 7 7, SUPger (p)<<I>, Z—Z*>. We say that p satisfies the sparsity equation
if A(p) = 4p/5.

We are now ready to state our main statistical result satisfied by the regularized minmax
MOM estimator for the linear loss function and for an excess-risk localization.

Theorem 2.24 We consider the adversarial contamination setup of Assumption . Let
K € [N] be such that K = 100|O|. Let p* > 0 satisfying the sparsity equation from Def-
inition . Let v = 1/3200 and take A = (11/(40p*))rfniom gr (7, 20%) as regularization
parameter. Then, with probability at least 1 — 2 exp(—T72K /625),

PL jrvom < riaonEr (7, 20%)? and | ZENOM — Z¥| < 2p*.

Note that one may replace 1oy gr (7, 20%) by any real number r* larger than riy oy gr (7, 2p%).
This observation is particularly useful since we usually only know how to upper bound lo-

cal complexity fixed points such as rﬁMOM’ER(’y, 2p*) and that we use it to define A, the
regularization parameter.

RMOM estimator with Ls localization. In this section, we look at the case where
the Lo-norm to the square is used to describe the local curvature of the excess risk. As we
mentioned above, it is the case when the margin assumption with margin parameter equals
to 2 holds. We define below the appropriate complexity fixed point parameter, the local
curvature assumption and the associated sparsity equation.

Definition 2.25 Let (0;);<n be independent Rademacher variables independent of the )N(Z ’s.
For p > 0 and v > 0, we define:
] < ’yr2> .

1 i .
— > 0 L7(X5)
N4

1=

* .
TRMOM, L (v,p):=inf [r>0:E sup
ZeC:|Z-Z*|<p,| Z—Z%* | Ly <r
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We turn now to the sparsity equation that is used to construct the radius p* which
defines the model C N (Z* + p*B) where both Z* and ZEAOM lie (with high probability).

Definition 2.26 For vy, p and A > 0, let:

K
Ck(7,p; A) == max (320000A2N77§M0M,L2 (%P)2> ;

~

Hypi={ZeC:|Z~2"| = p and | Z = Z*|1, < \/Cxc(v.p, A) |

and

A(p,A) := inf sup (®,Z—Z%).
ZEHP,A @EFZ* (p)

A real number p > 0 is said to satisfy the A-sparsity equation if A(p, A) = 4p/5.

The next definition is the formal way to say that the La-norm to the square can be used
to describe the curvature of the excess risk closed to the oracle.

Assumption 2.27 There exists A, v and p* > 0 such that p* satisfies the A-sparsity
equation from Definition and for both b € {1,2} and all Z € C, if |Z — Z"‘H%2 =
Ck(v,bp*, A) and | Z — Z*| < bp*, then | Z — Z*|}, < APLy.

After introducing the three key concepts in structural learning: local complexity fixed
point, local curvature assumption and the sparsity equation, we can now state our excess
risk and estimation (w.r.t. to both Ls and the regularization norm) bounds.

Theorem 2.28 We consider the adversarial contamination setup of Assumption . Let
K be a divisor of N and assume that K > 100|0|. Grant Assumption for some
A€ (0,1], v = 1/32000 and p* that satisfies the A-sparsity equation from Definition
Define X = (11/(40p*))Ck(v,2p*, A). Then it holds true that with probability at least
1 —2exp(—T2K/625):

|23 = 2% < 20", PLggyon < %TT‘WOM,L2 (v,20%)?
and
HZ}%%[OM - Z*3, < TRMOM, Ls (7> 2p*)?.
Again the same result as the one of Theorem holds if one replaces TI’QMOMM by any

upper bound on 7}y on L,
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RMOM estimator with G localization. Finally, we consider a function G : H — R
that is expected to describe well the local curvature of the excess risk and that is used to
define all the subsequent localizations. An example of such a G function is given in the sparse
PCA case studied later. Indeed, in Lemma 4.3 below, we will use Z € R — G(Z) = | Z|?
as a localization function (we recall that | - |2 is the canonical norm over H; it is in general
different from the Lo one that was used above for localization). We are now introducing a
complexity fixed point that uses the G function for localization.

Definition 2.29 Let 01,...,0n be independent Rademacher variables independent of the
X;’s. For G: H —>R and A,~ and p > 0, we define:

E
TEMOM,G(%P) := inf {7“ >0 : max (C:{;q’/)), 400\/§VK,G(T, p)> < 7“2}

where, for all r,p > 0,

Z JZEZ

with Cpp = {Z €C 1 |Z — Z*| < p,G(Z — Z*) < 12}

Eq(r,p) == lzs%p
€Cp,r

] and Vi g(r,p) := A/ — sup A Var(Lz(X

ZeCpT

An example of computation of an upper bound of the local complexity fixed point rﬁMOM,G (v, p)
is provided in the sparse PCA example in Lemma below. The final ingredient to derive
the rate of convergence is the radius p that needs to satisfy a sparsity equation.

Definition 2.30 For all v and p > 0, consider
={ZeC:|Z—-27*|=p and G(Z - Z*) < rhnomc (7 £)*}

inf ;. i, SUPET 4 (p) <¢>, Z—7 *> We say that p satisfies the sparsity equation

Finally, we write the assumption saying that the G function is indeed appropriate to
describe the excess risk locally around Z*.

Assumption 2.31 There exists A > 0, v > 0 and p* > 0 such that p* satisfies the
spartsity equation from Definition and for both b€ {1,2} and all Z € C, if G(Z—Z%*) =
riatonc (V5 002 and | Z — Z*| < bp*, then APLy > G(Z — Z*).

We are now ready to state the following result on the statistical properties of the regular-
ized minimax MOM in the context of robust structural learning with a linear loss function
and for a general GG function describing the local curvature of the excess risk.

Theorem 2.32 We consider the adversarial contamination setup of Assumption . Let
G : H — R be a continuous function such that G(0) = 0 and for all « > 1 and Z €
C,G(a(Z—-7Z%)) =z aG(Z —Z*). Let K € [N] be such that K = 100|O|. Grant Assumption

for some A € (0,1], v = 1/32000 and p* that satisfies the sparsity equation from
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Definition . Define A = (11/(400%))rfinom,c (Vs 20%). Then with probability at least
1 —2exp(—72K/625), it holds true that:
ZRMOM 7% < 9p* PL < 93 * 20*% 2
I K\ - 77 <2p" ZBMOM S mTRMOM,G(% r*)
and
G(ZI%%Y\[OM - Z%) < rhmom,c (75 2p%)%.

In the sparse PCA example, Theorem will be applied for the study of a /¢;-
regularized minmax MOM estimator. However, applying Theorem requires several
intermediate results such as proving that Z — G(Z) = |Z||3 can be used as a local cur-
vature of the excess risk, find a p* satisfying the sparsity equation of Definition and

compute an upper bound for the local complexity fixed point 7f\0n (7, p)- For the last
task, one needs to handle the variance term Vi ¢ as well as the comﬁlexity term Eg(r, p).
For the latter, we need to find an upper bound on the expected supremum of a Rademacher
process over the interpolation body C,, = {Z € C: |Z — Z*| < p,G(Z — Z*) < r?}. This
step is usually the hardest one.

Remark 3 The implementation of the methodology presented in this article depends on
our ability to efficiently calculate the local curvature of the excess risk close to the oracle,
some complexity fized points as well as solving the sparsity equation in the case of structural
learning. The most demanding step in this scheme is the computation of the local complexity
fizxed points which may require technical skills in empirical process theory, random matrices
theory as well as in the geometry of Banach spaces. This is particularly true under weak
moments assumptions. In our previous work ( ), we provide several
examples of such computations of complexity fized points. In the next section to come, we
provide two other examples proving that performing such computations is possible. However,
this step may be identified as the main limitation of our approach to the study of structural
and robust learning with a linear loss function.

3. Two examples of computation of local complexity fixed points

In this section, we present concentration and in expectation results for two specific inter-
polation norms of the difference between the covariance matrix and its empirical version.
These results are typical results that we use to compute local complexity fixed points like
the ones used in the previous section. Indeed, in order to use any of the general statistical
bounds presented in Section 2, we have to compute local complexity fixed points. We pro-
vide two such examples in this section that will be useful for the next section on the sparse
PCA problem. Note that the bounds presented here hold under weak moment assumptions
(i.e. roughly speaking log(d) moments are enough) and may be of independent interest.

In this section, we use the following notations: Xi,..., Xy are i.i.d. centered random
vectors in R? and we denote by ¥ their covariance matrix, i.e. EX;X] = X. The entries
of ¥ are denoted by ¥,, i.e. EX1,X1, = X, for all p,q € [d] where X; = (le)‘j:l. We
denote the empirical covariance matrix by Sy = (1/N) Zf\i L Xi X[ and its entries by 3,,,
p,q € [d]. The aim of this section is to provide large deviation and in expectation upper
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bounds for the norm of ¥ — Sy for two norms defined by interpolation bodies. The proofs
of the two Theorems and below are postponed to Section

3.1 Control of | — Sy for a By/B; interpolation norm.

In order to upper bound the deviation of the empirical covariance matrix Xy around X
w.r.t. some norm we need to assume some concentration properties on the X;’s. We
therefore consider such an assumption now.

Assumption 3.1 There exists w = 0 and t = 1 such that the following holds: for all
p,q € [d] and all 2 < r < 2log(ed/k) + t we have || X1,X14 — E(X1pX14)| L, < w?r.

In other words, Assumption 3.1 is a growth condition on the first 2log(ed/k)+t moments
of the products X1, X1, of the coordinates of X;. This growth condition is the one exhibited
by sub-exponential (i.e. 1) variables. This is, for instance, the case of a product of two
sub-gaussian (i.e. ) variables because UV |y, < |Ulp,|V|ly, and the r-th moment of
a 1, variable growths like 7/% (see Chapter 1 in ( ) for more details).
Assumption does not require the existence of any moment beyond the (2log(ed/k) + t)-
th moment and is therefore called a weak moment assumption: Assumption essentially
assumes the existence of log(ed/k) subgaussian moments on the coordinates of the data. We
will see below that this assumption is enough to get estimation result for the first k-sparse
principal component in deviation with an improved rate of convergence of order

k2log(ed/k)

e (12)

Let k € [d]. We denote by ||-| the following interpolation pseudo-norm onto R**¢ defined
by
|A| = sup ((A,Z) : Z € kBy n By). (13)

Theorem 3.2 There exists an absolute constant ¢y such that the following holds. Grant
Assumption 5.1 for some w andt = 1 and assume that N > 2log(ed/k)+t. With probability

at least 1 — exp(—t),
~ 2 2 +t

Moreover, if N = 2log(ed/k)+1, it holds true that E [Hle — EH] < cow?4/6k2log(ed/k)/N.

Remark 4 Classical estimation result require the number of observations to be larger than
slog(ed/s) where s is the sparsity of signal to be reconstructed. Here, we observe in Theo-
rem that N is only asked to be larger than log(ed/k) so it is a much weaker assumption
than in the classical high-dimensional setup. The rational behind this phenomenon is that
we do not have to lower bound a quadratic process since our loss function is linear. It is
usually isomorphic or just lower bounds results on a quadratic processes that require N to
be larger than the sparsity up to a log factor. We don’t have such a quadratic process to
lower bound in our ’linear loss function’ framework.
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3.2 Control of |¥ — Sy| for a B,/SLOPE interpolation norm.

As in the last section, we need some assumption on the existence of moments on the coor-
dinates of X;. We consider such an assumption now.

Assumption 3.3 There exists w = 0 and t = 3 such that the following holds. For all
p,q € [d] and all 2 < 7 < log(ed?) + t we have || X1,X14 — E(X1pX14)| L, < w?r.

Our aim is to analyze the statistical properties of a SLOPE regularization for the sparse
PCA problem and to show that the optimal rate (12) can be achieved by a unique regular-
ization method which does not require the a priori knowledge of the sparsity parameter k.
To that end we introduce the SLOPE regularization norm of a d x d matrix A

d

|Alscope = Y, bpeAl,,
p,q=1

where b := (by, : p, q € [d]) are decreasing weights for some lexicographical order over [d]?
starting at (1,1) such that for all k € [d], bgr = +/log(ed?/k?) + t. For instance, one may
assume that b is a symetric matrice and set by, = +/log(ed?/(pq)) +t when ¢ > p. We

also denote by (AE"p g i PaE [d]) the non-increasing sequence (for the same lexicographical

order over [d]? used before) of the rearrangement of the absolute values of the entries of A,
for instance A7, ;) = min(|Apg| : p,q € [d]) and AF| ;) = max(|Apg| : p, g € [d]). We denote
by Bsropg the unit ball of the SLOPE norm.

Let p > 0. We denote by |||, the following interpolation pseudo-norm onto R?*¢ defined
by

|A], = sup (<A, Z> : Z € pBsropg 0 Bg) . (14)

Theorem 3.4 There exists an absolute constant ¢y such that the following holds. Let k € [d]
and v = 1. Grant Assumption 5.5 for some w and t > max (2log([log(k?)]), v log(ed?/k?))
and assume that N = log(ed?) + t. With probability at least 1 — 2 exp(—t/2),

c0w2

VN

ISy — %, < 25 min(p,d).

4. Sparse PCA

Principal Components analysis (PCA) is one of the most fundamental dimension reduction
algorithm as well as one of the most used data visualization tool. It can be efficiently
performed via some truncated SVD algorithms on the N x d data matrix (N being the
number of data and d the dimension of the data, that is the number of features) which
requires only O (k% min(d, N)) operations to get the first k top eigenvectors (see

(2011) and (2013)).

However, principal components are linear mixture of features that may be of very dif-
ferent nature and as so are for most of the time meaningless. This problem becomes more
salient for high-dimensional data (i.e. when d > N) where the diversity of features (text,
socio-professional categories, geographic location, familiar situation, consumption habits,
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etc.) may be very large. Moreover, in the high-dimensional setting, PCA no longer pro-
vides meaningful estimates of the principal components of the actual covariance matrix X
as exhibited by the phase transition from ( ).

One way to alleviate both interpretation and inconsistency in the high-dimensional
setting is to look for principal components which are linear mixture of a small number of
features — that is ”sparse” principal component. This problem is known as sparse PCA
and was introduced in ( ,2). It can be stated as the following
optimization problem:

1 € argmax HiNsz (15)
[vll2=1,v]o<k

where the X;’s are i.i.d centered vectors in R? with covariance E[X;X, ] = %, Xy =
(1/N) ZiJL(Xi — Xn)(X; — Xn) T is the empirical covariance matrix, ||v[|o is the size of the
support of v and k is some fixed sparsity level.

From an algorithmic point of view there are two major issues in the optimization problem
(15): 1) the objective function that we want to maximize is convex; and it is notoriously
difficult to maximize a convex function even on a convex set 2) because of the sparsity
constraint ’[|v[p < k’, the constraint set is not convex. If the sparsity constraint was not
there, then (15) would be the classical PCA problem for finding a first principal component,
that is a top eigenvector of Sy. In that case, even though it is a maximization problem of a
convex function on a convex set, this problem can be solved efficiently for instance via the
power method and is in fact one of the few situation where maximizing a convex function
can be performed efficiently.

The extra sparsity constraint in (15) somehow emphasis this original issue that the
objective function to maximize is convex. One way to overcome this issue is to adapt the
power method to this extra constraint, see ( ). Another way is via SDP
relaxation ( ). We will use this latter approach so we present it in
the next subsection in more details.

4.1 SDP relaxation in sparse PCA

Let X € R? be a centered random vector with distribution P. Let X1,..., Xy € R¢ be N
independant copies of X. Define A := (1/N) Zfi | XiX,", the empirical covariance matrix
of the X;’s. Let ¥ := E[A] = Ex.p[XX7] be their covariance matrix. We are looking for
a first principal component with a support of small cardinality, that is for a vector v* € R?
with unit-length and cardinality less than a certain integer k < d, and such that the variance
of the X;’s when projected onto v* is maximal. This can be written as follows:

v* € argmax E[(X, v>2] where £ := {U eRe: |ulla = 1, |v]o < k:} (16)
vel
This problem is known to be NP-hard in general ( ), so we are looking to

relax it. One way to do this is to replace the cardinality function by the Zjl—norm. Another
way is via the lifting procedure, which is described for example in

( ) and is based on the principle that quadratic objective functions and constraint sets of
a vector v can be written as linear objective functions and constraint sets of the symmetric
rank one matrix vv ! .
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In our case, we first note that E[<X, v>2 < [A],v > = <Z,UUT>. Then, if Z = vvT
with v e S§! and |v[o < k, we have Tr(Z) = |v[3 = 1 and |Z|lo < k%. Finding a solution of
(16) is then equivalent (see ( ) and ( )
to finding a top singular vector of Z*, where Z* is solution of the optimization problem

Z* € argmax(E[A], Z) where Cy := {Z eR¥: 7 =l veR,T(Z) =1, Z|o < kQ}.
ZECO

In the latter problem, the objective function has now become a linear one thanks to
the lifting approach, however the constraint set is not convex. We are now working on
that issue to get a full SDP relaxation of (16). First, we may replace the condition
“Z = vl” by the equivalent condition “Z > 0 and rank(Z) = 17 in Cp. However,
Co:={Ze RIXd: 7 > 0,Te(Z) = 1,|Z|o < k?,rank(Z) = 1} is not convex, because of two
non-convex constraints: the cardinality constraint “ | Z|o < k®” and the rank constraint
“rank(Z) = 1”7 that we are just dropping out of Cy. By doing so, we end up with the
following convex optimization problem:

Z* € argmax(E[A], Z) where C := {Z e R™?: Z > 0, Tx(Z) = 1}. (17)
zZeC

We then see Z* as an oracle for the linear loss function Z — £7(X) = —(XX T, Z) and its
associated risk function Z — Efz(X) over the model C, that is Z* € argmin ., P¢z. This
enables us to leverage the methodological tools introduced in Section 2 to derive estimators
for Z* and provide statistical guarantees thanks to the results from Section

This configuration allows us to refer to the work of ( ). The authors
study the sparse PCA problem where the distribution of the data Xi,..., Xn belongs to
a class P of distributions that all have a sub-exponential tail; it includes, among others,
sub-Gaussian distributions (see equation (4) in ( ) for a definition). In
particular, they propose the following ¢;-regularized ERM estimator

Z € argmin ( Z XX, Z) + )\Z|1> where C:={Z:Z > 0,Tr(Z) =1}  (18)
ZeC

and provide an algorithm for solving it in polynomial time. We report below their main
results for this estimator.

Theorem 4.1 [Theorem &5 in ( )] Let X1,...,Xn € R? be i.i.d random
vectors with distribution in P and a covariance matriz satisfying the spiked covariance
model: E[X;X,|] = I;+ 0B8*(8*)", where B* is a k-sparse vector with unit euclidean norm.
Let X = 44/log(d)/N, € = log(d)/(4N) and consider 9y € argmax|,|,_, v! Z, where Z¢
is an e-mazimizer of Z — (% >N XiX;",Z) — N Z|\ over the model C defined in (15).
Finally, let 139\76 be the k-sparse vector derived from ¥y . by setting all but its largest k
coordinates in absolute value to 0. If 4log(d) < N < k*d?0~2 and 0 < 0 < k, then it holds
true that:

E [V, ()], - 5*(6) ] < (32v2 + 3)y | Bd)
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We are now using our methodology to propose several estimators and provide our insights
on the sparse PCA problem. In particular, we will extend Theorem to the heavy-
tailed framework, provide in-deviation results and improve the rate to the optimal one
k%log(ed/k)/N (thanks to localization). On top of that, we will construct new estimators
based on the MOM principle to handle robustness issues in sparse PCA.

4.2 Exactness and curvature in the spiked covariance model.

We present here two results that will be of crucial importance in the analysis of our esti-
mators (the proofs are postponed to Section ). The first one concerns the exactness in the
spiked covariance model. That is, the oracle Z* as defined by equation (17), obtained after
a lifting and a convex relaxation of the initial problem, turns out to be a matrix of rank
one whose unit-norm leading eigenvector is +3*.

Lemma 4.2 In the spiked covariance model ¥ = 0(8*)(8*)" + Iy with * € S$~' and B*
is k-sparse, we have Z* = (B*)(8*)", for Z* defined in (17).

The second one concerns the curvature of the excess risk function around the oracle Z*.
Following our methodology, we need to understand the behavior of the excess risk around
Z* in order to find a good G function that will be used to define localized subsets of our
model. Then, later, based on the results from Section 3 we will compute the Rademacher
complexities of these localized subsets and then the local complexity fixed points as in-
troduced in Section 2. The fixed point is then used to establish statistical bounds on our
estimators. Finding the ’right’ curvature function of the excess risk is therefore important
in our approach. The following result provides a curvature of the excess risk ‘globally’, that
is on the entire set C and not just around Z* (see the proof in Section 1.3).

Lemma 4.3 In the spiked covariance model ¥ = 0(3%)(8*)" + 15 with 5* € Sg_l and B* is
k-sparse, the following holds. For all Z € C, we have PLy = (,Z* - Z) > (0/2)| Z* — Z|3.

As a consequence, using our terminology, the problem has an excess risk curvature
function given by G : Z — | Z|3 - where | - ||2 is the canonical Hilbertian norm in R*?, We
will therefore use the fo-norm to the square to define our localized models for the study of
all estimators introduced below.

4.3 (;-Regularized ERM estimator

Since the parameter we want to estimate has a sparse structure, the choice of estimators
regularized by an appropriate norm will enable us to take advantage of this structural
property. We start with a regularized ERM estimator, as presented in Section , Where
the f1-norm is used as regularization norm:

ZRERM ¢ aromin (Pyly + A|Z]1), where C:= {Z eR . 7 >0, Tr(Z) = 1} (19)
zeC

and (7(X) = —(XXT,Z) and Pylz = (1/N) SV 07(X;). This puts us in condition to
use the results of Section to provide statistical guarantees on Z/\RERM.
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Lemma .3 shows that, for any value of p > 0 and ¢ € (0,1), Assumption is satisfied
with A = 2/6 and G : Z € R¥¢ — | Z|2. In order to proceed with our methodology, the
next step is then to identify a value of p* which satisfies the 2/0-sparsity equation from
Definition . This is the purpose of the following Lemma (the proof is given in section

).

Lemma 4.4 Let A >0, 0 € (0,1), and define r*(.) := rherM,G (4 - ,0). If p = 10k+/1*
then p satisfies the A-sparsity equation from Definition

The last step is to compute the local complexity fixed point of Definition 2.9, which is
what we are working on below.

Lemma 4.5 Grant Assumption with t = log(ed/10k). Suppose that 5* is k-sparse,
with k < ed/200. Let A = 2/0 and assume that N > 3log (ed/10k). Then there exists an
absolute constant b > 0 such that, defining:

1 ed P> b2 A2 (ed)*
® L 2 | = - * — L D S
:= 2000Ak N log < k: ) and r*(p) : bA\/N log < N2 , (20)

one has Tipry q (4, 0% 10k/ed) < r*(p*) and p* satisfies the A-sparsity equation from
Definition

We are now ready to state our main result concerning the ¢1-regularized ERM estimator
for the sparse PCA problem.

Theorem 4.6 Grant Assumption with t = log(ed/10k). Suppose that B* is k-sparse,
with k < ed/200. Assume that N = 3log (ed/10k) and that X\ satisfies the following inequal-
1ties:

20 ed
—b lo <A< 21
\/N (2001/2 10g(200)1/4k \f \/ 2002/3l<:> (21)

where b is the absolute constant introduced in Lemma above. Let C = 40b. Then, with
probability at least 1 — 10k/ed, it holds true that:

|ZRERM _ 7%, < 10CK? log ed |ZRERM _ 7%, < C k—Qlog ed
= N92 k) =T\ Ne2 k

and

C? k? ed
PEZA}\RERMg?NHI (k)

Note that if one is willing to get a better deviation parameter, one can assume N larger
than T log(ed/10k), for T large enough.

Up to this point, we have introduced an estimator for Z* and provided a convergence
rate with high probability. However, our primary focus is not on Z* itself, but rather on
its unit-norm leading eigenvectors +3*. The purpose of the upcoming result is to leverage
the preceding one in order to establish properties related to S*.
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Corollary 4.7 Let B e R? be a leading unit length eigenvector of Zf\{ERM. Under the
conditions of Theorem /.0, there exists an absolute constant D > 0 such that with probability
at least 1 — 10k /ed:

1867 = 8*(8%) |2 < Dy | ~5 log (k)

We therefore obtain a convergence rate of magnitude (k?log (ed/k) /(N 92))1/ ? when

our dataset is made up of i.i.d random variables whose distribution satisfies Assumption
, which includes the case of i.i.d sub-Gaussian variables but it goes much beyond up to
variables with only log d moments. The result of ( ) is available for a class of
distributions, including sub-Gaussian distributions, whose covariance matrix fits within the
spiked covariance model. They obtain a convergence rate of magnitude (/’4:2 log(d)/(N 92)) Y 2,
although our result holds with polynomial deviation while theirs is in expectation. We
also note that our result does not suffer from any restrictive condition concerning 6. We
therefore slightly improve the results from ( ); this improvement is of the
same order as the one obtained for the LASSO in ( ) and is due to a careful
localization argument. This shows that our analysis is precise enough to catch the subtle
difference between the logd rate from ( ) and the log(ed/k) obtained in
Theorem 4.6. Our result also extend the scope of Theorem to heavy-tailed data since
we only require the existence of log d moments. However, to get this improvement for the
Lasso type estimator (22), one needs to choose A\ depending on k in (21), which is unknown
in practice. To solve this issue, we could use a Lepskii’s adaptation scheme as in
( ). However, we will not follow this path but rather consider another regularization
norm: the SLOPE norm, that allows to get the same results as in Theorem but for a
choice of A independent of k. This will also give us the opportunity to run our methodology
one more time for a different regularization norm.

4.4 SLOPEFE regularized ERM estimator

In this section, we study a regularized ERM estimator of Z* with the SLOPE norm (intro-
duced in Section 3.2, and whose definition is restated below) as the regularization norm. We
consider a lexicographical order over [d]? such that for any k € [d], the k? largest elements
in [d]? belong to [k]?. We fix t > 0 (which will be choosen appropriately later) and we

define, for p < q, bp(t) =: 1/log(ed?/pq) + t, and by,(t) = byy(t) for p > q. For Z € R¥*4,
we define Z*! the matrix obtained from Z by reordering its element in absolute value in
non-increasing order, and we finally define its SLOPFE norm by:

d
|Zszore =Y. bpeZk,
p,q=1

Our estimator is then:

ZBERM ¢ argr%in (Pnlz + M| Z|spopg) for C:={ZeR¥™4 .7 =0,Tr(Z) =1}  (22)
S

and a regularization parameter A > 0 to be chosen later. This puts us in condition to use

the results of Section to provide statistical guarantees on ZAgggIl\g/IE.

31



LECUE AND NEIRAC

As before, the essence of Lemma in this context is that, for any value of p > 0 and
9 € (0,1), Assumption is satisfied with A = 2/0 and G : Z € R¥*9 — || Z|3. In order to
proceed with our methodology, our next step is then to identify a value of p* which satisfies
the 2/0-sparsity equation. This is the purpose of the following Lemma.

Lemma 4.8 Assume that 5* is k-sparse, for some k € [d]. Let A > 0, 6 € (0,1) and
t > 0. Define I'y(t) := 32’;21 be(t). If p = 10Fk(t)\/rf"{ERM’G(A,p, d), then p satisfies the

A-sparsity equation from Definition

Following the path traced by our methodology, all that remains is to calculate the
complexity fixed-point parameter ripry o (4; p, ) defined as

26C:| Z—Z* | spopE<p| Z— 2% |2<y/ 34

inf<r>O:P< sup |(P—PN)EZ|<T>>1—5>.

The next Lemma gives us an upper bound for rﬁERM’G(A, p,0), when p satisfies the
sparsity equation of Definition

Lemma 4.9 Grant Assumption for t = 2log(ed?/k?). Suppose that 3* is k-sparse,
with k < d/(e?log(d)). Let A > 0, and assume that N > 3log(ed?). Then, there exists an
absolute constant b > 0 such that, defining:

. qorr P4 (100%: d) i UA (100%; d)?
= —— min ; and r*:= min ;
P k VN k N k
one has Tipru (4 P% 2k2/(ed?)) < r* and p* satisfies the A-sparsity equation rom Defi-
nition , where T'F = Ty(2log(ed?/k?)) is the quantity introduced in Lemma

We are now ready to state our main result concerning the SLOPFE regularized ERM
estimator for the sparse PCA problem.

Theorem 4.10 Grant Assumption for t = 2log(ed?/k?). Suppose that 5* is k-sparse,
with k < min (d/(e*log(d)), (¢/140v/2)?d). Assume that N > 3log(ed?) and that X satisfies
the following inequalities:

100 2b
<A< ——, 23
21V N 3vVN (23)
where b is the constant previously defined in Lemma . Then there exist an absolute

constants C > 0 such that one has with probability at least 1 — 2k*/(ed?):

||ZRERM _ 7% ” <C LQ]O @
SLOPE SLOPE < U} \/W g )

. k2 ed?
2588 - 21 < O o (%)

and
(£, 2% = Z§15ME) < Ciy7; log () :
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We can now use this result to obtain properties about our object of interest, which is
not directly Z*, but its unit-length leading eigenvectors +5*.

Corollary 4.11 Let B e R? be a leading unit-eigen vector of Zf\{SLOPE. Under the condi-
tions of Theorem , there exists an absolute constant C' > 0 such that with probability at

least 1 — 2k? Jed?:
A k2 ed?
1387 — %82 < c\/ vz (5 )

Here again, we obtain a rate of convergence of magnitude /(1/N62) log (ed?/k?), holding
with polynomial deviation, with no restriction on the value of . We note that this result
holds with a value of the regularization parameter A that does not depend on the sparsity
level k of 5*.

4.5 /1 regularized minmax MOM estimator.

Here, we consider the case where data may be corrupted with outliers. We place ourselves in
the framework of the adversarial contamination, which is described in Assumption : the
dataset {X7,..., Xn} used by the statistician may have been corrupted by an adversary. As
a consequence, on top of the structural learning problem, we now have to face a robustness
to data contamination problem. To deal with these issues all together, we use a regularized
minmax MOM estimator.

We therefore consider an equi-partition of {1,..., N} into By b --- 1 Bg = [N], where
|Br| = N/K for all k € [K]. We consider a ¢;-regularized minmax MOM estimator

ZRMOM € argmin sup (MOMK(EZ — L)+ X Z|1 - |21 )) (24)
ZeC Z'eC

for C:={ZeR%¥%:0< Z < I;,Tr(Z) = 1} and a regularization parameter A to be chosen
later.

In what follows, we provide some statistical guarantees on ZI]?]K[ OM hased on Theo-
rem which is our general result for regularized minmax MOM estimators for a general
G function used for localization. Here, following Lemma 4.3, we will use G : Z — ||Z|% (and
A = 2/0) for such a localization function. Following our methodology, once the curvature
of the excess risk is chosen, we have to find an upper bound on the local complexity fixed
point riyviom (7, ) from Definition . But before that we find a sufficient condition on
a radius p so that it satisfies the sparsity equation from Definition

Lemma 4.12 Consider v > 0. If p > 0 is such that p = 10k~+/2/0rf\ion (75 p)s then p
satisfies the sparsity equation from Definition

Now that we know how to grasp a value of p that satisfies the sparsity equation, the
subsequent task is to compute the fixed-point parameter riyon (7:p) as introduced in
Definition , after which, thanks to Theorem , we will be able to provide some
statistical bounds on Z RM OM
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Lemma 4.13 Grant assumption for t = 1. Suppose that B* is k-sparse, for some
ke [d]. Assume that N = 2log(ed/k)+1 and that 0 < k. Define G : Z € R¥™*4 — (0/2)| Z|3.
Consider v > 0. There exist absolute constants B and D > 0 such that, defining:

k1 ed | 2K
% - .
p*(7) := max (\/4803 T\ Ve log ( k >710Dk N(92>
IBp [ 6 2B(ed)® |6 v K
* = —_— —1 —_— e N —_—
r*(v, p) := max S (N og( 0 N)) ;D D

one has riyon.a (1, 0¥ (7)) < (7, 0%(7)) and p*(v) satisfies the sparsity equation from
Definition . The values of B and D are explicited in Section

and

We are now ready to state our main result about the ¢;-regularized MOM estimator
(241) for the sparse PCA problem.

Theorem 4.14 Grant assumption for t = 1. Suppose that B* is k-sparse, for some
ke [d]. Assume that N = 2log(ed/k)+1 and let K be a divisor of N such that K > 100|0O).
Let v = 1/32000 and A := 11r*(vy,2p*(7))/(40p* (7)), where r*(.,.) and p*(.) are defined
i Lemma above. Then, there exists positive constants C1,Co and Cs such that, with
probability at least 1 — exp(—72K/625), it holds true that:

HZA[P}%[OM — 7% < \/C%max (lm llog <e ),ﬁ) ,
\/jcv%max(k log( ),ﬁ)
C d
PﬁZ}Fg\ﬁOM < FZmax (k)g log (2) ;K> .

Since our primary focus is not on Z* itself, but its unit-norm leading eigenvector 5*, we
are now providing a result on 5*.

=[]

|ZSOM = Z*)2 <

|8

and

Corollary 4.15 Let B € R? be a leading unit length eigenvector of 21%%101\/[. Under the con-
ditions of Theorem , there exists a universal constant D > 0 such that with probability
at least 1 — exp(—T72K/625):

ART _ pxrae\T D <€d>
188" — B*(87) H2<\/Wmax<k log | — ﬁ)

When K < k?log (ed/k), we get a rate of convergence of magnitude /k2/(N62) log (ed/k),
with no restrictions on the value of 6. This happens with an exponentially large probability
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depending on the number of groups K even though we only have logd moments and a
dataset that may have been corrupted by an adversary. A similar analysis of a SLOPE
regularization of the minmax MOM estimator will lead to a similar bound with a choice of
A independent of k.

Remark 5 Our final remark deals with the implementation of an algorithm for an approz-
imate construction ofB from Corollary . The aim of this algorithm is to construct a
sparse first principal component given a set of heavy-tailed data that may have been corrupted
by an adversary.

Using a similar approach to the MOM wversion of the projected sub-gradient descent
algorithm introduced in ( ), we first derive a pseudo-algorithm for
(24). We will then take a top eigenvector to the solution provided by such algorithm to get
a (robust) sparse first principal component. But first, let us focus on the construction of
an approximate solution to ZRMOM. We slightly modify the original version of the MOM
version of the projected gmdzent descent algorithm from ( ) with
respect to the following two points:

a) instead of designing an alternating ascent/descent minmaz MOM algorithm for (241),
we will describe a MOM wversion of the projected (sub)gradient descent algorithm for
the minimization problem mingzee (MOMg (€7) + M| Z|1),

b) instead of selecting the median block of data and making a gradient descent over it at
every iterations, we consider a larger set of data by taking all the “inter-quartile blocks’
of data and perform a gradient descent over it as in ( ).

Before writting the pseudo-code, we recall and introduce several notation. The dataset
{X1,..., XN} is split into K equal size blocks of data indexed by (By)y forming an equipar-
tition of [N]. On each block, an empirical covariance matriz is constructed (XX71), =
| B! DiieB, X;X,". The next function is using the K bucketed empirical covariance ma-

trices (XX 1),k as input data: for all Z € R¥*%,

DXXT k,Z> )

’ K‘ kel

where if (ap)r = (((XX )y, Z))k then (<(XXT)k,Z>>(kk))k are the rearrangement of (ax)
such that af

of their absolute Ualues) and

) <---<a ’("K) (this is the rearrangement of the values ay’s themselves and not

RS J(K+1)] [K+1 L K+1
A N N

18 the inter-quartiles interval - without loss of generality we assume that K +1 can be divided
by 4. In other words, f(Z) is the average sum over all inter-quartile values of the vector
(((XXT),. Z))ker]- Note that we have taken quartiles but we could also have considered
other quantiles; for instance a 95% coverage of the data in Uger, B may also be consid-
ered. We denote by proje the projection over C = {Z e R4 :0 < Z < I;,Tr(Z) = 1}. The
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next algorithm is a MOM wversion of the projected sub-gradient descent algorithm for the
minimization problem

win (£(2) + M Z]1).

input : the data X1,..., XN, a number K of blocks, a reqularization parameter A,
a decreasing steps size sequences (1:); € R% and € > 0 a stopping
parameter
output: A robust and sparse first principal component
1 Construct an equipartition By u--- 1 Bg = {1,--- , N} at random

2 Construct the K empirical covariance matrices (XX 1), = (K/N) Ycp, X; X,

(2
3 Compute the coordinate-wise median-of-means

70 — (Med((ﬁk)pq tke [K])>

1<p,g<d

4 while [Z®) — Zt+D|; > ¢ do

5 Construct an equipartition By u ---u Bg = {1,--- , N} at random
Construct the K empirical covariance matrices (XX 1), = (K/N) Y ,cp, X X'

7 Find the inter-quartile block numbers ki, ..., k(gi1y/2 € [K] such that

K+1)/2

Construct G a subgradient of || - |1 at Z®) and the descent direction

(K+1)/2

-1 (XXT),, +AG®.

v(tJrl) - =
k|

j=1

Update Z¢D — proje(Z2® — v+,
8 end

9 Return a top singular vector of Z(t+1).

Algorithm 1: A MOM projected sub-gradient descent algorithm for robust and
sparse PCA.

Several variations of Algorithm! may be considered. In particular, one can use proximal
operators in place of sub-gradients. We refer the interested reader to
( ) for more examples of MOM wversions of classical reqularized algorithms.

5. Proofs

All the proofs from the previous sections — general excess risk and estimation bounds as
well as applications — are gathered in this section.
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5.1 Proofs of section

We define the regularized excess risk £ := Lz + A(|Z| — | Z*|), and the regularized loss
0y =1Ly + A|.| for all ZeC.

5.1.1 PROOF OF THEOREM

Let 6 € (0,1). Let A > 0 and p* > 0 be such that Assumption holds, and assume that
p* > 0 satisfies the A-sparsity equation from Definition . Let v :=1/(3A). In the rest
of the proof, we write 7*(.) for riggy (4, -, 9). Let us define

B:={ZeC:|Z—-Z*|<p"and G(Z —Z*) <r*(p*)}.
Consider the following event:
Q:={vVZeB, |(P—Pn)Lz| <~r*(p*)}.

By definition of 7*(.), € holds with probability at least 1 —¢. Let us now prove the statistical
bounds announced in Theorem on the event 2.

Suppose that Z € B. This means that | Z—Z*| < p* and G(Z—Z*) < r*(p*). Moreover,
on 2 it also means that |(P — Pn)L;| < yr*(p*), and then:

PLy = (P—Py)Ly+ PyLy <r*(p*) + PnLy = yr*(p%) + Pn (LY — M| Z] — | Z*]))
. () N (i1)
= ¥ (p*) + PnLY + M| Z*] — | 2]) < vr*(p*) + A Z — Z*| < r*(p*) + Ap* < 3yr*(p*)

A

<

~—

where (7) holds since PNEAZA < 0 by definition of Z and (ii) holds because of the choice of A
given in (9).

Then, if we can show that Z € BB, we will have the desired bounds on €. Since we know
that PNE)ZX < 0, it is sufficient to prove that for any Z € C\B, PNﬁg > 0.

Let Z € C\B. Because C is star-shaped in Z* and by the regularity properties assumed
for G, we have the existence of Zy € 0B, the border of B, and o > 1 such that Z — Z* =
a(Zy — Z*). The border of B, that we denoted by 0B is the set of all Z € C such that
either |Z — Z*|| = p* and G(Z — Z*) < r*(p*) or |Z — Z*| < p* and G(Z — Z*) = r*(p*).
By linearity of the loss function, we have PyLy; = aPnLyz,. Moreover, we have by the
triangular inequality that

1Z| = 1Z%]| = |aZo — (o = 1) Z¥| — | Z%| = a||Zo| — (« = )| Z¥| — |1 27| = (|| Zo| — | Z7]))
and so
PnLy =PnLz + M| Z| = | Z*]) = aPNLz, + Xl Zo| — | Z*) = aPNnLY,. (25)

We showed that for any Z € C\B, there exist Zy € 05 and o > 1 such that PNE)Z‘ > aPNﬁgo.
Hence, we only have to show that Z — PNﬁg is positive on the border of B to show that
it is positive over C\B.
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Let Zy € dB. Two cases arise: either |Zyp — Z*|| = p* and G(Z — Z*) < r*(p*), or
|Zo — Z%| < p* and G(Z — Z*) = r*(p*).

First case: We assume that |Zy—Z*| = p* and G(Z —Z*) < r*(p*), that is Zg € H % 4.
Let V € H be such that |[Z* — V| < p*/20 and @ € J|.|(V). We have:

| Zol =127 = | Zoll = IV = 2" = V|
> (®,Zy—V)—|Z* = V| (since ®e€d|.[(V))
= (0, Zy— Z*) = (®,V = Z*) — | Z* = V|
> (9,20 — 2%y —2|Z* —= V| (since (®,U) < |U| for any U € H)
o*
> (D, 7y — %) — —
< y 40 > 10
This is true for any ® € U 0.](V) = T'zx(p*). Then taking the sup over I'z«(p*)
VeZ# 4+ L%
gives:
p*
2 12 > swp (2.2~ 2%) -2
el (%)

and then taking the infimum over H,x 4 gives:

. . p*
Zo| = |Z*|| =  inf Zo| = |Z%|| = inf su D, 7y —7%) — —
|2 = 121>, iat ol =271 >t s (@020 2°) =
pr 7
= A(p*, A) = >

where the last inequality holds since p* is supposed to satisfy the A-sparsity equation. Then,
we have:

7 7
IWL%=J%£%+Aﬂ%WﬂMW)>Hw&w+ﬁMf=fw%—4P—RwQ%+ﬂﬁﬁ

But on Q, we have (P — Py)Lz, < yr*(p*) since Zy € B, and we know by definition of Z*
that PLz, > 0. Then we conclude that:

7
PyLy, = 150" = 7" (p") > 0
where the last inequality is due to the choice of A given in (9).

Second case: Now we assume that | Zy — Z*| < p* and G(Z — Z*) = r*(p*). We have:

PNLY, = PxLzy — M2 = | Zol) = PLzy — (P — Py)Lz, — N Z* — Z|
= P»CZQ — (P — PN)»CZO — )\,0*.

But we know from Assuption that PLz, > A7'G(Zy — Z*), and on  we have (P —
Pn)Lz, < yr*(p*). Then we get:

PNLy, 2 AT'G(Zo = Z%) = yr*(p") = Ap™ = A7Nr"(p%) — 4 (p*) = Ap* > 0
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where the last inequality comes from the choice of A given in (9).

Then, we proved that PNEQO > 0 for any Zy € d(B) and as we said before, this implies
that PNEE is positive over C\B. Since PN/J)ZE < 0 we conclude that on €, Z necessarily
belongs to B, which proves the bounds announced in Theorem

|

5.1.2 PROOF OF THEOREM

The proof of this theorem is broken down into two steps. First, we identify an event
Q on which the estimator ZA%IOM has the desired properties. Then, we show that this
event holds with high probability. For the sake of simplicity, in the rest of the proof
we write r* for {0\ pr(7) and Z for ZMOM_ Tet 4 = 1/6400, and consider the set

Cy:={ZeC:PLy < (r*)*}. Define the event Qx as follows:
Qg :={VZeC,3J < [K]:|J| > K/2 and Vk € J,|(Pp, — P)Lz| < (r*)*/4}.

We start with showing that on Q, the estimator Z satisfies the excess risk bound announced
in Theorem

Lemma 5.1 On the event Q, PL, <1r*.

Proof Let Z € C\Cy. Let a := (r*)™2PLz > 1, and let Zy := Z* + o~ Y(Z — Z*). By
the star-shaped property of C, Zy € C, and by linearity of ¢, PLy, = o *PLy = (r*)?,
so that Zy € C,. Then, on Qg, there exists strictly more than K/2 blocks By, on which
|(Pp, — P)Lz,| < (r*)?/4, that is Pg, Lz, = PLz, — (r*)%/4 = (3/4)(r*)? and so Pp Lz =
aPp, Lz, > a(3/4)(r*)? because a > 1. This holds on strictly more than half of the blocks
By, therefore Med(—Pp, Lz : k € [K]) = —(3/4)(r*)? and this holds for all Z € C\C, hence,
we have

sup MOMp (£zx — £7) < —(3/4)(r*)% (26)
ZeC\Cy

Moreover, on Qp, for Z € Cy, there exists strictly more than K/2 blocks By, on which
—Pp, Lz < (r*)?/A — PLy < (r*)?/4, since PLz > 0 by definition of Z*. Therefore, we
have

sup MOMg (€45 — £z) < (r*)?/4. (27)
ZeCy

But by definition of Z, we have:

MOMkg (£, —Llzx) < SZUIC)MOMK(EZ* —lz)
€

*)2
< max | sup MOMg (0zx —Lz), sup MOMg Uy —Llz) | < )
ZeC, ZeC\C, 4

that is, MOMg ({z+ — £;) = —(1/4)(r*)? > —(3/4)(r*)®. From (26) we conclude that,
necessarily, Z € Cy, that is, PL, < (r*)2. ]
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At this point, we proved that on the event Qg, the estimator Z satisfies the statistical
bounds announced in Theorem . Now it remains to prove that Qx holds with high
probability.

Lemma 5.2 Assume that |O] < K/100. Then Qg holds with probability at least 1 —
exp(—72K/625).

Proof Let ¢ :t€ R — 1oy + 2(t — (1/2)) 141 2<i<1), S0 that for any ¢ € R, 12y <
(b(t) < 1{t>1/2}‘ For k € [K], let W, = {Xz 11 € Bk} and Fz(Wk) = (PB,c - P)ﬁz We
also define the counterparts of these quantities constructed with the non-corrupted vectors:
W, = {)? Lie Bk} and F(Wy,) = (Pp, — P)Ly, where Py, Ly := (K/N) Yep, L2(X)).
Let (Z) = > e K] L{Fz(Wi)|<(r%)2/43- We show now that, with high probability, if Z € C,,
then ¢(Z) > K /2. In the contaminated framework, it is sufficient to prove that, with high
probability, for all Z € C,,

49K
kgﬂ {IF2(W0= 521 = 100

Indeed, consider Z € C, such that (25) holds. Then, there exist at least (1 —49/100)K =
(51/100) K blocks By, on which |F(Wy)| < (r*)2/4. On the other hand, we know that |O] <
K /100, so that among the (51/100)K previous blocks, at most K /100 contain corrupted
data. The other (50/100)K = K /2 contain only non-corrupted data, so we have Fy (W) =
Fz(W}) on these blocks. We conclude that 3} 17, (wy)<(r)2/4) > K/2, that is (Z) >
K /2, if (28) holds.

Let Z € C,. We have:

2 1{|Fz(m)|>¢} (29)
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We start with bounding the last sum in the previous inequality. For each k € [K], it follows
from Markov’s inequality and the definition of r* that

P <‘FZ(WI¢)| > (7";)2> - 64 E [FZ(W]C)Q] _ (T6*4)4 <§> Var(ﬁz()?))

h (74*)4
64 1

Plugging that into (29), we get:

K AF, (W)l A|FZ(W),)]
3ty < 2 (30 (V) e o (V5
(31)

We now we have to bound this last term. Using Mc Diarmind inequality (Theorem 6.2
in ( ) for ¢ = 12/25), we get that with probability at least 1 —
exp(—72K/625), for all Z € C,,

A|Fz(Wy)] B A|Fz (W)
Z ¢ ( (7«*)2 ) E¢ ( (7“*)2 )

ke[ K]
—K+E sup Z¢ w — E¢ w ) (32)
25 ZECW k}E[ ] (7«*)2 ( )2
Let now €1, ..., ex be Rademacher variables independent from the )N(i’s. By the symmetriza-

tion Lemma, we have:

E| sup ;ﬁ(W) —E[d) (W)] <2E|sup ) e <W>

Z€Cy 1elK ZeCy ke[K]
(33)
As ¢ is 2-Lipschitz with ¢(0) = 0, we can use the contraction Lemma (see

( ), Theorem 4.12) to get that:

A|Fy(W 1%

EsupEed)‘LQk)‘ 8Esup26k(k)
ZEC»Y ]{36[ ] (r ) ZEC—Y k)E[ ] (T )
8

" Z€Cy kelK]

Now, let (0;)i=1,... n be a family of Rademacher variables independent from the )N(i’s and
the ¢;’s. For any k € [K] and any i € [IN], the variables ex0;L7(X;) and 0;L7(X;) have the
same distribution, so that we get, using the symmetrization Lemma:

E | sup Z €L PBk —P)Lz | <2E|sup — Z o Lz(X ) =2KE(r*) < QKW(T*)Z
7€Cy kK] ZeCy Y i
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Combining this with (32), (33) and (31), we finally get that, with probability at least
1 —exp(—T72K/625)

o 5o (M0 ) e (M) < o) e

Plugging that into (31), we conclude that with probability at least 1 —exp(—72K/625), one
has

112 49
L 2y < <++327>K<K
ke%q {1z (W= 351 = 200 © 25 100

from our choice of parameters. This allows to affirm that Qg holds with probability at least
1 — exp(—72K/625), which concludes the proof.
|

5.1.3 PROOF OF THEOREM

The proof is divided into two parts. First, we identify an event Qg on which the estimator
has the desired statistical properties. Second, we prove that this event holds with high
probability. For the sake of simplicity, we write Z for Z%OM and r* for TK/[OM, Lo () with
v = 1/3200. Let 0 < A < 1 be such that Assumption holds. We define v = A?/~,
T = (2A)7!, Cka = max ((r*)*>,vK/N) and Bga = {Z€C:|Z — Z*|1, </Ck,a} -
where the Lo-norm is defined as Z — |Z|r, = E[<)~(, Z>2]1/2. We consider the following
event:

K
Qg = {VZEBKA,EIJC {1,...,K}:|J]| > ) and Vk € J,|(Pp, — P)Lz| < TCK’A}.

We show in the next three lemmas that, on Qg 7 satisfies the statistical bounds announced
in Theorem . . Then the fourth lemma will prove that (i holds with large probability,
the one announced in Theorem .

Lemma 5.3 If there exists n > 0 such that:

sup MOMpg(lzx —Ly) < —n  and sup MOMg (£zx —€z) <1 (36)
ZeC\Bk, A ZeBg, a

then |Z — Z*|3 < Ck a.
Proof Assume that (30) holds. Then:

inf MOMg(ly; — ¢ . 37
2 k(lz —Llzx) >n (37)

Moreover, if we define Z — Tk (Z) = sup zicc MOMg (£7 — £ 41), then:

TK(Z*) = max sup MOMK(gz* — EZ)» sup MOMK(fz* - fz) <. (38)
ZGC\BK’A ZEBK’A
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By definition of Z, we have Ty (Z) = sup zec MOMg (£ — £7) < T (Z*) < 1. But by (37),
any Z € C\B 4 satisfies:

TK(Z) ZMOMK(Ez—fz*) = inf MOMK(fz—ﬁz*) =1
ZeC\Bk,a

which allows us to conclude that, necessarily, Z € Bk a, ie. |Z* — Z\\%Q < Ck,A. ]

Lemma 5.4 Assume that K > 100|O|. Then on Q, (76) holds with n = 7Ck A.

Proof Let Z € C be such that |Z — Z*||1, > 4/CKk, 4. By the star-shaped property of C,
there exists Zp € C and a > 1 such that |Zy — Z*|1, = \/Ck,a and Z — Z* = o(Zy — Z¥).
Now, for each block By we have by the linearity of the loss function:

Pp, Lz = aPp, Ly, (39)

As Zy € Bk, 4, on Qg there exist strictly more than K/2 blocks on which |(Pg, — P)Lz,| <
7Ck,a. Moreover, since || Zg — Z*| 1, = 1/Ck,a, we get from Assumption that PLz, >
A71HZ0 — Z*”%2 = AichVA. Then, on these blocks, PBk(EZO — Ez*) = Pﬁzo — TCKyA =
(A7t — 7)Ck A, which implies that Pp, ({z+ —{z,) < —(A71 - T7)Ck a < —7Ck, A, since we
have 7 = (2A4)~!. From (39) we conclude that, on Q, there exist srictly more than K /2
blocks By, on which Pp, ({z+ —{z) < —aTCk a < —7Ck 4, since o = 1. This is true for all
Z € C\Bk 4; in other words, we have
sup MOMK(ﬁz* —ﬁz) < —TCK7A
ZeC\Bxk, A

Moreover, on Q, for any Z € Bg 4, there exist stricly more than K/2 blocks By, such that
‘(PBk - P)ﬁz‘ < TCK,A, so that PBka - fz*) = —TCKA + P(EZ — fz*) = —TC}QA, since
P(lz —Llz+) = 0 by definition of Z*. Then, we have Pp, ({z+ —{z) < TCk 4 on stricly more
than K/2 blocks, which implies that MOMg (¢z+ — £7) < 7Ck 4. This being true for any

Z € Bk a, we conclude that (36) holds with n = 7Ck 4. ]
Lemma 5.5 Grant Assumption and assume that K > 100|0|. On Qg, PL, <
270K A.

Proof Assume that Qx holds. From Lemmas 5.3 and 5.1 , | Z — Z* |7, < Ck,a, that is Ze

B a. Therefore, on strictly more than K /2 blocks By, we have ’(PBk — P)EZ‘ < 7Ck A,
and then on these blocks:

P£2<P3k£2+TCK’A. (40)
In addition, by definition of Z and (38) (for n = 7Ck. 4):

)
MOMK(KZA — ﬁz*) < SupMOMK(Ez* —EZ) < TCKA
zZeC

which implies the existence of K /2 blocks (at least) on which:
Pp L, <7Ck A (41)

k

As a consequence, there exist at least one block By on which (10) and (11) holds simulta-
neously. On this block, we have: PL, < 7Ck 4o + 7Ck 4 = 27Ck 4, which concludes the
proof. [ |
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At this point, we proved that on the event Q. the estimator Z has the statistical
properties announced in Theorem . In the final lemma, we show that (2x holds with
high probability.

Lemma 5.6 Assume that |O| < K/100. Then Qg holds with probability at least 1 —
exp(—72K/625).

Proof Let ¢ :t € R — lyoqy + 2(t — 1/2)1( p<i<1y, s0 that for any ¢t € R, 1>y <
¢(t> < 1{t>1/2}‘ For k € [K], let W, = {)(z 11 € Bk} and Fz(Wk) = (PBk - P)ﬁz We
also define the counterparts of these quantities constructed with the non-corrupted vectors:
W = {)? Lie Bk} and F;(Wy,) = (Pp, — P)Ly, where Py, Ly := (K/N) Yep, L2(X)).
Let ¥(Z) = ZkE[K] l{IFz(Wk)IsTCK,A}' We are now showing that, with high probability, if
Z € Bk a, then ¢(Z) > K /2. In the adversarial corruption setup, it is enough to prove that
the following inequality occurs with high probability: for all Z € B 4,

49K

kz 1{|F2(Wk ‘>TCKA} ' (42)
E

Indeed, consider Z € C such that (12) holds. Then, there exist at least (1 —49/100)K =
(51/100) K blocks By, on which [Fz(W;)| < 7Ck, 4. On the other hand, we know that |O] <
K /100, so that among the (51/100)K previous blocks, at most K /100 contain corrupted
data. The other (50/100)K = K /2 contain only non-corrupted data, so we have Fy (W) =
Fz(Wj) on these blocks. We conclude that >4 1{|Fz(Wk)\<TCK,A} > K /2, that is ¢(Z) >
K/2, if (12) holds.

Then, we only have to show that (12) holds uniformly over all Z € Bg 4 with high
probability. This is what we do now. Let Z € Bx 4. We have:

Z 1{‘F2(Wk)|>TCK,A}
ke[ K]

(K]
- [1{|Fz<v“vk>>”“}]> 2P (lFZ(Wk)! > =" )
ke[ K]

|Fy (W) ~  1Ck.a
oy (TC'KA>]> + kZ Pl |Fz(Wy)| > 2>

e[ K]

|Fy(Wy)] ~  1Ck.a
@(TC,“)] + ) P<|F2(Wk)|> : )

’ ke[K]

)
- 2 ( {|Fz(Wy)|>rCra} —
<X

(cp <|cmgwk>|> e
ke[K] TVK,A

<swp [ Y@ <|FZ(Wk)|) T
ke[K]

ZEBKﬂA
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We start with bounding the last sum in the previous inequality. For each k € [K], it follows
from Markov’s inequality, the definition of C'x 4 and the linearity of the loss function that

~ T7CK A 4 ~ 5 4 K ~
P[|F : < E(F = [ = X
(1eet@i) > 2554 < o [P ] = 1o (5 ) vt )
4 K ~ 4 K 4 K 4 1
< — (= )E X =———=1Z2-2"},< ——— < =
(TCK.4)? <N> [£2(X)7] (7CK.A)? NH Iz, (1Ck.4)? NCKA 2y 200

Plugging the latter result into (13), we get:

K |Fz (W]
1 ~ < —+ su 0] —E
kez[ll(] {IFz(Wi)|>7Ck.a} = 9200 ZEB;I;A Z ( 7Cr A

(44)

We now have to bound this last term. Using Mc Diarmind inequality (Theorem 6.2 in
( ) for taking ¢ = 12/25), we get that with probability at least 1 —
exp(—T2K/625), for all Z € Bi A,

|Fz(Wy)] |Fz (W)
Z ¢< TCK A >_E¢< 7CK A )

ke[ K]
12 |Fz (Wy)] Py (W)
< —K+E| sup —Eop | ———=
2 A, 2 < Cra )0\ Tk
Let now €1, ..., ex be Rademacher variables independent from the )N(i’s. By the symmetriza-

tion Lemma, we have:
Pz (W)
E E —E
e ¢ ( TCK A

As ¢ is 2-Lipschitz with ¢(0) = 0, we can use the contraction Lemma (see
( ), Theorem 4.3) to get that:

|Fz (W) |Fz (W)
d)( TCK A )] <2 Sab Z ed)( TCK A )

ZeBk,a ke[ K

E| sup Z €Ld 7|FZ(WI€)| <2E| sup Fz (W)
ZeBre.a yefk] 7CK,A ZeBra yeTk] 7CK,A
P, — P
<2E| sup Z ek( B )Lz
ZEBK’A kG[K] TCK,A

Now, let (0)i=1,... .k be a family of Rademacher variables independant from the )?i’s and
the €;’s. Using the symmetrization Lemma one more time, we get

BN

(Pp, — P)Ly K& Lz(X)
sup €p————— | <2E| sup — ) o
» A N0
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To bound this last term, we consider two cases: either Cx 4 = (r*)? or Ck,a=vK/N. In
the first case, by definition of r* we have:

N N
L7(X;) 1 9
E| su o; < r*)*N = vN.
[ZGBE,A; " Ck.a CK,A’Y( ) 7

In the second case, we decompose the supremum into two parts:

= max sup Uiﬁz()z}-), sup Z oilz( X, i)

ZeBy allZ—Z*||py<r* ;2 ZeBy, ar*<|Z—2% | [, </ 55 i=1
Let Z € Bg, 4 be such that r* < ||Z — Z*||, < 4/%X. Since C is star-shapped in Z*, there
exists Zy € C such that |Zy — Z*|r, = r* and Z — Z* = k(Zy— Z*) for some K > 1, so that

1Z—-Z*|L uK 1
T < . Moreover, we have by linearity of £ that £z, = kLz. Therefore,

= T20-2%, =
we obtain
N N
sup Z oilz(X;) < sup sup Z oikLz,(X;)
ZeBic air*<| Z— 2% |, <y 4K i=1 1<r o [ 2 Z0Brail Zo= 2% Ly <1 =
N
vK 1 ~
=A== sup Z ail 7,(X;).

*
N 1™ 0By ail Zo—2%| 1, <r* (2]

Since Cg 4 = vK/N = (r*)?, we get, using the definition of r*:

N
vK 1 ~
<A\~ E sup Z il z(X;)
N r ZGBK’AZHZ—Z* HL2<T’* =

1
lvK 1
< W;V(T*)ZN < CK,A’YN‘

Finally, we get that whatever the value of Ck 4 is:

c [ N LX)

sup Z o; < vN.

zeBxaml Cra

Combining all these inequalities, we finally get that, with probability at least 1—exp(—12K/625),
for all Z € Bk a,

12 1 8y 49
Z (|F7(Wa)|>7Cra} S K + %K T SIS 400K
ke[ K]
From our choice of parameters. This concludes the proof. [ |
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5.1.4 PROOF OF THEOREM

The proof of this theorem follows the same lines as the one of the last Theorem and
: we start with identifying an event on which our estimator has the desired properties,
and then we prove that this event holds with large probability.
For the sake of simplicity, we write Z for Z%OM and 7* for r¥iop () for v = 1/6400.
Consider A and G : H — R such that Assumption holds. Define

Cyo:=1{Z€C:G(Z—-2Z*) < (r*)}.

We consider the following event:

*)2
O = {VZ €Cyq,3J c[N]:|J| > K/2and Yk € J,|(Pp, — P)Lz| < (7‘4) }

We first show that on the event Q, Z satisfies the statistical bounds announced in
Theorem

Lemma 5.7 If there exists n > 0 such that

sup MOMg(lz+ —lz) < —n and  sup MOMg(lzx —lz) <7 (45)
ZeC\Cy,c ZeCyq

then G(Z — Z*) < ()2,
Proof Assume that (15) holds. Then:

inf  MOMpg(£y — ¢ . 46
s K(lz —Lzx) > (46)

Moreover, define Z — Tk (Z) = sup zicc MOMg (07 — € 7)), we have

Tk(Z*) =max | sup MOMpg(lzs —Lz), sup MOMg(lzx —Llz) | <n (47)
ZeC\Cy,a ZeCy

and, by definition of Z, we also have Tk (Z) = sup z.c MOM (€,—Lz) < supyee MOMg (75—
lz) = Tg(Z*) < n. However, by (16), any Z € C\C,,¢ must satisfy

TK(Z> ZMOMK(ez—Ez*) > inf MOMK(fz—fz*) > .
ZEC\C—Y,G

Therefore, we necessarily have Z € C n C, g, that is G(Z — Z*) < (). ]

Lemma 5.8 Assume that A < 2. On the event Qg, (/5) holds with n = (r*)?/4.

Proof Let Z be such that G(Z — Z*) > (r*)2. By the star-shaped property of C and the
regularity property of G, there exist Zg € 0C,¢ and a > 1 such that Z = Z* + a(Zy — Z%).
Since G(Zy — Z*) = (r*)?, we have by Assumption that PLy, > A7'G(Zy — Z*).
Moreover, on Q, there are at least K /2 blocks By, on which |(Pg, — P)Lz,| < (r*)?/4 and
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so Pp, Lz, = PLzy — (r*)?/4 = A71G(Zy — Z*%) — (r*)?/4 = (r*)?/4 since we assumed that
A < 2. Now, by linearity of the loss function, we have on these blocks
Pp L7 = aPp Lz, > a(r*)2/4 > (r*)2/4.

We conclude that MOMg (¢z+ — £z) < —(r*)?/4. This being true for any Z € C\C, ¢ we
have:

(r*)2
sup MOMK(gz* —Ez) < — .
ZeC\Cy 4
This shows the left-hand side inequality of (15) for n = (r*)2/4.

Next, let Z € C be such that G(Z — Z*) < (r*)2. On Qg, there are at least K/2
blocks By, on which |(Pp, — P)Lz,| < (r*)?/4, that is —Pp, Lz < (r*)?/4— PLz < (r*)?/4
since PLz > 0 by definition of Z*. Then, MOM (£zx — £z) < (r*)?/4. This holds for all
Z € Cyq, in other words, the right-hand side inequality of (45) holds for n = (r*)?/4 and

this concludes the proof. [
Lemma 5.9 Assume the conditions of Theorem are met. Then, on Qf, PL, <
(r*)?/2.

Proof From Assumption combined with the fact that A < 2, we have from Lemmas

and 5.8 that G(Z — Z*) < (r ) Then on Qg there exist strictly more than K /2 blocks
By on which |(Pg, — P)L,| < (r*)?/4, that is:

(T*)Q
PEZ <PBk£2+ 1 (48)
Moreover, by (17) and by definition of Z , we have:
*\2
MOMK(E fz*) SupMOMK(E —fz) SupMOMK(fz* —fz) TK(Z*) < n= (T‘ ) .
zZeC zeC 4

As a consequence, there exist at least K /2 blocks By, on which Pg, (¢, — €z+) < (r*)?/4,
that is:
(r*)?
Pp,L, < 1 (49)
So there must be at least one block By, on which (18) and (19) hold simultaneously. On
this block, we have:

) ) (T’*)2 (T*)2 (T’*)2 (T*)2
P‘CZ < PBk L:+ 1 1 1 5
L

At this stage of the proof, we have shown that on the event Q, the estimator Z has the
statistical bounds announced in Theorem . The final ingredient is to show that, under
the conditions of Theorem , Qx holds with exponentially large probability. This is the
purpose of the next result that can be proved using the same proof as the one of Lemma

Lemma 5.10 Assume the conditions of Theorem are met, with A < 2. Then Qg
holds with probability at least 1 — exp(—T2K/625).
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5.1.5 PROOF OF THEOREM

The proof is structured in the same way as the previous ones: we identify an event on
which ZAI%%OM has the desired statistical properties, then we show that this event holds
with high 7probability. Let v = 1/32000. Consider p* > 0 such that p* satisfies the sparsity
equation of Definition . For the sake of simplicity, all along this proof we write Z
for Z}?%IOM and 75 = TRyomer(7,0p") for both b € {1,2}. For b € {1,2}, we define
By,:={ZeC:PLy < (r})* and |Z — Z*| < bp*}. Then we define:
(r3)?
O = {Vb €{1,2},YZ € By,3J < [K],|J| > K/2,Vk € J,|(Pp, — P)Lz| < 20} :

Finally, we consider X := (11/(40p*))(r%)2. We begin the proof by showing that on Qg, Z
has the statistical properties announced in Theorem

Lemma 5.11 If there exists n > 0 such that

sup MOMg (bzx —Lz) + XN (|1 Z*| — | Z]) < —n (50)
ZEC\BQ
and
SZUIc)MOMK(fz* —Llz) + (127 = Z]) <n (51)
(S

then PL, < (r§)? and |Z — Z*| < 2p*.

Proof For Z € C, define S(Z) = supyec MOMk (b7 — L)+ A(|Z]|— || Z'|). For all Z € C\Bs
we have:

S(Z) =2 MOMk (tz — t7) + M| Z] = | Z7]) = s MOMg (£z — Uz) + M| 2] = [27]) > n

since (50) holds. Moreover, we have by definition of Z:

S(2) <S(z*) = SéUIC)MOMK(fZ* —tz) + M1Z7[ = 1Z1) <n
€l

since (51) holds. This shows that necessarily Z € Bs. ]
We are now looking for n > 0 such that (50) and (51) hold, which the following Lemma

allows us to do.

Lemma 5.12 Under the assumptions of Theorem and on the event event Qg , (50)
and (51) hold with n = 19(r%)?/50.

Proof Let be {1,2}. Let Z € C\By,. By the star-shaped property of C, there exist Zy € 0B,
and o > 1 such that Z = Z* + a(Zy — Z*). As a consequence, by linearity of the loss
function and convexity of the regularization norm, for all k € [K| we have

Pp, Ly = Pp, Lz + N1 Z| = | Z*]) = aPp, Lz, + MlaZo + (1 — &) Z*| — | Z*|)
> aPp, Lz, + \a(| Zo| - | 2¥]) = aPp, L3, (52)
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Now, since Zy € 0B,, we have either a) PLz, = (rf)? and |Zo — Z*| < bp* or b)
PLy, < (r}f)? and |Zy — Z*| = bp*.

In the first case a), on Qg, there are at least K /2 blocks By on which Pp, Lz, >
PLz, — (r§)?/20 = (19/20)(r})?. Therefore, on these blocs, we have

19
Py, Ly, = Pp Lz, + M| Z0| = 1271) = 55(r8)* = M 2o — 27|
19 19 11b 2(r$)2/5  forb=2

> 27 (p¥)2 *:7*277*22 2

> g0 = Mgt = o - s = { S PR )
where we used in the case b = 1 that 7¥ > r/y/2 thanks to Proposition from the
Appendix. )

In the second case b), we have Zy € Hp,+ from Definition . Since the sparsity

equation holds for p = p*, it also holds for p = bp* (see Proposition in the Appendix).
Let V € H be such that |Z* — V| < bp*/20 and ® € J||.||(V'). We have:

Zo| = 1Z%] = | Zoll = |V = |Z* = V|
> (®,Zy— V) —|Z* = V| (since ® € d|.[(V))
= (0, Zy— Z*) —(®,V = Z*) — | Z2* = V|
> (®,20— 2%y —2|Z* —= V| (since (®,U) < |U| for any U € H)
bp*
> (D, Zy — Z%) — —.
(®,20-2%) = 15
This is true for any ® € v O||l.||[(V') = T'z%(bp*). Then taking the sup over Iz« (bp*)
VeZ* +bp* /20
gives:
b *
120 = 12*] > swp (®,20-2%) - 5
DT 4 (bp*) 0

and then taking the infimum over ﬁbp* gives:

b *
1Zo| = 12*| = inf |Zo] —|2*] > inf  sup (@7 —2%)- L=
Z()Epr* ZoEpr* @epz* (Qp*) 10
bp* 7
= A(bp*) — 2 = g (54)

10 ~ 10
where the last inequality holds since bp* satisfies the sparsity equation. Then, A(||Zo| —
1Z*]) = (7/10)\bp* = (77/400)b(r%)2. Now, since Zy € By, on Qx there exist at least
K /2 blocks By, such that |(Pg, — P)Lz,| < (r§)?/20 and so Pp, Lz, = (rf)?/20 - because
PLz, = 0. Therefore, on the very same blocks,

1

77 134(r%)2/400  for b= 2
A _ * > = (p¥ 2 S *\2 > 2
Pa Ly, = Po Lz + N(120l - 12°0) > =5 15 + quvtrg? > § GBI o=
(55)
where we used that r§ < r5 (see Proposition in the Appendix). As a consequence, it

follows from (52), the fact that o > 1, (53) and (55) for b = 2 that for all Z € C\Ba, on more
than K /2 blocks By: Pp, L > (134/400)(r3)? and so (50) holds for n < (134/400)(r3)2.
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Let us now turn to Equation (51). Let Z € By. On Qg there exist at least K /2 blocks
By, such that |(Pp, — P)Lz| < (r§)?/20. On these blocks By, all Pg, £7’s are such that

1 1
Pp Ly = P, Lz + M| Z| = |Z*])) = PLz — o5 (1)? = M| Z = Z*| = — - (rf)? — Ap*

20 20
1 %\ 2 11 %\ 2 13 *\2
= — _ — > _—
SO = 08 > o)) (56)
because ri < r3 (see Proposition in the Appendix). Next, it follows from (52), the fact

that a > 1, (53) for b =1, (55) for b =1 and (50) that

-1 —29 13 13
MOMg (7% — £7) + M| Z2*| — | Z]) < —, = |y = —(r})° 57
sup MOMc €2+ — £2) + M(|2°] - 120) < max (. 0 0 ) 8 = (3P (67

and so (51) holds for n > 13(r%)2/40. As a consequence, (50) and (51) both hold for
n = 132(r)?/400. |

At this stage, we have shown that on the event Qg , the estimator Z has the statistical
properties announced in Theorem . In what follows we prove that in the framework of
Theorem , QO holds with exponentially large probability.

Lemma 5.13 Assume that K = 100|0|, and let p* > 0 be such that it satisfies the sparsity
equation from Definition . Then, Qx holds with probability at least 1—2 exp(—T72K /625).

Proof Let ¢ :t € R — lyoqy + 2(t — 1/2)1( 9<i<1), so that for any ¢ € R, 1>y <
o(t) < 1{15;1/2}. For k € [K], let Wy := {X, :i€ B} and Fz(Wy) = (PB,c — P)L;. We
also define the counterparts of these quantities constructed with the non-corrupted vectors:
Wk = {)22 = Bk} and FZ(Wk) = (]379; — ]B)EZ, where JBECEZ = %ZieBk EZ()NQ) and
PLy = E[Ez(Xl)] For both b € {1,2}, let 7 — 1#(,(2) = Zke[K] 1{|FZ(Wk)\<(T§)2/20}‘ Let
be {1,2}. We want to show that, with high probability, if Z € By, then ¢,(Z) > K/2 which
follows if one can proves that

19K
Z 1 —~ (T;)k)2 < W (58)
W (F o= |

Indeed, consider Z € By, such that (58) holds. Then, there exist at least (1 —49/100)K =
51K /100 blocks By on which |FZ(Wk)] < (r})?/20. On the other hand, we know that
|O| < K/100, so that among the 51K /100 previous blocks, at most K /100 contains cor-
rupted data. The other 50K/100 = K /2 contain only non-corrupted data, so we have
FZ(Wk) = Fz (W) on these block and so ¢(Z) > K/2.
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Let Z € B,. We have:

kez[f]ﬂ 1{FZ(‘7‘71@)|><T§<0)2}

(7-*>2} <|FZ(Wk)

1
o | oY%

_ke[K] 1{|FZ(” “éko)?}iE l{|FZ(Wk)| (*70)2}

We start with bounding the last sum in the previous inequality. For each k € [K], Markov’s
inequality and the definition of 7} yield to

~ r* 2 ~
P (IFz(Wk)\ > (Zfo) ) < (120)05 [FZ(Wk) ] = (120)2 <§> Var(Lz(X))
< (16;0)0 (Vi) < 505

Plugging this last result into (59), we get:
K 20| Fz (W, 20| Fz (W,
Z 1{F W) (r;")Q}g%'i_sup Z ¢< |(TZ()2k)>_E[¢< |(TZ*()2k)|>] )
ke[K] z (W |>T ZeBy, ke[K] b b

We now we have to bound this last term. Using Mc Diarmind inequality (Theorem

6.2 in ( ) with ¢t = 12/25), we get that with probability at least
1 —exp(—72K/625), for all Z € By,

Z ¢ ( (7,,*)2 ) E(b ( (T.b)Q )

ke[K] b
12K 20| Fy (W) 20|FZ(Wk y
<=~ +E > SR g | A
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Let now €4, ..., ex be Rademacher variables independant from the )N(i’s. By the symmetriza-
tion Lemma, we have:

£ | wup ;]¢<W>_E[¢<W>] <o o 3 ¢<20|5<)W!>

ZeBy kel K b ZeBy Ke[K]
(62)
As ¢ is Lipschitz with ¢(0) = 0, we can use the contraction Lemma (see
( ), chapter 4) to get that:
20| F7 (W, 20F, (W
E | sup Z €L #2’“” < 2E | sup Z Ek#
ZeBy, ke[ ] (Tb) ZeBy kE[K] (Tb)
40 ~ o~
= E | sup Z 6k(PBk - P)ﬁz (63)

(7«.;‘)2 ZEBb kJG[K]

Now, let (0;)i=1,..~n be a family of Rademacher variables independant from the )N(i’s
and the ¢;’s. Using the symmetrization Lemma again, we get:

E [ sup Z ek(lg\BJk —P)Ly | <2E|sup — Z 0Lz (X)) | < 2KE(rf, bp*) < 2K~(r})?.
ZGBb kE[K] ZGBb i=1

Combining this with (61), (62) and (63), we finally get that, with probability at least
1 —exp(—72K/625):

20(Fz (W) \ 20| F (Wh)| 12
sup qu( e ) E[¢< ) )] <25+160'y> (64)

20y kelK]

Plugging that into (60), we conclude that, with probability at least 1 —exp(—72K/625), for
all Z € 357

49

L, 12
Y1 < +1607>K — K
(rf)?
W {|FZ(Wk)\> o2 } 200 ' 25 100

for our choice of parameters. Now, in order for i to hold, this inequality must be verified
for both b = 1 and 2. Then, we finally conclude that Qx holds with probability 1 —
2exp(—72K/625), which concludes the proof.

|

5.1.6 PROOF OF THEOREM

Let K > 0 be a divisor of N such that K > 100|O|. Let v = 1/32000. Let A € (0,1]
and p* > 0 be such that Assumption holds and satisfying the sparsity equation from
Definition . Define v = 320000A42.
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For the sake of simplicity, we write all along this proof Z for Z%KIOM. For b e {1,2}, we
define 73 = RyioM, 1, (7, 00%),

K
Ckp := max <1/N, (

r;f>2> = Ci(7,bp*, A),

and the localized models By := {Z € C: |Z — Z*| < bp* and |Z — Z*|1, < \/Ckp} - we
recall that the Ly-norm associated with the good data X is defined as || Z] 1, = E[<)Z', Z>2]1/2.
With these notation, we have X := (11/(40p*))Ck 2. Finally, we define the event onto which
Z will have the desired properties:

20

K
K
QK = {Vbe {1,2},VZ€ BK,In Z 1{|(P _P)C ’<CK,b} > 2} .
=1 B, z|<

First, we show that on Qg Z has the statistical properties announced in Theorem
Then, we show that x holds with high probability.

Lemma 5.14 If there exists 7 > 0 such that

sup. MOMk ({zx — Lz) + M| 27| — [ Z]) < —n (65)
ZGC\BK72
and
séngMOMK(ﬁz* —lz)+ M| Z* | = Z]) <n (66)
€

then |Z — Z*| < 2p* and |Z — Z*|1, < \/Ck 2.

Proof Assume that such an 7 exists. For Z € C, define S(Z) = supzcc MOMgk (b7 —Cz) +
X|Z| —[Z']). For Z € C\Bk,2 we have:

S(Z) =2 MOMk (7 — Lzx) + X[ Z]| = | Z2*]) = z@é{%f MOMEg (€7 — £z+) + M| Z] = [ Z¥|)) > n
2

K
since (65) holds. Moreover, we have by definition of Z:

S(2) < 8(z%) = Séulgl\/IC)l\/IK(fz* — )+ M1Z7[ = 1Z1) <n
€l

since (66) holds. This shows that necessarily Z € By ». ]

We are now looking for n > 0 such that (65) and (60) hold. In the following result we
identify such a n on the event Q.

Lemma 5.15 Under the conditions of Theorem and on the event Qg, (065) and (00)
hold with i = 33C 2/100.
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Proof Consider b € {1,2} and Z € C\Bg . From the star-shaped property of C, we have
the existence of Zy € 0Bk and a > 1 such that Z = Z* + o(Zy — Z*). As a consequence,
by linearity of the loss function and convexity of the regularization norm, for all k € [K] we
have

Pp, Ly = Pp, Lz + M| Z] = | Z*]) = aPp, L2, + MllaZo + (1 — ) Z*| - | Z*])
> aPp, Lz, + (| Zo| — | Z¥]) = aPp, LY, (67)

Now, since Zy € 0Bk p, we have either a) | Zo — Z*||1, = A/Ck and || Zg — Z*| < bp* or
b) HZ()—Z*HL2 < CKJ, and HZ()—Z*H =bp*.

In the first case a), on Q, there are at least K /2 blocks By, on which Pg, Lz, > PLz, —
Ckp/(20). But from Assumption , we have in this case that APLz, > |Zy — Z*|}, =
Ck p, so that, on the same blocks of data, Pp, Lz, = (1/A)Ck—(1/20)Ckp = (19/20)Ckp,
since we assumed that 0 < A < 1. Therefore, on these blocs, we have

19
Pp L3, = P, Lz, + M| Zo| — |1 2¥]) = 50 Kb = AlZo = Z7|

19 19 116
> —Cgp—Np* = —Ckp— —Cko.
20 Kb 4 20 Kb 40 K2

But thanks to Proposition from the Appendix, we have that r§ > ri/v/2, from which
we deduce that Cx 1 = Ck2/2. As a consequence, on the previous blocks, we have

7Ck2/40  for b=1
A K2
PrL7, > { 16CK2/40  for b = 2. (68)
In the second case b), we have Zy € I;pr*7 A from Definition . Since the sparsity
equation is satisfied by p*, it is also satisfied by bp* as well (see Proposition in the
Appendix). Let V € H be such that |Z* — V| < bp*/20 and ® € J|.| (V). We have:
Zo| = 1Z%] = | Zo|l = |V = |Z* = V|
> <§>, Zo — V> —|Z* = V| (since ® € d|.|(V))
= <<I>,Zo — Z*> — <<I>,V — Z*> —|Z*=V|
> (®,Zy— 2*)—2|2* = V| (since (®,U) < ||U] for any U € H)
bp*
> (D, Zg—Z%) — —.
(®, % T
This is true for any ® € Ve fbp*/ma”'H(V) = I'z«(bp*). Then taking the sup over I'zx (bp*)
gives:
x s bp”
HZOH_HZ | = sup <‘I’,Z0—Z 0
Pel 73 (bp*)
and then taking the infimum over I;pr*7 A gives:
|Zo| = 12*[ = inf [Zo]| =27 > inf sup  (®,20 = 2%) = 45
Z()Gpr*PA Z()Epr*,A (I)EFZ* (Qp*)
bp* 7
= Abp*) — 2= = Ly (69)

10 ~ 10
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where the last inequality holds since bp* satisfies the sparsity equation. Then, A(||Zo| —
|Z*) = (7/10)Abp* = (77/400)bCk 2. Now, since Zy € Bip, on Q there exist at least K/2
blocks By, such that |(Pp, — P)Lz,| < Ck/(20) and so P, Lz, = —Ck/(20) (because
PLyz, > 0). Therefore, on the very same blocks,

1 77h 57(r3)?2/400 forb=1

PBk£Z0 PBk[’ZO + A(HZOH ”Z H) = QOCK’b + 40001{72 = { 134(7.;)2/400 for b= 2
(70)

where we used that Ck ;1 < Ck 2 because ri < rj (see Proposition in the Appendix).

As a consequence, it follows from (67), the fact that a > 1, (68) and (70) for b = 2 that, for
all Z € C\Bk .2, on more than K /2 blocks By: Pg, L3 > (134/400)Ck 2 and so (65) holds
for n < (134/400)Ck 2.

Let us now turn to Equation (66). Let Z € Bg 1. On Q there exist at least K/2 blocks
By, such that |(Pp, — P)Lz| < Ck 1/20. On these blocks By, all P, £3’s are such that

1 1
Pp Ly = P, Lz + | Z]| = | Z*|) = PLz — 20K = MZ = 2% = =55 Cra = A0

1 11 13
= —— - — = —— 1
2OCK’1 4OCK,2 4OCK,2 (7 )
where we used the fact that, thanks to Proposition in the Appendix, Cx1 < Ckp.
Next, it follows from (67), the fact that o > 1, (68) and (67) for b =1 and (71) that

-7 =57 13
sup MOMg (£zx — £z) + (| 2% — | Z]) < max

13
= = - = 2
e <4o’ 400’ 40) Ck2=33Cr2 (72)

and so (60) holds for n > 13Ck 2/40. As a consequence, (65) and (66) both hold for
n = 132C 2/400.

|
From Lemmas and , we conclude that on the event Qg, ZeB K,2. We use this
information to upper bound the excess risk of Z in the following result.
Lemma 5.16 Under the conditions of Theorem and on the event Qg , we have PL , <
(27/100)Ck 2.
Proof From Lemmas and , we have that 7 € Br2. On Qf, this implies the
existence of stricly more than K /2 blocks By on which
PEZ gPBk£ZA+CK,2/20~ (73)

Now, by definition of Z, (66) and Lemma we get

MOMg (£, — Lzx) + MIZ| - 12%]) < SéugMOMK(EZ* —Llz)+ M| Z*| — | Z]) < 33Ck,2/100.
€
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This means that there exist at least K /2 blocks By on which Pg, L, + |Z| = 1z*]) <
33CK2/100. Since A(|Z*| — | Z]) < M| Z* — Z| < 2\p* = 11Ck 2/20, we have on these
blocks

Pp, L5 < 33Ck 2/100 + 11Ck 2/20 = 22C 2/100. (74)

Therefore, there exist at least a block By, on which (73) and (74) hold simultaneously. On
this block, we can write

PﬁZ < PBk0£Z + CK72/20 < 220}{72/100 + CK72/20 = 270}(,2/100.
|

At this stage, we have shown that on the event Qp, the regularized minmax MOM-
estimator Z has the statistical properties announced in Theorem . In what follows, we
prove that, in the framework of Theorem , Qk holds with exponentially large probability.

Proposition 5.17 Consider p* that satisfies the sparsity equation from Definition
Assume that K > 100|0|. Then, Qg holds with probability at least 1 — 2 exp(—T2K/625).

Proof Let b € {1,2}. Let ¢ : t € R — Lyoqy + 2(t — 1/2)1( p<4<1y, s0 that for any
t € R, l{t?l} < ¢(t) < 1{t>1/2}- For k € [K], let Wk = {Xz ZGBk} and FZ(Wk) =
(Pp, — P)Lz. We also define the counterparts of these quantities constructed with the

non-corrupted vectors: WN/k = {)NQ (i€ Bk} and FZ(WN/k) = (ﬁ;;/k — P)Lz, where IC-’E;EZ =

(K/N) Xien, Lz(X;). Let y(Z) = 2 ke[K] 1{|Fz(Wk)\<CK,b/(20)}' We would like to show
that, if Z € Bk, then ¢,(Z) > K/2 with high probability. As we showed in the proof

of Lemma 5.2, in our framework this is true if we show that with high probability, for all
ZeB K.,bs
49K
2. 1{|FZ(W;€)|> 0} < Tgp (75)
ke[ K]

and this is what we do now. Let Z € Bg ;. We have:

Z 1 ~ Crp
kE[K] {IFZ(Wk) 20 }
C C
T By (e 5) - )
T z 0
=) —E1 + > P \F(WN/)\>CK’Z’
\FZ Wk)|>CKb \Fz 2Tk 40
ke[K) ke[K]
20|F7(Wy) 20|F7 (W, c
<3 (o(25m)- EM S N
ke[K] Kb Kb ke[K]
< sup | > ¢ 201 (W) 20155(Wi)| + Y P (\FZ(WM > CK’b>
ZeBis \ he[k] Ckp Ckp KoK 40

(76)
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We start with bounding the last sum in the previous inequality. For each k € [K], Markov’s
inequality and the definition of Cx yield to

P <|FZ(I/I~/k) CZB”)
< ((;1[31,)2E [\Fz(WN/k)\Q] — (Cilfi')b>2 (ﬁ)QE (Z L7(X;)—E [ﬁz()z’z‘)])2

40 \* K 40 \2 K 1
<(—) =1Z2-2%2. < | — ) =Ckp <40t = —.
<CK,,> N Iz, (cK,b> N Kb v 200

)

Plugging this last result into (70), we get:

s 20| Fz (W) 20(F (W)
1 ~ < — + su —E il il AL YA
kez[;{] {lFZ(Wk) Céﬁ’b} 200 ZeBE’b k; ¢ ( Ckp ¢ Ckp
(77)

We now have to bound this last term. Using Mc Diarmind inequality (Theorem 6.2
in ( ) with t = 12/25), we get that with probability at least 1 —
exp(—72K/625), for all Z € Bk,

20 F (W) 20|Fz(Wy)|
Z¢<%>_E¢< T )

ke[ K]
12K 20| F (W, 20| Fy (W
<5 tE| swp Z¢<W>—E¢(|g(’“)'> . (78)
ZEBK b e[k Kb Kb
Let now €1, ..., ex be Rademacher variables independant from the Xi’s. By the symmetriza-

tion Lemma, we have:

20| Fy (Wy)] 20| Fz (Wy)]
| 2o () = (M)

20| Fz (W,
< 2E| sup Z €LQ M (79)
ZeBrs 140K Ckp
As ¢ is Lipschitz with ¢(0) = 0, we can use the contraction Lemma (see
( ), chapter 4) to get that:
20| F Wk
E| sup Z €O |C'()’
ZEBK’b kG[K] K,b
20F, (W), 40
<2E| su € = E| su ex(Pp, — P)Lz 80
p Y O Bl B - P) (30)

» ZeBg ke[K]
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Now, let (0;)i=1,..~ be a family of Rademacher variables independant from the )?i’s
and the ¢;’s. Using the symmetrization Lemma again, we get:

K N
E| sup Z €k PBk —P)Ly| <2E| sup = Z 0ilz(X;)| < 2K(r})? < 2K7Cli .
ZEBKb ke[ ] ZeBKb i=1

Combining this with (78), (79) and (80), we finally get that, with probability at least
1 —exp(—72K/625):

20|z (W)| 20| (W)| 12
zingk; ¢< s ) —E [¢< o )] < (25 +1607> (81)

Plugging that into (77), we conclude that, with probability at least 1 —exp(—72K/625), for
all Ze B K,bs

112 19
2. Y=o} S <200 Tt 1607) K< 100
ke[k] U Z20F

for our choice of parameters. Now, in order for i to hold, this inequality must be verified
for both b = 1 and 2. Then, we finally conclude that Qx holds with probability 1 —
2 exp(—T72K /625), which concludes the proof.

[

5.1.7 PROOF OF THEOREM

The proof is structured in the same way as the previous ones: we identify an event on
which ZRMOM has the desired statistical properties, then we show that this event holds

with hlgh probablhty We place ourselves under the conditions of Theorem , l.e., we
assume the existence of A € (0,1] such that Assumption holds, v = 1/32000 and
p* which satisfies the sparsity equation from Definition . For b € {1,2} we define

e = rivoma (1, 20%) and By = {Z € C: G(Z — Z*) < (r§)? and || Z — Z*| < bp*}. With
these notation, A = (11/(40p*))r5. We consider the event

Qi = {Vbe{l,Q},VZeBb, §1(|(ka P)Ls| < (Tb)2) >I2<}
k=1
For the sake of simplicity, in the rest of the proof we write 7 = Z}%&OM.
Lemma 5.18 If there exists 7 > 0 such that
zig&MOMK(EZ* —Lz) + M2 = 1Z]) < —n (82)
and
Sup MOMg (€zx = Lz) + M| Z*| = | Z]) <n (83)

then |Z — Z*| < 2p* and G(Z — Z*) < TRMOMG(")/,2,O)
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Proof Let 7 be such that (32) and (23) hold. For all Z € C, define S(Z) = sup zcc MOMg (¢7—
Lz) + AN Z]| — | Z'||). Tt follows from (22) that for all Z € C\B,,

S(Z) 2 MOMk (b7 — bz+) + A(|Z] = [Z7]) > n
Moreover, it follows from the definition of Z and (53) that

S(2) < S(z%) = SZUISMOMK(EZ* —tz) + M1Z7[ = 1Z1) <n
€l

This shows that necessarily Z € Bs. [ |

Lemma 5.19 Under the conditions of Theorem and on the event Qg q, (52) and (57)
hold with n = (33/100)(r3)?.

Proof Let be {1,2}. Let Z € C\B,. By the star-shaped property of C and the regularity
property of G, there exist Zy € 0B, and o > 1 such that Z = Z* + o(Zy — Z*). As a
consequence, by linearity of the loss function and convexity of the regularization norm, for
all k € [K] we have

Pp, Ly = Pp, Lz + M| Z] = | Z*]) = aPp, L2, + MllaZo + (1 = ) Z*| - | Z*])
> aPp, Lz, + (| Zo| - |2*]) = aPp, L3, (84)

Now, since Zy € 0By, we have either a) G(Zy — Z*) = (r})? and |Zo — Z*| < bp* or b)
G(Zy— Z*) < (r§)? and | Zo — Z*| = bp*.

In the first case a), on Qg ¢, there are at least K /2 blocks By, on which Pp, L7, > PLz,—
(r§)?/(20). But we also have from Assumption that APLy, > G(Zy — Z*) = (r})?,
so that Pp, Lz, = (1/A)(r§)? — (1/20)(r})? = (19/20)(r})?, since we assumed that A < 1.
Therefore, on these blocs, we have

19
Pu, LY, = Po Lz, + |20l — 12°]) = 50 ()2 = N 2o — 2|
19 19 11b (r5)2/5  forb=1

> 29 (p¥)2 _ ¥ 20 H\2 T2 2

> g0 =3t = e - s = P T e
where we used in the case b = 1 that rf > ri/v/2 thanks to Proposition from the
Appendix. )

In the second case b), we have Zy € Hp,« from Definition . Since the sparsity

equation holds for p = p*, it also holds for p = bp* (see Proposition in the Appendix).
Let V € H be such that |Z* — V| < bp*/20 and ® € 9|.|(V). We have:

1Zol = 1 Z*] = | Zo]| — V] = |1Z2* = V||
(9,20 — V) —|Z2* = V| (since ®ed|.[(V))
= (9,20 2%) = (®,V - Z%) — |Z* - V|

> (®,Zy— 2*)—2|2* = V| (since (®,U) < ||U] for any U € H)

AR\
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This is true for any ® € v, O||l.|[(V') =Tz« (bp*). Then taking the sup over I'zx (bp*)

VeZ#+bp* /20
gives:
b %
1Zol = 12*| > swp (@20 -2%) - -
el 44 (bp*) 10
and then taking the infimum over .F_Ibp*, A gives:
|Zo| = 12*[ = inf [Zo]| =27 > inf sup (P, 2y — Z%) — -~
0€H}, % 4 0€ Hypie g BeT , (20%) 10
bp* 7
= A(bp*) — — = —bp* 86
(b0%) = 35 = 15% (86)

where the last inequality holds since bp* satisfies the sparsity equation. Then, A(|Zo| —
1Z*|]) = (7/10)Abp* = (77/400)b(r3)%. Now, since Zy € By, on Q¢ there exist at least K /2
blocks By, such that |(Pp, — P)Lz,| < (r§)?/(20) and so P, Lz, = —(r§)?/(20) (because
PLyz, = 0). Therefore, on the very same blocks,

1 7

PpLY, = P Ly + N1 20— 127]) = —5507) + oob(r5)?
57(r3)?/(400) forb=1
> { 134(r5)2/(400)  for b = 2 (87)
where we used that r{ < r5 (see Proposition in the Appendix). As a consequence, it

follows from (51), the fact that a > 1, (85) and (87) for b = 2 that, for all Z € C\B2, on more

than K /2 blocks By: Pp, L > (134/400)(r3)? and so (22) holds for i < (134/400)(r%)?2.
Let us now turn to Equation (83). Let Z € By. On Qg ¢ there exist at least /2 blocks

By, such that |(Pp, — P)Lz| < (r§)?/(20). On these blocks B, all Pg, £’s are such that

1 1
Pp,Ly = Py, Lz + N Z| = |Z*]) = PLs — %(TT)Q - ANz -2% = —27)(7"1“)2 — Ap*
1 11 13
= g (1) = g3 = 35 (8 (88)
because ri < r3 (see Proposition in the Appendix). Next, it follows from (84), the fact

that a > 1, (85) and (87) for b =1 and (88) that

-1 =57 13 13
MOM g (£2+ — L) + M| 2% — |1 Z]) < LA A - T Ry
sup MOM (€20 — £2) + M(|2°] - 120) < max (. o0 32 ) 8 = (3P (69)

and so (%3) holds for n > 13(r%)?/(40). As a consequence, (32) and (%3) both hold for
n = 132(r%)?/(400). n

From Lemmas and , we conclude that on the event Qg g, Z e By, that is
|Z — Z*|| < 2p* and G(Z — Z*) < (r§)?. The following lemma gives us an upper bound on
the excess risk PL .

Lemma 5.20 Under the conditions of Theorem , and on the event Qi g, we have
PL, < (93/100) (r%)2.
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Proof From Lemmas and , we get that on Qg ¢, 7 € By. This implies the
existence of stricly more than K /2 blocks By, on which |(Pp, — P)L;| < (r%)?/(20), that is:

PL, < Pg,Ly+ (13)2/(20). (90)
Moreover, by (33), the definition of Z and (5.19), we have:

MOM (€ — Ezs) + A (12 = 12*]) < sup MOMc(¢; — £2) + A (|21 - 17])
€

33
<sup MOMk ({zx — {z) + A(|1 27 = Z]) < - (r5)*.
P 100

As a consequence, there exist at least K /2 blocks By on which

33 .o . 33 o .
Py Ly < <582 =2 (12— 12%]) < <509 + M2 = 27|
3 8
< T2 (¥ 2 * OO0 (% 2‘
< T (r8)2 4+ 20" = 1= (1) (91)

So there must be at least a block By, on which (90) and (91) hold simultaneously. On this
block, we have

1 88
PEZ < PBkOEZ + %(7’;>2 < m(’l";)2

1

93
"2

(15)? = 105 (5%

At this stage, we have shown that on the event 2k ¢, the estimator Z has the statistical
properties announced in Theorem . In what follows we prove that under the conditions
of Theorem , Q1 ¢ holds with exponentially large probability.

Lemma 5.21 Assume that K = 100|0|, and let p* > 0 be such that it satisfies the sparsity
equation from Definition . Then, Qk holds with probability at least 1—2 exp(—T2K /625).

Proof Let ¢ : t € R — Llyoqy + 2(t — 1/2)11/0<i<1), S0 that for any ¢ € R, 1>y <
¢(t> < 1{,521/2}. For k € [K], let Wk = {Xz 11 € Bk} and Fz(Wk) = (IDB,C — P)EZ We
also define the counterparts of these quantities constructed with the non-corrupted vectors:
Wi = {)N(z S Bk} and Fz (W) = (ﬁ,\g; — P)Lz, where E;;EZ = %ZieBk Lz(X;) and
PLyz = E[Lz(X;)]. For both b e {1,2}, let Z — ¥y(Z) = X peix 1{|Fz(Wk)\<(7"Z‘)2/(20)}' Let
be {1,2}. We want to show that, with high probability, if Z € By, then (Z) > K /2. As
we showed in the proof of Lemma 5.2, in our framework this is equivalent to proving that
the following inequality occurs with high probability:

49K
Z 1 —~ ('r*)2 < 9 5 (92)
W {|FZ(Wk)\> it } 100
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and this is what we do now. Let Z € B,. We have:

ke[K]

2, 1{z&vW%n><b’}

= 1 (r )2} — <|FZ(Wk)

o | il

We start with bounding the last sum in the previous inequality. For each k € [K], Markov’s
inequality and the definition of 7} yield to

P (12l > W) < S0 [ma 7] = 12 () Var(22(%)

(ri)* (rg)* \ NV
16002 . 1
< (Vi) < 555

Plugging this last result into (93), we get:

K 20| Fz (Wy))| 20| Fz (Wy)|
1 w2y < —— — % | —E — e :
kez[;(] {\Fﬂﬁ@)b%} <3200 "ok (k(;(]¢ ( (r3)? ) [¢ < (r5)? )D

We now have to bound this last term. Using Mc Diarmind inequality (Theorem 6.2

in ( ) with ¢ = 12/25), we get that with probability at least 1 —
exp(—72K/625), for all Z € By,

o (201F2<Wk>\> £ (20\F2<Wk>|>
(r5)?

ke[ K] (rf)?2
% su M _ M
< o5 T E [zagb ke%(] ¢ ( (ri)? ) E¢ < ()’ >} : (95)
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Let now €4, ..., ex be Rademacher variables independant from the )N(i’s. By the symmetriza-
tion Lemma, we have:

20| Fz (Wy)| 20| Fz (Wy)] 20| F7(Wy)]
E D2V g | (222U || < o 201z (Wi)|
Eﬁé’bke%(]¢< () ) M e )] <2 S?Eb%fm( e )

(96)
As ¢ is Lipschitz with ¢(0) = 0, we can use the contraction Lemma (see
( ), chapter 4) to get that:
20| F (W, 20F, (W
ZeBy, ke[ ] (rb) ZeBy, k‘G[K] (Tb)
40 ~ o~
= —5E | swp > e(Ps, — P)Ly (97)

(TZ)Q ZEBb k‘E[K]

Now, let (0;)i=1,..,n be a family of Rademacher variables independant from the )N(Z-’s
and the ¢;’s. Using the symmetrization Lemma again, we get:

E | sup Z ek(]f?;; —P)Lz | <2E|sup — Z 0iLz(X;)| < 2KEq(rf,bp*) < 2K~(rf)>.
ZeBy Tk zet, NV

Combining this with (95), (97) and (98), we finally get that, with probability at least
1 —exp(—72K/625):

20[Fz (W)l \ 20| F (Wh))| 12
sup ). ¢< CIE ) E[cb( e )] (25+1607>K (98)

ZeCy ke[K] b

Plugging that into (94), we conclude that, with probability at least 1 —exp(—72K/625), for
all Z € By,

49

1 12
1 < + =+ 1607) <—K
kgq {|pz(wk)\>(b) } <200 25 100

for our choice of parameters. Now, in order for Qi ¢ to hold, this inequality must be
verified for both b = 1 and 2. Then, we finally conclude that Qf ¢ holds with probability
1 —2exp(—72K/625), which concludes the proof.

| |
5.2 Proofs of section
5.2.1 PROOF OF THEOREM
The proof of Theorem relies on several Lemmas. We first recall that KBy n By C

2conv(Upz N S;lx ) where SdXd is the unit sphere of Eng and Uy2 is the set of all matrices in
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R9*4 with at most k2 non zero entries (see, for instance, equation (3.1) in
( )). Hence, for all A € R¥*¢, we have

1/2
A < 2 sup § AIZ)q
Ic[d)x[d):|I1=k? \ ( Der

We therefore need to find a high probability upper bound on the f5 norm of the k? largest
entries of X — . To that end, we start with the following result.

Lemma 5.22 Let (2,4 : p,q € [d]) be real-valued random variables (not necessarily inde-
pendent) and A\, t = 1 be two positive constants. We assume that for r = 2log(ed/k) +t, we
have || zpqg|n, < Ay/7 for all p,q € [d]. Then, with probability at least 1 — exp(—t),

1/2

sup Z Zz2zq < € M/2k2 (log(ed/k) + t).
1e[dx (A=K \ (yiger

Moreover:
1/2

E sup Z zgq < e2\\/6k2 log(ed/k)

Icldx[d:{ =k \ (p el

Proof. We define for all p,q € [d],

Zpq = Zpql (|2pg| < eAV/T) and Ypg = 2pgl (|2pg| > eAV/T)
t/2

so that we have |zp4|" = | Zpg|" +|Ypq|'. As a consequence and by convexity of x € RT — z!/2,
we have for all I < [d] x [d]

t/2
1 1 1 1
I3l Z Z;?Jq ST Z ‘qu|t =17 Z |qu’t + 17 Z |Y}Jq|t- (99)
1| 1| 1| 1|
(p.q)el (p,a)el (p,g)el (p,q)el
Let I < [d] x [d] be such that |I| = k2. We have
1
I Z ‘qu’t < (edv/r) (100)

] (pyq)el

For the second term in the right hand side inequality of (99), we have

1 1
7 2 Vgl < 7 Z |Yoq|"
(p,q)el (p,q)eld]x[d]

and for 0 := r/t and all p, ¢ € [d], we have
1/6 1-1/0
E[|Ypgl"] = E [12pg| T(12pg] > eM/r)] < E [|zpq|t9] P [12pg] > ev/r]

P r—t 2
<owit (i)™ < oot = owir b
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It follows that

2 Tt
E s Yl < Gowmian - OV

refax =k 1 50, d? e?

Hence, using (99), (100) and the last inequality, we get EZ? < (eAy/7)! + (A\/7)!/e?
2(eAy/r)! where

1/2
- 1 2
= sup 17l z
Ic[d]x[d]:|1|=k? 1 (p.9)el "

As a consequence, || 2|z, < eAv/2r and so, for t = 2 we get by Markov’s inequality that
Z < e?AV/2r with probability at least 1 — exp(—t).
Finally, by taking ¢ = 1 above we get:

1Z] 1, < eAV2r = edr/2(2log(ed/k) + 1) < eAy/61og(ed/k)

since k < d. As a consequence, E[Z] = | 2], < eAy/6log(ed/k), which concludes the proof.
|

The proof of Theorem will follow from Lemma if one can apply the latter to
the variables z,, = Y,y — ¥Xp,. We therefore have to check that (3, — X, @ p,d € [d])
satisfies the assumptions of Lemma . In other words, it only remains to show that for
all p, q € [d], f]pq — Ypq has 7 := 2log(ed/k) +t sub-gaussian moment under Assumption
To that end we use a version (see Lemma 2.8 in ( )) of a
result due to Latala taken from ( ) (see Theorem 2 and Remark 2 in

( )) which states the following:

Lemma 5.23 ( ) There exists an absolute constant co for which the fol-
lowing holds. Let z be a mean-zero random variable and z1,...,zn be N independent copies
of z. Let po = 2 and assume that there exists k1 > 0 and o > 1/2 for which | z||p, < kip®

for every2 <p<po. If N=>p max{2a LY then for every 2 < p < po,

H\ﬁz (@)r1yp:

where c1(a) = cpexp((2a —1)).
We use Lemma to prove the following moment growth condition on the f]pq —
Zp(pp’ qE€ [d]

Lemma 5.24 There exists an absolute constant co such that the following holds. Grant
Assumption 3.1 with parameters w andt = 2. For allp,q € [d] and all 2 < r < 2log(ed/k)+

t, if N = 2log(ed/k) + t then |Spq — Spglln, < (cow?/VN)y/r.

Proof. Letp,q € [d]. It follows from Assumption 3.1 and Lemma that for all p, ¢ € [d]
and all 2 < r < 2log(ed/k) + t,

[\

~ 1 cow
Hzpq - qu”b- S = - EXz‘pXquLr <

1 N
NIV SR v

=
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Proof of Theorem We set for all p,q € [d], zpq = f]pq — Ypg- It follows from
Lemma for a = 1 that for all 2 < r < 2log(ed/k) + t, |zpqll, < A/r where X\ =
cow?/v/N. The result now follows from Lemma . ]

5.2.2 PROOF OF THEOREM

The proof of Theorem relies on several Lemmas. We first use a decomposition similar
to the one from ( ). We have
12N — 2|, < min | sup Z Zpa(EN — X)pg,  SUD Z Zpa(EN — 2)pq
ZGszq 1 ZGpBSLopqu 1
d d Ev -0
= min Z (Sy —%)2 2P  sup Z prvq)ﬁpq—w
\ p,g=1 ZepBsLopPE p g—1 Bpq
d . (En - %)
= min Z (XN — %)z, p max i) (101)
\ pa=1 p,q€[d] Bpq

We already proved a high probability upper bound on the £3 norm of the k? largest entries of
Yy — Y in the previous section under a weaker assumption than the one in Assumption

We just have to use it for & = d to handle the left-hand side term of (101). Therefore, with
probability at least 1 — exp(—t),

4 . d
Z (EN — E)%q < Cow2 N
p,g=1

It only remains to handle the second term in the right-hand side inequality of (101). To
that end, we start with the following result.

Lemma 5.25 Let z := (zpq : p,q € [d]) be real-valued random variables (not necessarily
independent) and \,t = 1 be two positive constants. We denote by (zE“p g P aE [d]) the
non-increasing sequence (for the same lexicographical order over [d]? used before) of the

rearrangement of the absolute values of the entries of z. Let py,qo € [d]. We assume that
for r =log[ed?/(poqo)] + t, we have ||zpq| L, < AT for all p,q € [d]. Then,

” BPO,QO HLt < 62)\.
Poqo

Proof. To make the presentation of the proof simpler, we index the entries of d x d
matrices by [d?]. We therefore have d? random variables (z;); (not necessarily independent)
and B; = 1/log(ed?/j) +t for all j € [d?]. Let jo € [d?] and set ro = log(ed?/jo) + t. We
assume that | 2|z, < Ay/ro for all p, g € [d]. We want to prove that |23 /8|, < e*A. We

first remark that
¥

iy = Z. 102
/BJO d2 |I\ =Jo ﬁjo’1|2|zj‘ ( )
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We define for all j € [d?],

Z; = 1 (2] < eAyro) and Y} = i1 (2] > eAy/ro)

It follows from the convexity of x € R, — ! and the definitions above that

W E[Y;|*
EZ' < t < (e ) . 103
1T =0 B§O!I| bl < Bjo Jo £ Z 3 (103)

Next, for the second term in the right-hand side inequality of (103) for 6 := ry/t and all
j € [d?], we have

1/6 B
EIY;1" = E [ 1(12] > eAvio)] < E[I51”] 7 P LIzl > eyl ™

ol \™™ j
< t "0 < t / —Tro _—_ 7t 0 .
W) (G2 ) < e — e et

We end up in (103) with EZ* < (eA)’ + X < (€M) ]

Lemma 5.26 Let z := (zpq : p,q € [d]) be real-valued random variables (not necessarily
independent) and A = 0,t = 3 be two constants. We denote by (2 (p g PaE [d]) the

non-increasing sequence (for the same lexicographical order over [d)? used before) of the
rearrangement of the absolute values of the entries of z. Let ro = log(ed?) +t and assume
that || zpq| L, < A/r for all p,q € [d] and 2 < r < ro. Let k € [d] and v = 1. Then, when
¢t > max (2log([log(k?)]), v log(ed?/k?)), with probability at least 1 — exp(—t/2),

%
max < pq)) < V2e3N.

p,q€[d?] ﬁpq

Proof. @ We use the same ’vectorial’ notation as the one introduced in the proof of
Lemma . We remark that for all j € [d?], we have (1/8s;) < +/2/B; when t > 3
and for all j > k2, 1/B; < v/2/By2 when t > vlog(ed?/k?), hence,

jrg%g( (@) < v2max (;i :j=0,1,..., [log(k2)1> .

11 follows from Lemma that for all j = 0,1,...,[log(k?)], we have 1235/ BaillL, < e’\

and so by Markov’s inequality with probability at least 1 — exp(—t), 23, /B2 < €’X. The
union bound yields that with probability at least 1 — [log(k?)] exp(—t),

max (23 /By 17 = 0,1,...,[log(k?)]) < e’A.
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The proof of Theorem will follow from Lemma if one can apply the latter to the
variables z,, = f)pq — Xpg- We therefore have to check that the family of random variables
(3pg — Spq : D, d € [d]) satisfies the assumptions of Lemma . In other words, it only
remains to show that for all p, q € [d], $,q — Xpq has 7 := log(ed?) + t sub-gaussian moment
under Assumption 3.3. To that end we use Lemma to prove the following moment
growth condition on the flpq —Xpq, P05 q € [d].

Lemma 5.27 There exists an absolute constant co such that the following holds. Grant
Assumption with parameters w andt = 3. For all p,q € [d] and all 2 < r < 2log(ed?)+t,

if N = 2log(ed?) +t then |Spg — Spgllr, < (cow?/v/N)/r.

Proof. Let p,q € [d]. It follows from Assumption 3.3 and Lemma that for all p, ¢ € [d]
and all 2 < r < 2log(ed?) + t,

N 2
~ 1 1 cow
IS~ paliz, < <l o~ EXipXiglt, < 2
Prq rq ; ip q N
|
Proof of Theorem We set for all p,q € [d], zpg = Spg — Tpg- It follows from

Lemma for a = 1 that for all 2 < r < 2log(ed?)+t, | 2pg| L. < A/7 where A = cow?/v/N.
The result now follows from Lemma

5.3 Proofs of section
5.3.1 PROOF OF LEMMA
Let Z € C and consider its SVD Z = ). o;u;u; . We have

(S, (B985 = Z) = 6((5*) (8, <ﬂ*>(ﬁ*>T — Z)+ (12, (B*)(8*) — Z)
2 0((B)EN T (BNEYT = Y o] )
=0 ( Zaz<ul,ﬁ* ) = 0202 ul,5*> ) =

%

u‘)

where we used in (@) that (Iq, (8*)(8*)" — Z) = ((B*)(ﬁ*) ) —Tr(Z) =0, and in (i)
that \<ul,ﬁ >| (by Cauchy-Schwart). Hence, 8*(8*)" is a solution to the problem
max (<E Z > Z € C) Moreover, using the latter computation, it is straightforward to check
that it is unique, that is o1 = 1 and wyu]{ = B*(8*)", otherwise inequality (ii) would be
strict.

5.3.2 PROOF OF LEMMA

Let Z € C and consider its SVD Z =}, o;u;u; . In the proof of Lemma .2, we proved that
(%, 2%~ 7) = 92@(1 — (ui, %Y%)
i
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On the other-hand, we have

2
125~ 23 =T ((2* - 2)(2* = 2)") = Tx (Z oi(8%)(8)T — wiu] >)

= iy Tr (] = (B)(8%) ) (] = (8)(89)7) = Y0 (o — 2w, 87)* +1)

1,J %

= QZUZ-(I - 2<ui,ﬁ*>2) + <20i2 - O'Z'> = %@LZ* -2)+ (1215 - 12]+) < ;<E,Z* - 7).

7
5.3.3 PROOF OF LEMMA

It follows from the k-sparsity of 8* that Z* = *(5*)" is k%-sparse. Let us denote I :=
supp(Z*): we have |I| < k2. Consider p > 0. To solve the sparsity equation, we will use
the following result on the sub-differential of a norm: if ||.| is a norm over R¥*9, we have
for Z e RI*d;

S (0,7)=|Z|} Z+0

where S* (resp. B*) is the unit-sphere (resp. unit-ball) for the dual norm associated with
||, that is Z € R — | Z|* = supHHH=1<Z, H). Here, we consider the ¢;-norm, whose dual
norm is the ¢, norm.

Since Z* € Z* + (p/20)B, we have

Ah(z*)cTzp):= |J  ahv).

VeZ*+(p/20)B

Then, there exists ®* € Iz« (p) which is norming for Z*, that is [|®*[, = 1 and (®*, Z*) =
|Z*|l1. Let Z € Hya := Z* + (pS1 0 +/1*(p)B2). For J < [d]?, let P; be the coordinate
projection on J. Since the supports of PreZ and Z* are disjoints, we can choose ®* such
that it is also norming for P;-Z. Then, we have:

(0%, 7 — Z%) = (&% Pr(Z — Z%)) + (&%, Pre(Z — Z*)) = —|(®*, P{(Z — Z*))| + | Pr Z |y
> =% | Pr(Z = Z) |1 + | PreZ)h = =|P1(Z = Z%) | + | Pre(Z = Z7)
=12 = 2%y = 21P1(Z = Z)|1 = p = 2| P1(Z = Z7)|.

Now, we have |P/(Z—Z*)|1 < k|P(Z—Z%)|2 < k|Z—Z%*|2 < k\/7*(p). We conclude that
<<I>*,Z—Z*> > p—2k+/7*(p). Then, sup <(I>,Z—Z*> > <<I>*,Z—Z*> > p—2k+/T*(p).

®el 7 (p)
Since this is true for any Z € H, 4, we conclude that ¢ > p—2k+/r*(p), where Pr(Z —Z*) is
the quantity introduced in Definition . Then, if we choose p such that p = 10k+/7*(p),

we have A(p, A) = (4/5)p, and the A-sparsity equation is satisfied by such a p.
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5.3.4 PROOF OF LEMMA

From Lemma 1.3, we get that Assumption holds with G : Z € R™*? — ||Z|3 and A =
2/6, for any p > 0 and § € (0,1). Moreover, Assumption is granted for ¢ = log(ed/10k)
and w > 0. Let then ¢y > 0 be the constant provided by Theorem 3.2, and define b = 3cow?.
Let us define the following function:

. pQ bQAQ(ed)4

d
* .= 200Abk> —l ¢
P 00AbDK N g<k>

We also consider

as well as r* = r(p*). We have:

#)2 d)4 )2 d\*
100k2* = 100k%bA ﬂlog <(e)> < 200824, | ) log ((e> ) = (p*)2,

N 4.10%k* log(42) N k
(104)
so that p* > 10ky/7*. Let us then define k* := p*/v/r*. Since k* > k, any 2 < r <
2log(ed/k*) +1t satisfies 2 < r < 2log(ed/k) +t, so that Assumption 3.1 holds with w, ¢ and

k*. We are then in measure to apply Theorem with those parameters. As a consequence,
as soon as N > 2log(ed/k*) + t, one has with probability at least 1 — exp(—t):

. k*)= (1 +1
S — Sl < Cowz\/ (k) (lo8 () + ) (105)
N
where |.|g* is the ¢1/¢5 interpolation norm defined in (13). Now, we have:
sup (P — PN)Lz| < Vr* sup (P — Pn)Lz|
ZeCn(Z*+p* B1nV/r* Ba) ZeCn(Z*+k*B1nBy)
N
1 .
=Vt | 5 2 XX —EXGXT) = Vi Sy - B
— .
(106)

Combining it with (105), we get that with probability at least 1 — exp(—t):

sup |(P— Pn)Lz| < cow2\/( p)? (log (£) +1) < cowz\/z(p*)2 log ( ed >

ZeC(Z*+p* B1 n/1% By) N N 10k
(107)

since k* > 10k. Now, we have:

. (p*)? b2 A2(ed)* (p*)? (ed)*
r _bA\/ I log< N(p)? >—bA\/ N log (2002k4log(ed/10k)>
(0)?, ([ (ed)?® (P)? g (4
>bA\/ - log (200%3) >Z’A\/ pN log(10k>
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where the last inequality holds since we assumed that k& < ed/200. Combining it with (107),

we conclude that:
*

sup (P = PN)L| < o

ZECH(Z*-i-p*Blﬁ\/ T*BQ)

which allows us to conclude that 75 5pa, (4, p*,e7") < r*. Moreover, we have from (104)
that

p* = 10KV = 10k, [rhppar (A p* )

that is, p* satisfies the A-sparsity equation from Definition . These results are valid pro-
vided that N > 2log(ed/k*)+t, which is ensured by the assumption that N > 3log(ed/10k),
given that k* > 10k. This concludes the proof.

5.3.5 PROOF OF THEOREM

From Lemma 1.3, we get that Assumption holds with G : Z € R¥™4 — | Z|2 and
A =2/0, for any p > 0 and § € (0,1). Moreover, since we assumed that N > 3log(ed/10k),
Lemma .5 applies and so, for p* and r*(p*) (defined in (20)) we have rigra o (4, p*, 10k/ed) <
r*(p*) and p* satisfies the A-sparsity equation from Definition . We are then in position
to apply Theorem , provided that A satisfies (9). Now, we have:

) g, [ (0P 1 (et
o ‘bA\/N1g< N(p*)? )_M N1g<2002’f41°g(6'51))7

3 ed *(p*) 4 ed
bAy [ 21 < <bAy =1 ,
\/ N 8 <2002/31<;> o N 28\ 200172 10g(200) /4K

since we assumed that k < ed/200. As a consequence, (9) is satisfied as soon as:

20() ( ed <)<
N log 2001/2log(200)1/4k \F 2002/3k:

which is the assumption made in (21). We only have to check that this authorized interval
for A is not empty, which is ensured as soon as ed/k > 200%/47/10g(200)2/47, which is
granted by the assumption that k& < ed/200.

so that:

We are then in measure to apply Theorem , which enables us to state that, with
probability at least 1 — 10k /ed:

d
| ZRERM _ 7% < p* —QOOAbk2\/log;7€ — 400bk?

RERM
| ZRERM _ 7%, < \/TRERMG (A, p*, 10k /ed) < 10k — 40b N92 log ( k)
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and
- (p*)? k? ed

PL jror < A YrieraG (A, p%, 10k /ed) < T00R2A — 80052m og(~ )
This concludes the proof.
5.3.6 PROOF OF COROLLARY
From Theorem 4.6, we get the existence of a universal constant C' > 0 such that with
probability at least 1 —20 (k/ed)®*, |ZRERM _ 7%, < C\/k2(N62) log(ed/k). Now, we can
use Davis-Kahan sin-theta theorem (see Corollary 1 in ( )) to get the exis-

tence of a universal constant ¢y > 0 such that sin(0(3, 8*)) = (1/v2)|38T — *(8*) 7|2 <
(co/g)||2§ERM — Z*||a where g := A1 — A2 (\; being the i*! largest eigen value of Z*) is the
spectral gap of Z*. Here, we know that Z* = *(8*)T is rank one, with 1 as order one
eigen value and 0 as order (d — 1) eigen value. Then we get g = 1, which leads us to the

desired result, with D = 1/2¢y x C.

5.3.7 PROOF OF LEMMA

Let A, § and ¢t > 0. In the rest of the proof, we write r&(.) for TI*{ERM’G(A, ., 0), byg for
bpy(t) and T, for T'y(¢). We consider a lexicographical order on [d]?, b € R¥*? and the norm
|.|lscope as they are defined in section

Let I := supp((Z*)*) be the set of non-zero coefficients of (Z*)%. Since Z* = g*(8*)T
is k2-sparse, whe have by construction that |I| < k%. Let Py (resp. Pjc) be the coordinate
projection on I (resp. on I€).

We know that for Z # 0:

| -lscore(Z) = {® € Séropp : (2, Z) = |Z|sLorE}

where we denoted S§;,pp the unit-sphere of the dual norm of the SLOPE norm. Since
Z*e 7* + T%BSLOPE’ we know that 0|.|sropr(Z*) < T'z«(p). Then:

sup (®,Z2—2%) > sup (0,72 —Z%).
el % (p) ®€d|.|sLope(Z¥)

Let o, 7 be the permutations of [d]? such that, for any (p,q) € [d]?, (Z*)qu = ]Z;“(p q)]
and (Z — Z*)qu = [(Z = Z*)z(p,)|- Notice that we have by assumption o([k]*) = I. We

then define ®* and ®* as follows: for all 1 < p,q < d,

. {sgnw;,q) by1(pg) if (prq) < (K, K);

P4 ) sgn((Z — Z*)pq) bx—1(p,q) Otherwise

and

&);74 =sgn((Z — Z%)pq) b

7=1(p,q)
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We easily check that such a ®* belongs to d||-||sLopr(Z*) and &* to d||-||scopr(Z—2*).
Now let Z € H, 4. We have:
(D*,Z — Z*) ={(®*, P[(Z — Z*)) + (D*, P1c(Z — Z*))
k
(108)
- Z S8 Z3 0. )o0.a(Z = Z%)o(pg) + (®F, Pre(Z — Z¥)) .

p,g=1

Regarding the first term, we have:

k k k
Z Sgn(Z:(p,q))bpvq(Z - Z*)a(nq) < Z bp.q ‘(Z - Z*)Tr(nq)’ - Z bpo(Z — Z*)zﬁo,q’
p,q=1 p,q=1 p,q=1

where the first inequality comes from the fact that the operator (-)* orders the absolute
values of (Z — Z*) in non-increasing order (notice that the inequality holds only for the
sum, not for each independent term of the sum). Therefore:

k k
D sen(ZE, oa(Z = 250y, == Y bpg(Z— Z%)E . (109)
p,g=1 p,q=1

Concerning the second term in (108):

(%, Pre(Z — Z%)) = <<T>*, Pre(Z — Z*)> - <<T>*, Z - Z*> - <<T>*, Pi(Z - Z*)>
k

_ #
=1Z = Z*|lszope — Z brtoa(p.a) (£ — Z*)W*IOU(M) (110)

pq=1

k

> 12— Z*|lscope — Y, bpa(Z—Z*)},.

pq=1

Putting (10%8), (109) and (110) together, we obtain
k k
(@72 = Z*) 2 ||Z = Z*||lstore =2 ), bpa(Z = Z)sg=p =2 D bpy(Z - 2Z%)},.
p,q=1 p,q=1
(111)

Now, since | Z — Z*||2 < /7, we can show that for any k € [d], (Z — Z*)kk \/> Indeed,

¥
assume the existence of ko € [d] such that (Z — Z *)20 ko > T\/: Then by construction we
have that for any (p,q) < (ko, ko), (Z — Z*)gq > (Z - Z*)igko, so that

,r*
1Z-2B=1Z-2V3= Y (Z-z%)s Y o
(p,9)<(ko,ko) (p,q)<(ko,ko)
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since the k2 largest elements of (Z — Z*)* belong to [ko]?, as a result of which

1{(p,q) : (p,q) < (Ko, ko)}| < K.

This is inconsistent with the fact that |Z — Z* |2 < /7§

As a consequence, we have:

k 1
Z bpq(Z_Z*)gq = Z bpq(Z_Z*)§g+bkk(Z_Z*)ﬁkk
p,g=1 =1 (£,0)<(p,q)<(£+1,6+1)

T

T

1 *
T
< S0 < (.a) < (E+ 1+ D) bl Z — 2 + g Y

=3 e k-1 e k
G+bkk\/k>G<34/T52ba+bkk\/z<34/T2~szzz TZVFk-
=1 =1

L k

T
—_

< D120+ )by
=1

Then, under the assumption that p = 1004 /7%(A4, p,d), we get from (111) that (®*, Z—
Z*) = (4/5)p. and then:

sup (®,Z2—2%)=(0*,Z—-7") = —p.

*
®eS5ropE

U W~

Since this is true for any Z € H(p, A), we conclude that:

4
A(p, Ay = inf — sup (®*,7Z-2%)>p.
(p, A) ZeH (p,A) @eS’S“LopE< > 5p

that is, p satisfies the A-sparsity equation from Definition

5.3.8 PROOF OF LEMMA

From Lemma 1.3, we get that Assumption holds with G : Z € R4 — |Z|% and
A =2/, for any p> 0 and ¢ € (0,1).

For r and p > 0, we define C,., := {Z € C: |Z — Z*|srope < p,||Z — Z*|2 < /T}. Let
A > 0. For any p and r > 0. We have

sup (8= 3N, Z—Z*)| < sup (Z -3, Z))]

ZeCT,p ZE(pBSLopEﬂ\/FBQ)

=/ sup (% — 3N, Z)| = VTS — S| 2 (112)
ZE(%BSLOPEﬁBz) v

where .|,/ is the SLOPE/(5 interpolation norm defined in (14). Assumption is
granted for ¢t = 2log(ed?/k?). Let us now check that k < d/(e?log(d)): we have that
k% log(ek?) < ed?, hence,

ed?
210g([10g(/<:2)]) < 210g(log(k2) +1) = 210g(log(ek2)) < 2log (k:?) 7
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that is, ¢ > max (2log([log(k*)]), 2log(ed?/k?)). We are then in position to apply Theorem
with v = 2 and t = 2log(ed?/k?): there exists a universal constant cy > 0 such that,
provided that N > log (ed?) + t, one has with probability at least 1 — 2exp(—t/2):

2
Cow~ . P
12— ZNH% SN min ( d> )

Plugging this last result into (112), we get that:

2
. cow® | p
sup (X =N, Z —Z%) <\r min (,d> 113
ZECT,p’< N >‘ \/N \/; ( )

with probability at least 1 — 2exp(—t/2). Next, let us define b := 3cow? and for p > 0,
consider

*(p) = 5‘% min <bA\‘/l%;p> ,

One can check that for this choice of 7*, one has (/7*(p)cow?/v/N) min (p/«/r*(p), d) <
<

7*(p)/3A whatever the value of p is. From (113) we then deduce that riggry (4, o, 2e1/2)
r*(p). Let us now consider

= IOFk min (10T7; d) ,
\/»

where I'} := 32?21 bee(t). Tt is straighforward to verify that p* > 10T} r*(p*)/2 >

1OFZTEERM,G (A, p*,2e‘t*/ 2) V2 which, according to Lemma 4.8, guarantees that p* sat-
isfies the A-sparsity equation from Definition . Finally, plugging the expression of p*
into the one of 7*(p*), we get that r*(p*) = (b>A2/N) min (d, 10F*) . Finally, the previous
results hold provided that N > log (edQ) + t, which is granted by the assumption that
N > 3log(ed?). This concludes the proof, noting that 2 exp(—t/2) = 2k?/(ed?).

5.3.9 PROOF OF THEOREM

From Lemmas 1.2 and 1.3, we get that Assumption holds with G : Z — ||Z|j3 and A =
2/6. From Lemma 4.9, we get the existence of a constant b > 0 such that, provided that N >
3log(ed?), defining p* := 100'%(bA/v/N)min (10T};d) and 7* = (b>A%/N)min (d, 10T%)?,
with I'f = T'x(2log(ed?/k?)), one has rippa a(A4, p*, 2k /ed?) < r* and p* satsifies the
A-sparsity equation from Definition . Let us now upper bound I'}:

K ed? k ed2 k
Fz=32bgg<210g<k2>><3 Z log —2 Z 2log —2
=1 (=1 =1
k
<3Zmog —2 +3k: 2log ? (114)
=1
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Concerning the first term in this last inequality, we have:

(S () 25 () o)+ )

2Zlog<€2) Zlog( > 3k210g(ed2>. (115)

m<t

Moreover, we have:

éog <ed2> ZZIL N 110g<u2>du—Ju 010g <ejj) = klog(ed?) — 2 [ulog(u) — u]k

ed2 ed?

Combining (114), (115) and (116), we finally get that I'f < (9 + 3v/2)ky/log (%) <
14k~/log (ed?/k?). As a consequence, we have

A\

2
10T < 140k log<: ) 140k~/2log (d) < 140k4 ‘2< d,

since we assumed that k& < min (d/(e? log(d)), (¢/(140+/2))?d). We conclude that min (10T}, d) =
10T} < 140k+/log (ed?/k?). Plugging this result into the expression of r* and p*, we finally
get that:

k2 €d2 k;2 €d2
212 42 2

so that r*/p* = bA/v/ N. As a consequence, (9) is satisfied as soon as:

100 e 2b
21W 3N

which is (23). We are then in position to apply Theorem , which allows us to conclude
that, with probability at least 1 — 2k?/ed?:

|ZEEEM _ 7% s opp < p* , G(ZEERM _ 7% <r* and PEZi:gERM < A7
This concludes the proof.

5.3.10 ProOOF OF COROLLARY

The proof follows exactly the same lines as the one of Corollary 4.7, so we do not detail it
here.
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5.3.11 PROOF OF LEMMA

Consider A = 2/ and v > 0. In the rest of the proof we write 7*(p) for ryon q(4:7: p)-
For any J < [d]?, let P; be the coordinate projection on J. Consider p > 0. Let I :=
supp(Z*) be the set of non-zero coefficients of Z*. From Lemma 4.2, we have that |I| < k?
Moreover, we know that for any Z # 0, 0|.[1(Z) = {® € Sy, : (®,Z) = | Z]|1}, where Sy
is the unit-sphere for |.|e. Since Z* € Z* + & Bl, we have that 0).11(Z*) < Tzx(p) =

v 0|.|1(Z). Let then ®* € 0|.||1(Z*). Consider Z € H, 4 that is |Z — Z*||; = p and
ZeZ*+ £ B,

|Z — Z*|2 < /2/0r*(p). Since Z* and P§(Z) have disjoint supports, we can choose ®* so
that it is also norming for Pf(Z). Then, we have:

(2,2 = 2%) = (@, PI(Z = Z%)) + (", P[(Z = Z7)) > " | P1(Z — Z") |1 + (@", P[(Z))

—(12 = 2% = |Pr(Z = Z%)[0) + |P{(Z2 = Z7)|1
=2|P[(Z=2Z") =12 = 2% = |2 = Z%|s = 2| Pr(Z = Z%) |1 = p = 2| P1(Z = Z")|s

(117)
where we used the fact that |[®*|, = 1. Then, since Z € H, 4, we have:
|P1(Z = Z2%)|y < k| P1(Z = Z7)|2 < K| Z — 272 < k\/??“*(ﬂ) (118)
Combining (117) and (118), we finally get that:
(©*,Z — Z*) >p2k‘\/?r*(p). (119)

As a consequence, sup¢erz*(p)<<1>, Z — Z*> <<I> Z — Z*> p— 2]{:«/ 2/0r*(p). This being
true whatever Z € H, 4, it follows that A(p) = p — 2k+/2/0r*(p). We Conclude that any p

such that p > 10k+/2/07*(p) satisfies A(p ) (4/5)p.
5.3.12 PROOF OF LEMMA

Consider v > 0. From Lemma 4.3, we get that Assumption holds with G : Z € R¥*4 —
(0/2)|Z]|3 and A = 1, for any v > 0, in particular for the value of v we have just set.
Moreover, Assumption is granted for ¢ = 1 and w > 0. Let then ¢y > 0 be the constant
provided by Theorem 3.2, and consider B := 3cow? and D := 1600w?. Let us define the
following function:

1/4
) [y 22 (S (202 [V [
r:(v,p ax 5 N o8 ~0p N ; NO

We also consider

. B[ ed \/ﬁ
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as well as 7*(y) = r(v, p*). One can check that p* such defined satisfies both of the two
conditions below:

1/4
2Bp [ 6 2B(ed)? |6 2K
1 >1 —log | == — 2 > 10kDA [ ——, (12

so that p* > 10k/2/0r*. Let us define k* = 1/0/2p*/r*. We have log(ed/k*) + 1 <
log(ed/10k) + 1, so that Assumption still holds with w, t = 1 and k*. Then, since we
assumed that N > 2log(ed/k) + 1 = 2log(ed/k*) + 1, Theorem 3.2 applies and allows us to
affirm that

where | - [|g* is the £;/¢s interpolation norm defined in (13) for k = k*.
For r and p > 0, define C, , := {Ze C:|Z—-Z*|1=pand |Z—-Z%|2 < \/2/07“*([))}.
Let us now upper bound Eg(r*, p*) and Vg ¢(r*, p*) from Definition

N
Z XX, —E[X;X]]

] < ? \/6(k*)210g(ed/l-c*)’ (121)

N
k*

Bounding the complexity term Eq(r*,p*). Let 01,...,0n be i.i.d. rademacher vari-
ables independent from the X s. We have Cpx x < 4/2/0r* k*Bl N By). As a consequence:

\/5 1Y ~
< * sup — Y 0, L7(X;
0 Ze(k*BinBa)~(C—2%) NZ (%)

2
— A/ sup o X X, 7). 122
\/; Ze(k*B1nB2)n(C—Z%) < 2 >| ( )

Now, it follows from the desymmetrization inequality (see Theorem 2.1 in
( )) that:

E sup
Ze(k* B1nBa)n(C—Z%)

=1
13- <
< 2E sup < 2 XX - E[XiX]],Z
Ze(k*B1nBy)n(c—2z%) [\ N =
2 ~ ~
sup E XXT] Z ’
Vv ZG k*Blr\Bg) (C Z*) < >

<2E [H M XX - BIX;X]]

6(k*)?log(ed/k*
<200w\/ Oge/ )+

2 o
v 2 sup E [XXT] Z ‘
k*] \/NZG(IC*BlﬂBQ)ﬂ(C—Z*) < >
P

(e[xx7).2)

o (123)

sup
VN Ze(k* B1nBs)n(C—2%)

where we used (121) in the last inequality.
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Concerning the second term in (123), we have for any Z € (k*B1 n Ba) n (C — Z%):
> i (i)
E[XXT.2]) = (98° (8 + 10, 2) L o(5*(8°)7 . 2) < 018" 3122 < 0
where we used the fact that (Id,Z) = Tr(Z) = 0 in (i) and Cauchy-Schwarz in (ii). as a
consequence:

sup

E[XXT],2)| <. (124)
ZG(k‘*BlﬁBg)ﬁ(cfz*)

Combining (122), (123) and (124), we finally get that:
Eq(r*,p*)=E [ sup

2 6(k*)2log(ed/k*) 26
<A/=r* | 2¢ wz\/ +
CT*,p* ] \/; < ’ N V N

< V20r* <3cow2\/6(k*)2log(ed/k¢*)) , (125)

1 i -
— > 0iL7(X5)
N4

02N
where we used the assumption that 6 < k < k*.
Bounding the variance term Vi ¢(r*, p*). Let us now upper bound the variance term

Vi,a(r*, p*) \/ sup £/ Var(Lz(X,)).

ZECT* p*

For X distributed as the )?Z-’s and Z € Cpx ,x, one has:

~

Var(Lz(X)) = E[(£2(X) — P(L2(X))?] = E(XXT —E[XXT],Z — 2*)*]

E [(;}(p))”((q) _EXPX@])(XEOXO Ep{-(s);z—(t)])] (Z — Z%)pg(Z — Z%)

pq7stZ Z)pq(Z Z*)

d
D,q,S,t=1
d

s,t=

mmemddmd%M¢:Eky@im_eﬁ@X@mX@Xw_qX@%mﬂmrﬂ
1<p,q,s,t <d. Remembering that Assumption is granted, we have:

X0~ E(ROPY, < 2002 ifp=g=s=t
Tpgst =1 [XPX@ - E[XPX q)]l\22 < (2w?)2 if (p,q) = (s,t),p # q
0 otherwise.

Then:

Nz - 2%, + >, (2 - 2%),

g p#q
- 5

Var EZ

Y2 — 2%)?2, = 4|2 — 2% |3 < (8w /0) (r*)?.
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This being true for any Z € Cpx .+ and any X distributed as the )?i’s, we conclude that:

2K
Vi G (r,p) < 2wy mr*- (126)

Combining (125) and (126), we finally get that:

Eq(r*, p*) B | 6(p*)? 2 edr* K
max <7,400\/§VK7g(7’*,p*) < max > i log 7 ,D mr*

Now, one can check that r* satisfies both of the two conditions below:

B | 6(p*)2 \/iedr* . K .  wo
- Z < 4 —7r <
(3) S N log rarE (r*)* and (4) D NGT (r*)

Then, we have:

* *
max <EG(T’p),4OO\/§VK7g(r*,p*)> < (r*)?

v
which, according to Definition ; allows us to conclude that 7o, (v, p*) < r*. More-
over, we have from (120) that p* > 4/2/010kr* > /2/010krfy o0 q (7, p), that is, p*
satisfies the sparsity equatlon from Deﬁnmon ThlS concludes the proof.

5.3.13 PROOF OF THEOREM

The assumptions of Lemma are met, which gives us the existence of two positive
constants B and D such that, defining

p* := max (400\/§Bk‘27_1\/(N92)*1 log (ed/k); 10Dk‘\/m>

and
r*(v,p) 1= max (v Bpy~! ((G/N) log (2B(€d)2(70p)’1\/W)>1/4 : D\/W) ,

one has riyion.g(7:P*) < 7°(7,p*) and p* satisfies the sparsity equation from Definition

. From Lemma 4.3, we get that Assumption holds with G : Z € R¥™*4 — (0/2)| Z|3
and A =1 for any v > 0, as a result of which the validity conditions of Theorem are
met. Then, fixing v = 1/32000 and defining A = (117*(v, 2p*))/(40p*), it is true that with
probability at least 1 — 2 exp(—72K/625),

93 N 2
HZRMOM Z*|1 < 2p%, P»CZRMOM < ﬁ( (7, 2;0*))2 and HZIP}%[OM —Z%2 < \/;7"*(’772:0*)'
(127)
Now, we can write:
k d
p* < Dlm max (k: log <€k: ) ﬁ) (128)
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with D; := max(400\/§B’y*1, 10\/§D). On the other hand, since d > k, we get that:

1 ed k2
*> Dok?y | ——=1log | — | = D
p 2 NO2 Og(k) 2 No2

where Dy := 400v/3B~y~!. As a consequence, we have:

b Bled)* [6 1o B(ed)* [6 VNO? oo [ (e 2  log [ €4
S\ o YN S8\ 00 VN Doz ) ~ %\ sk ) ) S8 \% )

so that:

[2Bp* (12 ed\\ 4 K
* *) .
T(V,Qp)\max< . ( 10g<k>> ;D NG

2B (12 ed\\* D1k ed\ V4 K
max( S (N10g<k>> ( 02)1/4max \/Elog<k) i K i D No

2
[2BD1 . 1/4 ed\ " S VC o K
< max NG 124 max [ Vklog 5 i K :D No

<« - nax (k log <€:)\/E> : (129)

VNO

where C := max (121/4q/2BD17*1;D). Combining (127), (128) and (129), we finally get
that, with probability at least 1 — 2 exp(—72K/625):

A k ed
ZRNOM _ 7 < 9D ki llog [ =— ); VK
H KA Hl 1 \/W max 0og k )

. V20 ed
HZ,%%IOM—Z*Hgg\/WmaX k 10g< ),\/?

and

93C? 9 ed
Pﬁzlrgxiom < mmax <k log < > ,K) .

This concludes the proof.

5.3.14 PROOF OF COROLLARY

From Theorem , we get the existence of a universal constant Co > 0 such that with prob-
ability at least 1—exp(—72K/625), | ZI%%[OM—Z* lo < C2(N6%)~1/2 max (k« /log (ed/k); \/E)
Now, we can use Davis-Kahan sin-theta theorem (see Corollary 1 in ( )) to

get the existence of a universal constant ¢o > 0 such that sin(©(8, 8%)) = (1/v2)|38" —
B*(B*) T2 < (co/g)| ZRMOM — Z*#||5 where g := A1 — A2 (\; being the i'!' largest eigen value
of Z*) is the spectral gap of Z*. Here, we know that Z* = 5*(3*)T is rank one, with 1 as

order one eigen value and 0 as order d — 1 eigen value. Then we get g = 1, which leads us
to the desired result, with D = V2¢g x Cs.
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Appendix A.
A.1 Distance metric learning: convexity of the constraint set

Here we show that the constraint set C of the ERM estimator of the distance metric learning
problem presented in Section 1 is convex. We recall the definition of this set:

C—{ZeRdXd Z >0, Z<Y V) (Yi-v)",z2)" = }

1,j=1

where (Y;)Y.; are N given points in R%. Fot the sake of simplicity, we define, for (i, j) € [d]?,
Vi; = (Yi —Y;) € RL Let Z; and Zs be two elements of C, and consider ¢ € [0,1]. Let us
show that Z’ = tZ; + (1 — t)Zs still belongs to C. We have:

M 2
<Z<V VJ,Z’>”2> = X V2 N (Vg 2 (Ve 7))
(i

ij=1 j)E[N]? (i.4)#(pa)
> Z (VigVig 2y =t >0 (VigVi) i)+ (1—1) > (VijVi) . Za)
(i.§)e[N]? (i.§)e[N]? (i.§)e[N]?
2 2
D VVil Zy | + (1) o (ViVil. Zs)
(i.)e[N]? (i.)e[N]?
2 2
>t N vl z) ) ra-o | Y (vl 2y
(i.§)e[N]? (i.)e[N]2
+(1—t)=1

1/2

since each Z(id-)e[]\,]gﬁ/” i ,Zg> , £ € {1,2}, is larger or equal to one, as Zy € C. Then,

7' e C. We conclude that C is convex.

A.2 A property of local complexity fixed points

Let H be a Hilbert space and C < H. We consider a linear loss function defined for all
ZeCbyly;: XeH— —<X,Z> and its associated oracle over C: Z* € argming., Plz.

The excess loss function of Z € C is defined as Lz = £z — {z+. Let || - | be a norm defined
(at least) over the span of C. Let G : H — R be a function. For all p > 0 and r > 0, we
consider the localized model C,,, = {Z € C: |Z — Z*|| < p,G(Z — Z*) < r} with respect to

a G localization and the associated Rademacher complex1ty

|

Let 6 and 7 be two positive constants. We consider a local complexity fixed point: for all
p>0,

E(r,p)=E [ZS%p - Z oiLz7(X;)
€Cpr

and variance term

V(r,p) = sup 4/Var(Lyz).
ZeCp,r

r*(p) = inf (r > 0 : max (0E(r, p), 7V (r, p)) < 7).
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Proposition A.1 We assume that C is star-shaped in Z*. We assume that G is such that
foralla>=1and all Z € C,G(a(Z — Z%)) = aG(Z — Z*). Then, for all p>0 and b >1
we have r*(p) < r*(b )\\fr (p).

Proof. Let p > 0and b> 1. For all r > 0, C,, < Cp,, and so r*(p) < r*(bp). Let us
now prove the second inequality.
We start with some homogeneity property of the complexity and variance terms:

E(br,bp) < bE(r, p) and V (Vbr, bp) < bV (r, p). (130)

We prove (130) for the complexity term, the proof for the variance term is identical. Let
Z € Cy, sy and define Zy such that 2 = Z* + b(Zyp — Z*). Since b = 1 and C is star-
shaped in Z*, Zy € C. Moreover, b|Zy — Z*| = |Z — Z*| < bp and, by the property of G,
bG(Zy— Z*) < G(Z — Z*) < br?. We conclude that Zj € C,,. Moreover, by linearity of the
loss function, we have Lz = bLz,. We deduce that

N
sup |— O'pCZ <b sup 1 il z,(X (131)
N
i=1

Zerp Vor — ZoeCp,r

and so (130) holds for the complexity term. It also holds for the variance using similar
tools.
Next, it follows from (130) that

r*(bp) = inf (r > 0 : max (0E(r,bp), 7V (r,bp)) < 2)

— inf (r>0:max<0E (\/B\;BJ)p)’TV( p>> 2)
< inf <T>O:max<9E (\/B,p> TV (\[ )) <&>2> < Vor*(p).

A.3 A property of the sparsity equation

We consider the same setup as in Section and define for all p > 0,

H,={ZeC:|Z~ 2% =p,G(Z — Z*) < (r*(p))2} , T 22 (p) = U 1@
2:1 2 2% |<p/20

and A(p) = infzep, supq,epz*(p)<<1>, Z — Z*). In the previous section we said that p satisfies
the sparsity equation when A(p) = cop where 0 < ¢y < 1 is some absolute constant. In
the following result we show that if p satisfies the sparsity equation then any number larger
than p also satisfies this equation.

Proposition A.2 We assume that C is star-shaped in Z*. We assume that G is such that
foralla =1 and al Z e C,G(a(Z — Z%)) =2 aG(Z — Z*). Let 0 < ¢ < 1. Then, for all
p>0and b= 1, if p is such that A(p) = cop then A(bp) = cobp.
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Proof. Let p > 0 be such that A(p) > cop and let b > 1. Let Z € Hy,. Let us show that
there exists ® € 'z« (bp) such that (®,Z — Z*) = cobp.

Let Zy be such that Z = Z*+b(Zy—Z*). Since b > 1 and C is star-shaped in Z*, Z € C.
Moreover, b|Zy — Z*|| = |Z — Z*| = bp and, using the property of G and Proposition A.1,
bG(Zo— Z*) < G(Z — Z*) < (r*(bp))? < b(r*(p))?. Therefore, we have Z; € H,. But, since
we assumed that A(p) > cop, there exists ® € T'zx(p) such that (®,Zy — Z*) > cop and
so (®,Z — Z*) = cobp. We conclude the proof by noting that I'z«(p) < I'zx(bp) and so
O e D ys (bp). m
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