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Abstract

Diffusion models have had a profound impact on many application areas, including those
where data are intrinsically infinite-dimensional, such as images or time series. The stand-
ard approach is first to discretize and then to apply diffusion models to the discretized
data. While such approaches are practically appealing, the performance of the resulting
algorithms typically deteriorates as discretization parameters are refined. In this paper,
we instead directly formulate diffusion-based generative models in infinite dimensions and
apply them to the generative modelling of functions. We prove that our formulations
are well posed in the infinite-dimensional setting and provide dimension-independent dis-
tance bounds from the sample to the target measure. Using our theory, we also develop
guidelines for the design of infinite-dimensional diffusion models. For image distributions,
these guidelines are in line with current canonical choices. For other distributions, however,
we can improve upon these canonical choices. We demonstrate these results both theoret-
ically and empirically, by applying the algorithms to data distributions on manifolds and
to distributions arising in Bayesian inverse problems or simulation-based inference.

Keywords: diffusion models, score-based generative models, infinite-dimensional analysis,
hilbert spaces, bayesian inverse problems, function space

1. Introduction

Diffusion models (also score-based generative models or SGMs) (Sohl-Dickstein et al., 2015;
Song et al., 2021) have recently shown great empirical success across a variety of domains.
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In many applications, ranging from image generation (Nichol and Dhariwal, 2021; Dhariwal
and Nichol, 2021), audio (Kong et al., 2021), and time series (Tashiro et al., 2021) to
inverse problems (Kadkhodaie and Simoncelli, 2021; Batzolis et al., 2021), the signal to be
modeled is actually a discretization of an infinite-dimensional object (i.e., a function of space
and/or time). In such a setting, it is natural to apply the algorithm in high dimensions,
corresponding to a fine discretization and a better approximation of the true quantity.
Yet theoretical studies of current diffusion models suggest that performance guarantees
deteriorate with increasing dimension (Chen et al., 2022; Bortoli, 2022).

When studying a discretization of an infinite-dimensional object, many application areas
have found great success in directly studying the infinite-dimensional limit and only dis-
cretizing the problem in the last step, when implementing an algorithm on a computer. By
accurately understanding the infinite-dimensional problem, one can gain valuable insights
on how it should be discretized. Sometimes, this leads to algorithms that are dimension-
independent in that their performance does not degrade when one chooses a finer discretiz-
ation.

Important areas where it is now standard to study the infinite-dimensional object dir-
ectly are, for example, Bayesian inverse problems (Stuart, 2010) and nonparametric statist-
ics (Tsybakov, 2009; Giné and Nickl, 2015). Accordingly, many Markov chain Monte Carlo
algorithms used for sampling, such as the Metropolis-adjusted Langevin (Cotter et al., 2013)
or Hamiltonian Monte Carlo (Beskos et al., 2011) algorithms, have successfully been gen-
eralized to the infinite-dimensional setting; in addition to being an empirical success, these
efforts have also led to dimension-independent convergence guarantees (see Hairer et al.
(2014); Bou-Rabee and Eberle (2021); Pidstrigach (2022a)).

In the common implementation of the diffusion model algorithm, one first discretizes the
data (for example images to pixels or wavelet coefficients, or functions to their evaluations
on a grid) and then applies the algorithm in R”, as described in Song et al. (2021). When
doing so, one does not consider the implications of the discretization dimension D. In
particular, if there is no well-defined limiting algorithm as D — oo, one cannot expect the
algorithm’s performance to be stable as D becomes large. This instability can potentially
be mitigated by defining the diffusion model algorithm directly in infinite dimensions, and
studying its properties there. Once the algorithm is modified so that it exists in infinite
dimensions, the discretized formulations that are implementable on a computer will possess
dimension-independent properties.

1.1 Challenges in Extending Diffusion Models to Infinite Dimensions

Let us briefly recall the well-known finite-dimensional diffusion model setting. A forward
SDE, typically an Ornstein—Uhlenbeck process, is used to diffuse the data pigata:

1
dX, = —iXtdt + dW4, Xo ~ Hdata - (1)

The densities of its marginal distributions are denoted by p;. The following so-called “reverse
SDE” will traverse the marginals of X; backward:

1
Y = SYidt + Viegpr—(Yi)dt +dWi, Yo ~ pr, (2)
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where W; is a different Wiener process/Brownian motion than in (1). In particular, Y ~
PT—T = [idata, Where by a slight abuse of notation we denote both the density and the
measure itself by pgata- The goal of the diffusion model algorithm is to approximate paths of
Y; and use the realizations at time 7" as approximate samples from pgata. Since the marginals
of the forward SDE X, converge to N'(0,I) at an exponential speed, one can approximate
the unknown term pp by N(0, I). Furthermore, V logp; can be approximated using score-
matching techniques (Vincent, 2011). There are three main challenges in generalizing this
construction to infinite dimensions, which we highlight next.

1.1.1 CHOICE OF THE NOISING PROCESS

In finite dimensions, the process (W; : ¢ > 0) in (1) is standard Brownian motion. Therefore,
the noise increments for different coordinates i and j, e.g., W} — W¢ and W} — WY, are
independent and identically distributed. In infinite dimensions, one can associate a white-
noise process WU to each Hilbert space U, with the property that the coordinates of WY
in an orthonormal basis of U are independent and identically distributed. Therefore, one
has to determine which white-noise process (i.e., which Hilbert space) to choose in the
infinite-dimensional limit.

The common case of discretizing the infinite-dimensional target object to RP, e.g.,
discretizing a function onto a grid or real-life scenery into image pixels, and then choosing
W, as a standard Brownian motion on R”, means that at each grid point we will add
independent noise values. In particular, as the grid grows finer, even for arbitrarily close
values a =~ b, the evaluations X;(a) and X;(b) will be perturbed with independent noise.
The limiting Wiener process will be Wth, i.e., the process associated to U = L?, also called
space-time white noise. We have depicted space-time white noise in Figure 1a.

In infinite dimensions, however, the choice of the noise process is a subtle issue, as it
has a crucial impact on the space on which the diffusion process is supported. For instance,
the above ‘canonical’ choice of space-time white noise will lead to X; and W} having such
irregular samples that they are not supported in L? anymore. While we will also study
such processes due to their widespread use in practice, we will see that other choices can
be beneficial from a theoretical as well as a practical standpoint.

1.1.2 SCORE FUNCTION

The score function V log p; in (2) is typically defined via the Lebesgue density p; of the law
of X;. Yet in infinite-dimensional vector spaces, the Lebesgue measure no longer exists;
hence one can no longer specify the score functions in the same manner. Therefore, a key
question is: How does one define and make sense of V log p; without relying on the notion
of Lebesgue density, and still define an algorithm which provably samples from the correct
measure?

1.1.3 DENOISING SCORE MATCHING OBJECTIVE

The score Vlogp, is typically approximated by a neural network §(¢,z) in some chosen
neural network class, and identified by minimizing the denoising score-matching objective,

T
Loss(3) = /0 E[[[V log pr(X,) — 3(t, X[ %]dt,
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over this class. Similarly to the choice of the noising process, it is not clear which Hilbert
space K and norm || - ||x should be used for the analogous objective in infinite dimensions.

1.2 Contributions

Our paper, for the first time, formulates the diffusion model algorithm directly on infinite-
dimensional spaces, and proves that this formulation is well-posed and satisfies crucial
theoretical guarantees.

To formulate the reverse SDE in infinite dimensions, we must find a way to handle the
Vlogp: term, as discussed in the last section. We do this by replacing the score with a
conditional expectation, in Definition 2. This definition then carries over to the infinite-
dimensional case. Furthermore, we are able to show under which circumstances one can
generalize the denoising score matching objective to identify the neural network §(¢,z) in
Lemma 7.

To justify approximating the reverse SDE to obtain samples from piqata, we proceed
in multiple steps. First, in Theorem 9, we show that the time-reversal of the forward
SDE also satisfies an appropriate reverse SDE. The terminal condition of the reverse SDE
will have distribution pgata- To simulate this reverse SDE in practice, however, both its
initial conditions and drift must be approximated. In Lemma 7 we establish under which
conditions we can use the common denoising score matching objective to approximate the
drift of the reverse SDE in infinite dimensions.

Second, we prove that the solution to such an SDE exists for general initial conditions—
and in particular, for our approximate initial conditions. Moreover, we prove that the
solution is unique; otherwise we could be approximating a different reverse SDE solution
that does not sample piqata at the terminal time 7. We provide rigorous uniqueness res-
ults under two distinct scenarios: first, in Theorem 12, for pgat, which satisfies a manifold
hypothesis; and second, in Theorem 13, under the assumption that pga.ta has density with
respect to a Gaussian measure. The first case is relevant for the typical use cases of diffu-
sion models, as image data are usually supported on lower-dimensional manifolds or other
substructures. The second case is relevant when, for example, applying diffusion models to
Bayesian inverse problems or related problems of simulation-based inference.

Finally, building upon the preceding results, we establish dimension-independent con-
vergence rates in Theorem 14. Our bound is quantitative and shows how the distance relies
on different choices made in the diffusion model algorithm.

The theory described above guides choices for the noise process W and the loss norm
|| || - Both will depend on the properties of figata- In Section 6 we discuss the implications
of the theory for implementing diffusion models in infinite dimensions. In Section 6.1, we
work out guidelines for choosing W and K for a given figata. In Section 6.2, we study
the case of image distributions and see that our theorems indeed apply for the typical
properties of pgata One expects in that setting; hence, we have proven that the standard
diffusion model algorithm is well-defined for image distributions as D — co. Moreover, we
see that the choices WU = VVtL2 and K = L? actually follow the guidelines developed in
the preceding subsection. Therefore, the canonical choices made for diffusion models seem
to be good default choices for image distributions.
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For piqata with different smoothness properties, however, the insights from our theory
dictate other choices for U and K. In Section 7 we apply our guidelines to two specific data
distributions pigata- Our principled algorithms are compared to the common ad hoc imple-
mentation of diffusion models. These numerical findings confirm our theoretical insights:
our modifications outperform the canonical choices, and the ways in which they do can be
explained by the discussion in Section 6.

1.3 Related Work

The two efforts most related to ours are the concurrent works Hagemann et al. (2023) and
Lim et al. (2023).

In Hagemann et al. (2023), methods are developed to train diffusion models simultan-
eously on multiple discretization levels of (infinite-dimensional) functions. They build upon
our Wasserstein distance bounds to show that their multilevel approach is consistent.

Lim et al. (2023) are also able to generalize the trained model over multiple discretization
levels. They propose to run the annealed Langevin algorithm in infinite dimensions, and
use existing results for infinite-dimensional Langevin algorithms to justify their algorithms
theoretically. The forward-reverse SDE framework is not treated.

Both of these efforts encounter difficulties when defining the infinite-dimensional score.
Hagemann et al. (2023) circumvent this issue by only treating time-reversals of the discret-
ized forward SDE. Lim et al. (2023), on the other hand, only analyze the case in which
the measure is supported on the Cameron-Martin space of W”. One can then simplify
the problem by working with densities of X; with respect to Gaussian measure. From a
practical point of view, both of these works employ Fourier neural operators (Li et al., 2020)
as their neural network architecture, while we work directly in the space domain and use
the popular U-Net architecture for our neural networks.

In Kerrigan et al. (2022) an infinite-dimensional time-discrete version of the diffusion
model algorithm is proposed. It is not studied whether the proposed algorithm is well
defined in infinite dimensions.

Other works also transform data into a representation that is well suited to functions,
e.g., by applying a wavelet (Guth et al., 2022; Phung et al., 2022) or spectral (Phillips
et al., 2022) transform. After the transformation, however, these works employ the finite-
dimensional formulation of the diffusion model algorithm; infinite-dimensional limits are
not treated. We discuss how different spatial discretization schemes can be related to our
results in Section 4.

Lastly, the subject of convergence of diffusion models to the target distribution has been
a very active field of research recently; see Chen et al. (2022, 2023); Bortoli (2022); Lee et al.
(2022); Yang and Wibisono (2022). In all these works, however, bounds on the distance to
the target measure depend at least linearly on the discretization dimension D, rendering
them vacuous in infinite dimensions.

1.4 A Primer on Probability in Hilbert Spaces

In this section, we will give a short summary of key concepts relating to probability theory on
infinite-dimensional (Hilbert) spaces which are required to study the infinite-dimensional
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formulation of SGMs rigorously. For an extensive introduction to this topic, see Hairer
(2009, Chapter 3).

1.4.1 GAUSSIAN MEASURES ON HILBERT SPACES

Let (H, (-,-)pr) be a separable Hilbert space. We then say that a random variable X taking
values in H is Gaussian if, for every v € H, the real-valued random variable (v, X)p is also
Gaussian. If the (v, X)y have mean zero, X is centered. The covariance operator of X is
the symmetric, positive-definite operator C': H — H defined through

(9,Ch)m = Cov ((X, 9)mr, (X, b)) = Ex [(X, 9) u (X, h) 1] (3)

We denote the law of X in this case by N(0,C). Since X takes values in H, C' is guaranteed
to be compact (Hairer, 2009). Therefore, there exists an orthonormal basis (e; : i > 1) of

eigenvectors of C satisfying Ce; = ¢;e;. Fixing this basis, the second moment of X is given
by

E[|X|%] =E [Z (X, e;) ] ZE X,e)hl = (ei.Ceyp=> ci.
=1 =1 =1

Since a Gaussian measure is supported on H if and only if its second moment on H is finite
(Hairer, 2009), and X takes values in H, the trace of C, tr(C') = >, ¢;, will be finite. We
then also say that C is of trace class. Note that this is not the case if one would choose
C = 1d, since its trace is infinite. However, one could always just consider a larger space
H' D H, such that H' supports p := N(0,C) and on which C' would then have finite trace.

1.4.2 THE CAMERON—MARTIN SPACE

The covariance operator C plays a special role in that it characterizes the ‘shape’ of the
Gaussian measure N (0, C). Indeed, one may define another canonical inner product space
U associated to C, which is a (compactly embedded) subspace U C H called the Cameron—
Martin space of N'(0,C). Intuitively speaking, with respect to the geometry of U, a random
variable X ~ N(0,C) will have ‘identity’ covariance. Assuming that C' is non-degenerate,
the Cameron—Martin space is defined via the inner product

(0100 = (0.0 = (020,02

Since C~! is unbounded, U is indeed a smaller space than H; more specifically, one can
show that U = CY2H. In order to generate a realization of X ~ N (0,C), one may simply

draw i.i.d. coefficients (& ~ N (0,1) : i > 1) and set X = SV
the eigenpairs of C.!

It is important to note that X almost surely does not take values in U. As an example,
let H = L%([0,1]), and consider a one-dimensional Brownian motion process (B : t € [0, 1]).
Of course, B € H almost surely. The Cameron—Martin space of B, however, is given as the
space U = H'([0,1]) of weakly differentiable functions on [0,1]. Since the sample paths of
B are almost surely nowhere differentiable (Karatzas et al., 1991), we conclude that almost

i1 G &62 where (c¢;,€;)5°, are

1. This is also called the Karhunen—Loeéve expansion of X, and in finite dimensions relates to the simple
fact that C~/2X ~ N(0,1d).
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surely B ¢ U.? Nevertheless, U does indicate the regularity of the Gaussian process at
hand: the more regular U, the more regular the draws from the corresponding Gaussian
measure.

1.4.3 C-WIENER PROCESSES IN HILBERT SPACES

The standard Brownian motion in R? has increments Wiint— Wy ~ N(0, Atlp). However,
for the case of a general infinite-dimensional Hilbert space H, the meaning of an identity
covariance matrix depends on the choice of the scalar product with respect to which the
Gaussian measure has identity covariance. Therefore, we will from now on fix two Hilbert
spaces: the Cameron—Martin space U, with respect to which the increments of the Wiener
process would have covariance Atl, and a larger space H on which WtU takes values and
has covariance operator C, i.e.

WtqrAt - WtU ~ N (0, AtO).

In general, we will pick H large enough so that all of our objects take values in it (the target
measure [idata as well as the C-Wiener process WtU). The choice of U can then also be seen
as being equivalent to choosing a covariance operator C' of W on H.

1.4.4 INTERPRETATION IN FINITE DIMENSIONS

Given a Gaussian distribution A/(0,C) on RP, its Cameron-Martin space will be again R?,
but equipped with the scalar product

<x7y>U = <Cil/2x,071/2y>RD = ZETcily.

Plugging U into definition (3), one sees that X has an identity covariance matrix with respect
to U. If X ~ N(0,C), then it can also be represented as vCZ, for Z ~ N(0,Ip). Similarly,
a C-Wiener process with increments A(0,C) in finite dimensions can be constructed by
using a standard Brownian motion W; on RP and multiplying it with v/C.

Therefore, in finite dimensions, most of the discussions above can be simplified to choos-
ing covariance matrices and representing objects of interest in terms of standard Gaussians
(Z) or Brownian motions (W;). The main technical difficulties in infinite dimensions arise
because one has to choose a Hilbert space H on which Z would have the standard normal
distribution, and because Z will not take values in H.

However, in infinite dimensions, one can still understand most concepts that relate to
the choice of Gaussian measures by simply thinking about some large Hilbert space H' in
which all quantities of interest take values and then identifying Gaussian random variables
with their covariance operators on this space.

2. The Infinite-Dimensional Forward and Reverse SDEs

We will now formulate the forward and reverse SDEs of our generative model in infinite
dimensions, and show that the reverse SDE is, in fact, well-posed with the correct terminal
distribution.

2. Here, we have used that functions in H' are absolutely continuous, and therefore almost everywhere
differentiable on [0, 1].
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To this end, let pgata be our target measure, supported on a separable Hilbert space
(H,(-,-)). Our goal is to generate samples from jiqata, Which is done by first adding noise
to given samples from pgat, using a forward SDE and then generating new samples using a
learned reverse SDE (Song et al., 2021).

2.1 Forward SDE

We now define the infinite-dimensional forward SDE used to ‘diffuse’ the initial measure
ldata- As noted in Section 1.4, there is no natural Brownian motion process in infinite
dimensions; instead there is one white noise process WU for each Hilbert space U. From
now on, we fix some Cameron-Martin space U, together with its Gaussian measure N (0, C).
Furthermore, let H be large enough to not only support jiqata, but also N'(0, C). In practice,
an example would be to choose a Gaussian process (GP) with a Matérn covariance N (0, C')
(which implicitly defines U). As the embedding space H, one could for example choose L?.
Then WY would have increments that are samples from a Matérn GP.
We then define the forward SDE as

1 1
Xy = —5 Xyt + awl = — 5 Xudt + VOAWH,  Xo ~ pgata - (4)

The marginal distributions of X; will converge to the stationary distribution N (0,C) as
t — oo (Da Prato and Zabczyk, 2014, Theorem 11.11). We will denote the marginal
distributions of X; by P;.

The choice of U, or equivalently C, can be guided by the theory that we will develop
and strongly impacts empirical performance. We discuss these choices in Section 6.

2.2 Definition of the Score Function

Analogously to score-based generative models in finite dimensions, we now wish to define the
reverse SDE corresponding to (4); this SDE on H should approximately transform A(0, C)
t0 ftdata- This can be achieved by time-reversing the SDE (4). In the finite-dimensional case,
the drift of the time reversal SDE involves the score function Vlogp; (see (2)), where p; is
the density of P, with respect to Lebesgue measure. More precisely, in the finite-dimensional
case H = RP, the reverse SDE to the Ornstein-Uhlenbeck process

1
X, = 5 Xydt + Voaw,

is given by

1
dY; = SYidt + CVlog pri(Yy)dt + VOAW; ;

see (Haussmann and Pardoux, 1986). In the infinite-dimensional case, the density p; is no
longer well-defined, since there is no Lebesgue measure. Hence, we need another way to
make sense of the score function. Interestingly, in finite dimensions, there is an alternative
way to express C'V  log p; via conditional expectations which is amenable to generalization
to infinite dimensions.
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Lemma 1 Assume the finite-dimensional setting H = RP. Denote by p; the Lebesque
density of X, where Xjo 7 is a solution to (4). Then, we can express the function C'V log p;
as

1
1—et
1 _t
= 7(JI—€ 2E[X0|Xt:a:])

C1—et

CV log p(z) = (E [Xt .0 | X; = :L"D

fort > 0, where E[f(X,) | X; = x] is the conditional expectation of the function f(X;)
given Xy =z and 7 € [0,T].

Conditional expectations are also well-defined in infinite dimensions. Therefore, we will
give the conditional expectation from Lemma 1 a name and make use of it as the drift of
the reverse SDE on Hilbert space H:

Definition 2 Let H be a possibly infinite-dimensional Hilbert space and Xo 7] a solution
to (4). We define the reverse drift as a map s :[0,T] x H — H,

1

s(t,x) = =

(a: — e EE[Xo| X, = x]) .

Remark 3 For a definition of conditional expectations and measures for Hilbert-space val-
ued random variables, see Bogachev (1997, Section 1.3).

Remark 4 Note that the above function is only defined up to Pi-equivalence classes, where
P; is the distribution of the time-t marginal of the forward SDE. However, the loss function
for diffusion models is a L? loss, integrated over P;. Therefore, without restricting the func-
tion class that one optimizes over, the minimizer is also only defined up to P-equivalence.
Neural networks are normally contained in the class of continuous functions in t and x.
We will see that we can pick versions of s(t,x) satisfying continuity properties, for example
being locally Lipschitz continuous in x (see Section 3.2).

We will also frequently use the fact that the drift of the reverse SDE is actually a rescaled
martingale in reverse time. We will later show that this also holds in infinite dimensions,
in Theorem 9.

Lemma 5 Assume the finite-dimensional setting H = RP. Then, the quantity M, =
e_t/QVIngt(Xt) s a time-continuous reverse time martingale, i.e.,

(t=7)

Viegp (Xy) =e 2 E[Vlogp,(X;) | Xy] forallO< 7 <t

The proofs of both of these lemmas can be found in Appendix D.1.

2.3 Reverse SDE

We are now able to write down the infinite-dimensional forward SDE:

1
Xo~ paata, Xy = =5 Xydt + VoawH (5)
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where WU = /CW/ are C-Wiener processes. Defining Y, := X7_; as the time-reversal
of a solution to (5), we want to show that it satisfies the following stochastic differential
equation:

1
Yo ~ Pr, dY; = S Yidt + s(T — £, Y;)dt + VoawH, (6)

Here, the drift s(t,z) of the reverse SDE is given by Definition 2.
In finite dimensions, one could also rewrite the reverse SDE as

1
dY; = JYidt + OV logpri(X,)dt + VCawH

1 de—t / H
_ 1 _dprt JoawH
= 2Y}dt + CVlog aN(0.C) (Xp)dt + VCdW",

where we denote by N (0, C)(z) the density of N'(0,C) of evaluated at z. In finite as well
as in infinite dimensions, if Xy ~ jqata has a density with respect to a Gaussian A (0,C),
then so will the distribution of X; (see the proof of Theorem 13). Therefore, under that

assumption, the SDE in the last line of (7) can also be made sense of in infinite dimensions.
Rewriting the SDE in this form is helpful in the proof of Theorem 13.

Remark 6 Another forward SDE with invariant measure v = N(0,C') is
1
dX, = —50—1Xtdt +dw/f, (8)
with corresponding reverse SDE

1 _ d]P)T_t H
Y, = —-C 'ty log ———(V; Wi,
d t 20 tdt—f‘VH og dN(O, C)( t)dt+d t (9)

The operator C~' can often be identified with a differential operator, turning (9) into a
stochastic partial differential equation (SPDE). One can then use numerical tools for SPDEs
to approximate the above. This constitutes an interesting direction for future work.

Note, however, that if C~' is an unbounded operator, for any fized positive time t >
0, the high frequencies of Yy will already have been smoothed out by the process. Since
the reverse SDE has to be discretized, care must be taken on how to train and evaluate
the diffusion model; otherwise one might lose all high-frequency information. By ‘high
frequencies,” here we mean the eigenvectors corresponding to large eigenvalues of C~1.

2.4 Training Loss

To simulate the reverse SDE, we need a way to approximately learn the drift function s(t, ).
For another function 5(¢,z) (a candidate approximation to s), we measure the goodness of
the fit of § using a score-matching objective, i.e.,

SMy(3) = E[[|s(t, X¢) — 3(t, X¢)|[%]- (10)

10
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On RP, the norm ||-||x to measure the misfit is typically the Euclidean norm. For training,
this loss can be rewritten into the denoising score matching objective,

DSM;(3) = E[||3(t, X;) — (1 — e ) V2(Xy — e 2 X0)|1%] = SMy(3) + V. (11)

One can then show (see (Vincent, 2011)), that SM and DSM only differ by a constant V;
and therefore one can use DSM as an optimization objective to optimize SM. The DSM
loss is normally optimized on a sequence of times {t,,}}_; on which the reverse SDE is
discretized (since the score will only be evaluated at these t; values), i.e.,

M M
Loss(5) = » SMy,(3) = Y DSMy, (5) = Vi, (12)
m=1 m=1

= EtmaX[Hg(tm7 Xtm) - O-t_ml (Xtm - eitM/QXO)H%{] - V7

where the last expectation is taken over t,, € Unif({¢1,...,ty}) and V = Z%zl Vi, -

We will see that the equivalence of SM; and DSM; does not hold in general in infinite
dimensions. Furthermore, we will study the choice of the norm || - ||x. Two natural choices
that come to mind are the norm of the embedding Hilbert space H and of the Cameron—
Martin space U of C. In the following lemma, we study conditions under which we can
rewrite the loss into the denoising score matching objective.

Lemma 7 Let (K, (-,-)g) be a separable Hilbert space. Furthermore, denote by 5 an ap-
proximation to s, such that the score matching objective (10) is finite. Then,

SM,(3) = DSM,(3) — Vi,

where DSM, is defined in (11) and V; is given by the conditional variance of Xy,
ot
1—et

Furthermore, DSM; is infinite if V; is.

Vi= E[[| Xo — E[Xo| X:]/I%].

Lemma 7 shows that in infinite dimensions there is the possibility that the true objective SM,
which we are trying to optimize, might be finite, while DSM is not. One might argue that
this is not relevant since in practice one always has to discretize and then both will be finite.
However, as we will argue in the following paragraph, the discretization level will impact
the variance of the gradients. In practice, we do not evaluate the full expectation values in
SM or DSM, but take Monte Carlo estimates in the form of mini-batches. Assuming that
we have already reached the optimum, i.e., s = §, then the SM objective would be zero
and also the gradient of any mini-batch taken to approximate it would be zero. However,
derivatives of Monte Carlo estimates of the DSM objective will have the form

M
- 1 - - - _
891‘ DSM(SG) = M E <89i8(t7$i\/[)a S(taxt) — 0y I(Xt —€ t/2X0)>7
=1

where me made the parameters 6 (typically, the weights of a neural network) of §y explicit.
The random variable 3(t, X;) — o, ' (X; — e~/2Xy) has infinite variance, and therefore we
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can expect the above gradient estimates to have infinite variance too. Hence, if V; is not
finite and therefore DSM; is not finite in infinite dimensions, one can expect variance of the
the gradient of the DSM to get arbitrarily large as the discretization gets finer, despite the
fact that the true gradient should be zero. In the following lemma, we study some cases in
which we can expect V to be finite.

Lemma 8 The denoising score matching objective (11) is finite in infinite dimensions if
one of the following two conditions holds:

1. We use the Cameron—Martin norm || - ||k = || - |l in the objective, and pqata 1S
supported on the Cameron—Martin space U of N'(0,C) and has finite second moment,
i.e.,

E[[| Xo — E[Xo][|7] < oo
2. Both pigata and N'(0,C) are supported on K.

A consequence of point 2 of Lemma 8 is that the norm of the embedding Hilbert space
K = H is always a valid choice. The proof of both lemmas above can be found in Appendix
D.2.

3. Well-Posedness of the Reverse SDE

We need to show that the reverse SDE possesses solutions and that they are unique in order
to prove that the reverse SDE samples from the target distribution in infinite dimensions.
In Section 3.1, we show that the time-reversal of the forward SDE satisfies the reverse SDE
in infinite dimensions and therefore samples the right final distribution pgat, at its final
time. In Section 3.2, we will show strong uniqueness and existence of the reverse SDE for
general initial conditions.

3.1 The Time Reversal Satisfies the Reverse SDE

Thus far, we have formally formulated the reverse SDE (6) without showing that it actually
constitutes a time reversal of the stochastic dynamics from the forward equation. In the
following theorem, we show that Y; indeed constitutes a time reversal of X; and that it
recovers the correct target distribution at terminal time T

Theorem 9 Assume X; is a solution to (4). Then, the time reversal Y; == Xp_y solves
the SDE (6). Furthermore, if H is a Hilbert space such that pgata and N(0,C) are both
supported on H, we can choose s such that My = s(t, X;) is almost surely continuous in t
with respect to the H-norm.

Proof (Sketch) We approximate the infinite-dimensional forward-SDE in finite dimensions
using a spectral approximation in the eigenbasis of the covariance operator C'. The finite-
dimensional approximations are denoted by XtD .

Next we show that the finite-dimensional time-reversals Y, := X:P_t satisfy an equation
analogous to (6):

1 t t
VP Y~ 2/0 vPdr - /O s2_.dr =VCPBP.

12
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We then show that all of those terms converge to their counterparts in (6), and therefore
Y, := Xp_; satisfies the same equation. The convergence of YtD to Y; is trivial: the YtD
are spectral approximations. The convergence of the other terms is a bit more involved.
Unfortunately, for L > D, the conditional expectations stD are not the projections of 3,{4 to
a lower-dimensional space, and the same holds for the Brownian motions BtD .

We can, however, show that sf) is a martingale in D. Combining this with the fact that
e~'/2sP is also a martingale in time (see Lemma 5), we obtain uniform-in-time convergence
of sP to s;. The convergence of CPBP also follows, and we can identify the limit as a
C-Wiener process.

The full proof can be found in Appendix F.1. |

Remark 10 The work Follmer and Wakolbinger (1986) studies time-reversal of more gen-
eral forward SDEs. Due to the more general setting, the resulting SDE is only expressed
coordinate-wise, and the SDE as well as the assumptions are more technical. Using our
approach and the reverse drift s(t,x), we prove that we can still use the common denoising
score matching loss to approximate s(t,z); see Lemma 7. Another related concept is vector
logarithmic derivatives, as discussed in Bogachev (1997).

Due to Theorem 9, we know that there is a solution to (6) that will sample pgata at the
final time. To motivate approximating (6) for sampling from fiqata, we also need to show
that these solutions are unique; otherwise there could be other solutions that have different
terminal conditions. We will achieve this in the following section.

3.2 Uniqueness and Existence of Solutions

We now study strong uniqueness and existence of the solutions to the reverse SDE. We say
an SDE satisfies strong existence if we can construct a solution to the SDE for any driving
Brownian motion and that solution will be adapted to the filtration of the Brownian motion.
We say that an SDE satisfies strong uniqueness if, for any two solutions Y; and Y; of that
SDE, with the same driving Brownian motion, it holds that P[Y; = Y; for all ¢] = 1.

Remark 11 Here we will prove strong uniqueness (also called pathwise uniqueness) of solu-
tions to the reverse SDE. For sampling purposes, uniqueness in law of the reverse SDE
would suffice and is generally easier to prove. However, for the Wasserstein distance bounds
which we will prove later (see Theorem 14) we will employ coupling arguments. These ar-
guments implicitly rely on strong existence of solutions to the reverse SDE and therefore we
will prove strong existence. Strong existence together with uniqueness in law already imply
strong uniqueness; see Karatzas et al. (1991, Section 5.3) (the result also holds here since
H is separable). Therefore, in our case we can obtain strong uniqueness no matter which
UNIqUENESs we Prove.

We will treat two different settings. The first setting is tailored to distributions suppor-
ted on substructures of the full space. The main motivation for this setting are measures
which are supported on a manifold-like structure M. Since many distributions that dif-
fusion models are applied to satisfy the manifold hypothesis, understanding how diffusion
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models interact with manifolds has been an active area of research (Pidstrigach, 2022b;
De Bortoli, 2022; Batzolis et al., 2022).

Theorem 12 Fiz a covariance operator C in the forward SDE (5) together with its Cameron—
Martin space U. Assume that the support of pgata 1S contained in a ball Br in U of radius
R >0:

Br={x : |lz|u < R}.

Then there is a version of s which is Lipschitz continuous with respect to the Cameron—
Martin norm, i.e.,

Is(t,2) = s(t,y)llo < Lillx = yllo, (13)

where Ly € R is a time-dependent Lipschitz constant. Moreover, the reverse SDE with the
Lipschitz continuous version of s(t,x) has a unique strong solution.

Proof (Sketch) The transition kernel of the forward SDE is given by
pt(x[)a ) ~ N(e_txoa ’UtC),

where we used the shorthand notation vy = 1 — e~?. If 2y is an element of the Cameron—
Martin space U of C, then the transition kernel is absolutely continuous with respect to
N(0, (1 — e t)C). The explicit formula for the density is

dN (e tzg, v, C)
0. 0) = =400y )

by the Cameron—Martin theorem. Since pigata almost surely takes values in U, one can use
the above to derive an explicit expression for the conditional expectation E[Xo|X; = 2] in
terms of these densities:

d ata
E[Xo| X =12] = J mon (2o, 2)dpdat (xo).
J (o, x)dptdata(z0)

This formula can be used to derive local Lipschitzness of

N+

1 e
+ _tE[X0|Xt =z].

t,z)=—
)= T T

Interestingly, the local Lipschitzness is in terms of the norm of U. Even if x and y themselves
are not in U, if their difference in is U, the U-norm of the difference s(t,x) — s(t,y) will
be bounded by (13). Taking some care, one can still use a fixed point argument to obtain
existence, but not uniqueness. One can then apply Gronwall’s lemma to obtain uniqueness.

Note that obtaining weak uniqueness would be easier, since under our assumptions the
drift s(¢, z) will always map to the Cameron—Martin space of the C-Wiener process and one
could apply a Girsanov-type argument.

The full proof can be found in Appendix F.1. |

The other case of interest is applying diffusion models to Bayesian inverse problems or
simulation-based inference. In this case, we assume that the true measure is given as a
density with respect to a Gaussian reference measure. We treat it in the theorem below:
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Theorem 13 Fiz a covariance operator C in the forward SDE (5). Assume fidata 1S given
as

Hdata X exp(—(I)(x))d./\/'(O, CM)

Let (H,(-,-)u) be a Hilbert space on which N'(0,C}) is supported and C is bounded. For
the potential ® € C'(H) we assume,

o O(z) > Ey,
o ®(2) < Ey + Eqz||?, and
o [VO(z) - VO(y)|| < Lllz -yl

where the gradient is the H-gradient. Then there is a version of s(t,x) that is locally
Lipschitz continuous with respect to the H-norm for each t, i.e., for ||x||,||y|| < r there is a
L, < oo such that

st 2) = s(t,9)|| < Lirllz = yll,

and the reverse SDE with the locally Lipschitz continuous version of s(t,z) has a unique
strong solution.

Proof (Sketch) The proof holds for any C that is diagonalizable with respect to the same
eigenbasis as C), (in particular, also for C' = 1d, i.e., H-white noise), but we will only treat
the less technical case C' = C), here.

In the case of C = (), the distribution P; of X; is absolutely continuous with respect
to N(0,C). One can rewrite the reverse SDE as in (7). It will then hold that

th log dA%(xt) = E[CV(I)(Xo)‘Xt = .T}t],

and the proof will mainly translate the Lipschitzness properties of V& (z) to E[V®(X()| X; =
x]. The global Lipschitzness of V®(x) only induces local Lipschitzness of E[V®(X)|X; =
x], but that is enough to apply a Gronwall argument and deduce strong uniqueness.

Furthermore, one can obtain weak existence to the reverse SDE. By Theorem 9, the time
reversal will be a weak solution with initial condition Pp. However, under the assumptions
of the theorem, N (0,C) will be absolutely continuous with respect to pr. Therefore, one
can obtain a weak solution with initial conditions N(0, C') by reweighting the time reversal.
However, weak existence together with strong uniqueness already imply strong uniqueness;
see Karatzas et al. (1991, Section 5.3).

The full proof can be found in Appendix F.2. |

4. Algorithms and Discretizations

We state simplified versions of our proposed algorithms in Algorithms 1 and 2. There
are many potential modifications one might make to the above algorithms, as for example
discussed in Song et al. (2021); Song and Ermon (2020); Ho et al. (2020); we do not include
these here since they are not the focus of the current work. To implement any algorithm on
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Algorithm 1 Training

Require: Covariance operator C

Require: Training data {X"})_; Algorithm 2 Sampling
Require: Loss Norm || - || Require: Covariance operator C'
Require: Batch size B Require: Discretization grid {t1,...,tp}
Require: Discretization grid {t1,...,ta} Require: Number of samples to generate L

1: while Metrics not good enough do 1 {24, 1L, ~N(0,0)

2 Sample {¢'}B | ~ N(0,C) i.i.d. 2: for m<« M,...,1do

3: Subsample {z}}2 | from {X"}), 3 At — ty, — tm—1

4: Sample t* € Unif({t,...,tx}) 4: Sample {¢'}E | ~ N(0,C) i.id.

5 x% — e*tixé + /1 —etig 5: :L’fnfl — m’fn—{—At §g(tm,$fn)+\/&§i

6:  Loss(d) = B |I5(t,2)) — 6 end for

\/ﬁgzw 7. return {z%,}M,

7 Perform gradient step on Loss.
8: end while

a computer, the functions have to be discretized in some way. Discretization also interacts
with the covariance matrix C', as the same covariance matrix has different meanings in
different discretizations. We discuss this briefly now.

If the functions are discretized on a grid, i.e., if the samples are of the form { f(z4)}2_, for
a fixed grid {z4}, choosing an identity covariance matrix corresponds to adding independent
noise at each grid point z4. The limiting object of the noise as the grid gets finer is space-
time white noise (recall Section 1.1). Furthermore, the Euclidean norm on R in the loss
function (11) will correspond to using the L? loss in the limit—i.e., the Cameron-Martin
norm of the noising process.

In RP the choice of the white noise process is equivalent to choosing a covariance matrix
C and adding v/CdW; with a standard RP-valued Brownian motion W;. Any correlated
Wiener noise process WtU can be represented in this way on R”. If one wants the limit
of v/CdW; to be a Gaussian process, one needs to plug in for C' the kernel matrix of that
Gaussian process on the grid {xd}gzl. Alternatively, one can also use one of many available
libraries to generate Gaussian process realizations for common kernels (such as Matérn or
squared exponential).

Note that the meaning of C' depends on the discretization. If f is discretized with
respect to some basis e; of a space U, then using the identity covariance matrix corresponds
to using the white noise process with Cameron—Martin space U. Therefore, discretizing the
functions in a wavelet or Fourier basis will also result in space-time white noise as these
both form an orthonormal basis of L? (under the common scaling of the basis vectors).
However, if one does not want to work in the spatial domain, one can also just discretize
the functions in an orthonormal basis of the Cameron—Martin space U of the noise one is
targeting. Therefore, we can translate the approaches in Guth et al. (2022); Phillips et al.
(2022); Phung et al. (2022) into our setting.
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5. Bounding the Distance to the Target Measure

We now study how far the samples generated by the diffusion model algorithm lie from the
true target measure figata. We do this in the Wasserstein-2-distance,

REQ(p,v

1/2
w2<u,u>=( we | Hw—yr%;dw,y)) |

where x runs over all measures on H x H which have marginals p and v. The Wasserstein-2
distance in some sense “lifts” the distance induced by || - ||z to the space of measures. In
the following theorem, we give an upper bound for the Wasserstein distance between the
sample measure and the true data-generating measure. The bound holds irrespective of
| - |z, giving us the freedom to study how different choices of || - ||z affect the distance
bound.

Theorem 14 We denote the covariance of the forward noising process by C. Let (H,||-||x)
be any Hilbert space such that the support of pigata and N'(0,C) are contained in H. Assume
that || - ||z is at least as strong as the norm || - |k used in the training of the diffusion model
(see (12)), i.e.,

[zl < allz]x

for some constant a. Further, assume that s(t,z) is Lipschitz on H with constant L, i.e.,
[s(t, z) = s(t,y)lla < Lllz —ylla

and that the reverse SDFE has a strong solution (see Theorem 12 or 13 for the requirements).
Let the reverse SDE (6) be discretized using an exponential integrator (see Appendix C).
Then,

1/2 1/2 1
WQ (,udataa /Lsample) < (eXp(—T/Q) WQ (MdataaN(Oy C)) + gN/um + asL{)ss) €xp <4L2T) )
(14)
where €r0ss 15 the value of the loss objective (12) and exum denotes the error due to the
numerical integration procedure,

eNum = O(At) sup Ex,p,[|ls(t, X)l[7]-
0<t<T

Proof (Sketch) We define two strong SDE solutions: Y;, which is a solution to (6) with the
correct drift s(t,x) and started in Pp; and Y;, which uses the approximate drift § and is
started in NV(0, I).

Both solutions are run to time 7. We couple them by using the same Brownian motion
process for both and starting them in Ws-optimally coupled initial conditions.

We then obtain a bound on E[HYT—}}TH%{]. Since we know that Y7 ~ fdata, Y7 ~ Hsample
by definition, this gives us a coupling between figata and pigample and therefore upper bounds
the Wasserstein-2 distance between those two.

We make use of the fact that the score is a martingale to obtain an upper bound for the
numerical integration error, depending only on the quantity supy.,<p Ex,~p, [[|5(t, X¢)[/%]-
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The full proof can be found in Appendix G. |

Since the choice of the embedding space (H, ||- || i) is left open in Theorem 14, we briefly
discuss the implications of that choice. Controlling the Wasserstein distance with respect to
a stronger underlying norm always implies the same Wasserstein-bound w.r.t. any weaker
underlying norm. Of course, there is the possibility to obtain a better bound by directly
applying the theorem for a weaker norm.

Picking stronger norms for H will in general result in the Wasserstein distance also
factoring in differences in sample smoothness as well as deviations in function values. For
example, picking H = L? means that the bound only implies closeness of the function
evaluations while, for example, samples being too rough is not factored in. Picking positive
Sobolev spaces will punish deviations in function values and deviations in the derivatives
of the samples from the true samples. Picking negative Sobolev spaces for H (as we will
need to for the common implementation of diffusion models; see Section 6.2) means that the
samples are only close in a distributional sense. See Section B in the appendix for further
discussion.

6. Implementing Infinite-Dimensional Diffusion Models

Our theory yields several suggestions on how one should design infinite-dimensional dif-
fusion model algorithms. Section 6.1 gives a concise summary of those design principles,
while Section 6.2 discusses the extent to which those design principles align with common
implementations of diffusion models. In Section 7, we then show how to implement the
guidelines in some explicit examples.

The two main design choices we will discuss are

1. The choice of the forward noising process W in (4).

2. The choice of the norm | - ||x in the denoising score matching objective in (12).

The first choice (of U and hence W) is equivalent to the choice of an invariant Gaussian
distribution A/(0,C), and we will use these choices interchangeably. In general, picking a
C' such that N(0,C) produces smoother samples corresponds to picking a smaller space
U, while rougher samples correspond to larger Cameron—Martin spaces U; see also the
examples in Section 7.1 and Figure 1. Furthermore, after discretizing the problem to finite
dimensions, the choice of U or C' corresponds to nothing else than specifying a covariance
matrix C, i.e., W is replaced by vCW; in the diffusion processes. See Section 4 for more
details.

After discretization, the second design choice of || - ||k corresponds to specifying a loss
norm of the form |[K~1/2 .| in place of the typical Euclidean norm || - |.

6.1 Practical Implementation Guidance
6.1.1 MATCH C' TO pdata

First, we begin by pointing out the implications of Theorem 14 on the choice of C, or
equivalently, U. The term Wh(pgata, N (0,C)) appearing in the error bound (14) clearly
indicates choosing C such that N(0,C) is as close as possible to pigata-
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6.1.2 CHOOSING C' SUCH THAT WE CAN PICK A STRONG H-NORM

Second, as discussed at the end of Section 5, we would like to choose as strong an || -|| g-norm
as possible in Theorem 14. This suggests not picking C' too rough (U too large) as the norm
space H in Theorem 14 has to support A/ (0,C).

This last points seems to suggest that we would want to pick C' as smooth as possible
to allow for stronger H-norms. However, since H has to support pidata, there is a restriction
on how strong an H-norm can be chosen. Therefore, this suggests matching A (0,C) to
Idata SO that they are supported on the same space H, similarly to our first observation.

6.1.3 CHOOSING THE LOSS-NORM || - ||x

The H-norm in Theorem 14 also has to be stronger than the loss norm | - ||, again
suggesting choosing K as small as possible. However, besides numerical issues, also here
there are lower bounds on how strong we can choose K.

To that end, we take another look at Lemma 8 in which we study two separate cases. In
the first case, if C' is rough enough such that U contains the support of piqata, we can choose
the Cameron—Martin norm of N'(0,C) as the loss norm, i.e., K = U. In the second case,
K has to support both N (0,C) and piqasa, which is the same condition as for the space H
chosen in Theorem 14.

Hence, there are predominantly two natural ways to design the algorithm:

1. Choose N(0,C) as smooth as possible / U as small as possible, but large enough
such that the support of pqata is contained in its Cameron—Martin space U. Then
choose the loss norm || - ||k in (12) equal to the Cameron-Martin norm, K = U. This
algorithm design is called Infinite-Dimensional Diffusion Model 1 (IDDM1)

2. Match C to the data, i.e., choose N (0,C) such that its samples are as similar to
the samples from figata as possible. Then choose the loss norm || - ||x in (12) such
that it supports both pigata and A(0,C). Let us call this algorithm design Infinite-
Dimensional Diffusion Model 2 (IDDM2).

Note that by Theorem 12, if not much is known about the distribution, and if in particular
it might be supported on manifold-like structures, we must pick U large enough to contain
the support of pgata anyway. We will therefore use IDDM1 in these cases; see Section 7.2.
If one has more structural information, for example the knowledge that pqat. has density
with respect to a Gaussian measure, we will use IDDM2; see Section 7.3.

6.2 Image Distributions and White Noise Diffusion Models

The common implementation of the diffusion model algorithm will converge as D — oo to
U = L?, i.e., use space-time white noise in the forward noising process. Furthermore, the
loss function will also approach the L? loss, which means we are in the setting where we
use the Cameron—Martin norm in the loss. For more details, see Section 4. We will call this
algorithm White Noise Diffusion Model (WNDM).

If pgata is an image distribution, we can expect it to lie on a manifold, or more generally
some lower-dimensional substructure. Furthermore, since the function values of an image
are bounded on [0,1], the image samples are all contained in L2. Therefore, we are in the

19



PIDSTRIGACH, MARZOUK, REICH AND WANG

setting of Theorem 12, where the data are contained in the Cameron—Martin space U of
the noise. Furthermore, we can apply Lemma 8 (bullet point 1) to see that we can use
the Cameron-Martin norm, i.e., the L? norm, and obtain a well-defined denoising score-
matching objective. Therefore, under these assumptions, we have shown that applying
WNDM to image distributions has a well-defined infinite-dimensional limit.

Coming back to the discussion in Section 6.1 (in particular the design guidance for
IDDM1), however, our theory suggests that we should try to pick U as small as possible,
while still containing the typical image distribution. However, this U cannot be too regular,
since images are quite irregular—for example, they can be discontinuous. If we identify
images with two-dimensional functions, then already the L?-Sobolev spaces H® of order
a > 1 only contain continuous functions. Therefore, on the Sobolev scale (H® : —o0 < a <
00), the ‘optimal” Cameron—-Martin space would possess regularity of at most w = 1. In light
of this, setting U = HY = L? indeed seems like a natural choice that is close to matching
the maximal possible regularity. Strikingly, this is in line with the huge empirical success
of the WNDM algorithm for image distributions. To further refine the optimal choice of
the space U beyond L? is an interesting avenue, both for theoretical and empirical future
study.

7. Numerical Illustrations

In this section, we illustrate our results through numerical experiments. We sample func-
tions defined on [0, 1], and we discretize this spatial domain into a uniform grid with D = 256
evenly spaced points. For other discretization schemes, see the discussion in Section 4.
We employ a grid-based spatial discretization since it allows us to use the popular U-Net
architecture. Other common discretization schemes ‘whiten’ the data, rendering the convo-
lutional layers of the U-Net unnecessary. For implementation details, see Appendix A.

Section 7.1 introduces some common preliminaries needed for both of the subsequent
numerical examples. Section 7.2 then compares various diffusion model constructions in the
setting of distributions that are not defined via Gaussian reference distributions, but rather
supported on submanifolds of the infinite-dimensional space. Section 7.3 demonstrates the
use of infinite-dimensional diffusion models for solving Bayesian inverse problems via a
simulation-based (i.e., conditional sampling) approach.

7.1 Families of Gaussian Measures

We first construct a family (7% H* : —co < a < o0) of Gaussian measures 7% and their
Cameron—Martin spaces H®. This construction allows us to interpolate between measures
with different sample smoothness and compare between the algorithms described in Section
6.1 and the canonical implementation of diffusion models described in Section 6.2.

To that end, we fix an orthonormal basis e; of L2([0,1]). Then, we construct a family
(m%*: —00 < a < 00) of Gaussian measures as the distributions of

o
Zk:_o‘Zkek ~ 7Ta, (15)
k=1
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Figure 1: In each panel, we plot samples from 7¢ for different values of o, where 7¢ is
defined in Section 7.1. We chose e;(-) = v/2sin(27k-) as an orthonormal basis of L?. For
a = 0 we see a sample of space-time white noise, where no function value is correlated to
any of its neighboring function values. For o = 1 and our specific choice of e, the sampled
measure is the Brownian bridge measure.

where Zj, ~ N(0,1) i.i.d. The Cameron-Martin space of 7% is denoted by H* and has norm

(o]
12 = > K** (@, e 20,1 (16)
k=1
Note that H° = L?([0,1]) and therefore 7° is space-time white noise. Furthermore, H® C
H? for a > B. As we have discussed before, samples of 7@ will (almost surely) not be
elements of the corresponding Cameron—Martin space H®. Nevertheless, the distribution
7% is supported on H* " as long as k > %; see Beskos et al. (2011, Proposition 3.1).

The exact form of samples of 7 depends on the chosen basis ey in (15). In our examples
H* will be L?-Sobolev spaces with either zero or periodic boundary conditions. For the
case of zero boundary conditions, we have visualized samples of 7® for different values of «
in Figure 1.

As discussed in Section 6.1, we want to study two main modeling choices: First, we
must select a Gaussian measure A (0, C), or equivalently its Cameron—Martin space U, for
the noising process. We do that by fixing an ameise and setting

U — Hanoise.
Second, a loss norm || - ||k must be chosen. We do so by fixing an ajess and setting
K = Hoss

As recommended in Section 6.1, these choices should depend on the structure of pqata.
Therefore, we choose an agat, and define pigat, through a nonlinear transformation of 7%data,
This way, tdqata Will be non-Gaussian, but we still have perfect knowledge about where its
samples are supported. In particular, we will have

Support(fidata) ~ HOdata=5

This gives us the possibility to match U and K to pgata in different ways. In realistic
examples, knowledge about pgata could come from prior information or by studying the
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training samples—the empirical covariance matrix is, for example, a natural candidate for
specifying C in IDDM2.

Lastly, we will be able to make explicit statements about the norm of H for which the
distance bounds in Theorem 14 hold, which we will also quantify by choosing an agjst.
The larger agist, the better, since the underlying norm for the distance measurement gets
stronger (see also the discussion in Section 6.1).

Note that the limit of the common implementation of diffusion models, which we called
WNDM (see Section 6.2) will use white noise for the noising process as well as the loss, i.e.,
Qnoise = (oss = 0. In that case, N'(0,C) will only be supported on any H® with o < —%.
Therefore, so that we can apply Theorem 14 with H%dist we have to choose agisy < —%, ie.,
use the norm of a negative Sobolev space.

For the two numerical experiments in Sections 7.2 and 7.3, we will proceed as follows:

1. We have information about the sample smoothness and support of pigata, in this case
in the form of an agata-

2. Based on Section 6.1, we then choose U and K, which boils down to the choice of
Omoise and Yogs.

3. We then know for which norms || - || our Wasserstein bound in Theorem 14 holds.
In our interpolation family, this boils down to an upper bound for agist. Therefore,
we can make statements about which properties of pgata the diffusion model should
successfully approximate.

7.2 Manifold Distribution on a Cameron—Martin Sphere

In this section, we will study a distribution which lies on an infinite-dimensional submanifold
of L%([0,1]), namely the unit sphere of some Cameron-Martin space. To that end, choose
ex(-) = V2sin(k7 -) in the construction of Section 7.1. For this choice, the Cameron—Martin
spaces H* will be the Sobolev spaces W' 2 of functions vanishing at the boundary, and 7!
is proportional to the distribution of a Brownian bridge. Here we see that we can not only
capture smoothness but also structural information, such as boundary conditions, through
the choice of an appropriate Gaussian measure. For a more in-depth study of this, see
Mathieu et al. (2023).

We draw N = 50000 samples from 7w%data where the data-generating ag,t, was set to
Odata = 2.

By our discussion in Section 7.1, these samples are supported on any H* with a < %, in

particular H'. Now define Qsupp = 1 < % The target distribution pgats is created by

projecting m®data onto the 10-sphere in H®sr  i.e.; applying the map

HOoswo — HOwr g 10

|l rg

to all samples. We depict some of the training samples and a heatmap of their marginal
densities in Figure 2.

As described in Section 6.1, we use the theory to guide the choices for ampeise and aeggs.
The data distribution was not absolutely continuous with respect to a Gaussian, since we
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Figure 2: We generated 50 000 training examples from the distribution described in Section
7.2. On the left, we show a heatmap of the resulting marginal densities of function values
at each point in the domain [0, 1]. On the right, we plot a few training samples.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) Epoch 10 (b) Epoch 30 (c) Epoch 60

Figure 3: Example of Section 7.2: samples generated by WNDM (row 1) and IDDM1 (row
2) after increasing numbers of training epochs. Samples from the true measure can be
compared in Figure 2.

projected it to a submanifold (the sphere). Therefore, we must apply Theorem 12 to obtain
uniqueness. To satisfy the assumptions of Theorem 12, however, the Cameron—Martin space
U has to contain pigata. Hence, we will apply the IDDM1 from Section 6.1.

To apply IDDM1, we choose U so that it contains the support of pgata and N(0,C).
This is accomplished by setting apneige = 1. Then, following the design principles of IDDM1,
we pick the loss norm to be K = U, i.e., Qjoss = Qnoise = 1, and learn the score by using the
Cameron—Martin norm in the loss.

Note that the bound in Theorem 14 holds for any agjs; smaller than

. 1 1 . 31 1
Qqist < MIN § Qdata — §7anoise - iyaloss = min §a 57 1p= 5

For WNDM, i.e., the canonical implementation of diffusion models described in Section
6.2 with qoss = amoise = 0, the upper bound is —%. Therefore, while we do not expect
the samples of WNDM to match the smoothness class of pigata, We expect the samples of
IDDM1 to at least partially retain the smoothness.

Figure 3 shows samples generated by the two models. We see that our theoretical

findings are confirmed: WNDM fails to learn the smoothness or correlation structure of the
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o
o

(a) WNDM (b) IDDM1

Figure 4: Example of Section 7.2: each vertical slice shows a heatmap of the marginal
density estimated from 2048 samples generated by each of the diffusion models, after 60
epochs of training. For comparison, the heatmap of the 50000 training examples is plotted
in Figure 2. The one-dimensional marginals are matched well by both algorithms.

samples. Solely at training epoch 10 the WNDM algorithm generated some samples that
seemed to have the right smoothness, but even those actually contain jitter if one looks
closely. Overall, the training process was very unstable regarding the data smoothness,
and minimizing the loss did not seem to correlate with also matching the derivatives of the
functions. On the other hand, IDDM1 produces samples from the correct smoothness class,
from the start of training onwards.

Note that both algorithms matched the marginals quite well, as can be seen in the
heatmap plots of Figure 4, which is also suggested by the theory: even if Theorem 14 only
holds for an underlying negative Sobolev norm, the overall distribution and in particular
its marginals should still match the true marginals (see Section B).

7.3 Conditional Sampling and Infinite-Dimensional Bayesian Inverse
Problems: Volatility Estimation

The following numerical experiment is inspired by Bayesian inverse problems (BIPs) (Stuart,
2010), which here we approach via the paradigm of simulation-based inference. In this
setting, we will use our infinite-dimensional diffusion models for conditional sampling.

We assume that we have some knowledge about an unknown random variable X € H
in the form of a measurement y € R! drawn from

Y ~ Q(X7 ')7

where ¢ is an observation kernel. Furthermore, we have some prior information on X,
formalized through a prior probability distribution:

X ~m=N(0,C,).

By Bayes’ theorem, the posterior distribution v of X given some observations Y = y is
given by
dr(-Y =y) o< q(-,y) dr. (17)

Gold-standard methods for asymptotically exact sampling of distributions like (17) involve
Markov chain Monte Carlo (MCMC), e.g., Hamiltonian Monte Carlo (Duane et al., 1987) or,
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in the infinite-dimensional case, Hilbert space Hamiltonian Monte Carlo (HSHMC) (Beskos
et al., 2011), or other geometry-exploiting infinite-dimensional MCMC methods (Cotter
et al., 2013; Cui et al., 2016; Kim et al., 2023).

These MCMC methods, however, rely on having an explicit formula for the density of v
(up to a normalizing constant). In many cases this is not possible—for example, if ¢ or any
of its components is given as a black-box model. To train a conditional diffusion model,
on the other hand, we only need samples from the joint distribution of (X,Y"). These can
be generated by sampling X from the prior measure and sampling Y ~ ¢(X?,-). We then
train a conditional diffusion model to generate samples from X|Y = y for any y. This is
done by making the score model s not only depend on X;, but also on Y, i.e., we have a
model s(¢, X;,Y), which predicts X given Y = y. The only modification to Algorithm 1
is that one sub-samples paired states and observations (z¢,7) in line 3 from the training
data, and then inputs ' into the diffusion model on line 6. During generation, one can
then input the observation value y that one wants to condition on during simulation of the
reverse SDE (Batzolis et al., 2021). In Algorithm 2, this would correspond to inputting a
fixed value of y for all times ¢ in line 5. Hence the entire procedure is sample-driven, and
an example of simulation-based inference (Cranmer et al., 2020).

We now proceed to a specific instance of a Bayesian inverse problem. The experiment
is inspired by volatility estimation. We assume that we observe a path of a time series, for
example a stock price, modeled as

48, = 0,5,dB;,

with no drift and a time-dependent volatility o,. The solution to the above equation is
given by a geometric Brownian motion, i.e.,

T 1 T
Sr = Spexp </ o,.dB, — / afdr) .
0 2 Jo

We simulate paths of the above and observe S, at discrete times 71 = %, Ty = %, T3 =
1. Then, we apply a log-transformation and define r; as the log-returns:

y T4 =

=~

Ti 1 [mi 1 Ti
r; :=log S, —log S;,_, = / ardBT—Q/ oldr ~ N <—2vi,vi> , with v; == / o2dr.
Ti—1 Ti—1 Ti—1

71—
Here, we set 79 = 0 for notational convenience. Since o should be positive, we model it as
Or = eXp(aT)v

and seek to infer the log-volatility @ : [0,1] — R.
Again, we define a family of Gaussian measures as in Section 7.1. This time we use a
different orthonormal basis of L%(]0,1]), given by

(7) V2 cos(krT), if k even
er(r) = :
g V2sin((k + 1)77), otherwise

This leads to Gaussian measures whose samples have periodic boundary conditions. Since
er and eg4q (for k uneven) should have the same ‘magnitude,” we slightly modify (15) and
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(16): for k uneven, we replace (k+ 1)~% by k~%. All the discussed properties of the family
7 are not affected by this change, since the decay of the eigenvalues is asymptotically the
same. We put a prior on a. It’s covariance is given by %Cprior, where Clior is the covariance
of m%ata with agata = 4:

a ~ N(O, Cprior)-

The goal of a conditional diffusion model is to generate samples from the posterior

4

1

drdata(q |ry, ro, r3, r4) O HN <ri; — 5V vi) dm®data (18)
i=1

for a fixed observation r = (r1,r2,73,74). Via the model defined above, each v; is a functional
of o and thus a.

For training, we generate N = 50000 samples from the prior {a"}
simulated observations {r"})V_;.
generate samples from (18).

To assess the performance of the trained models, we drew a random @, and correspond-
ing observations 7 = (71,79,73,74). We used the HSHMC algorithm to generate 50000
“reference” posterior samples from (18) for this fixed observation value 7. We plot these
posterior samples and their heatmap, as well as the data-generating value a of the log-
volatility, in Figure 5. After training, we input 7 (which the diffusion models have not seen
before) to the conditional diffusion models and compare the generated samples to those
from HSHMC.

As in Section 7.2, we again compare the canonical diffusion model implementation
WNDM against an implementation motivated by the infinite-dimensional theory. In this
case, since we are sampling from a Bayesian inverse problem with a Gaussian prior, we are
in the setting of Theorem 13. Therefore, we will implement the IDDM?2 algorithm from
Section 6.1. We match the noise structure to the data by setting appise = Qdata = 4, Which
is justified by the form of (18) of pqata- Then we set aoss = 2, such that K supports
Udata and meise. Note that any aess < % would also have been a valid choice. The choice
Qloss = 3 worked comparably well in our numerical experiments.

We compare samples generated by the two diffusion models in Figure 6. Again, the
WNDM algorithm did not match the smoothness class of pga:, in a stable way. While
during training, there were times at which the network generated smooth samples, it later
unlearned to do so. The IDDM2 algorithm outputs samples of the correct class at every point
during training. Both algorithms are able to match the marginal distributions, although
IDDM2 does slightly better, as seen in Figure 7. Therefore, as in Section 7.2, these numerical
experiments confirm the theoretical predictions made in Section 6.

N_| together with

The trained diffusion models should, for any input r € R?,

Remark 15 Note that for our choice of Queise, the reverse SDE now starts with initial
condition w%date(ar) = N (0, Cprior) and ends in the posterior m%data(a |r). Therefore, it has
learned to transport the prior to the posterior. Furthermore, in this case, we can interpret
the reverse SDE as a smoothed version of the forward process, i.e., an Ornstein—Uhlenbeck
process conditioned on its terminal values. This also opens up the way to interpret the
training of the reverse SDE as an infinite-dimensional control problem.
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Figure 5: Example of Section 7.3. As a reference/comparison, we generate 50000 high-
quality posterior samples from dr®data(q,|7) using the Hilbert space Hamiltonian Monte
Carlo algorithm. On the left is a heatmap of posterior marginal densities of a,, at each
point in the domain 7 € [0, 1]. On the right, we plot a few example posterior samples.
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Figure 6: Example of Section 7.3. Conditional samples from WNDM (upper row) and
IDDM2 (lower row) after varyings number of training epochs. Compare to the high-quality
posterior samples generated using Hamiltonian Monte Carlo in Figure 5.

Figure 7: Example of Section 7.3. Heatmaps of the 2048 conditional samples generated by
WNDM (upper row) and IDDM2 (lower row), for increasing numbers of training epochs.
Reference heatmaps generated via Hilbert space Hamiltonian Monte Carlo are in Figure 5
for comparison.
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7.4 Limitations

It is important to point out that, generally, the white noise diffusion models were able to
generate samples from the appropriate smoothness class after several rounds of retraining.
However, the sample smoothness was not robust. While the models typically fitted the
moments and marginals of the distributions quite well, the smoothness of the samples
proved inconsistent—varying with the initial conditions and the duration of the training.
Specifically, depending on the network’s initial training parameters, the samples could either
be smooth, become less smooth over time, or exhibit initial smoothness that diminished as
the training progressed and the marginals were better fitted.

We also note that the numerics here are intended as an illustration of the preceding
theory and the resulting guidelines. A more comprehensive numerical study could train
multiple models with different random initial conditions on the same training data set,
perform ablation studies over individual design choices, and compare numerical measures
of the smoothness of paths. It would also be of interest to evaluate the impact of different
neural network architectures. Such studies are outside the scope of this article, however.

8. Summary

We have formulated the diffusion-based generative modeling approach directly on infinite-
dimensional Hilbert spaces. Our formulation involves specifying infinite-dimensional for-
ward and reverse SDEs and an associated denoising score matching objective. We prove
that our formulation is well-posed. To that end, we show that the reverse SDE we wish to
approximate has a unique solution; furthermore, we show under which conditions the de-
noising score matching objective generalizes to an infinite-dimensional setting. Building on
these results, we are able to prove dimension-independent convergence bounds for diffusion
models, which hold in the infinite-dimensional case.

These theoretical developments reveal an intricate relationship between the properties
of the target/data-generating measure figata and the choices of the Wiener process W and
the loss norm in the denoising score matching objective || - || x. We utilize this knowledge to
develop guidelines on how to make such choices for a given pgat,. For image distributions,
these guidelines are in line with the canonical choices made in practice. For other target
distributions piqata, however, the algorithm design should be modified. We apply these modi-
fications to two generative modeling tasks that are discretizations of infinite-dimensional
problems, and the numerical results confirm our theoretical findings.
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Appendix A. Numerical Details

We list some implementation details:

1. Instead of running the forward SDE with a uniform speed, we instead ran it using a
speed function «f(t),

X, — —%5(t)Xtdt + VBEHCAW;.

The SDE was then run on the interval [0, 1]. This corresponds to a time-change and
is common practice for diffusion models; see for example Song et al. (2021). We used
the time-change function 3(t) as in Song et al. (2021), i.e.,

B(t) = 0.001 4 £(20 — 0.001).

2. We discretized the unit interval [0, 1] into M = 1000 evenly spaced points for training
and generation.

3. We added a last denoising step, as is common practice. That means, that in the
last step of the Euler-Maruyama integrator, we did not add any extra noise any
more, but just evaluated the drift and took a step in that direction. This is even
more important in our case for comparison than normally, since the added noise
has correlation structure N (0, C) which is close to jiqata, Wwhile the added noise in
WNDM has structure A (0, I). Therefore, adding this noise to all samples right before
comparing them would have given an unfair disadvantage to WNDM.

4. Furthermore, we added e.e.ld onto the covariance matrices for numerical stability,
where e = 0.0001.

5. Our experiments were implemented in JAX, and we used the U-Net architecture from
Song et al. (2021) for the neural network.

Appendix B. Negative Sobolev Wasserstein Distances

We briefly and heuristically explore what it means if ;4 and 7 are close in W, when the
underlying norm is a negative Sobolev norm. Denote by H® the spaces defined in Section
7.1. Now let f € H* Assume that X,Y form a W, “-optimal coupling, i.e., X ~ p and
Y ~ 7 and that

E[IX — Yll_a] < Wy (m, ).

Now, H™% can be viewed as the dual of H* and therefore we can evaluate X or Y on f.
Then,

E[IX(f) =Y (DI < IFIEUNX = Yl-a] < [[fllaWy®(u, 7)

Therefore, we can expect the evaluations of X and Y on test-functions from H® to be
close. The larger a gets, the fewer test functions are in H*. Note that for any o > 0
(and in particular for our typical case HY = L?), H* will not contain point evaluations,
and therefore we cannot expect point evaluations of X and Y to be close (in case they are
well-defined).
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Appendix C. Exponential Integrator

The exponential integrator (Certaine, 1960) is derived by splitting the following SDE
1 1
Yy = Vi + s(t, Vi)dt + VOAW; = 5 Yi+ st Y)dt + Vaaw, (19)
into the linear and nonlinear part. The exact solution is then given by

Vieas = €2V, = el/2Y, + (A2 — 1)s(t,Y;) + VAt — 1¢.

The exponential integrator was first applied to diffusion models in Zhang and Chen (2023).

Appendix D. Proofs for Section 2
D.1 Proofs for Section 2.2

We first prove Lemma 1
Proof In finite dimensions we can explicitly write p; as

pil) = [ puolelzo)dsgsa o) (20)
where py|o is the time ¢-transition kernel of the forward SDE, given by

We can exchange the derivative with the integral by Leibniz rule since the derivative of the
integrand is bounded. Therefore, we have that

1
Vlo ) = Vx/ z|xo)dpgata (T
gpi(x) (@) pejo(x|z0)dpdata(T0)

= —(1_160/0_1 (m — 6_%1‘0) wdﬂdata(xo)
1

= ———_¢! (IE[X — e B Xo| X, = D
= e

In the last equation we used the formula for the conditional density; see Durrett (2005,

Section 4.1.c). u

We now prove Lemma 5.
Proof We first treat continuity. Since p; can be written as the convolution of pqata with
a Gaussian kernel, we know that it is smooth in space and time on (0, oc]. Furthermore, it
holds that p; > 0 everywhere. Due to that, we can deduce that Vlogp; = % is continuous
in ¢. Since X is also continuous in time, we get that V log p;(X}) is time-continuous.

Now we prove the reverse-time martingale property. Since we can write
wla) = [ pleplnle)s,
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and by using since the transition kernel py (2¢|xs) is given by N(e= =92z 1_6_%0),

Vi ()

1 _(t=s) _(t=s)
= Vg, [ exp <_2(1_e(ts)) <xt —e 2 x5,14—€ 2 $S>> ps(xs)des

B (t—s)v 1 _(t—s) _(t—s) d
= [T Vaen (g (T mem e ) e,

(t—s) 1 (t—s) (t—s)

= /e Z exp <_2(1_€(ts)) <xt —e 2 x50 —€ 2 m5>> Ve ps(zs)das

(t—s)
= /6 2 pys(@i|zs)ps(2s) Va, log ps(zs)das

(t=s)
= e 2 /ps,t<x57xt)vxs Ings(xs)dxs-

_ Ps,t(flfs,mt)

Since V log pi(z:) = Vpilee) apq Poje(Ts|Te) = e

= e , we get that

Vlog pt(l‘t)

(t—s) Tg, T (t—s)
62/ps’t( = t)VxS log ps(zs)drs = e 2
pt(ﬂft)

E[V IngS(XS) ‘Xt = xt]‘

/ps|t(xs|xt)vxs log ps(zs)da

(t=s)
2

= e

The above calculations have already been done in Chen et al. (2022) to bound the
difference E[||V log p;(z;) — V log ps(xs)]|?].

D.2 Proofs for Section 2.4

We start by proving Lemma 7.
Proof Let e; be a basis of K and K” = span{ey,...,ep). We denote by PP the projection
onto K and by XP = PP X, the projection of X; onto K. We will denote by

throughout this proof. Let
sP = PPE[s(t, X,)| XP) = Eloy (X — e 2XP)|XP),

where o, ' = ﬁ We have that

Ells”? < Elloy "X — e 2X8)|1°] = o *E[IN(0, PPCPP)||?] < 0

since the right hand side is the expectation of the norm of a finite dimensional Gaussian,
which is finite. Let 57 (t, X;) = PPE[3(¢, X;)| XP].
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Now,

E[|s” - 5"1%] = E[IPP(EB( Xe)|X7) - Els(t, X)| X))
< E[I[E[3(t, Xe) — s(t, Xo) | XPII1P) < Ellls(t, Xe) = 5(t, Xo)|I”] < o0,

and
E[I571%) < 2(E[lls” - 371°] + E[Is” %) < co.
Therefore, we get that
Ells? = 3P”) = Ellls"|I* + 1571 - (s”,5”)] = Ellls"|1*] + E[|I5”|l] - 2E[(s", 57)],

where we used that all the terms are finite in the last equality, so that we are no adding
and subtracting infinities. Now, for

E[(s”,57)] = E[(Elo; "(XP — e 2XP)|XP),57)] = E[(o; "(XP — e 2XP), 57,

and therefore, since E[[| X — e #/2X{||?] is finite we can do a zero-addition of E[|| X} —
et2XP|1?] and get that

E(lls” — 57| = E[I5” — o (X, — e X)) + Ellls”11*] — Ellloy (X — e/ X3)I1?).

By Lemma 16 we see that the left hand side converges to E[||s — 3||%]. Therefore we get that
E[||5P — o, 1 (XP — e ¥/2XP)|?] converges to something finite, if and only if

E(lls” (%] - Elllo; (X — e7/2X3)II]

does. For this term we get that since

E((s”,0; {(XP — e 2XP))] = ElElo; (X — e X)X, 0 (XD — e PXP))]
= E[|Eo; '(X/ — e 2XP) XL
= E[s”|],

we can deduce

E[lls”|1°] = Elllo; (X — e72X)|1?]
= —E[ls"|I"] + 2E[(s”, 07 (X — 7 2X)] — Ellloy (X — e 2XE)1?)
= —E[|s” - oy (X — e PXD)P) =12 —Ells — 07 (Xi — 72 X0)|]
where the last convergence is implied by Proposition 16. The last result now follows by

rewriting
Vi = E[[E[o; " (X; — e 72 X0)|X] — oy 1 (Xe — e/ X0)|1?]

and using that X; can be pulled out of the conditional expectation.

Now we prove Lemma 8:
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Proof Item 1: We know from Lemma 7 that DSM is finite if and only if V is finite.
Therefore, we will prove that V is finite:

6—t

Vi= ——

E[]| Xo — E[Xo| X¢][17]

Now,

E[|| X0 — E[Xo][I7]
= E[|Xo — E[Xo|X] + E[Xo|X,] — E[Xo]|%]

= E[|Xo - E[Xo|X||Z] + E[IE[Xo| X:] — E[Xo]lIZ]
TE[(Xo — E[Xo| X¢], E[Xo| X¢] — E[Xo])0]
= E[|Xo - E[Xo|X]||Z] + E[IE[Xo|X:] — E[Xo]lZ],

where the last term drops by taking the conditional expectation with respect to X;. There-
fore,
E[| Xo — E[Xo|X][IZ] < E[l|Xo — E[Xo]|7] < oo

and so V; is finite.
Item 2: In this case we use that we can also write V; as
1 _ _
Vi = mE[HXt —e'PX - E[Xi—e t/2X0|Xt]||%{]
Similarly as above,
E[||X;: — e "?Xo — E[X; — e " X0| X)) %] < E[|X: — e /2 X0l %]

where we used that E[X; — e~%/2X,] = 0. Now, since X; — e ¥/2Xy ~ N(0,(1 — e 1)C),
which is supported on H, the above expectation is finite. |

We used the following lemma in the proofs of the two above lemmas:

Lemma 16 Let (K,(-,-)) be a separable Hilbert space, and Z, Z random variables taking
values in K. Let e; be an orthonormal basis of K. Denote by KP = span(ey, ..., ep) and by
PP the projection onto KP. Furthermore, let ZP be given by ZP = PDE[Z\PDZ] Then,
if E[|E[Z]Z]||%] < o0, ZP — E[Z|Z] in L2 and almost surely.

Proof We have that

E[|Z” - E[Z|Z]llk] = E[IPP(E[Z|Z°] - EIZ|Z)|%] +Ell(I - PP)E[Z|Z]|I%]
< E[|E[Z|Z"] - E[Z|Z)|%] + ElI( - PP)E[Z|Z]|%] (21)
The cross term in the first equality is 0 since PP is the orthogonal projection. The first
term in the (21) converges to 0, since E[Z|ZP] = E[E[Z|Z]|Z"] is a family of conditional
expectations of the L?-random variable E[Z|Z]. The result follows by the L?-martingale
convergence theorem. The second term converges to 0 since

E[|E[Z|Z]|% ZE ei, E[Z|Z))%] <
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But E[||(I — PP)E[Z|Z]||%] is equal to 352 , E[(e;, E[Z] Z])%], which converges to 0 since
the full sum is finite.
Furthermore, we can write

1Z° — E[Z| 2]l x < IPP(E[Z|Z7] — E[Z|Z))||% + (I - PP)E[Z] Z]|%

< |
< |E[Z|ZP) - E[Z|Z)|% + I — PP)E[Z|Z]|%

The second term on the right-hand vanishes as D — oo since E[Z|Z] € K. The first term
almost surely converges to 0 due to the almost sure martingale convergence theorem. M

Appendix E. Existence Proof

E.1 Spectral Approximation of C

Let v = N(0,C) be a Gaussian measure with values in (H, (-,-)). C has an orthonormal
basis e; of eigenvectors and corresponding non-negative eigenvalues ¢; > 0, i.e.,

C’ei = C4€;.

We define the linear span of the first D eigenvectors as

D
HD = {Zfiei’fl,...,fp ER} CH
=1

Let PP : H — HP be the orthogonal projection onto HP. If we write an element f of H
as

F=Y . eduei,

=1

PP is equivalent to restricting f to its first D coefficients:
D
PP H - HP, [ (fe)ne
i=1

The push-forwards (P?).v of v under PP are denoted by
vPo= (PP),r,  where (PP).w(A) = v((PP)71(A)).
It is a Gaussian measure with covariance operator PP C PP,
By sending v € RP to o = vieg + - - -+ vpep we can identify HP with RP. Under these

identifications, ” would have distribution N'(0, C”) on R, where CP is a diagonal matrix
with entries ¢q,...,cp.
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E.2 Spectral Approximation of the SDEs

We define the finite-dimensional approximations of jigata Dy ,ué)ata = (PP),ptdata- We dis-
cretize the forward SDE (5) by

1
AXP = — X dt + VPPCPPAW,, X§ ~ pigua (22)

Since fidata is supported on HP?, PPC PP projects the noise down to H?, and the operation
X — —%Xt keeps HP invariant, X will stay in H” for all times. Therefore we can view
X[ as process on R” and define the Lebesgue densities p? of X/ there.

E.3 Proof of Theorem 9

We can now prove Theorem 9:

Proof The forward SDE is just a standard Ornstein—Uhlenbeck process and existence and
uniqueness of that is standard; see, for example, Da Prato and Zabczyk (2014, Theorem
7.4). We will now show that the time reversal

Yy = Xp

is a solution to (6).
The solution to the forward SDE is given as the stochastic convolution,

t
X, = etXy+ / e~ =) \/Caws.
0

The processes X = PP(X;) (see Section E.1) are solutions to (22), since the SDE coeffi-
cients are decoupled. We now show that they converge to X; almost surely in the supremum

norm. We define
X=X, - XP.

Then

t
XP™ = eI X+ / eIV Caw P,
0
where WP is the projection of Wy onto span{ep,ep1...}. It holds that

o0
Elsup IXPNH) < e E[IXIH] +4(1 —e) ) e =0
< =D

for D — oo, where we used Doob’s L? inequality to bound the stochastic integral. The
first term will converge to 0 almost surely, since Xy is H-valued and therefore the sum
1 X012 = Y52, (Xo, pi)? is almost surely finite, where the ¢; are defined in Section E.1.
Therefore, || XP*°||2, = Y22 1 (Xo, p;)? will almost surely converge to zero. An analogous
argumentation holds for the second term since ) .7, ¢; is finite because C is trace-class on
H.

Denote by E the Banach space of continuous, H-valued paths with the supremum norm,
E =C(]0,T),H). Then we can view X. as an E-valued random variable; see Da Prato and
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Zabczyk (2014, Theorem 4.12). Then we have just proven that X~ converges to X in
L*(, E).

We denote the time-reversals of X;¥ by Y,V := XX ,. These converge to their infinite-
dimensional counterpart Y; = Xp_; in the same way as ng converge to X;. The main
difficulty is to show Y; solves the SDE (6). We do this using an approximation argument.

We define pP as in Section E.2. Furthermore, we define the finite-dimensional time
reversals of X as ;P = X:P_t. By Proposition 17, we know that they satisfy

1 t t
vP —vP - / YPdr — / s2_ dr =V PPCPPBP,
2 Jo 0

for a HP-Brownian motion Bp,. It is important to note, that Bp will not be equal to the
projection of Bp, 1, onto HP in general, and the same hold for the V log pP. However, as we
will see now, we can prove some martingale-like properties for them to obtain convergence
to their infinite-dimensional counterpart.

By, Lemma 1, we know that we can replace the C'V log p; term by a conditional expect-

ation s,

1
sP(t,a") = T EIXP - e 2 XP|XP = aP).

However, since the forward SDE decouples, we can also write the above conditional expect-
ation in terms of the infinite-dimensional process X;:

1

— et

sP(t,2P) = PPE X, — e % Xo| PP X, = xD} :
where we use that the projections PP X, are solutions to (22). In particular, due to the
tower property of conditional expectations,

sP = sP(t, XP) = PPE[s(t, X;)| XP).

By Lemma 16, which makes use of the fact that E[s(¢, X;)| PP X;] is a martingale in D, the
sP converge to s(t, X;) in L?. Furthermore, by Lemma 5, we know that the e~*/2sP form
a reverse-time martingale in t. However, due to Doob’s L?-inequality, we get that for any
€ >0,
E[ sup Isy” — s¢[”) < e"E[lls? — s¢|].
e<t<T
The right hand side is Cauchy and therefore is the left-hand side is too. Therefore, the
convergence of sP to s; in L? is uniform on [g,T], i.e., continuous martingales s form a
Cauchy sequence in the norm
IN|I1,e = E[sup [Ny[].
t>e€

The continuous martingales are closed with respect to that norm (see Karatzas et al. (1991,
Section 1.3)), and s; is also a continuous martingale on [e,T]. Since € was arbitrary, we
have shown that s(t, X;) is a continuous local martingale (in reverse time) up to t = 0.
Furthermore, since all the terms on the left-hand side converge in L2, uniformly in ¢,
so does the right-hand side. The right-hand side is PPC PP Brownian motion for each
D. Using again the that the spaces of martingales is closed and furthermore the Levy
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characterization of Brownian motion, we find that the B have to converge to a C-Brownian
motion B;. Therefore,

1 t t
Y, =Yy + 5 Y,dr + / sp_pdr 4+ By (23)
0 0

is indeed a weak solution to (6). It is a weak solution since Y; is not necessarily measurable
with respect to the filtration generated by Bs. In general, it can even be the other way
around, see Proposition 17. |

Proposition 17 Let X; be a solution to (4). Assume H = RP. Then, the time-reversal
Y, = X7 of the SDE satisfies the SDE

1
AY; = S Yidt + CVlogpr—(Yy)dt + VCdB;. (24)

Here, By is a different Brownian motion By to Wy. If C has full rank, By can be defined on
the same probability space as Xy itself.

Proof The above is the usual time-reversal formula. All we need to show is that for the
special case of the forward SDE (4) the conditions from Haussmann and Pardoux (1986)
are always satisfied. Assumption (A)(7) in Haussmann and Pardoux (1986) is satisfied since
b and o are linear. Assumption (A)(i7) is that for each ¢y > 0, it holds that

1. ftofB Ip(t, z)|?dz < oo, and
2. ftf fBR |02, p(t, z)|?dx < oo for all im

where Bp, is the ball of Radius R on R” and p(t, ) is the Lebesgue-density of P;. We now
prove that both of these conditions hold. We have the explicit formula

lla— TOHU
p(t,x) = / dpdata (o
. . 1 . 11
and therefore, in particular |p(t,z)| < Fromor Since - = 7= is integrable on

[to, T'] for to > 0, this implies 1. Furthermore, we get that

2
_llz—=zollfy

2 d aax 9
/—Ut ot C / [data (o)

where we used the Leibniz rule to exchange differentiation and integration, since the integ-
[C IR
27 (ve det C)P

Vp(t,z) =

rand is bounded in z9. On Bpg this can be upper bounded by ||Vp(t,z)| <

which is again integrable on [to 7.

By Haussmann and Pardoux (1986) we know that the time reversal Y; will have the
same generator as the SDE (24). In particular M; = Y; — Yy — fg %YT +CVlog pr—,(Y,)dr is
a continuous martingale with quadratic variation C with respect to the canonical filtration
of Y.
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We want to apply the Martingale representation theorem to express this martingale
in terms of a Brownian motion. In general, one might need to extend the probability
space to do so. However, since C' has full rank, we can express the Brownian motion as
By = C~Y2M,, which is defined on the same probability space as Y;. |

Appendix F. Uniqueness Proofs
F.1 Proof of Theorem 12

First we prove Theorem 12:
Proof

Step 1: Prove that s is locally Lipschitz with respect to the Cameron-Martin
Norm Recall that

N+

(t )_ 1 n e
ST = l—e—tx 1—et

E[Xo|X; = z]. (25)

The —%e,tx term is Lipschitz for any ¢ € [e,T]. Therefore, our goal is to show that
E[Xo|X; = z] is Lipschitz in = too. We will frequently use that for v € U, we can write the
Radon-Nikodym derivative of N (u,v,C) with respect to N'(0,v,C) as

dN(u,vtC) . <u7 :Bt>U - HUH2
ooy~ ()

by the Cameron-Martin theorem (see, for example, Hairer (2009)). Here v; is a shorthand
notation for

Ve = l—e_t.

To simplify notation, we will define

n(xo, z¢) = deE\e/EoicZ;g)C) (x¢).

Then, the joint distribution of Xy and X; is given by
dn(zg, ) = AN (0, 0:C)(24) @ fidata(T0))-

This can be seen by the following calculation:

//n(xo,xt) dN(0,v:C) (x¢)dptdata(To)

/ d./\fe trg, 1:C)
0 UtC)

— /A /B dN (e 20, v:0) () dptdata (o)
=P[Xy € A, X; € B,

(2¢)dN(0,v,C)(x¢)dptdata (o)
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where we used that A'(e 'z, v;C) is the transition kernel of the forward SDE (5). We show

that
J zon(zo, z)dpdata(z0)

flx

) = o, o) dhastal0)

is a version of the conditional expectation E[Xy|X; = z]. The function f is o(X;) measurable
by Fubini’s theorem. Furthermore, for A € o(X}),

fH évon(iﬂo, x4 )dftdata(T0)
A fgn(xo, z)dpdata (o)
/ Jir xon(ﬂﬂo, x¢)dftdata (o)
fH 0, Tt )dfdata(T0)

) d ata
// xon(zo, r¢)dpdata (o) fH To, 71)dbigara (Zo) d./\/(O,vtC)(xt)

S (o, z1)dptdata (o)

]EXt [1Af(Xt)]

d]P)t (SUt)

n(Zo, ) AN (0,v:C)(x¢) dptgata(To)

:/ / xon(zo, Tt )dpdata (o) AN (0,v:C)(z¢) = E[1 4 X().

AJH

Since these two properties define the conditional expectation, we have shown that
E[Xo| Xy = 2] = f(x)

almost surely. We will now proceed to show that f is Lipschitz with respect to the Cameron-

Martin norm || - ||7. For notational convenience, we will define
2e 220, 2 )y — et zol|?
mlan) = [ nlan, ) dugao) = | exp< 0 t1)0 = NN ) 4 a0). (26
t
We see that
2(e~t2g T+ 2\ — e Y| zol?
(Tt + 2) Z/exp< < Lk 2U>U Izolli dptdata (o)
t
o (27)
e "o, 2
:/exp <<UO>U> n($07$t) d#data(xo),
t

(et 220,2)y

(%7

which differs from (26) only by exp ( ) By our assumption that the support of

lhdata 18 contained in a Cameron-Martin ball of size R. Therefore,

—t)2 —t/2
e Teor R, (28)
Ut V¢
and
—t/2 —t/2
exp [~ Rllzllr— ) < ™D <o (R ). (29)
(% Wt(xt) (¥

With these estimates out of the way, let us show local Lipschitz continuity:
fwo n(wo, T + 2)dfidata(T0) _ f$0 n(wo, ¥¢)dpdata(T0)
mi(xy + 2) ()
A’ A

m(a+2)  m(x)

e+ 2) - Fe)ly = ] )

U
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We rewrite the above as

A A A
_ < ‘1_ (x4 + 2) A Al
’R’t(fl?t + Z) ﬂ't(xt) U ’/Tt([Et) ﬂt(g;t + Z) 17 '/Tt(xt)
We see that
() A o—t/2
L < R| —1]|[E[Xo|X: = + ]|,
‘ 7Tt(:ljt) Wt(xt 4 Z) - > | eXp v HZHU H [ 0‘ t Tt Z]HU

where we used (29) for the first term. We also get that

A—A e~l/? >z, v:C
A=A < (exp (©elor) -1 / frollo 0D () g )
() vt tC)

o t/2
< |ep | l2[lvR | -1 R

where we used (28) and (27) and our assumption that ||zg| < R. Putting it all together,

we get that
o t/2
If(ae+2) = )l <2 (exp ( —lslloR) <1 R

where we again used that ||zg|| < R to bound f(z; + z). However, we can strengthen this
bound. For any N, it holds that

£ (e + 2) = flao)llo < Z I (e + zﬁ> Flae + 2

N
o—t/2
SN?(GXP( uzuU> )
Ut

In particular, we can take the limit N — oo and get that

Dl

d e—t/2 —t/2
1f (e +2) = flzo)llu < 55 In=02 (eXP < o h||ZHUR> - 1) R= 2R2 —lzllv-

From this we can conclude that f has the global Lipschitz constant 2R2¥

we see that there is a version of s(¢,-), such that for any x4, ys € H

. From (25)

Is(t,xe) = st y)llv < Lellee = wellu,  Le = max{1,2R%"}.

-
(1—et)?
Step 2: Existence of solutions Fix a C-Wiener process W;. Denote by M : C([0,T —
u], H) = C([0,T — u]) the map
t
(M) = [ (T = rogn)dr + W
0
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Then we have if u < T — ¢,

u
sup || My(t) — My (t)||o </ [8(T' =7 yr) = s(T' =7, gp)[[vdr < ulr—csup [ly: = gellv- (30)
0

t<u t<u

Here we used that we can apply Jensen’s inequality because || - ||y : H — [0, 00] is lower-

semicontinuous on H; see Proposition 18. We now choose u smaller than LTl . Starting
—E€

with any y", we can now define the sequence y" ! = My". Applying (30) and noting that
L;«L_E < 1, we see that y, is Cauchy with respect to sup || - || and therefore also with respect
to sup|| - ||z and has a limit. We then have a strong solution w.r.t. to the fixed Wiener
process W, on [0, u]. We can extend the solution to [0,T — ¢] by repeating this process and
gluing the solutions together. However, we cannot apply Banach’s fix point theorem to get

uniqueness, since ||y — g||y might be infinite for two solutions y and .

Step 3: Strong uniqueness of solutions We now assume we have two solutions to
the reverse SDE, Y; and Y; solving the reverse SDE (6) with respect to the same Wiener
process B; and Yy = Y;. Since Y; and Y; are not necessarily in U, we have to be a bit
careful before directly applying Gronwall. Again, in Proposition 18 we have proven that
|-l : H— [0,00] is lower-semicontinuous on H. We define the seminorms

D
[zllgo = 1P xllv

where PP is the projection operator defined in Section . Those are smooth functions on H
and therefore the map ¢ — ||Y; — Y||yp is continuous and we can apply Gronwall:

d - e ~
&HYZ —Yi|yp < 1_76_,5||E[X0|Xt =Y - E[Xo|X; =Y][yp < 1

[SIES
)

which in particular shows that

T—t

e

IY: = Yy — (Vs = Ys)|lpp < PR

2R(t — s)
for t > s. By taking the limit, we see that t — ||Y; — Y;||y is continuous. Therefore, we can
apply Gronwall to that quantity (continuity is a requirement for Gronwall).

Furthermore, by using the above calculation for 7 = 0, we find that ||Y; — ;|| will be
finite for all ¢, if || Yy — Yp||y is finite (even if ¥; and Y; are almost surely not in U). Now,
since Yy = Y, and therefore Yo — 570||U =0,

t t
1Y~ il </0 IS(T = r,Y;) — s(T — 1, ¥;)l|yadr </0 3|V — Villpdr.

If t < T, the Lipschitz constant Lp_; is finite. Therefore, we can apply Gronwall to see
that ||Y; — Y|l = 0 to prove uniqueness on [0,t] for any ¢ < T'. Hence, we have shown that
there is a unique strong solution on [0, T — €]. Since ¢ was arbitrary, we have shown strong
uniqueness on [0, 7). [ |
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F.2 Proof of Theorem 13

Now we prove Theorem 13:
Proof

Step 0: A priori bounds Let H be any Hilbert space on which N(0,C),) is supported.
Let e; be an eigenbasis von C), and C, which exists by our assumptions. Let ¢; and p; be
the eigenvalues associated with C' and C), respectively, i.e.,

Ce; = cie;,  Cue; = pie;.
Furthermore, we define C; by

C=(e'C,+ (1—ehH0), (31)

which would be the covariance of X; at time t in case ® = 0. The following operators are
all bounded: C,C;*, CC; ! and C'CtC;l. We will show it for the first operator, and the
others follow by similar arguments. The first operator will have eigenvalues

Hi
et +(1—e
We know that u; — 0 since C), is trace class. For ¢; — 0, the eigenvalues converge to
i — ﬁ, while as ¢; — 00, we get that \; — 0. Furthermore, the derivative with respect

P =

to ¢; is negative, which shows that the \; are bounded by # A similar calculation can
be done for the other operators listed.

Step 1: Rewrite the reverse SDE The goal of this section is to show that we can
write the drift in infinite dimensions as

s(t,2,) = —e2R[C(C,.C; ) T'VO(X0)|X; = 2] + CC; 'y

without assuming any more conditions on ® or V®. To that end, we will argue in finite
dimensions and take the limit in the end. Henceforth, unless we say otherwise, everything
will be in finite dimensions for this step. The projection of jigata to HY will be defined by

:u(?ata = eXp(—@D)N(O, C;IL))7
where CE is defined as in Section E.1 and
exp(=®" (27)) = B0 [exp(—P(X))| X P = 2]
_ /eXp(—(I)(xD,J}D—H:OO)) dN(0’0D+1:oo>(xD+1:oo)

For the gradient it will then hold that
VoL (zP) = Viogexp(®P (z7))
[ Van exp(— (e, 2P %)) dN'(0, O 1) (oD 1)
[ exp(—®(aP, aP+1:0)) dN(0, CP+100) (g D+1:00)
= V,0®(zD, 2D+ exp(—® (2D, 2DH1%0)) dA(0, CP+1:00) (g DHLioc)
[ exp(=®(aP, aP+1:0)) dN(0, CP+1o0) (gD +1:00)
= By, [VO(2)| X = 27,

- Hdata
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We denote by (X; : 0 < t < T) the Gaussian solution, started in Xy ~ N(0,C) and as
always by (X; : 0 <t < T) the solution to the forward process started in Xy ~ ptqata. TO

be precise,
X0 C, e iC
)~ o, p n :

where Cy is defined in (31). Therefore,
Kol i~ N (75,07 K1, O = 1 CLCTIC).
Then we have that

W06 ) = Bepl o) K =] =B 5oy 00, P00
(32)

We denote by
A =e 20,07, Qi =C,—etCuCIC,.

Note that for C' = C), all of the definitions simplify to easier terms. Taking Vlog of the
above leads to

dp; (

1
Vztm Tt) = Z/V.Zt exp(—|| Avzo — 2[|3),) exp(—®(o))dzo

1 _
=z / —A; 'V, exp(—|| Agzo — z:]|3,) exp(~2(x0))dzo
1 _
A / At exp(—[[ Ao — 243, ) Vg exp(—@(0))do
1 _
= / A exp(— || Agwo — 24]|,) Vg (o) exp(—D (o) )dzo,

where B is the normalizing constant. Therefore,

log 9P dp; (o) = — [CA; exp(—|| Ao — xt||2Qt)on(I>(x0)exp(—@(xg))dxo
dN(0,Cy) [ exp(—|| Az — 1:t||2Qt) exp(—®(xg))dxg
_ [ CATIVO(x) exp(—P(x))dN (Aszy, Q1)
B Jexp(®(2))dN (A, Q1)
=E[-CA'VO(Xo)|X; = 24].

CV,,

We make the dimension dependence explicit and get that
dpP
(AY Dlog d./\/'(OtCD)(:ED) E[— CD(A )DVCI)D(XO )\XtD = :Bf)]
=E[-CP (A, HPEIPPVE(X0)| X3 X[ = )
=E[-CP(A;HPPPVO(Xo)| X = 2P
= PPE[-CA'VO®(Xo)|XP = 2P].
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Furthermore,
D D D/ D PtD (SUtD ) D

=PPE[-CA7'VO(Xo)|XP = 2P] + cP(c7 )Pzl (33)
By Lemma 16 s” converges almost surely to s. Furthermore, since C' A; 1'is bounded and
V®(Xy) is Lipschitz, we get that
E[|E[CA; 'V log ®(Xo)|Xe]|I%] < E[|IV log @(Xo)|*] < E[l| Xol[*] < co.
Therefore, also the first term in (33) converges to its infinite dimensional counterpart by

Lemma 16. The second term in (33) also converges. Therefore, we can take the limit on
both sides and obtain

s(t,zy) = E[—CA;IVCI)(XO)]Xt = x| + CCt_lxt.

The formula (32) for p; holds in infinite dimensions too, and therefore we can write the
conditional expectation as

— RO AL XX, = 2] = fCA[1V<I>(x) exp(—®(x))dN (A, Q1)
f(t,z) =E[-CA; 'V (Xo)| X = x4 = T exp(—®(x)) N Az, Qr) )

Step 2: Local Lipschitzness in with respect to ||-|| Since CC; ! is bounded by step
0, it suffices to show that f is locally Lipschitz. We will now bound the difference

f<t7 yt) - f(ta wt)
[CA 'V O(z) exp(—®(2))dN (Arze, Qy) B [CAIV () exp(—(z))dN (Arye, Qr)
J exp(—=®(2))dN (Awe, Q1) J exp(—@(2))dN (A, Q)

By DB 1 1 1 Z1— 2o 1
. > (L By~ — (B =By = By — —(Bi — Bo).
Z1 Zy (Zl ZQ) 2 Z1( ! 2) ( 2129 > 2 Z1( ! 2)
We will fix an R > 0 and assume that ||z¢[], [y:]| < R. Then, since A; is bounded, there

exists an R such that ||Aszy||, | Ay < R.
Then

7 = / exp(— () AN (A, Q0) () = / exp(=B(x + Agare))AN(0, Q1) (x)

> /exp(—(E1 + Bz + Ay ||*))dN (0, Q) (2)

— xp(=Ex + 2 Ai]?) [ exp(~EalleJIN(0,Q0)(x)
Eexp(—2||Asz|?) > E exp(—2R?)

Vv

where E is a finite constant that only depends on C,,C, L and the E;. A similar bound
holds for Z5. For

2 -7y — / exp(—B(z + Agzy)) — exp(—®(x + Agg))dAN (0, Q1) (x)

< / exp(— Fo) L Ay — Agrl|dA (0, Q1) (x)
= exp(—Eo)L|| Az — Awye|| < EL||w — s, ||
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where we used that if ® is C' and its derivative is bounded by L, then exp(—®) has a
derivative bounded by exp(—inf ®)L. Furthermore, we get that

/CAt1V<I>(m) exp(—@(z))dN (Apzy, Qy)

< exp(—Ep) / CA;'VO(z + Aay)dN (0, Qr)

N

exp(—Ep) / ICATHIUIV O] + Ll + Agwe AN (0, Qs)

N

exp(~E)|[CA | <|rv¢<o>|| + LAl + 1 [ uwudjvm,c;t))

< B A flzel) < E(L+ R),
where we used that CA; ! and A; are bounded. We also get that
1B1 — B

= / |CAT V@ (z + Azy)||| exp(—®(x + Apwe)) — exp(—P(z + Ae))|dN (0, Q1) (x)

+/||0At1V‘1>(w+Atyt) — CATIV(a + Age) || exp(—@ (2 + Apy) )AN (0, Q) ()

N

exp(—Eo) L Avzs — Al |CATY <uv<1><o>u L (rAtxtn + [ ellan . @txx)))

LI CATH | Avry — Avyal| exp(—Eo)
< Ellze —yl(1+ R),
where we again used the boundedness of C'A;” Land A,. Putting it all together, we get that
dp; dp;
CV1 CV1
' % 0.6 ") ~ OV axvo. oy ™
< Eexp(AR?)L| 2 — yi|| + Eexp(2R)||z¢ — ye||(1 + R) < Eexp(4R?)||zs — ye.

Step 3: Strong uniqueness and existence Using the local Lipschitzness, we apply
Gronwall to obtain strong uniqueness of solutions. This is a standard argument and similar
to what we did in Step 3 of the proof of Theorem 13. Alternatively, see, for example,
Karatzas et al. (1991, Theorem 2.5 in Section 5.2.B).

We can now prove weak existence of the reverse SDE. By Theorem 9, the time reversal
will be a weak solution with initial condition Pr. Denote the path measure of Y by Q.
Under the assumptions of the Theorem, N (0, C') will be absolutely continuous with respect
to pr. We define Q by

) = L8 ).
Q is then the path measure of a solution Y to 6 which has initial condition A'(0, C'), therefore
we have constructed a weak solution. With that we conclude the proof since, weak existence
together with strong uniqueness imply strong existence, see Karatzas et al. (1991, Section
5.3).
|
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Appendix G. Wasserstein-Bound Proof

We now prove Theorem 14:

Proof We prove the theorem with the finite-dimensional notation, but one can replace
Vlogp: by s(t,-) and nothing changes. We will partition [0,7] into 7 = {0 = to,...,tn =
T'}. For the given partition we denote

t| = t; <t t| = t; >t A = t — 1.
[t] = ftfllgf{ b It = glelr;{ 1 poax  tegr — b

We couple two strong solutions of Y; and Y, for the same Brownian motion B;. These strong

solutions exist because of the assumptions of the theorem and Theorem 12 or Theorem 13.
The difference between Y; and Y; can be bounded as follows:

. 1 . 1 . ) .
dlly; - vif| = §\|Yt -Yi+ M<Yt =Y, CVlogpr—i(Yy) — 5(T — [t],Y}4)))

1 ~ -
< 5\\1@ = Yi|| + |CV log pr—(Y;) — s¢(T — taYLtJ)H-

We bound

IOV log pr—(Yy) — 3(T — t. V1)

< OV logpr—(Yi) — CV logpr_ i (Yl
+ICV log pr— o) (Ye)) — 3(Lt], Yl + 18(LE], Yiey) — 3(Lt), Y
< |Vulogpr—i(Y:) — Vulog pr_4) (Yl

+|CV log pr— 4 (Yis)) = (Lt Yl + Lsl| Yy — Y l-

We take the supremum to get rid of the delay term |[Y; — Y/Lt ||l and obtain

s, - V| < I, / sup [, ¥, + / V0 log pr—(¥) — Virlog pr o) (Vie)Ildt
0

TS r<t

/HV log

where L, = L + % Squaring the above expression and taking expectations, we arrive at

(YLtJ) = 3(| JvYLtJ)H dt,

Efsup [|Y; — Yl

TS

1 [ Elsup ¥, = VPt -+ [ IS0 logpr-o(4) - Turlogpr i (Vi P

A

+E [HVU log 2= “J (V) — g(uJ,YLtJ)m at

= L;Q/ [supHY Y, |2 dt+/ B + Bodt
0
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We start by bounding Bj:

(t=1t]) 2
By < E[HVUIOgPTt(Yt)—G 2 VUIngTLtJ(YLtJ)H]

=1t \ 2
+(1_e ; )E[an1ong_LtJ<YLtJ>||2]

(t=[t]) 2
— BlIVy logpr—i (V)17 - B | “F Vi togpr v ||

@=1t)\2
+<1—e 2 )E[HVU10ng_\_tJ(Y|_tJ)”2]

where we used that the L? norm of the a martingale M; difference is the difference of the
L? norms, i.e., E[||M; — Ms||?] = E[||M]|?] — E[||Ms]|?] for t > s. Then

T N
/0 Bidt <Y (E[|Vylog prie,, (Y, )II*] = Ellle™ Vi log pr—s, (Vi )IP]) (trs1 — t)
=1

At 2
+ (1) ElIVy logpr(vr)|]
N
< ALY (E[| Vo 10g prsy , (Vo)) = Elllel+ ~)Vy log prr, (¥3,)[1%)
=1

N\ 2
+ (1 — e%) E[|Vy log pr(Yr)|?]

At 2
< ATE[|[Vu logpo(Yr)|?] + (1 - ¥ ) E[I Vo log pr(¥r)|)
=O(ADE[|| Ve log po(Y7)|?]
where we used that the L? norm of a martingale is increasing. The term By is nothing more

than the loss.
Putting it all together, we arrive at

Elsup ||, - ;7] < L2 / Efsup [Y; — ¥; Jdt + O(ANE]| Vo logpo(¥7)|?] + Loss
0 r\

r<s

S
= L2/ E[sup ||Y; — Y;||?] + Error
0

r<t

and can apply Gronwall to get that

Elsup |Y; — V;[?] < (E[|Yo - Yol] + Exrror) exp(L%s).

r<s

Since Y7 ~ pigata and Yr ~ fsample We found a coupling of jiqata and fisample and bounded its
L? distance. We have not picked the coupling of Yy ~ pr and Yy ~ N (0,C) yet. Therefore
we just pick a e-optimal coupling in the squared Wasserstein distance, i.e., E[||Yy — Yo|?] <
W32 (pr,N(0,C)) + € and obtain

W%(ﬂsamplea Mdata) < E[Sug HY;“ - };;Hz] < (WQ (pTaN(Oa C)) +e+ EI‘I‘OI") eXp(LQT)'
<

S
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Since € was arbitrary, the statement of the theorem follows, we actually get

W22 (ﬂsamplev ,U'data) < E[Sup HY;“ - Y/THQ} < (WQ(pTvN(Oa C)) + Error) exp(L2T).

r<T

Finally, W3(pr, N(0,C)) can be upper bounded by
W3 (pr, N(0, C)) < exp(=T)W3 (1datas N'(0, C))

since the Ornstein-Uhlenbeck forward process is contracting with rate exp(—t) in the squared
W3-distance. From this, the statement of the theorem follows. [

Proposition 18 Let U be the Cameron-Martin space associated to a measure N (0,C) tak-
ing values in H. Then, || -|lv : H — [0,00] is lower-semicontinuous and conver on H.

Proof Let (e;,c;) be the eigenvectors and eigenvalues of C. Let f — f in H. We will
prove lower semicontinuity for || - [|#, the result for || - || then follows. Then,

[e.9] o0
IF1E = ;klgngo<fk,ei>c;1 < ligg}fgﬁk,ei)c;l = liminf |2,

which proves lower semi-continuity. Convexity follows since || - || is convex when restricted
to U, and infinite otherwise. [ |
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