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Abstract
We consider stochastic strongly-convex-strongly-concave (SCSC) saddle point (SP) problems
which frequently arise in applications ranging from distributionally robust learning to game
theory and fairness in machine learning. We focus on the recently developed stochastic
accelerated primal-dual algorithm (SAPD), which admits optimal complexity in several
settings as an accelerated algorithm. We provide high probability guarantees for convergence
to a neighborhood of the saddle point that reflects accelerated convergence behavior. We
also provide an analytical formula for the limiting covariance matrix of the iterates for
a class of stochastic SCSC quadratic problems where the gradient noise is additive and
Gaussian. This allows us to develop lower bounds for this class of quadratic problems which
show that our analysis is tight in terms of the high probability bound dependence on the
problem parameters. We also provide a risk-averse convergence analysis characterizing the
“Conditional Value at Risk”, the “Entropic Value at Risk”, and the χ2-divergence of the
distance to the saddle point for the iterate sequence, highlighting the trade-offs between
the bias and the risk associated with an approximate solution obtained by terminating the
algorithm at any iteration.
Keywords: stochastic min-max optimization, high-probability guarantees, risk measures,
accelerated primal-dual methods

1. Introduction

We consider strongly convex/strongly concave (SCSC) saddle point problems of the form:

min
xPX

max
yPY

Lpx, yq fi fpxq ` Φpx, yq ´ gpyq, (1.1)

where X and Y are finite-dimensional Euclidean spaces, f : X Ñ RYt`8u and g :
YÑRYt`8u are closed convex functions, and Φ : X ˆ Y Ñ R is a smooth convex-concave
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function such that Lpx, yq is strongly convex in x and strongly concave in y, i.e., SCSC –
see Assumption 1 for details. Throughout the paper, we assume that f and g are strongly
convex; indeed, whenever L is SCSC, this assumption holds without loss of generality as
strong convexity/concavity can be transferred from Φ to f and g by adding and subtracting
simple quadratics (see also Remark 1 for details).

Such saddle point (SP) problems arise in many applications and different contexts. In con-
strained optimization problems, saddle-point formulations arise naturally when the problems
are reformulated as a minimax problem based on the Lagrangian duality. Furthermore, the
SP formulation in (1.1) encompasses many key problems such as robust optimization (Ben-Tal
et al., 2009) – here g is selected to be the indicator function of an uncertainty set from which
nature (adversary) picks an uncertain model parameter y, and the objective is to choose
x P X that minimizes the worst-case cost maxyPY Lpx, yq, i.e., a two-player zero-sum game.
Other applications involving SCSC problems include but are not limited to supervised learning
with non-separable regularizers (where Φpx, yq may not be bilinear) (Palaniappan and Bach,
2016), fairness in machine learning (Liu et al., 2022), unsupervised learning (Palaniappan
and Bach, 2016) and various image processing problems, e.g., denoising, (Chambolle and
Pock, 2011, 2016).

In this work, we are interested in the setting where the partial gradients ∇xΦ and ∇yΦ
are not deterministically available; but, instead we postulate that their stochastic estimates
r∇xΦ and r∇yΦ are accessible. Such a setting arises frequently in large-scale optimization
and machine learning applications where the gradients are estimated from either streaming
data or from random samples of data (Zhu et al., 2023; Gürbüzbalaban et al., 2022; Bottou
et al., 2018). First-order (FO) methods that rely on stochastic estimates of the gradient
information have been the leading computational approach for computing low-to-medium-
accuracy solutions for these problems because of their cheap iterations and mild dependence
on the problem dimension and data size. In this paper, our focus is on the first-order
primal-dual algorithms that rely on stochastic gradient estimates for solving (1.1).

Existing relevant work. Stochastic primal-dual algorithms for solving SP problems
generate a sequence of primal and dual iterate pairs zn “ pxn, ynq P X ˆY fi Z starting from
an initial point px0, y0q P dom f ˆ dom g fi Z. Two popular metrics to assess the quality of
a random solution px̂, ŷq returned by a stochastic algorithm are the expected gap and the
expected squared distance defined as

Gpx̂, ŷq fi E
“

sup
px,yqPXˆY

␣

Lpx̂, yq ´ Lpx, ŷq
(‰

, Dpx̂, ŷq fi Er}x̂´ x‹ }2 ` }ŷ ´ y‹ }2s, (1.2)

respectively, where px‹, y‹q denotes the unique saddle point of (1.1), due to the strong
convexity of f and g. The iteration complexity of FO-methods in these two metrics depend
naturally on the block Lipschitz constants Lxx, Lxy, Lyy and Lyx, i.e., Lipschitz constants of
∇xΦp¨, yq, ∇xΦpx, ¨q, ∇yΦpx, ¨q and ∇yΦp¨, yq as well as on the strong convexity constants
µx and µy of the functions f and g –see Assumption 1 for precise definition of these
constants. In particular, Fallah et al. (2020) show that a multi-stage variant of Stochastic
Gradient Descent Ascent (SGDA) algorithm generates pxϵ, yϵq such that Dpxϵ, yϵq ď ϵ within
Opκ2 lnp1{ϵq` δ2

µ2
1
ϵ q gradient oracle calls, where δ2 “ max tδ2x, δ

2
yu, while δ2x and δ2y are bounds

on the variance of the stochastic gradients r∇xΦ and r∇yΦ, respectively; µ fi mintµx, µyu and
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L fi maxtLxx, Lxy, Lyx, Lyyu are the worst-case strong convexity and Lipschitz constants,
and κ fi L{µ is defined as the condition number. SGDA analyzed in (Fallah et al., 2020)
employs Jacobi-type updates, i.e., stochastic gradient descent and ascent steps are taken
simultaneously. Jacobi-type updates are easier to analyze than Gauss-Seidel updates in
general, and can be viewed as solving a structured variational inequality (VI) problem, for
which there are many existing techniques that directly apply, e.g., (Gidel et al., 2018; Chen
et al., 2017). For deterministic SCSC problems, Zhang et al. (2022) consider gradient descent
ascent (GDA) with Gauss-Seidel-type updates i.e., the primal and dual variables are updated
in an alternating fashion using the most recent information obtained from the previous update
step. Their results show that an accelerated asymptotic convergence rate can be obtained for
the Gauss-Seidel variant of GDA, i.e., iteration complexity scales linearly with κ instead of
κ2. However, as discussed in (Zhang et al., 2022), this comes at a price: Gauss-Seidel style
updates greatly complicate the analysis because every iteration of the algorithm turns out to
be a composition of two half updates. Furthermore, extending the acceleration result to non-
asymptotic rates requires using a momentum term in either the primal or the dual updates,
and this further complicates the convergence analysis. Fallah et al. (2020) also considered
using momentum terms both in the primal and dual updates, and show that the multi-stage
Stochastic Optimistic Gradient Descent Ascent (OGDA) algorithm using Jacobi-type updates
achieves an iteration complexity of Opκ lnp1{ϵq ` δ2

µ2ϵ
q to guarantee an ϵ-solution in terms

of expected squared distance. There are also several other algorithms that can achieve
the accelerated rate, i.e., logp1{ϵq has the coefficient κ instead of κ2 - see, e.g. (Beznosikov
et al., 2022). We call this term that depends on the condition number as initialization
bias since it captures how fast the error due to initial conditions decay and reflects the
behavior of the algorithm in the noiseless setting. Among the algorithms that achieve an
accelerated rate, the most closely related work to ours is (Zhang et al., 2024) which develops a
stochastic accelerated primal-dual (SAPD) algorithm with Gauss-Seidel type updates. SAPD
using a momentum acceleration only in the dual variable can generate pxϵ, yϵq such that
Erµx}xϵ ´ x‹ }2 ` µy}yϵ ´ y‹ }2s ď ϵ within O

´´

Lxx
µx

`
Lyx

?
µxµy

`
Lyy

µy
`

´

δ2x
µx

`
δ2y
µy

¯

1
ϵ

¯

logp1ε q

¯

iterations; this result implies Õpκ lnpε´1q ` µ´2δ2ε´1q bound in terms of the expected squared
distance – this complexity is optimal for bilinear problems. To our knowledge, SAPD is also
the fastest single-loop algorithm for solving stochastic SCSC problems in the form of (1.1)
that are non-bilinear; furthermore, using acceleration only in one update, as opposed to in
both variables (Fallah et al., 2020), leads to smaller variance accumulation (see Zhang et al.
(2024) for more details).

While the aforementioned results provide performance guarantees in expectation based
on the metrics defined in (1.2) and their variants, unfortunately having guarantees in these
metrics do not allow us to control tail events, i.e., the expected gap and distance can be
smaller than a given target threshold ε ą 0; but, the iterates can still be arbitrarily far away
from the saddle point with a non-zero probability. In this context, high probability guarantees
are key in the sense that they allow us to control tail probabilities and quantify how many
iterations are needed for the iterates to be in a neighborhood of the saddle point with a
given probability level p P p0, 1q. This is illustrated Figure 1 (Left) where we run the SAPD
algorithm for two different values of the momentum parameter θ “ 0.95 and θ “ 0.99 for a
toy problem minxPRmaxyPR

1
2x

2 ` xy ` 1
2y

2 with strong convexity parameters µx “ µy “ 1
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Figure 1: (Left) Convergence of SAPD on the saddle point problem minxPR maxyPR x2{2 ` xy ` y2{2, initialized
at x0 “ y0 “ 10 with momentum parameters θ “ 0.95 and θ “ 0.99. (Middle) Histogram of the
distribution of the SAPD iterates pxn, ynq after n “ 1000 iterations for 500 runs, with corresponding
momentum parameters θ “ 0.95 and θ “ 0.99. (Right) Illustration of the expectation EpXq, p-th quantile
(VaRppXq “ QppXq) and CVaRppXq for p “ 80%, where X is a gamma-distributed random variable with
shape parameter 3 and scale parameter 5.

admitting a saddle point at x‹ “ y‹ “ 0. SAPD is initialized at px0, y0q “ p10, 10q, primal and
dual stepsizes are chosen according to the Chambolle-Pock parametrization as suggested in
(Zhang et al., 2024). In this specific example, for simplicity, the stochastic gradients r∇xΦ and
r∇yΦ are set to ∇xΦ and ∇yΦ perturbed with additive i.i.d. Gaussian N p0, 0.1q noise, and we
assume that r∇xΦ and r∇yΦ are independent from each other and also from the past history
of the algorithm. For each parameter choice, we call SAPD for 500 runs, and for each run we
compute n “ 1000 iterations –see Figure 1 (Left), and plot the distribution of the squared
distance of pxn, ynq to the unique saddle point px‹, y‹q, i.e., En fi }xn ´ x‹ }2 ` }yn ´ y‹ }2,
in Figure 1 (Middle).

As we can see in the middle plot, the random error En can take significantly larger values
than its expectation Dpxn, ynq “ ErEns. This motivates estimating the p-th quantile of the
error En, which is also called the value at risk at level p, traditionally abbreviated as QppEnq

in the financial literature. While quantiles represent a worst-case error En associated with
a probability p, they do not capture the behavior if that worst-case threshold is ever crossed.
Conditional value at risk (CVaR) at level p, on the other hand, is an alternative risk measure
that can be used characterizing the expected error if that worst-case threshold is ever crossed.
CVaR is in fact a coherent risk measure with some desirable properties (Rockafellar and
Royset, 2013). In Fig. 1(Middle), we report the average, the quantile, and the CVaR at
the safety threshold p “ 80% for n “ 1000. We can see that quantile and the conditional
value at risk capture the tail behavior better than the expectation. Similar behavior can
be seen on other distributions, e.g., in Figure 1(Right), we illustrate the expectation, the
p-th quantile, and the p-conditional value at risk of a gamma-distributed random variable
with shape parameter 3, and scale parameter 5 corresponding to p “ %80. Since CVaR
at level p P p0, 1q estimates the average of the tails after the p-th quantile, it is useful for
capturing the average risk associated to tail events beyond the p-th quantile. In addition
to CVaR, there are also other coherent risk measures such as entropic value at risk (EVaR)
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and χ2-divergence which have been of interest in the study of stochastic optimization
algorithms as they can provide risk-averse guarantees capturing the worst-case tail behavior
and deviations from the mean performance (Can and Gürbüzbalaban, 2022).

While high-probability guarantees (quantile guarantees) and risk guarantees in terms
of risk measures such as CVaR and EVaR are available in the optimization setting for the
iterates of stochastic gradient descent-like methods (Harvey et al., 2019; Rakhlin et al.,
2012; Davis and Drusvyatskiy, 2020; Can and Gürbüzbalaban, 2022), results in a similar
nature are considerably more limited in the SP setting. Among existing results, Juditsky
et al. (2011) obtained high-probability guarantees for the stochastic mirror-prox algorithm
for solving stochastic VIs with Lipschitz and monotone operators. This algorithm can be
used to solve smooth stochastic convex/concave SP problems, corresponding to the case
f “ g “ 0 with Φpx, yq being smooth, convex in x and concave in y, and implies that
with probability p P p0, 1q, after n iterations, the gap metric for the VI will be bounded
by Op 1?

n
` logp 1

1´pq 1
nq assuming that the domain is bounded and the stochastic gradient

noise is light-tailed with a sub-Gaussian distribution. In (Gorbunov et al., 2022), it is
shown that the same high-probability results as in (Juditsky et al., 2011) can be attained by
clipping the gradients properly without resorting to the sub-Gaussian and bounded domain
assumptions. It should be emphasized that (Gorbunov et al., 2022) is designed for solving
stochastic variational inequalities (stochastic VIs), uses the Lipschitz constant of the gradient
operator in determining step sizes, and does not exploit the block Lipschitz structure of
the minmax problem; furthermore, it also does not handle closed convex functions f and
g. In another line of work (Yan et al., 2020), it is shown for the SGDA algorithm that the
expected gap guarantee Gpxn, ynq ď ε can be achieved with probability at least p P p0, 1q

after n “ O
´

1
ε logp 1

1´pq ` δ2

µε logp 1
1´pq

¯

oracle calls for possibly non-smooth SCSC problems.
Moreover, in (Wood and Dall’Anese, 2022), high probability bounds are given for online
algorithms applied to stochastic saddle point problems where the objective is time-varying
and revealed in a sequential manner –the data distribution over which stochastic gradients
are estimated depends on the decision variables. However, these high-probability guarantees
are obtained for non-accelerated algorithms with Jacobi-style updates; therefore, the high
probability bounds do not exhibit accelerated decay of the initialization bias, and scale as κ2,
i.e., quadratically with the condition number κ, instead of a linear scaling. To our knowledge,
high-probability bounds for algorithms with Gauss-Seidel style updates are not available in
the literature on SP problems even if they do not incorporate momentum, see the survey
by Beznosikov et al. (2022). Similarly, we are not aware of any risk guarantees (in terms of
CVaR and EVaR of the performance metric over iterations) for any primal-dual algorithm
for solving stochastic SP problems.

Contributions. In this paper, we present a risk-averse analysis of the SAPD method (Zhang
et al., 2024) to solve saddle point problems of the form (1.1). A key novelty of our work
lies in providing the first analysis of an accelerated algorithm for SCSC problems with high
probability guarantees, where our bounds reflect the accelerated decay of the initialization bias
scaling linearly with the condition number κ. Indeed, our high-probability bounds provided in
Section 3 imply that given target accuracy ε ą 0, SAPD, with a proper choice of parameters that
we state explicitly, can generate a solution pxn, ynq satisfying µx}xn´x‹ }2`µy}yn´y‹ }2 ď ε
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with probability p P p0, 1q after n iterations for n P Z` satisfying

n “ O

˜

„

Lxx

µx
`

Lyx
?
µxµy

`
Lyy

µy
`

˜

1 `
Lxy

Lyx
`

L2
xy

L2
yx

¸

max

˜

δ2x
µx
,
δ2y
µy

¸

1 ` log
´

1
1´p

¯

ε

ȷ

¨log

ˆ p1 `
L2
xy

L2
yx

qS0

ε

˙

¸

,

(1.3)
where S0 fi µx}x0 ´ x‹ }2 ` µy}y0 ´ y‹ }2. When the partial gradients ∇xΦ and ∇yΦ are
continuously differentiable, which is the case for bilinear problems and for many SCSC
problems arising in practice (Zhang et al., 2024; Palaniappan and Bach, 2016; Chambolle and
Pock, 2011, 2016), we can take Lxy “ Lyx (as discussed in Remark 13) and the complexity
in (1.3) simplifies to

n “ O
ˆ„

Lxx

µx
`

Lyx
?
µxµy

`
Lyy

µy
` max

´

δ2x
µx
,
δ2y
µy

¯

1`logp 1
1´p q

ε

ȷ

log
`

1
ε

˘

˙

,

hiding constants depending on the initialization. Simplifying the terms further, we can
conclude that n “ O

´

κ logp1ε q ` p1 ` logp 1
1´pqq

δ2 logp1{εq

µε

¯

iterations are sufficient, where
δ2 “ maxpδ2x, δ

2
yq. To achieve this, under a light-tail (subGaussian) assumption on the

norm of the gradient noise, we develop concentration inequalities tailored to the specific
Gauss-Seidel structure of SAPD. The Gauss-Seidel type updates and the use of a momentum
term within SAPD complicate the analysis significantly as the evolution of the iterates and
the performance metric over the iterations need to be studied with respect to a non-standard
filtration for having the right measurability properties (as discussed in Section 5.2 in detail).
Deriving these results requires construction of a new Lyapunov function, Vn, with some
favorable contraction properties. To our knowledge, SP problems, these are the first high-
probability guarantees for an algorithm with Gauss-Seidel updates, and first high-probability
guarantees involving acceleration in the sense that the iteration complexity’s dependence on
the initialization bias scaling linearly with the condition number κ. Indeed, one of our main
contributions is to show that this desirable κ-dependence can be preserved when extending
the guarantees in expectation to high probability bounds for the SAPD algorithm.

Table 1 provides a summary of our results, providing a comparison with the existing
relevant work. To the best of our knowledge, our work is the only one that can provide
high-probability bounds in the presence of non-smooth regularizers, i.e., when there are
closed convex functions f and g. In addition, existing high-probability guarantees are
obtained only for Jacobi-style algorithms, our results are the first high-probability results for
a primal-dual algorithm with Gauss-Seidel-type updates in the minimax setting –although
Gauss-Seidel (GS) type updates are harder to analyze, adopting GS updates often leads
to faster and theoretically better methods than those using Jacobi-type updates Zhang et al.
(2022). Finally, our analysis exploits the structure information of the minimax problems
better than the analyses provided for stochastic VI methods; indeed, our high-probability
results (in Corollary 12) are the only ones that capture the precise effect of the block
Lipschitz/strong convexity constants (Lxx,Lxy,Lyx,Lyy, µx, µy) on the iteration complexity.
The previous high-probability bounds for min-max problems in the literature were given in
terms of worst-case constants L “ maxpLxx,Lxy,Lyx,Lyyq and µ “ minpµx, µyq which result
in a significantly loose analysis as the block Lipschitz constants Lxx,Lxy,Lyx,Lyy and strong
convexity constants µx, µy are generally not of the same order. Basically, our primal and dual
stepsizes, τ and σ, as well as the momentum parameter, θ, can adapt to the block Lipschitz
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Algorithm Complexity — Exploits Structure f ,g Acceleration
High

Prob.
Metric

Hsieh et al. (2019) O
´

1
ε

` δ2

µ
ε
¯

— X X X X D

Fallah et al. (2020) O
´

κ log
`

1
ε

˘

` δ2

µ
logp1{εq

ε

¯

— X X ✓ X D

Zhang et al. (2024) O
´

κ log
`

1
ε

˘

` δ2

µ
logp1{εq

ε

¯

— ✓ ✓ ✓ X D

Yan et al. (2020): O
´

δ2

µε
logp1{p1 ´ pqq

¯

— X X X ✓ G

Gorbunov et al. (2022); O
´

max
!

κ, δ2

µε

)

log
`

1
ε

˘

ln
´

κ
1´p

¯¯

— X X ✓ ✓ D

Our Paper (Cor. 12) O
´

κ log
`

1
ε

˘

`

´

1 ` log
´

1
1´p

¯¯

δ2 logp1{εq

µε

¯

— ✓ ✓ ✓ ✓ D

Table 1: Summary of relevant work for SCSC problems. The second column reports the complexity
(number of iterations needed) to achieve ε-accuracy and whether the results exploit the block
primal-dual structure (by specifying the dependence to constants µx, µy,Lxx,Lxy,Lyx,Lyy

explicitly); if the block structure is not exploited, that means the results are given in terms
of the worst-case constants µ “ minpµx, µyq and L “ maxpLxx,Lxy,Lyx,Lyyq instead. The
third column reports whether possibly non-smooth, closed convex f and g are supported in
the analysis. The fourth column is about acceleration, whether the bias term proportional
to logp1{εq has linear dependence to κ. The fifth column indicates whether the results
provide high-probability bounds. The sixth column indicates the metric used to quantify
convergence, as defined in (1.2). Table notes: : Yan et al. (2020) requires two nested
loops. ; Gorbunov et al. (2022) employ gradient clipping techniques.

structure; therefore, SAPD can leverage the structure specific to the minimax problems that
VI problems do not possess. Furthermore, our analysis technique based on the concentration
inequality derived in Proposition 20 can be of independent interest: in principle, it can
be used to analyze various different primal-dual methods for solving minimax problems,
including SAPD and GS-style stochastic gradient descent ascent1 (SGDA) methods.

We also provide finite-time risk guarantees, in terms of the CVaR, EVaR and χ2-divergence
of the distance to the saddle point. In addition, we provide an in-depth analysis of the behavior
of SAPD on a class of quadratic problems subject to i.i.d. isotropic Gaussian noise where we can
characterize the behavior of the distribution of the iterates explicitly. In particular, we derive
an analytical formula for the asymptotic covariance matrix of SAPD’s iterates, which demon-
strates the tightness of our high probability bounds with respect to several parameter choices
in SAPD. To our knowledge, these are the first risk-averse guarantees that quantify the risk asso-
ciated with an approximate solution generated by a primal-dual algorithm for SP problems.
Notations. Throughout this manuscript, X “ Rn and Y “ Rm denote finite dimensional
vector spaces equipped with the Euclidean norm }u} fixu, uy

1
2 , and Z fi X ˆ Y . We adopted

Z`` for positive integers and Z` “ Z`` Y t0u. For A,B P Rnˆn, we denote VecpAq P Rn2

the vector composed of the vertical concatenation of the columns of A, and A b B the
Kronecker product of A and B. We let }A} denote the spectral norm of A and let ρpAq

denote the spectral radius of A, i.e., the largest modulus of the eigenvalues of A. For a finite
sequence of reals x1, . . . , xn (resp. matrices X1, . . . , Xn), we denote Diagpx1 . . . , xnq (resp.
DiagpX1 . . . , Xnq) the associated (block) diagonal matrix. If A is diagonalizable, SppAq

denotes the set of the eigenvalues of A. For any convex set C, IC denotes the indicator

1SGDA can be seen as a special case of SAPD with the momentum parameter θ “ 0.
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function of C, i.e., ICpxq “ 0 if x P C, and equal to `8 otherwise. For a given proper, closed
and convex function φ : X Ñ RYt`8u, proxφp¨q denotes the associated proximal operator :
x ÞÑ argminuPX φpuq ` 1

2}u´ x}2. We use the Landau notation to describe the asymptotic
behavior of functions. That is, for u P RYt˘8u, a function fpxq “ opgpxqq in a neighborhood
of u if fpxq

gpxq
Ñ 0 as x Ñ u, whereas fpxq “ Opgpxqq if there exist a positive constant C

such that |fpxq| ď C|gpxq| in some neighborhood of u. Similarly, we say fpxq “ Θpgpxqq,
if fpxq “ Opgpxqq and gpxq “ Opfpxqq. Given random vectors Un : Ω Ñ Rd for n ě 0,
we let Un

D
ÝÑU if Un converges in distribution to another random vector U : Ω Ñ Rd. In

Appendix A, we provide a table summarizing the key notation used within the paper together
with references to where they are introduced in the text.

2. Preliminaries and Background

2.1 Stochastic Accelerated Primal-Dual (SAPD) Method

SAPD, displayed in Algorithm 1, is a stochastic accelerated primal-dual method developed in
(Zhang et al., 2024) which uses stochastic estimates r∇xΦ and r∇yΦ of the partial gradients
∇xΦ and ∇yΦ. SAPD extends the accelerated primal-dual method (APD) proposed in
(Hamedani and Aybat, 2021) to the stochastic setting, which itself is an extension of the
Chambolle-Pock (CP) method (Chambolle and Pock, 2011, 2016) developed for bilinear
couplings Φ. Given primal and dual stepsizes τ and σ and a number of iterations n, SAPD
applies momentum averaging to the partial gradients with respect to the dual variable, and
updates the primal and the dual variables in an alternating fashion computing proximal-
gradient steps. While the gradients of Φ are stochastic and inexact, it is assumed that
proximal steps with respect to non-smooth terms f and g are computed in an exact fashion.2

Algorithm 1 SAPD Algorithm
Require: Parameters τ, σ, θ. Starting point px0, y0q. Horizon N .
1: Initialize:

x´1 Ð x0, y´1 Ð y0, q̃0 Ð 0
2: for n “ 0, . . . , N ´ 1 do
3: s̃n Ð ∇̃y Φpxn, yn, ω

y
nq ` θ q̃n Ź Momentum averaging

4: yn`1 Ð proxσgpyn ` σ s̃nq

5: xn`1 Ð proxτf pxn ´ τ ∇̃x Φpxn, yn`1, ω
x
nqq

6: q̃n`1 Ð ∇̃y Φpxn`1, yn`1, ω
y
n`1q ´ ∇̃y Φpxn, yn, ω

y
nq

return zN “ pxN , yN q

The high-probability convergence guarantees of SAPD derived in this paper rely on
several standard assumptions on f , g, Φ, and on the noisy estimates ∇̃xΦ and ∇̃yΦ of the
partial gradients of Φ. The first assumption on the smoothness properties of the coupling

2In many cases, these proximal steps are easy to compute exactly or up to high accuracy; for instance when
f and g are taken as indicator functions of some convex sets, or when f and g are ℓ1-regularizers; see also
Parikh et al. (2014) for other examples where the proximal operators proxσgp¨q and proxτf p¨q admit an
explicit formula.
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function Φ is standard for first-order methods (see e.g.. (Mokhtari et al., 2020; Gidel et al.,
2018; Zhang et al., 2021)).

Assumption 1 f : X Ñ RYt`8u and g : Y Ñ RYt`8u are strongly convex with convexity
modulii µx, µy ą 0, respectively; and Φ: Rd ˆRd Ñ R is continuously differentiable on an
open set containing dom f ˆ dom g such that

(i) Φp¨, yq is convex on dom f , for all y P dom g;

(ii) Φpx, ¨q is concave on dom g, for all x P dom f ;

(iii) there exist Lxx,Lyy ě 0 and Lxy,Lyx ą 0 such that

}∇xΦpx, yq ´ ∇xΦpx̄, ȳq} ď Lxx }x´ x̄} ` Lxy }y ´ ȳ},

}∇y Φpx, yq ´ ∇y Φpx̄, ȳq} ď Lyx }x´ x̄} ` Lyy }y ´ ȳ},

for all px, yq, px̄, ȳq P dom f ˆ dom g.

By strong convexity/strong concavity of L from Assumption 1, the problem in (1.1) admits
a unique saddle point z‹ fipx‹, y‹q which satisfies

Lpx‹, yq ď Lpx‹, y‹q ď Lpx, y‹q, @px, yq P X ˆ Y. (2.1)

Remark 1 In case Φ is µx-strongly convex with respect to x and µy-strongly concave with
respect to y, one can redefine the problem so that Assumption 1 holds. Indeed, consider
Φ̃px, yq fi Φpx, yq ´

µx

2 }x}2 `
µy

2 }y}2, f̃pxq fi fpxq `
µx

2 }x}22 and g̃ fi gpyq `
µy

2 }y}22 and
reformulate the problem in (1.1) as minxPX maxyPY f̃pxq ` Φ̃px, yq ´ g̃pyq. Note that Φ̃, f̃
and g̃ satisfy Assumption 1, i.e., Φ̃px, yq is convex/concave, f̃ is µx-strongly convex and g̃ is
µy-strong convex, and these two formulations are equivalent. Furthermore, the evaluation of
proxf̃ for f̃ “ f `

µ
2 } ¨ }22 is computationally similar to evaluating proxf , see (Zhang et al.,

2024, Remark 1) for further details.

Following the literature on stochastic saddle-point algorithms (Nemirovski et al., 2009;
Juditsky et al., 2011; Chen et al., 2017), we assume that only (noisy) stochastic estimates
∇̃y Φpxn, yn, ω

y
nq, ∇̃xΦpxn, yn`1, ω

x
nq of the partial gradients ∇y Φpxn, ynq,∇xΦpxn, yn`1q are

available, where ωx
n, ω

y
n are random variables that are being revealed sequentially. Specifically,

we let pωx
nqně0, pωy

nqně0 be two sequences of random variables revealed in the following order
in time which is the natural order for the SAPD updates:

ωy
0 Ñ ωx

0 Ñ ωy
1 Ñ ωx

1 Ñ ωy
2 Ñ ¨ ¨ ¨ ,

and we let pFy
nqně0 and pFx

nqně0 denote the associated filtrations, i.e., Fy
0 “ σpωy

0q is the
sigma algebra generated by the random variable ωy

0 , Fx
0 “ σpωy

0 , ω
x
0 q and

Fy
n “ σpFx

n´1, σpωy
nqq, Fx

n “ σpFy
n, σpωx

nqq, @ k ě 1.

For any k ě 0, we introduce the following random variables to represent the gradient noise:

∆y
n fi ∇̃y Φpxn, yn, ω

y
nq ´ ∇y Φpxn, ynq, ∆x

n fi ∇̃xΦpxn, yn`1, ω
x
nq ´ ∇xΦpxn, yn`1q.

9
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Often times, stochastic gradients are assumed to be unbiased with a bounded variance
conditional on the history of the iterates. Such an assumption is standard in the study
of stochastic optimization algorithms and stochastic approximation theory (Harold et al.,
1997) and frequently arises in the context of stochastic gradient methods that estimate the
gradients from randomly sampled subsets of data (Bottou et al., 2018).

Assumption 2 There exists scalars νx, νy ą 0 such that for all n ě 0,

E
“

∆y
n|Fx

n´1

‰

“ 0, E r∆x
n|Fy

ns “ 0, E
“

}∆y
n}2|Fx

n´1

‰

ď νy
2, E

“

}∆x
n}2|Fy

n

‰

ď νx
2.

Under Assumptions 1 and 2, given a set of parameters pτ, σ, θq, SAPD iterates pxn, ynq were
shown to converge to a neighborhood of the solution linearly in expectation where the size of
the neighborhood gets smaller when the gradient noise levels νx, νy ě 0 gets smaller (Zhang
et al., 2024); in particular, in the absence of noise (when νx “ νy “ 0), the iterates pxn, ynq

converges to px‹, y‹q at a linear rate ρ P p0, 1q provided that there exists some α P r0, σ´1q

for which the following inequality holds:
¨

˚

˚

˚

˚

˚

˚

˚

˝

1
τ ` µx ´ 1

ρτ 0 0 0 0

0 1
σ ` µy ´ 1

ρσ

´

θ
ρ ´ 1

¯

Lyx

´

θ
ρ ´ 1

¯

Lyy 0

0
´

θ
ρ ´ 1

¯

Lyx
1
τ ´ Lxx 0 ´ θ

ρLyx

0
´

θ
ρ ´ 1

¯

Lyy 0 1
σ ´ α ´ θ

ρLyy

0 0 ´ θ
ρLyx ´ θ

ρLyy
α
ρ

˛

‹

‹

‹

‹

‹

‹

‹

‚

ľ 0. (2.2)

An important class of solutions to the matrix inequality in (2.2) takes the following form:
given an arbitrary c P p0, 1s, choose

τ “
1 ´ θ

θµx
, σ “

1 ´ θ

θµy
, θ ě θ̄c, (2.3)

for some θ̄c P p0, 1q explicitly given in (Zhang et al., 2024, Corollary 1) – pτ, σ, θq satisfying
(2.3) solves (2.2) with ρ “ θ and α “ c

σ ´
?
θLyy with c P p0, 1s. SAPD generalizes the

primal-dual algorithm CP proposed in (Chambolle and Pock, 2011) – CP algorithm can
solve SP problems with a bilinear coupling function Φ when a deterministic first-order oracle
for Φ exists; indeed, for bilinear coupling functions with deterministic first-order oracles,
SAPD reduces to the CP algorithm. It is shown in (Chambolle and Pock, 2016) that for a
particular value3 of θ, the choice of primal and stepsizes pτ, σq according to (2.3) achieves
the accelerated rate. For SAPD, Zhang et al. (2024) study the squared distance of iterates
to the saddle point in expectation and extends the same acceleration result to the case when
Φ is not bilinear and when one has only access to a stochastic first-order oracle rather than a
deterministic one.

As we focus on SCSC problems, we can rely on the squared distance of the iterates
pxn, ynq to the solution px‹, y‹q to quantify sub-optimality. Precisely, sub-optimality will be
measured in terms of a weighted squared distance to the solution, i.e.,

Wn fi
1

2τ
}xn ´ x‹ }2 `

1

2

´ 1

σ
´ α

¯

}yn ´ y‹ }2, (2.4)

3see (Chambolle and Pock, 2016, Eq.(48)).
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for some α P r0, σ´1q. This weighted metric turns out to be more convenient for the
convergence analysis of SAPD, but it is clearly equivalent to the unweighted squared distance
En “ }xn ´ x‹ }2 ` }yn ´ y‹ }2 up to a constant that depends on the choice of pτ, σ, αq. For
the sake of completeness of the paper, we first recall the convergence of SAPD in expected
weighted squared distance, established in (Zhang et al., 2024).

Theorem 2 ((Zhang et al., 2024), Theorem 1) Suppose Assumptions 1 and 2 hold and
let zn “ pxn, ynqně1 be the iterates generated by SAPD, starting from an arbitrary tuple
px0, y0q P X ˆY. For all n P N, τ, σ ą 0, and θ ě 0 satisfying (2.2) for some ρ P p0, 1q and
α P r0, σ´1q, it holds that

E rWns ď ρn Wτ,σ `
ρ

1 ´ ρ

ˆ

τ

1 ` τµx
Ξx
τ,σ,θν

2
x `

σ

1 ` σµy
Ξy
τ,σ,θν

2
y

˙

, (2.5)

where Wτ,σ fi 1
2τ }x0 ´x‹ }2 ` 1

2σ }yn ´y‹ }2 denotes the initial bias, and Ξx
τ,σ,θ fi 1`

σθp1`θqLyx

2p1`σµyq

Ξy
τ,σ,θ fi

τθp1`θqLyx

2p1`τµxq
`

´

1 ` 2θ `
θ`σθp1`θqLyy

1`σµy
`

τσθp1`θqLyxLxy

p1`τµxqp1`σµyq

¯

p1 ` 2θq are noise related
constants that depend on the problem and algorithm parameters.

As stated above, the convergence of SAPD in expected squared distance presents the classical
bias-variance trade-off, which can be controlled through adjusting the SAPD parameter choice.
The bias term ρnWτ,σ, captures the rate at which the error due to initialization (bias) decays,
ignoring the noise. It is shown in (Zhang et al., 2024) that for certain choice of parameters,
convergence of initialization bias to 0 occurs at an accelerated rate ρ “ 1 ´ Θp 1

κq instead
of the non-accelerated rate ρ “ 1 ´ Θp 1

κ2 q of methods such as (Jacobi-style) SGDA. The
variance term constitutes the (remaining part) second term at the right-hand side of (2.5)
and is due to noise accumulation that scales with the stepsize and the noise variance. For
a particular choice of SAPD parameters, it is shown that in expectation SAPD exhibits
the optimal complexity of Õp1{εq up to a logarithmic factor, and achieves an accelerated
decay rate for the bias term; however, in a number of risk-sensitive situations, convergence in
expectation can prove to be insufficient. In this paper, we further investigate the properties
of SAPD for several measures of risks, that we detail in Section 2.3.

2.2 Assumptions on the gradient noise

Although according to Theorem 2, (2.2) describes a general set of parameters for which
SAPD will admit guarantees in terms of the expected weighted squared distance to the solution,
risk-sensitive guarantees for SAPD, including high-probability bounds are not known. In
the forthcoming sections, we study SAPD for parameters satisfying (2.2), and we obtain
convergence guarantees in high probability, in CVaR, in EVaR, and also in the χ2-divergence-
based risk measures, which are properly defined in Section 2.3. In other words, our focus
here is to obtain high probability guarantees as well as bounds on the risk associated with
E

1{2
n “ }zn ´ z‹ }. To this end, we will make a “light-tail" assumption on the magnitude of

the gradient noise, adopting a subGaussian structure. Before giving our assumption on the
gradient noise precisely, we start with introducing the family of norm-subGaussian random
variables, and recall their basic properties.

11
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Definition 3 A random vector X : Ω Ñ Rd is norm-subGaussian with proxy δ ą 0, denoted

by X P nSG pδq, if we have P
”

}X ´ ErXs} ě t
ı

ď 2e
´t2

2δ2 , @t P R.

Random vectors with norm-subGaussian distribution were introduced in (Jin et al., 2019),
and encompass a large class of random vectors including subGaussian random vectors. First,
note that given an arbitrary α ą 0 and a random variable X : Ω Ñ Rd such that X P nSG pδq

for some δ ą 0, we immediately have the following implication:

X P nSG pδq ùñ αX P nSG pαδq . (2.6)

Moreover, X : Ω Ñ Rd is norm-subGaussian when X is subGaussian, or it is bounded, i.e.,
DB ą 0 such that }X} ď B with probability 1. As discussed in (Jin et al., 2019, Lemma
3), the squared norm of a norm-subGaussian vector admits a sub-Exponential distribution,
which is defined next.

Definition 4 A random variable U : Ω Ñ R is subExponential with proxy K ą 0 if it satisfies

E
”

eλ|U |
ı

ď eλK , @λ P r0,K´1s.

In particular, if we take U “ }X}2 for X P nSG pδq with ErXs “ 0, then the following result
shows that U is subExponential with proxy K “ 8δ2.

Lemma 5 Let X P nSG pδq be such that ErXs “ 0. Then, for any λ P
“

0, 1
4δ2

‰

,

E
”

eλ}X}2
ı

ď 2e4λδ
2

´ 1 ď e8λδ
2
. (2.7)

Lemma 6 Let X P nSG pδq such that ErXs “ 0. Then, for any u P Rd and λ ě 0, it holds
that E

“

eλxu,Xy
‰

ď e8λ
2}u}2δ2.

For completeness, the proofs of these two elementary results are provided in Section B.1 of
the appendix. Next, we will introduce an assumption which says that gradient noise terms
∆x

n and ∆y
n are light-tailed admitting a norm-subGaussian structure when conditioned on

the natural filtration of the past iterates.

Assumption 3 For any n ě 0 the random vectors ∆x
n and ∆y

n are conditionally unbiased
and norm-subGaussian with respective proxy parameters δx, δy ą 0. More precisely, for all
t ě 0, we have E

“

∆y
n|Fx

n´1

‰

“ 0,E r∆x
n|Fy

ns “ 0, and

Pr}∆y
n} ě t|Fx

n´1s ď 2e
´t2

2δ2y , Pr}∆x
n} ě t|Fy

ns ď 2e
´t2

2δ2x .

We note that such subGaussian noise assumptions are common in the study of stochastic
optimization algorithms (Rakhlin et al., 2012; Ghadimi and Lan, 2012; Harvey et al., 2019).
In machine learning applications, where stochastic gradients are often estimated on sampled
batches, noisy estimates typically behave Gaussian for moderately high sample sizes, as
a consequence of the central limit theorem (Panigrahi et al., 2019). Furthermore, there
are applications in data privacy where i.i.d. subGaussian noise is added to the gradients
for privacy reasons (Levy et al., 2021; Varshney et al., 2022). In such settings, we expect
Assumption 3 to hold naturally. In the rest of the paper, together with Assumption 1, we
will assume that Assumption 3 holds in lieu of Assumption 2.
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Risk measure Formulation Divergence

CVaRp, p P r0, 1q 1
1´p

ş1
p1“p Qp1 pUqdp1 φptq “ I

r0, 1
1´p

s
ptq

EVaRp, p P r0, 1q infηą0

!

´ logp1´pq

η
` 1

η
logpEpeηU qq

)

φptq “ t log t ´ t ` 1

Rχ2,r, r ě 0 infηě0

!?
1 ` 2r

b

EpU ´ ηq2` ` η
)

φptq “ 1
2

pt ´ 1q2

Table 2: Three examples of φ-divergence based risk measures studied in this paper.

2.3 VaR, CVaR, EVaR and χ2-divergences

For any given n ě 0, to quantify the risk associated with }zn ´ z‹ }, i.e., the distance to the
unique saddle point, we will resort to ϕ-divergence-based risk measures borrowed from the
risk measure theory (Ben-Tal and Teboulle, 2007), including CVaR, EVaR and χ2-divergence.
The first risk measure of interest is the quantile function, also known as value at risk, defined
for any random variable U : Ω Ñ R as follows:

QppUq fi inftt P R : PrU ď ts ě pu. (2.8)

Quantile upper bounds correspond to high-probability results, which have been already fairly
studied to assess the robustness of stochastic algorithms (Ghadimi and Lan, 2012; Rakhlin
et al., 2012; Harvey et al., 2019). One key contribution of this paper is the derivation of an
upper bound on the quantiles of the weighted distance metric Wn, defined in (2.4), such that
this upper bound exhibits a tight bias-variance trade-off –see Section 4.2.

Furthermore, we investigate the robustness of SAPD with respect to three convex risk
measures based on φ-divergences (Ben-Tal and Teboulle, 2007). Generally speaking, for a
given proper convex function φ : R` Ñ R satisfying φp1q “ 0 and limtÑ0` φptq “ φp0q, the
associated φ-divergence, is defined as DφpQ}Pq fi

ş

Ω φ
´

dQ
dP

¯

dP, for any input probability
measures Q,P such that Q ! P, i.e., Q is absolutely continuous with respect to P. Different
choices of φ-divergence result in different risk measures as discussed next.

Definition 7 For any r ě 0, the φ-divergence based risk measure at level r is defined as

Rφ,rpUq fi sup
Q!P, DφpQ}Pqďr

EQ rUs , (2.9)

where P denotes an arbitrary reference probability measure.

We refer the reader to (Ben-Tal and Teboulle, 2007; Shapiro, 2017) for more on φ-divergence
based risk measures. In this paper, we investigate the performances of SAPD under three
φ-divergence based risk measures, summarized in Table 2.

First, given p P r0, 1q, we consider the conditional value at risk at level p, i.e., CVaRp,
defined as

CVaRppUq fi
1

1 ´ p

ż 1

p1“p
Qp1pUq dp1. (2.10)

The CVaR measure admits the variational representation (2.9) with φ : t ÞÑ Ir0,p1´pq´1sptq
for any r ą 0. As an average of the higher quantiles of U , CVaRppUq holds intuitively as a
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statistical summary of the tail of U , beyond its p-quantile. While high-probability bounds do
not take into account the price of failure tied to the event U ě QppUq, the CVaR presents
the advantage of averaging the whole tail of the distribution; therefore, it can quantify the
risk associated with tail events in a robust fashion.

The second convex risk measure we investigate is the Entropic Value at
Risk (Ahmadi-Javid, 2012), denoted by EVaR, and is defined as EVaRppUq fi

infηą0

␣

´η´1 logp1 ´ pq ` η´1 logpEpexppηUqqq
(

. The EVaR admits the variational representa-
tion (2.9) with φ : t ÞÑ t logptq ´ t ` 1 and the parameter r is set to ´ logp1 ´ pq for given
p P r0, 1q –see e.g. (Shapiro, 2017). EVaR exhibits a higher tail-sensitivity than CVaR, in
the sense that CVaRppUq ď EVaRppUq for all p P r0, 1q whenever EVaRppUq ă 8. Finally
we will also derive results in terms of the χ2-divergence based risk measure, defined as (2.9)
with φ : t ÞÑ 1

2pt´ 1q2.

3. Main Results

In this section, we present the main results of this paper, which consist of convergence
analyses of SAPD in high-probability and provide guarantees in terms of the three convex risk
measures presented in Table 2. Later in Section 4, we derive analytical expressions related
to convergence behavior of SAPD applied on quadratic SP problems, and in Section 4.2 we
discuss some tight characteristics of our main results provided in this section. Finally, in
Section 5, we provide the proofs of our main result stated in Theorem 8.

Theorem 8 Suppose Assumption 1 and Assumption 3 hold. Given τ, σ ą 0, and θ ě 0
satisfying (2.2) for some ρ P p0, 1q and α P r0, σ´1q, let pxn, ynqně1 denote the corresponding
SAPD iterates, initialized at an arbitrary tuple px0, y0q P dom f ˆ dom g. For all n P N,
p P r0, 1q, it holds that

P
„

Wn`1 ` Wn ď qp,n`1

ȷ

ě p, where (3.1)

qp,n`1 fi

ˆ

1 ` ρ

2

˙n
´

Cτ,σ,θ Wτ,σ ` Ξ
p1q

τ,σ,θ

¯

` Ξ
p2q

τ,σ,θ ` Ξ
p3q

τ,σ,θ log

ˆ

1

1 ´ p

˙

, (3.2)

where Wn“ 1
2τ }xn ´ x‹ }2 ` 1´ασ

2σ }yn ´ y‹ }2, Wτ,σ fi 1
2τ }x0 ´ x‹ }2 ` 1

2σ }y0 ´ y‹ }2, Cτ,σ,θ and
Ξ

piq
τ,σ,θ fiΞ

pi,xq

τ,σ,θδ
2
x ` Ξ

pi,yq

τ,σ,θδ
2
y for i “ 1, 2, 3 depend only on the algorithm parameters (τ, σ, θq

and the problem parameters pµx, µy,Lxx,Lyy,Lxy,Lyxq. Furthermore, all these constants can
be made explicit4 and in particular, under the CP parameterization in (2.3), they satisfy
Cτ,σ,θ “ Θp1q, Ξpi,xq

τ,σ,θ “ Θp1q, and Ξ
pi,yq

τ,σ,θ “ Θp1q for all i “ 1, 2, 3 as θ Ñ 1, which implies
that

lim sup
nÑ8

Qpp}zn ´ z‹ }2q “ O
´

p1 ´ θqδ2
´

1 ` log
´ 1

1 ´ p

¯¯¯

.

Proof The proof is provided in Section 5.2.1.
Remark 9 Under the premise of Theorem 8, (3.1) implies that for all p P r0, 1q and n ě 0,

Qp

´

W1{2
n`1

¯

ď Qp

´

pWn`1 ` Wnq1{2
¯

ď q
1{2
p,n`1. (3.3)

4These constants are explicitly given within the proof, provided in Section 5.
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Remark 10 For any given ρ P p0, 1q, to check if there exists SAPD parameters τ, σ, θ such
that the bias component of ErWn`1 ` Wns decreases to 0 linearly with a rate coefficient
bounded above by ρ P p0, 1q, one needs to solve a 5-dimensional SDP, i.e., after fixing
ρ, checking the feasibility of (2.2) reduces to an SDP problem, see (Zhang et al., 2024)
for details. Below in Corollary 12, we provide a particular solution to (2.2), in the form
of (2.3), for which the choice of ρ leads to an accelerated behavior with a complexity of
Opκ logpε´1q ` µ´1δ2p1 ` logpp1 ´ pq´1qqε´1 logpε´1qq where δ2 “ maxpδ2x, δ

2
yq. Thus, the

bias term in Theorem 8 decays at an accelerated rate, which differs from the standard
decay of non-accelerated Jacobi-style algorithms where the initialization (bias) error scales
proportionally to κ2 (Fallah et al., 2020).

Remark 11 Our bound for the p-th quantile, qp,n`1, is tight, i.e., under the parameter
choice in (2.3), the dependency of qp,n`1 to θ and p cannot be improved when n is large
enough. See Theorem 19 for further details.

Next, we provide the oracle complexity of SAPD in high probability, which can be derived as
a corollary to our main Theorem 8.

Corollary 12 For p P r0, 1q and ε ą 0, set τ, σ, θ, ρ as

τ “
1 ´ θ

θµx
, σ “

1 ´ θ

θµy
, ρ “ θ “ max

´

1{2, θ̄1, θ̄2,
¯̄θx,

¯̄θy

¯

, where (3.4)

θ̄1 fi 1´
β pLxx `µxqµy

4Lyx
2

˜
d

1 `
8µx Lyx

2

βµy pLxx `µxq
2

´ 1

¸

, θ̄2 fi

$

&

%

1 ´
p1´βq2

32

µ2
y

Lyy
2

ˆc

1 `
64 Lyy

2

p1´βq2µ2
y

´ 1

˙

if Lyy ą 0

0 if Lyy “ 0
,

¯̄θx fi 1 ´
µxε

´

c
p1q
x ` c

p2q
x

Lxy

Lyx
` c

p3q
x

Lxy
2

Lyx
2

¯

δ2x p1 ` logp1{p1 ´ pqqq
,

¯̄θy fi 1 ´
µyε

´

c
p1q
y ` c

p2q
y

Lxy

Lyx
` c

p3q
y

Lxy
2

Lyx
2

¯

δ2y p1 ` logp1{p1 ´ pqqq
,

with β “ mint1{2, µx{µy, µy{µxu, and for universal positive constants cpiq
x , c

piq
y for i “ 1, 2, 3

that are large enough5. Then, (2.2) is satisfied for α “ 1
2σ ´

?
θLyy and SAPD guarantees that

P
“

µx}xn ´ x‹ }2 ` µy}yn ´ y‹ }2 ď ε
‰

ě p for n satisfying (1.3).

Proof The result follows directly from Theorem 8 after plugging in our choice of parameters
based on tedious but straightforward computations. For the sake of completeness, we provide
the details of these computations in Appendix G of the online-only supplementary material -
see the extended version of the paper Laguel et al. (2023).

Remark 13 By Assumption 1, the partial gradients ∇xΦ and ∇yΦ are Lipschitz continuous;
therefore, they are almost everywhere differentiable by Rademacher’s Theorem. If we assume
slightly more, i.e., if ∇xΦ and ∇yΦ are continuously differentiable, then the partial derivatives
commute and we have ∇y∇xΦpx, yq “ ∇x∇yΦpx, yq, as a consequence of Schwarz’s Theorem.
In this case, we can take Lxy “ Lyx in Assumption 1 and in Corollary 12.
5For simplicity of the presentation, we do not provide these universal constants explicitly here; that said, the
constants can be made explicit in a straightforward manner following the step-by-step computations in our
proof provided in the extended version of the paper Laguel et al. (2023).
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Remark 14 Our pτ, σ, θq choice in Corollary 12 depend on the convexity moduli µx, µy ą 0
and Lipschitz constants Lxx, Lxy, Lyx, Lyy, the noise level δ2x and δ2y and the target probability
p P p0, 1q. Our θ choice here, which depends on the given probability p P p0, 1q, is different
from the existing literature on SAPD given in (Zhang et al., 2024, Theorem 2) for analysis
of SAPD iterate sequence in expectation. Since strong convexity and Lipschitz constants
corresponding to the stochastic minimax problems of interest may not be available, designing
adaptive (stepsize) methods with high-probability guarantees and that are oblivious to these
problem parameters is an interesting open research problem; but, this is beyond the scope
of this work. That being said, for some problems these constants may be known or can be
estimated. For example, strong convexity constants are known for ℓ2-regularized problems of
the form: minxmaxy Φpx, yq ` λx

2 }x}2 ´
λy

2 }y}2 where Φ is convex in x and concave in y, and
λx, λy ą 0 are regularization parameters; in this case we can simply take µx “ λx and µy “ λy,
this setting may arise for instance in distributionally robust learning Zhang et al. (2024). If
the strong convexity constants are not known, we could also rely on estimation techniques
such as Barré et al. (2020); Malitsky and Mishchenko (2019). When Φ is twice continuously
differentiable, Lipschitz constants can also be estimated by approximately maximizing the
norm of ∇2Φ; but, this can be computationally expensive in high dimensions. Alternatively,
for some structured minimax problems, Lipschitz constants can be estimated explicitly, e.g.,
distributionally robust logistic regression Zhang et al. (2024), and distributionally robust linear
regression, where the dual domain is the probability simplex, in which case the norm of ∇2Φ
can be characterized explicitly and one can obtain precise estimates for the Lipschitz constants.

Using Theorem 8 and building on the representation of the CVaR in terms of the quantiles,
we can deduce a bound on CVaRppW

1
2
n q as shown in Theorem 15, where we also provide

bounds on the entropic value at risk and on the χ2-based risk measure, as defined in Table 2.

Theorem 15 (Bounds on Risk Measures) Under the premise of Theorem 8,

CVaRp

ˆ

W
1
2
n`1

˙

ď

d

ˆ

1 ` ρ

2

˙n{2 ´

Cτ,σ,θWτ,σ ` Ξ
p1q

τ,σ,θ

¯

` Ξ
p2q

τ,σ,θ `

d

Ξ
p3q

τ,σ,θ

´

1 ` log
´ 1

1 ´ p

¯¯

, (3.5)

EVaRppW
1
2
n`1q ď

d

ˆ

1 ` ρ

2

˙n{2 ´

Cτ,σ,θWτ,σ ` Ξ
p1q

τ,σ,θ

¯

` Ξ
p2q

τ,σ,θ `

b

Ξ
p3q

τ,σ,θ

ˆ

log
´ 1

1 ´ p

¯1{2
`

?
π

˙

, (3.6)

hold for all n P N and p P r0, 1q, where Wn, Ξ
p1q

τ,σ,θ, Ξ
p2q

τ,σ,θ and δ̄ are as defined in Theorem 8.
Furthermore, for all n P N and r ą 0, the right-hand side of (3.6) with p “ 1 ´ 1

1`r is an

upper bound on Rχ2,rpW1{2
n`1q.

Proof The proof is provided in Section 5.2.2.

In the next section, we discuss a family of quadratic SP problems for which we can compute
the asymptotic covariance matrix of the iterates in expectation explicitly, assuming additive
i.i.d. Gaussian noise on the partial gradients. This will allow us to gain insights about the
effect of parameter choices and argue about the tightness of our analysis.

Remark 16 There are notable differences among the risk measures considered in this work.
First, their domain of definition differs significantly. Indeed, the quantile function Qpp¨q
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is defined on any random variable X satisfying Pp|X| ă 8q “ 1, while CVaR and EVaR
require |X| to be integrable, and |X| to be sub-exponential, respectively. Second, while high
probability bounds do not account for the price of failure associated with the tail event
when we are above the p-th quantile of the error Wn, convex risk measures such as CVaR
integrate these high-values, and are as such more sensitive to the worst-case scenarios;
this can also be observed from our example given in Fig. 1. While CVaR, EVaR and
χ2-divergences belong to the general class of ϕ-divergence-based risk measures, each of these
risk measures differ in terms of how they consider or average the tail events (see Section
2.3). Note that these risk measures are all coherent (possessing favorable properties as a risk
measure such as monotonicity, sub-additivity, homogeneity, and translational invariance),
and are of interest in the study and design of stochastic optimization algorithms (Can
and Gürbüzbalaban, 2022; Ahmadi-Javid, 2012; Chouzenoux et al., 2019). In our context,
obtaining risk-averse guarantees in these risk measures are relevant because they allow us
to obtain finer characterizations of the tail events associated to the optimization error Wn,
quantifying deviations from the average performance (expected error ErWns) in different ways.

Our results in Theorem 8 and Corollary 15 prove that under the norm-subGaussian assump-
tion, the upper bounds for these risk measures, i.e., Qpp¨q, CVaRpp¨q and EVaRpp¨q, behave
similarly in terms of their dependence on the problem parameters. This is due to the tight
control we manage to get over the moment generating function corresponding to the error
Wn at stage n in our analysis given in Section 5.2. However, we suspect that beyond the
subGaussian regime, in the heavy-tail scenario, the error bounds for these risk measures
may exhibit different decay properties. Indeed, existence of a finite EVaR is more restrictive
than CVaR being finite as it requires for the moment generating function of the underlying
random variable to be well defined, whereas CVaR requires less restrictive conditions on its
moments (see also Remark 16).

4. Analytical solution for quadratics

In this section, we study the behaviour of SAPD on quadratic problems subject to additive
isotropic Gaussian noise. More specifically, we consider

min
xPRd

max
yPRd

µx
2

}x}2 ` xKx, yy ´
µy
2

}y}2, (4.1)

where K P Rdˆd is a symmetric matrix, and µx, µy ą 0 are two regularization param-
eters. The unique saddle point of (4.1) is the origin z‹ “ px‹, y‹q “ p0,0q. At each
iteration n ě 0, suppose we have access to noisy estimates ∇̃y Φpxn, ynq “ Kxn ` ωy

n

and ∇̃xΦpxn, yn`1q “ KJyn`1 ` ωx
n of the partial gradients of Φ : px, yq ÞÑ xKx, yy,

where the pωx
nqně0 and pωy

nqně0 denote i.i.d. centered Gaussian vectors satisfying
Erωx

nω
x
n

Js “ Erωy
nω

y
n

J
s “ d´1δ2I for some δ ě 0. In this special case, we have the gradient

noise vectors ∆x
n “ ωx

n, ∆y
n “ ωy

n. Our main motivation to study this toy problem is to gain
some insights into the sample paths SAPD generates, and use these insights while studying
the tightness of high-probability bounds provided in Section 3.

This problem was first studied in (Zhang et al., 2024) where it was shown that, under
certain conditions on τ, σ, θ, the sequence of iterates pz̃nqně0 generated by SAPD, where
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z̃n “ pxn´1, ynq, converges in distribution to a zero-mean multi-variate Gaussian random
vector whose covariance matrix rΣ8 satisfies a certain Lyapunov equation of dimension 2dˆ2d.
The authors of (Zhang et al., 2024) manage to split this equation into d many 2ˆ2 Lyapunov
equations:

rΣ8,λ “ Aλ
rΣ8,λ pAλqJ `RλP R2ˆ2, @λ P SppKq, (4.2)

i.e., for each eigenvalue λ of K, there is a 2 ˆ 2 Lyapunov equation to be solved, where
Aλ, Rλ P R2ˆ2 depend only on τ, σ, θ, δ2 and λ P SppKq –for completeness, we provide these
steps in detail in Section D.1 of the appendix.

Given an arbitrary symmetric matrix K, in (Zhang et al., 2024), the small-dimensional
Lyapunov equation in (4.2) is solved numerically. On the other hand, to establish the
tightness of our high-probability bounds for the class of SCSC problems with a non-bilinear
Φ subject to noisy gradients with subGaussian tails (see Section 3), we need to analytically
solve (4.2). However, analytically solving (4.2) for general parameters satisfying the matrix
inequality (2.2) is a challenging problem that standard symbolic computation tools were
not in a position to properly address. That said, as we shall discuss next, we can provide
analytical solutions for (4.2) under the Chambolle-Pock (CP) parameterization in (2.3),
where primal and dual stepsizes are parameterized in θ, i.e., the momentum parameter. We
recall that in this case, the momentum parameter value coincides with the convergence rate
bound for SAPD, i.e., θ “ ρ. We should note that CP parameterization represents a rich
enough class of admissible SAPD parameters in the sense that under this parameterization
SAPD can achieve accelerated bias decay in the expected squared distance metric (Zhang
et al., 2024) and the accelerated high probability results we derived in Corollary 12.

4.1 Covariance matrix of the iterates under the CP parameterization

The main result of this section is an explicit analytical formula for the asymptotic covariance
matrix Σ8 of SAPD’s iterates pxn, ynq as n Ñ 8. Our proof yields closed-form solutions under
the Chambolle-Pock parameterization (2.3), useful for understanding the effect of parameters
on the solution. Due to lengthy calculations involved, the proof is provided in Section D.2 of
the Appendix. Our proof technique is based on identifying the conditions on the parameters
so that the Lyapunov matrix in (4.2) admits a unique solution and we solve it as a function
of λ by diagonalizing Aλ given in (4.2) with a proper change of basis.

Theorem 17 Let κmax fi ρpKq{
?
µxµy. For any given θ ą p

a

1 ` κ2max ´ 1q{κmax fixed,
set τ “ p1 ´ θq{pθµxq and σ “ p1 ´ θq{pθµyq. Suppose gradient noise sequences are i.i.d.
centered Gaussian satisfying Erωx

nω
x
n

Js “ Erωy
nω

y
n

J
s “ δ2

d Id. Then, the iterates zn “ pxn, ynq

generated by SAPD applied to the SCSC problem in (4.1) with the given parameters τ, σ ą 0
and θ P p0, 1q converge in distribution to a centered Gaussian distribution with covariance
matrix Σ8 satisfying Σ8 “ V JΣ8,ΛV where V is orthogonal, and Σ8,Λ is block diagonal
with d blocs Σ8,λiP R2ˆ2 for i “ 1, . . . , d, where pλiq1ďiďd denote the eigenvalues of K.
Specifically, for each λ P SppKq, block Σ8,λ has the following form: For λ “ 0,

Σ8,0 “
δ2

d

p1 ´ θq

µ2xµ
2
yp1 ` θq

„

θ2µ2y 0

0 µ2x
`

1 ` 2
`

1 ´ θ2
˘

θ
˘

ȷ

, (4.3)
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otherwise, for λ ‰ 0,

Σ8,λ “ δ2

d
1´θ

Pcpθ,κq

»

–

1
µ2
x

´

P
p8,1q

1,1 pθ, κq ` λ2

µ2
y
P

p8,2q

1,1 pθ, κq

¯

1
λµx

´

P
p8,1q

1,2 pθ, κq ` λ2

µ2
y
P

p8,2q

1,2 pθ, κq

¯

1
λµx

´

P
p8,1q

1,2 pθ, κq ` λ2

µ2
y
P

p8,2q

1,2 pθ, κq

¯

1
λ2

´

P
p8,1q

2,2 pθ, κq ` λ2

µ2
y
P

p8,2q

2,2 pθ, κq

¯

fi

fl

(4.4)

where P p8,kq

1,1 , P p8,kq

1,2 and P p8,kq

2,2 for k “ 1, 2, and Pc are polynomials of pθ, κq that can be
made explicit and are provided in Table 7 of Appendix E. Moreover, for any λ P SppKq, all
elements of the matrix Σ8,λ P R4ˆ4 scale with p1 ´ θq as θ Ñ 1.

Proof The proof is given in Section D.2.

According to Theorem 17, the matrix Σ8,λ has the property that it scales with p1 ´ θq as
θ Ñ 1; we leverage this fact to establish the tightness of our analysis in the next section
(Section 4.2).

In Figure 2, we illustrate Theorem 17 on a simple quadratic problem where primal and dual
iterates are scalar, i.e., d “ 1 andK “ c is a scalar. In the three panels of Figure 2, we consider
three problems P1, P2, P3 from left to right where the problem constants, pc, µx, µy, δq, are
chosen as P1: p1, 4.4, 1.5, 35q - P2: p1, 2, 20, 50q - P3: p10´3, 0.205, 0.307, 5q. SAPD was run
2000 times for 500 iterations using CP parameterization in (2.3) with θ “ 0.99. For each
problem, we estimate the empirical covariance matrix Σn for n P t2k : k “ 0, . . . , log2p500qu.
The level set tz : zJΣ8z “ 1u for the theoretical covariance matrix Σ8 derived in Theorem
17 is represented by a brown edged ellipse on each plot. Figure 2 suggests the linear
convergence of the matrices to the equilibrium matrix Σ8. Subsequently, we observe on
these three examples how noise accumulates along iterations, producing covariance matrices
that are non-decreasing in the sense of the Loewner ordering. This monotonicity behavior
is intuitively expected as the noise accumulates over the iterations, but can also be proven
using the fact that covariance matrix Σn of zn “ rxJ

n , y
J
n sJ follows a Lyapunov recursion

(Laub et al., 1990; Hassibi et al., 1999). We elaborate further on this property by showing
below that convergence of Σn to Σ8 happens at a linear rate characterized by the spectral
radius of a particular matrix related to the SAPD iterations. The proof builds on the spectral
characterizations of the covariance matrix Σ8 obtained in the proof of Theorem 17.

Corollary 18 In the premise of Theorem 17, for any θ P

´

κ´1
maxp

a

1 ` κ2max ´ 1q, 1
¯

, the

sequence of covariance matrices Σn fiErznz
J
n s satisfies

}Σn ´ Σ8} “ O
`

ρpAq2n
˘

, (4.5)

where zn fi pxJ
n , y

J
n qJ, Afi

« 1
1`τµx

Id
´τ

p1`τµxq
K

1
1`σµy

´

σp1`θq

1`τµx
´ σθ

¯

K 1
1`σµy

´

Id ´
τσp1`θq

1`τµx
K2

¯

ff

with ρpAq ă 1.

Proof The proof is provided in Appendix D.3.

4.2 Tightness analysis

We discuss in this section that the constants given in Theorem 8 are tight in the sense that
under the CP parameterization given in (2.3), which corresponds to a particular solution
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Figure 2: Noise accumulation over SAPD iterates: tΣnu converges to an equilibrium covari-
ance Σ8 due to the convergence in distribution of zn

D
ÝÑ z8 derived in Thereom 17.

By Corollary 18, convergence occurs at a linear rate which is plotted for the level
sets tz P R2 : zJΣnz “ 1u for d “ 1. The constants pc, µx, µy, δq for each problem
from left to right: P1: p1, 4.4, 1.5, 35q - P2: p1, 2, 20, 50q - P3: p10´3, 0.205, 0.307, 5q,
where K “ c P R.

of the matrix inequality in (2.2), the dependency of these constants to θ and p cannot be
improved when the number of iterations n is sufficiently large. To this end, we consider
quadratic problems subject to additive isotropic Gaussian noise for which we can do exact
computations, i.e., both t∆x

nu and t∆y
nu are i.i.d zero-mean Gaussian random vector sequences

with isotropic covariances, and these sequences are independent from each other as well.
In Section 4.1, under the isotropic Gaussian noise assumption, we show that the distri-

bution πn of the iterates zn fipxn, ynq converges to a Gaussian distribution π8 with mean
z‹ “ px‹, y‹q and a covariance matrix Σ8 for which we provide a formula in (4.4). If we let
z8 denote a random variable with the stationary distribution π8, Theorem 8 implies for any
p P r0, 1q that

Qpp}z8 ´ z‹ }2q “ lim sup
nÑ8

Qpp}zn ´ z‹ }2q “ O
´

p1 ´ θqδ2
´

1 ` log
´ 1

1 ´ p

¯¯¯

, (4.6)

as θ Ñ 1. This upper bound (grows) scales linearly with respect to 1 ´ θ and logp 1
1´pq,

and a natural question is whether this scaling can be improved. In the next proposition we
provide lower bounds on the quantiles of }z8}2 that also grows linearly with respect to 1 ´ θ
and logp 1

1´pq, matching the upper bound in (4.6). Therefore, we conclude that our analysis
is tight in the sense that we cannot expect to improve our bound in (4.6) in terms of its
dependency to p and 1 ´ θ.

Theorem 19 Let pznqně0 be the sequence initialized at an arbitrary tuple z0 “ px0, y0q

generated by SAPD under the parameterization (2.3) on the quadratic problem (4.1) where
z‹ “ p0, 0q. Then, the sequence pznqně0 converges in distribution to a Gaussian vector z8.
Furthermore, for any p P p0, 1q, p-th quantile Qpp}z8 ´ z‹ }2q admits the bound

ψ1pp, θq ď Qpp}z8 ´ z‹ }2q ď ψ2pp, θq,
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where ψ1pp, θq “ p1 ´ θq logp1{p1 ´ pqqΘp1q and ψ2pp, θq “ p1 ´ θqOp1 ` logp1{p1 ´ pqqq, as
θ Ñ 1.

Proof The proof is provided in Section D.4 of the appendix.

5. Proof of Main Results

5.1 Concentration inequalities through recursive control

This section presents general concentration inequalities that will be specialized later for
the analysis of SAPD. The first result is a recursive concentration inequality extending the
result provided in (Cutler et al., 2021, Proposition 6.7), which is used in the analysis of the
stochastic gradient descent (SGD) method for minimization of a smooth strongly convex
function in (Cutler et al., 2021). Our variant of this inequality enables us to analyze saddle
point problems with acceleration, providing new insights on their robustness properties.

Proposition 20 Let pFnqně0 be a filtration on pΩ,F ,Pq. Let pVnqně0, pTnqně0, and
pRnqně0, be three scalar stochastic processes adapted to pFnqně0 with following properties:
there exist σR, σT ą 0 such that for all n ě 0,

• Vn is non-negative;

• E
“

eλTn`1 |Fn

‰

ď eλ
2σ2

TVn for all λ ą 0, i.e., Tn`1 conditioned on Fn is subGaussian;

• E
“

eλRn`1 |Fn

‰

ď eλσ
2
R for all λ P r0, 1{σ2Rs, i.e., Rn`1 conditioned on Fn is subExpo-

nential.

If there exists ρ P p0, 1q such that

Vn`1´Tn`1 ´Rn`1 ď ρ Vn, @n ě 0, (5.1)

then for all λ P

´

0,mint 1
2σ2

R
, 1´ρ
4σ2

T
u

¯

, it holds that E
“

eλVn`1
‰

ď eλσ
2
RE

”

e
λp1`ρq

2
Vn

ı

, for n ě 0.

Proof Our proof follows closely the arguments of (Cutler et al., 2021, Proposition 6.7).
The main difference is in the term Tn`1 which takes the specific form Tn`1 “ Gn`1

?
Vn

in (Cutler et al., 2021), where Gn`1 conditioned on Fn is assumed to be subGaussian. For
any λ ě 0, (5.1) together with Cauchy-Schwarz inequality implies that

E
”

eλVn`1 |Fn

ı

ď eλρVnE
”

eλpTn`1`Rn`1q|Fn

ı

ď eλρVnE
”

e2λTn`1 |Fn

ı1{2
E
”

e2λRn`1 |Fn

ı1{2
.

Thus for λ P

´

0, 1
2σ2

R

ı

, we have E
“

eλVn`1 |Fn

‰

ď eλσ
2
Reλpρ`2λσ2

T qVn . Setting 0 ď λ ď

min
!

1
2σ2

R
, 1´ρ
4σ2

T

)

and taking the non-conditional expectation, we ensure that E
“

eλVn`1
‰

ď

eλσ
2
RE

”

eλ
1`ρ
2

Vn

ı

. This completes the proof.

Unrolling the above recursive property on the moment generating function of Vn provides us
with high probability results on pVnqně0, given in the next result.
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Proposition 21 Let Vn, Tn, Rn be defined as in Proposition 20. Then, for all n ě 0 and
λ P

”

0,min
!

1´ρ
4σ2

T
, 1
2σ2

R

)ı

,

E
”

eλVn

ı

ď e
2λσ2

R
1´ρ E

”

eλp 1`ρ
2 q

n
V0

ı

. (5.2)

Furthermore, if V0 “ C0 is constant, then

P
„

Vn ď

ˆ

1 ` ρ

2

˙n

C0 `
2σ2R
1 ´ ρ

ˆ

1 ` max

"

1, 2
σ2T
σ2R

*

log

ˆ

1

1 ´ p

˙˙ȷ

ě p. (5.3)

Alternatively, if V0 can be expressed as V0 “ C0 ` U such that C0 ě 0 is constant and U
satisfies E

“

eλU
‰

ď eαλ`βλ2, for all λ P
“

0, 1ᾱ
‰

, for some constants α, ᾱ ą 0 and β ě 0, then
for any p P r0, 1q and λ P r0, γs where γfi

1´ρ
maxtᾱ,2σ2

R,4σ2
T u

, we have

P

˜

Vn ď

ˆ

1 ` ρ

2

˙n

pC0 ` αq `

ˆ

1 ` ρ

2

˙2n

λβ `
2σ2R
1 ´ ρ

`
1

λ
log

ˆ

1

1 ´ p

˙

¸

ě p. (5.4)

Proof Let us first prove by induction on n that for all λ P

´

0,min
!

1´ρ
4σ2

T
, 1
2σ2

R

)¯

,

E
”

eλVn

ı

ď E
„

eλp 1`ρ
2 q

n
V0`λσ2

R

řn´1
k“0p 1`ρ

2 q
k
ȷ

. (5.5)

For n “ 0, this property holds trivially with the convention Σn´1
k“0 “ 0 when n “ 0. Assuming

the inequality holds for some n ě 0, next we show it also holds for n ` 1. According to
Proposition 20,

E
”

eλVn`1

ı

ď eλσ
2
RE

”

eλ
1`ρ
2

Vn

ı

ď eλσ
2
RE

„

eλ
1`ρ
2 p 1`ρ

2 q
n
V0`λ 1`ρ

2
σ2
R

řn´1
k“0p 1`ρ

2 q
k
ȷ

“ E
„

eλp 1`ρ
2 q

n`1
V0`λσ2

R

řn
k“0p

1`ρ
2 q

k
ȷ

,

where the second inequality follows from the induction hypothesis since

0 ă λp1 ` ρq{2 ď λ ď min

"

1 ´ ρ

4σ2T
,

1

2σ2R

*

,

and this completes the induction. Thus, (5.2) follows from using
řn´1

k“0

´

1`ρ
2

¯k
ď 2

1´ρ within
(5.5). The remaining statements follow from a Chernoff bound; indeed, if V0 “ C0 is constant,
we obtain

P
„

Vn ě

ˆ

1 ` ρ

2

˙n

C0 `
2σ2R
1 ´ ρ

` t

ȷ

ď e´λt,

for λ “
1´ρ

2maxtσ2
R,2σ2

T u
and t “ 1

λ logp 1
1´pq, which implies the desired result. Next, suppose

V0 “ C0 ` U for some constant C0 and U as in the hypothesis. First, observe that for
λ P

´

0,min
!

1´ρ
4σ2

T
, 1
2σ2

R
, 1ᾱ

)¯

,

E
”

eλVn

ı

ď e
2λσ2

R
1´ρ E

”

eλp 1`ρ
2 q

n
pC0`Uq

ı

ď e
λ

ˆ

p 1`ρ
2 q

n
pC0`αq`

2σ2
R

1´ρ

˙

`λ2p 1`ρ
2 q

2n
β
. (5.6)

22



High Probability and Risk-Averse Guarantees for a Stochastic Accelerated Primal-Dual Method

Thus, for all t ě 0,

P
ˆ

Vn ě

ˆ

1 ` ρ

2

˙n

pC0 ` αq `
2σ2R
1 ´ ρ

` t

˙

ď eλ
2p 1`ρ

2 q
2n

β´λt.

Fixing an arbitrary non-negative λ such that λ ď
1´ρ

maxtᾱ,2σ2
R,4σ2

T u
, we have exppλ2

´

1`ρ
2

¯2n
β´

λtq “ 1 ´ p ðñ t “ λp
1`ρ
2 q2nβ ` 1

λ logp1{p1 ´ pqq, which proves (5.4).

Based on Proposition 21, as a corollary, one can derive convergence rates for the CVaR and
EVaR risk measures of the scalar process pVnqně0.

Corollary 22 Let Vn, Tn, Rn, γ be defined as in Proposition 21, with V0 of the form V0 “

C0 ` U . Then, for any p P r0, 1q and λ P r0, γs,

CVaRppV
1
2
n q ď

ˆ

1 ` ρ

2

˙
n
2 a

C0 ` α ` λβ `

d

2

1 ´ ρ
σ2R `

1

λ

ˆ

1 ` log

ˆ

1

1 ´ p

˙˙

. (5.7)

Proof Note that the first and second terms on the right-hand side of (5.4) satisfy

ˆ

1 ` ρ

2

˙n

pC0 ` αq `

ˆ

1 ` ρ

2

˙2n

λβ ď

ˆ

1 ` ρ

2

˙n

pC0 ` α ` λβq.

Hence, by integrating the resulting looser bound with respect to p, and using CVaR’s integral
formulation in (2.10), we obtain

CVaRppVnq ď

ˆ

1 ` ρ

2

˙n

pC0 ` α ` λβq `
2σ2R
1 ´ ρ

`
1

λ

ˆ

1 ` log

ˆ

1

1 ´ p

˙˙

,

which directly implies (5.7), due to Lemma (28) and the sub-additivity of t ÞÑ
?
t.

Corollary 23 Let Vn, Tn, Rn, γ be defined as in Proposition 21. Then, for any p P r0, 1q,
and λ P r0, γs,

EVaRp

ˆ

V
1
2
n

˙

ď

ˆ

1 ` ρ

2

˙n{2
a

C0 ` α ` λβ`

c

2

1 ´ ρ
σR`

ˆ
c

1

λ
logp

1

1 ´ p
q `

?
π

?
λ

˙

. (5.8)

Proof The bound in (5.4) of Proposition 21 ensures that for all p P r0, 1q and λ P r0, γs, the
p-th quantile of Vn satisfies

Qp pVnq ď

ˆ

1 ` ρ

2

˙n

pC0 ` α ` λβq `
2σ2R
1 ´ ρ

`
1

λ
log

ˆ

1

1 ´ p

˙

;

hence, non-negativity of Vn, Lemma 28 and sub-additivity of t ÞÑ
?
t together imply that

Qp

´

V 1{2
n

¯

ď

ˆ

1 ` ρ

2

˙n{2
a

C0 ` α ` λβ `

c

2

1 ´ ρ
σR `

1
?
λ
log

ˆ

1

1 ´ p

˙1{2

. (5.9)
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For n ě 0, let Un fiV
1{2
n ´

´

1`ρ
2

¯n{2 ?
C0 ` α ` λβ ´

b

2
1´ρσR, and note that (5.9) implies

P pUn ą tq ď e´λt2 @ t ě 0. (5.10)

Therefore, following standard arguments from (Vershynin, 2018), we have for any η ą 0 that

EpeηUnq “

ż 8

0

P
“

eηUn ą t
‰

dt “

ż 8

´8

P
“

eηUn ą eu
‰

eudu

“

ż 0

´8

P
“

eηUn ą eu
‰

eudu`

ż 8

0

P
“

eηUn ą eu
‰

eudu

ď

ż 0

´8

eudu`

ż 8

0

e
´ λ

η2 u2

eudu “ 1 ` e
η2

4λ

ż 8

0

e
´ λ

η2 pu´
η2

2λ q
2

du “ 1`e
η2

4λ

ż 8

´
η2

2λ

e
´ λ

η2 s2
ds

ď 1 ` ηe
η2

4λ

c

π

λ
ď

´

1 ` η

c

π

λ

¯

e
η2

4λ ,

where we used (5.10). On the other hand,

EVaRp rUns “ inf
ηą0

!

´ η´1 logp1 ´ pq ` η´1logE
“

eηUn
‰

)

ď inf
ηą0

´η´1 logp1 ´ pq ` η´1
´

η2{p4λq ` η
?
π{

?
λ
¯

“

c

logp
1

1 ´ p
q{

?
λ`

?
π{

?
λ,

where we used logp1 ` xq ď x for x ě 0. Finally, by translation invariance of the EVaR, we

obtain EVaRp

„

V
1
2
n

ȷ

ď

´

1`ρ
2

¯n{2 ?
C0 ` α ` λβ `

b

2
1´ρσR `

ˆ
c

1
λ log

´

1
1´p

¯

`
?
π

?
λ

˙

.

We finish with a bound on the χ2-based risk measure, as defined in Table 2.

Corollary 24 Let Vn, Tn, Rn, γ be defined as in Proposition 21. Then, for any r ą 0, and
λ P r0, γs,

Rχ2,r

ˆ

V
1
2
n

˙

ď

ˆ

1 ` ρ

2

˙n{2
a

C0 ` α ` λβ`

c

2

1 ´ ρ
σR`

˜

c

1

λ
log p1 ` rq `

?
π

?
λ

¸

. (5.11)

Proof By(Gibbs and Su, 2002, Theorem 5), for all Q ! P, we have DφKLpQ}Pq ď

log
´

1 `Dφχ2 pQ}Pq

¯

, where φKLptq “ t logptq ´ t` 1. Therefore, for any integrable random
variable U : Ω Ñ R,

sup
Q:Dφ

χ2 pQ}Pqďr
EQrU sď sup

Q:DφKL pQ}Pqďlogp1`rq

EQrU s “ EVaR1´1{p1`rqpUq,

whenever EVaR1´1{p1`rqpUq ă 8, where we used the EVaR representation given in Table 2.
The statement follows directly from Corollary 23.

In the next section, we design scalar processes Vn, Tn, Rn which satisfy the above assumptions
while dominating the error Wn on SAPD iterates, so that Proposition 20, Corollaries 23 and 24
will allow us to prove our main results, stated in Theorem 8 and Theorem 15.
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Figure 3: Measurability of SAPD sequences. Our analysis is made possible by the introduction
of predictable counterparts ˆ̂xn, ŷn,

ˆ̂yn to the iterates xn, yn as defined in (5.12).

5.2 Proofs of Theorem 8 and Theorem 15

For proving the main results of this paper, namely Theorem 8 and Theorem 15, the application
of the recursive control inequality from Section 5.1 is not straightforward. In particular,
Gauss-Seidel type updates within SAPD significantly complicate the measurability properties
of SAPD iterate sequence, as illustrated in Figure 3: the iterates xn and yn are measurable
with respect to different filtrations F pxq

n´1 and F pyq

n´1. We circumvent this issue by introducing
a stochastic process tVnuně0 that almost surely upper bounds the distance to the saddle
point while exhibiting simpler measurability characteristics as discussed next. We note that
even though algorithms with Gauss-Seidel type updates, such as SAPD, are significantly more
complicated to analyze than their Jacobi counterparts, such an analysis is rewarding in the
sense that algorithms with Gauss-Seidel type updates can often be faster than those using
Jacobi type updates, see (Zhang et al., 2024, 2022). Indeed, our analysis for SAPD allowed us
to obtain high-probability bounds that demonstrate an accelerated behavior for a stochastic
primal-dual algorithm for SP problems.

5.2.1 Proof of Theorem 8

Our proof combines several ingredients. Let pτ, σ, θ, ρ, αq be a solution to the matrix inequality
in (2.2). Recall the weighted distance square metric Wn“ 1

2τ }xn ´ x‹ } ` 1´ασ
2σ }yn ´ y‹ }2

we introduced in (2.4). In the proof, we use a scaled version En fi Wn{ρ for n ě 0 that
simplifies the analysis. We first introduce the following auxiliary iterates ŷn,

ˆ̂xn, ˆ̂yn which
can be interpreted as the “noise-free counterparts" to the actual iterates xn, yn in the sense
they represent roughly how the algorithm would behave if the gradients were deterministic
in lieu of being stochastic at step n:

ˆ̂x0 fix0, ˆ̂xn`1 fi proxτf
`

xn ´ τ ∇xΦpxn, ŷn`1q
˘

, (5.12)

ŷ0 fi ˆ̂y0 fi y0, ŷn`1 fi proxσg
´

yn ` σp1 ` θq∇y Φpxn, ynq ´ σθ∇y Φpxn´1, yn´1q

¯

, (5.13)

ˆ̂yn`1 fi proxσg
´

ŷn `σp1 ` θq∇y Φpˆ̂xn, ŷnq ´ σθ∇y Φpxn´1, yn´1q

¯

. (5.14)

where we recall that x´1 “ x0 and y´1 “ y0 (see Algorithm 1). These auxiliary iterates
were first introduced in Zhang et al. (2024) to derive convergence rates for SAPD in terms of
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expected weighted distance square, to establish Theorem 2. Here, we further leverage their
measurability properties, as illustrated in Figure 3, in order to apply Proposition 21 and to
obtain high-probability results for SAPD. Our proof is based on establishing an almost sure
upper bound of the quantity En`1 ` En by a scalar process Vn, and then showing that our
choice of Vn satisfies the assumptions of Proposition 20. This will then directly yield the
desired high-probability estimates for SAPD. We start with a proposition that provides an
almost sure bound to the scaled squared distance metric En. Although this bound is already
present in substance in (Zhang et al., 2024), it does not appear explicitly. For completeness,
in Appendix C.1, we provide its proof based on various arguments developed in (Zhang et al.,
2024).

Proposition 25 Let pxn, ynq be the sequence generated by SAPD, intialized at an arbitrary
tuple px´1, y´1q “ px0, y0q P X ˆY. Provided that there exists τ, σ ą 0, and θ ě 0 that
satisfy (2.2) for some ρ P p0, 1q and α P r0, σ´1q, the following almost sure bound on En,

En ď ρn´1Wτ,σ `

n´1
ÿ

k“0

ρn´1´k
´

x∆x
k, x

‹ ´xk`1y ` xp1 ` θq∆y
k ´ θ∆y

k´1, yk`1 ´ y‹y

¯

, (5.15)

holds for all n ě 1, where En“ 1
2ρτ }xn ´ x‹ }2 ` 1´ασ

2ρσ }yn ´ y‹ }2, and Wτ,σ“ 1
2τ }x0 ´ x‹ }2 `

1
2σ }y0 ´ y‹ }2.

Proof The proof is provided in Appendix C.1.

Now, equipped with Proposition 25, we can write

En ď ρn´1Wτ,σ `

n´1
ÿ

k“0

ρn´1´k
´

x∆x
k, x

‹ ´xk`1y ` xp1 ` θq∆y
k ´ θ∆y

k´1, yk`1 ´ y‹y

¯

“ ρn´1Wτ,σ `

n´1
ÿ

k“0

ρn´1´k
´

x∆x
k, x

‹ ´ ˆ̂xk`1y ` p1 ` θqx∆y
k, ŷk`1 ´ y‹y ´ θx∆y

k´1,
ˆ̂yk`1 ´ y‹y

¯

`

n´1
ÿ

k“0

ρn´1´k
´

x∆x
k,
ˆ̂xk`1 ´xk`1y ` p1 ` θqx∆y

k, yk`1 ´ ŷk`1y ´ θx∆y
k´1, yk`1 ´ ˆ̂yk`1y

¯

.

(5.16)

For k ě 0, introducing the scalar quantities

P
p1q

k fix∆x
k, x

‹ ´ ˆ̂xk`1y ` p1 ` θqx∆y
k, ŷk`1 ´ y‹y, P

p2q

k fi
´θ

ρ
x∆y

k,
ˆ̂yk`2 ´ y‹y, (5.17a)

Qk fix∆x
k,
ˆ̂xk`1 ´xk`1y ` p1 ` θqx∆y

k, yk`1 ´ ŷk`1y ´ θx∆y
k´1, yk`1 ´ ˆ̂yk`1y, (5.17b)

rearranging the sums in (5.16) and using ∆y
´1 “ 0, we may write (5.16) equivalently as

follows:

En ď ρn´1Wτ,σ `

n´1
ÿ

k“0

ρn´1´kP
p1q

k `

n´2
ÿ

k“0

ρn´1´kP
p2q

k `

n´1
ÿ

k“0

ρn´1´kQk.
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Now notice that for n ě 0,

En`1 ` En ď

ˆ

1 `
1

ρ

˙

˜

ρnWτ,σ `

n´1
ÿ

k“0

ρn´kP
p1q

k `

n´2
ÿ

k“0

ρn´kP
p2q

k `

n´1
ÿ

k“0

ρn´kQk

¸

` P p1q
n ` ρP

p2q

n´1 `Qn

“

ˆ

1 `
1

ρ

˙

˜

ρnWτ,σ `

n
ÿ

k“0

ρn´kP
p1q

k `

n
ÿ

k“0

ρn´kP
p2q

k

¸

`

ˆ

1 `
1

ρ

˙

˜

´1

1 ` ρ
P p1q
n ´ P p2q

n ´
ρ

1 ` ρ
P

p2q

n´1´
1

1 ` ρ
Qn `

n
ÿ

k“0

ρn´kQk

¸

.

(5.18)

We next present a lemma which bounds the terms on the right-hand side of the above
equality.

Lemma 26 Let P p1q
n , P

p2q
n and Qn be defined as in (5.17). Then, for any n ě 0,

´1

1 ` ρ
P p1q
n ´ P p2q

n ´
ρ

1 ` ρ
P

p2q

n´1´
1

1 ` ρ
Qn `

n
ÿ

k“0

ρn´kQk

ď
ρ

2p1 ` ρq
pEn`1 ` Enq `

n
ÿ

k“0

ρn´k
`

Qx}∆x
k}2 ` Qy}∆y

k}2
˘

,

for some positive constants Qx and Qy, which depend only on the algorithm and problem
parameters, and are provided explicitly in Table 4 of Appendix E.

Proof The proof is provided in Appendix C.2.1.

Applying Lemma 26 to the inequality (5.18), we obtain

ρ

2p1 ` ρq
pEn`1 ` Enq ď ρnWτ,σ `

n
ÿ

k“0

ρn´kP
p1q

k `

n
ÿ

k“0

ρn´kP
p2q

k `

n
ÿ

k“0

ρn´k
´

Qx}∆x
k}2 ` Qy}∆y

k}2
¯

.

(5.19)
For n P N, we define Vn, Tn`1 and Rn`1 as follows:

Vn fi ρnWτ,σ `

n
ÿ

k“0

ρn´k
´

P
p1q

k ` P
p2q

k

¯

`

n
ÿ

k“0

ρn´k
´

Qx}∆x
k}2 ` Qy}∆y

k}2
¯

,

Tn`1 fiP
p1q

n`1 ` P
p2q

n`1, Rn`1 fi Qx}∆x
n`1}2 ` Qy}∆y

n`1}2;

(5.20)

therefore, (5.19) implies that

ρ

2p1 ` ρq
pEn`1 ` Enq ď Vn, @ n ě 0, a.s. (5.21)

Next, we argue that Vn satisfies the assumptions of the recursive control inequality in (20).
To achieve this goal, we will use the following lemma.
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Lemma 27 For any n P N and ρ P p0, 1q, the following inequalities,

8} ˆ̂xn`1 ´ x‹ }2 ď }A1}2
ρ

2p1 ` ρq
pEn ` En´1q ,

16p1 ` θq2} ŷn`1 ´ y‹ }2 ď }A2}2
ρ

2p1 ` ρq
pEn ` En´1q ,

16
θ2

ρ2
} ˆ̂yn`2 ´ y‹ }2 ď }A3}2

ρ

2p1 ` ρq
pEn ` En´1q ,

(5.22)

hold almost surely with the convention that E´1 fi E0, for some vectors A1, A2, A3 P R4

which are explicitly provided in Table 5 of Appendix E.

Proof The proof is provided in Appendix C.2.2.

Let us now show that Vn satisfies the assumptions of the recursive control inequality in (20).
Indeed, for any n ě 0, Vn`1 ´ Vn “ pρ´ 1qVn ` P

p1q

n`1 ` P
p2q

n`1 ` Qx}∆x
n`1}2 ` Qy}∆y

n`1}2,
which is equivalent to Vn`1“ρVn`Tn`1 `Rn`1. Let pFnqně´1 be the filtration defined as
F´1 fitH,Ωu, and Fn fi Fx

n “ σ pFn´1 Y σp∆y
nq Y σp∆x

nqq, for all n ě 0.
We first observe that for all n P N, Vn, Tn and Rn are Fn-measurable; moreover, Vn is

non-negative due to (5.21). Second, for any n ě 0, since ∆x
n and ∆y

n are norm-subGaussian
conditioned respectively on Fy

n and Fx
n´1, for any λ ě 0, we get that

E
”

eλTn`1 |Fn

ı

“ E

«

e
λ

A

∆y
n`1, p1`θqpŷn`2 ´ y‹q´θρ´1pˆ̂yn`3 ´ y‹q

E

E

«

eλx∆x
n`1,x

‹ ´ ˆ̂xn`2y
ˇ

ˇ

ˇ
Fy

n`1

ff

ˇ

ˇ

ˇ
Fn

ff

ď e8λ
2p} ˆ̂xn`2 ´ x‹ }2δ2x`}p1`θqpŷn`2 ´ y‹q´θρ´1pˆ̂yn`3 ´ y‹q}2δ2yq

ď e8λ
2p} ˆ̂xn`2 ´ x‹ }2δ2x`2p1`θq2} ŷn`2 ´ y‹ }2`2θ2ρ´2} ˆ̂yn`3 ´ y‹ }2δ2yq,

where we used Lemma 6 and the inequality pa` bq2 ď 2a2 ` 2b2 for scalars a, b in the last
step, noting that ˆ̂xn`2, ŷn`2, ˆ̂yn`3 are all Fn-measurable. Hence, in view of Lemma 27
provided above and the bound in (5.21), we have

E
”

eλTn`1 |Fn

ı

ď e
λ2p}A1}2δ2x`p}A2}2`}A3}2qδ2yq ρ

2p1`ρq
pEn`1`Enq

ď e
λ2

´

}A1}2δ2x`p}A2}2`}A3}2qδ2y

¯

Vn
,

(5.23)

where we used (5.21) to obtain the second inequality. Third, for all n ě 0 and λ P
´

0, 1
4maxtQxδ2x,Qyδ2yu

¯

, we have in view of Lemma 5

E
”

eλRn`1 |Fn

ı

“ E
”

eλQy}∆y
n`1}2 E

”

eλQx}∆x
n`1}2 |Fy

n`1

ı

|Fn

ı

ď exp
`

8λ
`

Qxδ
2
x ` Qyδ

2
y

˘˘

.

(5.24)

Finally, we next argue that V0 can be expressed as V0 “ Wτ,σ ` U for some U satisfying
E
“

eλU
‰

ď eαλ`βλ2
, @λ P

“

0, 1ᾱ
‰

, for some constants α, ᾱ ą 0 and β ě 0. First, note that
ŷ1,

ˆ̂x 1 and ˆ̂y2 are all deterministic quantities as they depend only on the initialization; hence,
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using the inequality uJv ď
γ

2p1´ρq
}u}2 `

p1´ρq

2γ }v}2 for any γ ą 0, we observe that for all

λ P

„

0,
´

4maxt

´

1´ρ
2µx

` Qx

¯

δ2x,
´

p1´ρq

µy
` Qy

¯

δ2yu

¯´1
ȷ

, we have

E
”

eλpV0´Wτ,σq
ı

“ E
„

e
λ
´

P
p1q

0 `P
p2q

0 `Qx}∆x
0}2`Qy}∆y

0}2
¯ȷ

“ E
”

e
λx∆x

0 ,x
‹ ´ ˆ̂x1y`λx∆y

0 ,p1`θqpŷ1 ´ y‹q´ θ
ρ

pˆ̂y2 ´ y‹qy`λQx}∆x
0}2`λQy}∆y

0}2
ı

ď E
”

e
λ

2p1´ρq pµx} ˆ̂x1 ´ x‹ }2`p1`θq2µy} ŷ1 ´ y‹ }2`θ2ρ´2µy} ˆ̂y2 ´ y‹ }2q

e
λp1´ρq

2

´

1
µx

}∆x
0}2` 1

µy
}∆y

0}2` 1
µy

}∆y
0}2

¯

`λQx}∆x
0}2`λQy}∆y

0}2
ȷ

“ e
λ

2p1´ρq pµx} ˆ̂x1 ´ x‹ }2`p1`θq2µy} ŷ1 ´ y‹ }2`θ2ρ´2µy} ˆ̂y2 ´ y‹ }2q E
„

e
λ
´´

1´ρ
2µx

`Qx

¯

}∆x
0}2`

´

1´ρ
µy

`Qy

¯

}∆y
0}2

¯ȷ

.

Thus,

E
”

eλpV0´Wτ,σq
ı

ď e
λ

2p1´ρq pµx} ˆ̂x1 ´ x‹ }2`p1`θq2µy} ŷ1 ´ y‹ }2`θ2ρ´2µy} ˆ̂y2 ´ y‹ }2qe
8λ

´´

1´ρ
2µx

`Qx

¯

δ2x`

´

1´ρ
µy

`Qy

¯

δ2y

¯

ď e
λ

2p1´ρq pµx
8

}A1}2`
µy
16

p}A2}2`}A3}2qq ρ
2p1`ρq

2
ρ
Wτ,σe

8λ
´´

1´ρ
2µx

`Qx

¯

δ2x`

´

1´ρ
µy

`Qy

¯

δ2y

¯

ď e
λ

2p1´ρq pµx
8

}A1}2`
µy
16

p}A2}2`}A3}2qqWτ,σe
8λ

´´

1´ρ
2µx

`Qx

¯

δ2x`

´

1´ρ
µy

`Qy

¯

δ2y

¯

,

where the first inequality follows from Lemma 5, in the second inequality we used Lemma 27
given above, and the relation E0 ` E´1 “ 2E0“2W0{ρ ď 2Wτ,σ{ρ, which follows from
1 ´ασ ă 1 and the relations x0 “ x´1, y0 “ y´1. Hence, we can apply Proposition 21 to the
Vn, Rn, Tn sequence defined in (5.20) with the following choice of parameter values,

C0 “ Wτ,σ, U “ P
p1q

0 ` P
p2q

0 ` Qx}∆x
0}2 ` Qy}∆y

0}2,

σ2
T “ }A1}2δ2x `

`

}A2}2 ` }A3}2
˘

δ2y, σ2
R “ 8 pQxδ

2
x ` Qyδ

2
yq,

α “
1

16p1 ´ ρq

ˆ

µx}A1}2 `
µy

2
p}A2}2 ` }A3}2q

˙

Wτ,σ

`

ˆ

4
p1 ´ ρq

µx
` 8Qx

˙

δ2x `

ˆ

8
p1 ´ ρq

µy
` 8Qy

˙

δ2y,

ᾱ “ 4max

ˆˆ

1 ´ ρ

2µx
` Qx

˙

δ2x,

ˆ

p1 ´ ρq

µy
` Qy

˙

δ2y

˙

, β “ 0,

(5.25)

where Wτ,σ is defined in the statement of Theorem 8. When we invoke Proposition 21, we set
λ “ γ̃ within (5.4) for some particular γ̃ ą 0 such that γ̃ ď γ as required by the proposition.
Thus, for any p P p0, 1q and n ě 0, the following inequality

Vn ď

ˆ

1 ` ρ

2

˙n „ˆ

1 `
1

16p1 ´ ρq

´

µx}A1}2 `
µy

2
p}A2}2 ` }A3}2q

¯

˙

Wτ,σ

`

ˆ

4p1 ´ ρq

µx
` 8Qx

˙

δ2x `

ˆ

8
p1 ´ ρq

µy
`8Qy

˙

δ2y

ȷ

`
16

1 ´ ρ

`

Qxδ
2
x ` Qyδ

2
y

˘

`
1

γ̃
log

ˆ

1

1 ´ p

˙

,
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holds with probability at least p, with the choice of

γ̃ fi
1 ´ ρ

γxδ2x ` γyδ2x
ď γ fi

1 ´ ρ

maxtᾱ, 2σ2R, 4σ
2
T u
, (5.26)

where

γx “ 2
p1 ´ ρq

µx
` 16Qx ` 4}A1}2, γy “ 4

p1 ´ ρq

µy
` 16Qy ` 4p}A2}2 ` }A3}2q. (5.27)

In view of (5.21), and noting that Wn “ ρEn, we obtain Wn`1 ` Wn ď 2p1 ` ρqVn ď 4Vn.
Therefore,

Cτ,σ,θ “

ˆ

4 `
1

4p1 ´ ρq

´

µx}A1}2 `
µy
2

p}A2}2 ` }A3}2q

¯

˙

,

Ξ
px,1q

τ,σ,θ “ 16
p1 ´ ρq

µx
` 32Qx, Ξ

py,1q

τ,σ,θ “ 32
p1 ´ ρq

µy
` 32Qy,

Ξ
px,2q

τ,σ,θ “
64Qx

p1 ´ ρq
, Ξ

px,3q

τ,σ,θ “
4γx
1 ´ ρ

, Ξ
py,2q

τ,σ,θ “
64Qy

p1 ´ ρq
, Ξ

py,3q

τ,σ,θ “
4γy
1 ´ ρ

,

(5.28)

completes the proof of (3.1). The remaining items to prove regarding the asymptotic
properties of Ξp1q

τ,σ,θ and Ξ
p2q

τ,σ,θ as θ Ñ 1 follows from straightforward but tedious computations;
for completeness, we provide the details in the online-only supplementary material (see
Lemma 36 in Appendix G.1 of Laguel et al. (2023)).

5.2.2 Proof of Theorem 15

We can deduce Theorem 15 from the above analysis. Indeed, the CVaR bound in (3.5)
directly follows from Corollary 22 applied to the process Vn introduced in (5.20), with the
associated constants defined in (5.25). Furthermore, the EVaR bound in (3.6) follows from
Corollary 23 applied to the same pVnqně0. Finally, the bound on Rχ2,rpW1{2

n q follows from
Corollary 24.

6. Numerical Results

In this section, we illustrate the robustness properties of SAPD when solving bilinear games
and distributionally robust learning problems involving both synthetic and real data. First
we consider the regularized bilinear game presented in (4.1),

min
xPRd

max
yPRd

µx
2

}x}2 ` xJKy ´
µy
2

}y}2, for K fi 10K̃{∥K̃∥, K̃ fipM `MJq{2,

where M “ pMi,jq is a 30 ˆ 30 matrix with entries sampled from i.i.d standard normal
variables. We set the regularization variables as µx “ µy “ 1. We explore two values of
the momentum parameter θ as θ̄ and 1 ´ p1 ´ θ̄q2, with θ̄fip1 ` κ2maxq1{2 ´ 1 computed
based on the threshold value from Theorem 17. We then determine the stepsizes τ, σ
according to the CP parameterization (2.3) where ρ “ θ. Finally, SAPD is initialized at
a random tuple px0, y0q “ 50px̃0, ỹ0q, where x̃0, ỹ0 P R30 have entries sampled from i.i.d.
standard normal distributions. In Figure 4, we report the histogram of the distance squared
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En “ }xn ´ x‹ }2 ` }yn ´ y‹ }2 to the saddle point z‹ “ 0 after n “ 2000 (top, middle panel)
and n “ 5000 iterations (top, right panel) based on 500 sample paths and for both choice of
(momentum) parameter values. The expected distance ErEns over iterations is also reported
on the top, left panel along with the error bars around it. The continuous vertical line in the
convergence plots represents the sample average (estimating the expectation ErEns), while
the dashed vertical line represents the p-quantile of En for p “ 0.90, i.e., the 90th percentile
of the error En. We observe that the performance is sensitive to the choice of parameters and
there are bias/risk trade-offs in the choice of parameters; indeed, when the number of steps is
smaller (for n “ 2000), the noise accumulation is not dominant and a smaller rate parameter
ρ “ θ allows faster decay of the initialization bias, resulting in better guarantees for the
value at risk with p “ 0.90 or equivalently for the 90-th quantile. On the other hand when
the number of steps is larger (for n “ 5000), there is more risk associated to accumulation of
noise and a larger choice of ρ “ θ close to 1 is preferable, as this results in smaller primal
and dual stepsizes which allows to control the tail risk at the expense of a slower decay of
the initialization bias.

Next, we aim to solve the following distributionally robust logistic regression problem
introduced in (Zhang et al., 2024): minxPRd maxyPPr

µx

2 }x}2 `
řm

i“1 yiϕipxq ´
µy

2 }y}2, where
ϕipxq fi logp1`expp´bia

J
i xqq, and Pr fity P R`

m :1Jy “ 1, }y´1{m}2 ď r
m2 u, with r “ 2

?
m.

We consider two datasets from the UCI Repository6, DryBean, and Arcene, and follow the
preprocessing protocol outlined in (Zhang et al., 2024). For each dataset, we run SAPD with
two values θ1, θ2 that are greater than the threshold value θ̄ given in (Zhang et al., 2024,
Corollary 1). SAPD is initialized for both datasets at x0 “ r2, . . . , 2s and y0 “ 1{m. In the
middle and bottom panels of Figure 4, we display the average of the error En over the course
of the iterations as well as the error histogram for SAPD over 500 runs as we did in the
previous experiment.

Our numerical findings are similar to the bilinear case, i.e., to obtain the best risk
guarantees, one needs to choose the algorithm parameters in a careful fashion –which is
inline with our theoretical results, where obtaining the accelerated iteration complexity in
Corollary 12 requires choosing the parameters in an optimized fashion over the class of
admissible CP parameters. However, our parameter choice in Corollary 12 optimizes the
complexity bounds in the worst-case, i.e., these bounds apply to any SCSC problem; moreover,
these worst-case bounds involve some universal Op1q constants that are not fully optimized
in our complexity results. In practice choosing θ specific to the problem at hand is beneficial.
Indeed, a practical alternative to our θ choice in Corollary 12 would be to implement a grid
search on θ and to set τ and σ according to the Chambolle-Pock parameterization in (2.3)
for each θ choice in the grid.

7. Conclusion

We consider a first-order primal-dual method that relies on stochastic estimates of the
gradients for solving SCSC saddle point problems. We focused on the stochastic accelerated
primal dual (SAPD) method Zhang et al. (2024). We obtained high-probability bounds for
the iterates to lie in a given neighborhood of the saddle point that reflects accelerated
behavior. For a class of quadratic SCSC problems subject to i.i.d. isotropic Gaussian noise
6https://archive.ics.uci.edu/ml/index.php
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Figure 4: The figure shows the convergence behavior and distribution of performance scores
for SAPD across three datasets. The left column displays the expected distance
squared En of SAPD iterates to the solution over iterations, while the middle and
right columns show histograms of En at fixed iterations. The continuous line in
the convergence plots represents the average score EpEnq, while the dashed line
represents the 90th percentile. The datasets include a synthetically generated
bilinear game, and Dry Bean and Arcene from the UCI repository.

and under a particular parameterization of the SAPD parameters, we were able to compute the
distribution of the SAPD iterates exactly in closed form. We used this result to show that our
high-probability bound is tight in terms of its dependency to target probability p, primal and
dual stepsizes and the momentum parameter θ. We also provide a risk-averse convergence
analysis characterizing the “Conditional Value at Risk”, χ2-divergence and the “Entropic
Value at Risk” of the distance to the saddle point, highlighting the trade-offs between the bias
and the risk associated with an approximate solution. In a follow-up to this work, Laguel et al.
(2024) demonstrates that the concentration inequality-based techniques developed here can be
applied to achieve high-probability guarantees for stochastic non-convex minimax problems.
This highlights the potential of our techniques beyond convex saddle-point problems.

For light-tailed gradient noise, under the norm-subGaussian assumption, our results show
that all the risk measures we considered behave similarly in the sense that they admit similar
iteration complexity bounds. However, when the gradient noise has heavier tails beyond
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the subGaussian regime, we suspect that these measures can exhibit significantly different
behaviors, and we leave investigating this as future work. In the future, we also plan to
consider the extension of our results to the “online” setting, where the coupling function can
be time-varying instead of being fixed.
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Appendix A. Index of Notations

Category Notation Reference

Problem

L, Φ, f , g, X , Y Eqn. (1.1)
µx, µy, Lxx, Lxy, Lyx, Lyy Assumption 1

∇̃xΦ, ∇̃yΦ Above Assumption 2
δx, δy Assumption 3

Algorithm xn, yn, zn, τ, σ, θ Algorithm 1
ρ, α, c Eqn. (2.2)

Evaluation Metrics
G, D Eqn. (1.2)

Wτ,σ, Wn, En Theorem 8 - Above Eqn. (5.12)
Qp,CVaR,EVaR,Rχ2,r Eqn. (2.8) - Table 2

Auxiliary iterates

∆x
n,∆

y
n Assumption 2

Vn, Tn, Rn, σT , σR Prop. 20 - Eqn. (5.20), (5.25)
C0,U , α, ᾱ, β, γ̄ Prop. 21 - Eqn. (5.25), (5.26)

P
piq
k , Qk Eqn. (5.17)

Convergence rate-related
pΞ

piq
τ,σ,θq1ďiď3 Theorem 8, Eqn. (5.28)
Qx, Qy Lemma 26, Table 4
A1, A2, A3 Lemma 27, Table 5

Quadratic case

z8 Above Eqn. (4.6)
K, d, ωx,y

n , δ Eqn. 4.1 and below
rΣ8,λ Eqn. (4.2)

Σ8,Σ8,Λ, V,Σ8,λ Theorem 17
Pp1,1q, Pp1,2q, Pp2,2q, Pc Theorem 17, Table 7

Table 3: Key notations and references to where they are defined in the text.

Appendix B. Elementary proofs for subGaussians and convex risk
measures

We provide in this section proofs of elementary properties of subGaussian vectors and convex
risk measures.

B.1 Elementary Properties of Norm-subGaussian Vectors

In this section, we provide elementary proof of Lemma 5 and Lemma 6. The proofs follow
from standard arguments that can be found in textbooks such as [8, 6].
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B.1.1 Proof of Lemma 5

We follow standard arguments from (Vershynin, 2018). First note that, for any k ą 0, we
have

Er}X}ks “

ż `8

t“0
Pr}X}k ě tsd t “

ż `8

t“0
Pr}X} ě t1{ksd t

ď 2

ż 8

t“0
e´t

2
k {p2σ2q d t “ kp2σ2q

k
2

ż 8

u“0
e´uu

k
2

´1 du “ kp2σ2q
k
2Γ

ˆ

k

2

˙

,

where Γ denotes the gamma function. Hence, noting that Γpkq “ pk ´ 1q!, by the monotone
convergence theorem,

Ereλ}X}2s “ 1 `

8
ÿ

k“1

λk

k!
Er}X}2ks ď 1 `

8
ÿ

k“1

λk

k!
p2kqp2σ2qkΓpkq

ď 1 ` 2
8
ÿ

k“1

`

2λσ2
˘k

“
2

1 ´ 2λσ2
´ 1,

the last equality being valid for any λ P r0, 1
2σ2 q. Since for any u P r0, 12 s, 1

1´u ď e2u, we

obtain E
”

eλ}X}2
ı

ď 2e4λσ
2

´ 1 for any λ P r0, 1
4σ2 s. Finally, last inequality follows from

2e2u ´ 1 ď e4u, where we chose u “ 2λσ2. ˝

B.1.2 Proof of Lemma 6

For u “ 0, the inequality to prove is trivial. Assume u ‰ 0. From Lemma 5 and Cauchy-
Schwarz inequality, we have

E
”

eλ
2xu,Xy2

ı

ď Ereλ
2}u}2}X}2s ď e8λ

2}u}2σ2
, (B.1)

for all λ P r0, 1
2

?
2σ}u}

s. Thus, for any such λ, noticing that et ď t` et
2 for t P R, we obtain

E
“

eλxu,Xy
‰

ď E
”

λxu,Xy ` eλ
2xu,Xy2

ı

ď e8λ
2}u}2σ2 , where the second inequality follows from

(B.1) and the assumption that ErXs “ 0. Moreover, for λ ě 1
2

?
2}u}σ

, we have by Cauchy

Schwarz’s inequality and Lemma 5 that Ereλxu,Xys ď E
”

e
8λ2σ2}u}2

2
`

}X}2

16σ2

ı

ď e
1
2p1`8λ2σ2}u}2q ď

e8λ
2}u}2σ2 , where the last inequality is due to e

1`t
2 ď et for t ě 1. ˝

B.2 Elementary properties of Convex Risk Measures

The following lemma is used in the derivation of CVaR and EVaR bounds.

Lemma 28 For any non-negative random variable U : Ω Ñ R`, we have for all p P r0, 1q:

QppU2q
1
2 “ QppUq, CVaRppU2q

1
2 ě CVaRppUq.

Proof We first show that QppX2q “ QppXq2 for any p P p0, 1q. Indeed, for any 0 ď t ă

QppUq2, we have PrU2 ď ts “ PrU ď
?
ts ă p which follows from non-negativity of U and

definition of QppUq. This implies t ă QppU2q; thus, QppUq2 ď QppU2q. Conversely, we
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note that p ď PrU ď QppUqs “ PrU2 ď QppUq2s, which implies QppUq2 ě QppU2q; hence,
QppX2q “ QppXq2. Using this result,

CVaRppU2q “

ˆ

1

1 ´ p

ż 1

p1“p
Qp1pU2qdp1

˙

“ Ep1„Urp,1srQp1pUq2s

ě Ep1„Urp,1srQp1pUqs2 “ CVaRppUq2,

where Urp, 1s denotes the uniform distribution on rp, 1s, and the last inequality follows from
the identity ErX2s “ ErXs2 ` ErpX ´ ErXsq2s.

Appendix C. Intermediate results and proofs for the non-quadratic case

To start with, for the sake of completeness, we cite two results from (Zhang et al., 2024).
The first lemma is used to derive the almost sure bound result of Proposition 25, which is
provided below in Appendix C.1, while the second lemma is used for deriving the convex
inequalities provided in Appendix C.2.

Lemma 29 (See (Zhang et al., 2024, Lemma 1)) The iterates pxn, ynq of SAPD satisfy

L pxn`1, y
‹q ´ L px‹, yn`1q ď ´ xqn`1, yn`1 ´ y‹y ` θ xqn, yn ´ y‹y ` Λn ´ Σn`1 ` Γn`1

` x∆x
n, x

‹ ´xn`1y ` xp1 ` θq∆y
n ´ θ∆y

n´1, yn`1 ´ y‹y,

for all n ě 0, where

qn fi∇y Φ pxn, ynq ´ ∇y Φ pxn´1, yn´1q , Λn fi
1

2τ
}x‹ ´xn}

2
`

1

2σ
}y‹ ´yn}

2 ,

Σn`1 fi

ˆ

1

2τ
`
µx
2

˙

}x‹ ´xn`1}
2

`

ˆ

1

2σ
`
µy
2

˙

}y‹ ´yn`1}
2 ,

Γn`1 fi

ˆ

Lxx

2
´

1

2τ

˙

}xn`1 ´ xn}
2

´
1

2σ
}yn`1 ´ yn}

2
` θ Lyx }xn ´ xn´1} }yn`1 ´ yn}

` θ Lyy }yn ´ yn´1} }yn`1 ´ yn} .

Lemma 30 (See (Zhang et al., 2024, Lemma 3)) Let pxn, ynqně0 denote the SAPD it-
erate sequence. Then, the following inequalities hold for all n P N,

} ŷn`1 ´yn`1} ď
σ

1 ` σµy

`

p1 ` θq}∆y
n} ` θ}∆y

n´1}
˘

,

} ˆ̂xn`1 ´xn`1} ď
τ

1 ` τµx

ˆ

}∆x
n} ` Lxy

σ

1 ` σµy

`

p1 ` θq}∆y
n} ` θ}∆y

n´1}
˘

˙

,

} ˆ̂yn`1 ´yn`1} ď
σ

1 ` σµy

ˆ

τp1 ` θqLyx

1 ` τµx
}∆x

n´1} ` p1 ` θq}∆y
n}

`

ˆ

θ ` p1 ` θq

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyx Lxy

p1 ` τµxqp1 ` σµyq

˙˙

}∆y
n´1}

` θ

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyx Lxy

p1 ` τµxqp1 ` σµyq

˙

}∆y
n´2}

˙

.
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C.1 Proof of Proposition 25 (Almost sure domination of SAPD iterates)

Letting x̄n fiKnpρq´1
řn´1

k“0 ρ
´kxk`1, and ȳn fiKnpρq´1

řn´1
k“0 ρ

´kyk`1, with
Knpρq fi

řn´1
k“0ρ

´k “ 1
ρn´1 ˆ

1´ρn

1´ρ , by Jensen’s inequality , we have for all ρ P p0, 1s,

Knpρq pL px̄n, y
‹q ´ L px‹, ȳnqq ď

n´1
ÿ

k“0

ρ´k pL pxk`1, y
‹q ´ L px‹, yk`1qq .

Hence, in view of Lemma 29,

Knpρq pL px̄n, y
‹q ´ L px‹, ȳnqq

ď

n´1
ÿ

k“0

ρ´k
´

´ xqk`1, yk`1 ´ y‹y ` θ xqk, yk ´ y‹y ` Λk ´ Σk`1 ` Γk`1

` x∆x
k, x

‹ ´xk`1y ` xp1 ` θq∆y
k ´ θ∆y

k´1, yk`1 ´ y‹y

¯

,

(C.1)

where qk fi∇y Φpxk, ykq ´ ∇y Φpxk´1, yk´1q. By Cauchy-Schwarz inequality, observe that

|xqk`1, yk`1 ´ y‹y| ď Sk`1 fiLyx }xk`1 ´ xk} }yk`1 ´ y}`Lyy }yk`1 ´ yk} }yk`1 ´ y‹} , @k ě 0.

Hence, using q0 “ 0 due to our initialization of px´1, y´1q “ px0, y0q, we have
n´1
ÿ

k“0

ρ´k p´ xqk`1, yk`1 ´ y‹y ` θ xqk, yk ´ y‹yq “

n´2
ÿ

k“0

ρ´k

ˆ

θ

ρ
´ 1

˙

xqk`1, yk`1 ´ y‹y ´ ρ´n`1 xqn, yn ´ y‹y

ď

n´2
ÿ

k“0

ρ´k

ˇ

ˇ

ˇ

ˇ

1 ´
θ

ρ

ˇ

ˇ

ˇ

ˇ

Sk`1 ` ρ´n`1Snď

n´1
ÿ

k“0

ρ´k

ˇ

ˇ

ˇ

ˇ

1 ´
θ

ρ

ˇ

ˇ

ˇ

ˇ

Sk`1 ` ρ´n`1 θ

ρ
Sn.

From (C.1), it follows that

Knpρq pL px̄n, y
‹q ´ L px‹, ȳnqq ` ρ´n`1En

ď Un `

n´1
ÿ

k“0

ρ´k
´

x∆x
k, x

‹ ´xk`1y ` xp1 ` θq∆y
k ´ θ∆y

k´1, yk`1 ´ y‹y

¯

,

where Un fi
řn´1

k“0 ρ
´k

´

Γk`1 ` Λk ´ Σk`1 `

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
Sk`1

¯

´ ρ´n`1
´

´En ´ θ
ρSn

¯

. Now, ob-
serve that for all n ě 1,

Un “
1

2

n´1
ÿ

k“0

ρ´k
`

ξJ
k Aξk ´ ξJ

k`1Bξk`1

˘

´ ρ´n`1

ˆ

´En ´
θ

ρ
Sn

˙

“
1

2
ξJ
0 Aξ0 ´

1

2

n´1
ÿ

k“1

ρ´k`1

„

ξJ
k

ˆ

B ´
1

ρ
A

˙

ξk

ȷ

´ ρ´n`1

ˆ

1

2
ξJ
nBξn ´ En ´

θ

ρ
Sn

˙

,

where A,B P R5ˆ5 and ξk P R5 are defined for k ě 0 as

A fi

¨

˚

˚

˚

˚

˝

1
τ

0 0 0 0
0 1

σ
0 0 0

0 0 0 0 θ Lyx

0 0 0 0 θ Lyy

0 0 θ Lyx θ Lyy ´α

˛

‹

‹

‹

‹

‚

, B fi

¨

˚

˚

˚

˚

˚

˚

˚

˝

1
τ

` µx 0 0 0 0

0 1
σ

` µy ´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
Lyx ´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
Lyy 0

0 ´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
Lyx

1
τ

´ Lxx 0 0

0 ´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
Lyy 0 1

σ
´ α 0

0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

,
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and ξk fi
`

}xk ´ x‹
} , }yk ´ y‹

} . }xk ´ xk´1} , }yk ´ yk´1} , }yk`1 ´ yk}
˘J

P R5. By (Zhang
et al., 2024, Lemma 5), the matrix inequality condition (2.2) is equivalent to having B ´

ρ´1A ľ 0. In this case, we almost surely have

Un ď
1

2
ξJ
0 Aξ0 ´ ρ´n`1

ˆ

1

2
ξJ
nBξn ´ En ´

θ

ρ
Sn

˙

. (C.2)

Finally, denoting

G2 fi

¨

˚

˚

˚

˝

1
σ

´

1 ´ 1
ρ

¯

` µy ` α
ρ

´

´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
´ θ

ρ

¯

Lyx

´

´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
´ θ

ρ

¯

Lyy
´

´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
´ θ

ρ

¯

Lyx
1
τ ´ Lxx 0

´

´

ˇ

ˇ

ˇ
1 ´ θ

ρ

ˇ

ˇ

ˇ
´ θ

ρ

¯

Lyy 0 1
σ ´ α

˛

‹

‹

‹

‚

,

we have G2 ľ 0 in view of (Zhang et al., 2024, Lemma 6); thus,

1

2
ξJ
nBξn ´

θ

ρ
Sn “

1

2ρτ
}xn ´ x}

2
`

1

2

ˆ

1

ρσ
´

α

ρ

˙

}yn ´ y}
2

`
1

2
ξJ
n

¨

˚

˝

1
τ

´

1 ´ 1
ρ

¯

` µx 01ˆ3 0

03ˆ1 G2 03ˆ1

0 01ˆ3 0

˛

‹

‚

ξn

ě
1

2ρτ
}xn ´ x}

2
`

1

2ρσ
p1 ´ ασq }yn ´ y}

2
“ En.

Therefore, using (C.2), we can conclude that Un ď 1
2ξ

J
0 Aξ0ď 1

2τ }x0 ´ x‹ }2 ` 1
2σ }y0 ´ y‹ }2 “

Wτ,σ. Finally, by non-negativity of L px̄n, y
‹q ´ L px‹, ȳnq, we obtain (5.15). ˝

C.2 Convex inequalities

C.2.1 Proof of Lemma 26

We first start with a technical result we will use in the proof of Lemma 26.

Lemma 31 For any n ě 1,

} ˆ̂yn`1 ´ y‹ } ď }A0}pEn ` En´1q1{2`
1

1 ` σµy

´

p1 ` σp1 ` θqLyyq }yn ´ ŷn } ` σp1 ` θqLyx }xn ´ ˆ̂xn }

¯

,

where ˆ̂yn`1, ŷn,
ˆ̂xn are defined in (5.12), and A0 P R4 is defined as

A0 fi 1
1`σµy

»

—

—

—

–

?
2ρτσp1 ` θqLyx?

2ρσ
?
1´ασ

p1 ` σp1 ` θqLyyq
?
2ρτ ¨ σθ Lyx?
2ρσ?

p1´ασq
¨ σθ Lyy

fi

ffi

ffi

ffi

fl

P R4 .

Proof Since px‹, y‹q is a solution of (1.1), x‹ and y‹ are fixed points of two deterministic
proximal gradient maps, i.e.,

x‹ “ proxτf px‹ ´τ ∇xΦpx‹, y‹qq , y‹ “ proxσg py‹ `σ∇y Φpx‹, y‹qq . (C.3)

Thus, by the contraction properties of the prox for strongly convex functions, and convexity
of the squared norm, we have

} ˆ̂yn`1 ´ y‹ } ď
1

1 ` σµy

›

›

›
ŷn `σp1 ` θq∇y Φpˆ̂xn, ŷnq ´ σθ∇y Φpxn´1, yn´1q ´ y‹ ´σ∇y Φpx‹, y‹q

›

›

›
.
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By the triangular inequality and smoothness assumptions on ∇y Φ, we deduce

} ˆ̂yn`1 ´ y‹ } ď
1

1 ` σµy

´

p1 ` σp1 ` θqLyyq} ŷn ´ y‹ } ` σp1 ` θqLyx } ˆ̂xn ´ x‹ } ` σθ Lyx }xn´1 ´ x‹ } ` σθ Lyy }yn´1 ´ y‹ }

¯

ď
1

1 ` σµy
pp1 ` σp1 ` θqLyyq}yn ´ y‹ } ` σp1 ` θqLyx }xn ´ x‹ } ` σθ Lyx }xn´1 ´ x‹ } ` σθ Lyy }yn´1 ´ y‹ }q

`
1

1 ` σµy

´

p1 ` σp1 ` θqLyyq} ŷn ´yn} ` σp1 ` θqLyx } ˆ̂xn ´xn}

¯

.

The statement finally follows from Cauchy-Schwarz inequality.

Now we are ready to prove Lemma 26. By Young’s inequality, for any γx, γy ą 0,

´1

1 ` ρ

´

P p1q
n ` x∆x

n,
ˆ̂xn`1 ´xn`1y ` p1 ` θq x∆y

n, yn`1 ´ ŷn`1y

¯

“
1

1 ` ρ

´

x∆x
n,
ˆ̂xn`1 ´ x‹y ` p1 ` θq x∆y

n, y
‹ ´ ŷn`1y

´x∆x
n,
ˆ̂xn`1 ´xn`1y ´ p1 ` θq x∆y

n, yn`1 ´ ŷn`1y

¯

“
1

1 ` ρ
px∆x

n, xn`1 ´ x‹y ` p1 ` θqx∆y
n, y

‹ ´yn`1yq

ď
γx

2p1 ` ρq
}∆x

n}2 `
1

2γxp1 ` ρq
} x‹ ´xn`1}2 `

p1 ` θqγy
2p1 ` ρq

}∆y
n}2 `

p1 ` θq

2γyp1 ` ρq
}yn`1 ´ y‹ }2.

Setting γx fi 8τ and γy fi
8σp1`θq

1´ασ , we ensure that

´1

1 ` ρ

´

P p1q
n ` x∆x

n,
ˆ̂xn`1 ´xn`1y ` p1 ` θq x∆y

n, yn`1 ´ ŷn`1y
˘

ď
ρ

8p1 ` ρq
En`1 `

4τ

1 ` ρ
}∆x

n}2 `
4σp1 ` θq2

p1 ` ρqp1 ´ ασq
}∆y

n}2,

(C.4)

where En “ Wn{ρ and Wn is defined in (2.4). Moreover, we also have ´ρ
1`ρP

p2q

n´1 `

θ
1`ρx∆y

n´1, yn`1 ´ ˆ̂yn`1y “ θ
1`ρx∆y

n´1, yn`1 ´ y‹y ď θ
1`ρ

´

γ1
y

2 }∆y
n´1}2 ` 1

2γ1
y

} y‹ ´yn`1}2
¯

for any γ1
y ą 0. Hence, setting γ1

y “ 8θσ
1´ασ leads to

´ρ

1 ` ρ
P

p2q

n´1 `
θ

1 ` ρ
x∆y

n´1, yn`1 ´ ˆ̂yn`1y ď
ρ

8p1 ` ρq
En`1 `

4σθ2

p1 ` ρqp1 ´ ασq
}∆y

n´1}2. (C.5)

Finally, observe that for any γ ą 0,

´P p2q
n ď

θγ

2ρ
}∆y

n}2 `
θ

2γρ
} ˆ̂yn`2 ´ y‹ }2

ď
θγ

2ρ
}∆y

n}2 `
θ

2γρ

ˆ

3}A0}2pEn`1 ` Enq ` 3
´1 ` σp1 ` θqLyy

1 ` σµy

¯2
} ŷn`1 ´yn`1}2

` 3
´σp1 ` θqLyx

1 ` σµy

¯2
} ˆ̂xn`1 ´xn`1}2

˙

,
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where the last inequality follows from Lemma 31 and the simple inequality pa` b` cq2 ď

3a2 ` 3b2 ` 3c2 for any a, b, c P R. Setting γfi
6θ}A0}2p1`ρq

ρ2
ensures that

´P p2q
n ď

ρ

4p1 ` ρq
pEn`1 ` Enq `

3θ2}A0}2p1 ` ρq

ρ3
}∆y

n}2

`
ρ

4}A0}2p1 ` ρq

ˆ

1 ` σp1 ` θqLyy

1 ` σµy

˙2

} ŷn`1 ´yn`1}2

`
ρ

4}A0}2p1 ` ρq

ˆ

σp1 ` θqLyx

1 ` σµy

˙2

} ˆ̂xn`1 ´xn`1}2.

(C.6)

Hence, using the trivial upper bound En`1 ď pEn`1`Enq and combining the bounds eqs. (C.4)
to (C.6) we obtained above, we get

´1

1 ` ρ
P p1q
n ´ P p2q

n ´
ρ

1 ` ρ
P

p2q

n´1 ´
1

1 ` ρ
Qn

ď
ρ

2p1 ` ρq
pEn`1 ` Enq

`
4τ

1 ` ρ
}∆x

n}2 `
4σp1 ` θq2

p1 ` ρqp1 ´ ασq
}∆y

n}2 `
4σθ2

p1 ` ρqp1 ´ ασq
}∆y

n´1}2 `
3θ2p1 ` ρq}A0}2

ρ3
}∆y

n}2

`
ρ

4}A0}2p1 ` ρq

ˆ

1 ` σp1 ` θqLyy

1 ` σµy

˙2

} ŷn`1 ´yn`1}2

`
ρ

4}A0}2p1 ` ρq

ˆ

σp1 ` θqLyx

1 ` σµy

˙2

} ˆ̂xn`1 ´xn`1}2.

Let us now introduce ζn fi

”

}∆x
n}, }∆y

n}, ρ1{2}∆y
n´1}

ıJ

P R3 for n ě 0; then, by similar
computations the following bounds follow from Lemma 30:

} ŷn`1 ´yn`1}2 ď ζJ
n Diag

„

0,
2σ2p1 ` θq2

p1 ` σµyq2
,
2σ2θ2ρ´1

p1 ` σµyq2

ȷ

ζn

} ˆ̂xn`1 ´xn`1}2 ď ζJ
n Diag

„

3τ2

p1 ` τµxq2
,

3τ2σ2p1 ` θq2 Lxy
2

p1 ` τµxq2p1 ` σµyq2
,

3τ2σ2θ2ρ´1 Lxy
2

p1 ` τµxq2p1 ` σµyq2

ȷ

ζn,

and we deduce that

´1

1 ` ρ
P p1q
n ´P p2q

n ´
ρ

1 ` ρ
P

p2q

n´1 ´
1

1 ` ρ
Qn ď

ρ

2p1 ` ρq
pEn`1 `Enq`ζJ

n Diag
“

Bx, By, By
´1

‰

ζn,

where Bx, By, By
´1 are constants specified in Table 4 of Appendix E.

43



Laguel, Aybat, Gürbüzbalaban

We now treat the sum
řn

k“0 ρ
n´kQk. Observe first that for all n P N, Lemma 30,

Qn ď }∆x
n} } ˆ̂xn`1 ´xn`1} ` p1 ` θq}∆y

n} }yn`1 ´ ŷn`1 } ` θ }∆y
n´1} }yn`1´ ˆ̂yn`1 }

ď }∆x
n}

„

τ

1 ` τµx

ˆ

}∆x
n} ` Lxy

σ

1 ` σµy

`

p1 ` θq }∆y
n} ` θ

›

›∆y
n´1

›

›

˘

˙ȷ

` p1 ` θq}∆y
n}

ˆ

σ

1 ` σµy

`

p1 ` θq}∆y
n} ` θ}∆y

n´1}
˘

˙

` θ}∆y
n´1}

σ

1 ` σµy

ˆ

τp1 ` θqLyx

1 ` τµx
}∆x

n´1}

` p1 ` θq}∆y
n}

`

ˆ

θ ` p1 ` θq

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyx Lxy

p1 ` τµxqp1 ` σµyq

˙˙

}∆y
n´1}

` θ

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyx Lxy

p1 ` τµxqp1 ` σµyq

˙

}∆y
n´2}

˙

,

which, after organizing the terms and using ab ď a2{2 ` b2{2 for any scalars a, b, becomes

Qn ď
τ

1 ` τµx
}∆x

n}2 `
σp1 ` θq2

1 ` σµy
}∆y

n}2

`
σθ

1 ` σµy

ˆ

θ ` p1 ` θq

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyxLxy

p1 ` τµxq p1 ` σµyq

˙˙

}∆y
n´1}2

`
σθ

2p1 ` σµyq

τp1 ` θqLyx

1 ` τµx
}∆y

n´1}2 `
σθ

2p1 ` σµyq

τp1 ` θqLyx

1 ` τµx
}∆x

n´1}2

`
σθ

1 ` σµy
p1 ` θq}∆y

n}2 `
σθ

1 ` σµy
p1 ` θq}∆y

n´1}2

`
σθ

1 ` σµy

θ

2

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyxLxy

p1 ` τµxq p1 ` σµyq

˙

}∆y
n´1}2

`
σθ

1 ` σµy

θ

2

ˆ

1 ` σp1 ` θqLyy

1 ` σµy
`

τσp1 ` θqLyxLxy

p1 ` τµxq p1 ` σµyq

˙

}∆y
n´2}2

`
τσp1 ` θqLxy

2 p1 ` τµxq p1 ` τµyq
}∆x

n}2 `
τσp1 ` θqLxy

2 p1 ` τµxq p1 ` τµyq
}∆y

n}2

`
τσθ Lxy

2 p1 ` τµxq p1 ` τµyq
}∆x

n}2 `
τσθ Lxy

2 p1 ` τµxq p1 ` τµyq
}∆y

n´1}2

.

Thus, we obtain Qn ď Cx }∆x
n}2 ` Cx

´1 ρ}∆x
n´1}2 ` Cy }∆y

n}2 ` Cy
´1 ρ}∆y

n´1}2 `

Cy
´2 ρ

2}∆y
n´2}2 for some constants Cx, Cx

´1, C
y, Cy

´1, C
y
´2 (that are explicitly given in Table 4

of Appendix E). Hence, setting ∆x
´1 “ ∆y

´1 “ ∆x
´2 “ 0, we obtain,

n
ÿ

k“0

ρn´kQk ´
1

1 ` ρ
P p1q
n ´ P p2q

n ´
ρ

1 ` ρ
P

p2q

n´1 ´
1

1 ` ρ
Qn

ď
ρ

2p1 ` ρq
pEn`1 ` Enq `

n
ÿ

k“0

ρn´kpCx}∆x
k}2 ` Cx

´1ρ}∆x
k´1}2

` Cy}∆y
k}2 ` Cy

´1ρ}∆y
k´1}2 ` Cy

´2ρ
2}∆y

k´2}2q

`Bx}∆x
n}2 `By}∆y

n}2 `By
´1ρ}∆y

n´1}2;
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therefore, rearranging the terms together we get

n
ÿ

k“0

ρn´kQk ´
1

1 ` ρ
P p1q
n ´ P p2q

n ´
ρ

1 ` ρ
P

p2q

n´1 ´
1

1 ` ρ
Qn

ď
ρ

2p1 ` ρq
pEn`1 ` Enq

` Cx
n
ÿ

k“0

ρn´k}∆x
k}2 ` Cx

´1

n´1
ÿ

k“0

ρn´k}∆x
k}2 ` Cy

n
ÿ

k“0

ρn´k}∆y
k}2

` Cy
´1

n´1
ÿ

k“0

ρn´k}∆y
k}2 ` Cy

´2

n´2
ÿ

k“0

ρn´k}∆y
k}2 `Bx}∆x

n}2 `By}∆y
n}2 `By

´1ρ}∆y
n´1}2

ď
ρ

2p1 ` ρq
pEn`1 ` Enq ` Qx

n
ÿ

k“0

ρn´k}∆x
k}2 ` Qy

n
ÿ

k“0

ρn´k}∆y
k}2,

where Qx fiBx ` Cx ` Cx
´1 and Qy fiBy ` By

´1 ` Cy ` Cy
´1 ` Cy

´2. This completes the
proof. ˝

C.2.2 Proof of Lemma 27

Let n P N be fixed. In view of (C.3), we have

} ŷn`1 ´ y‹ } ď
1

1 ` σµy
}yn ` σp1 ` θq∇y Φpxn, ynq ´ σθ∇y Φpxn´1, yn´1q ´ y‹ ´σ∇y Φpx‹, y‹q}

ď
1

1 ` σµy

´

}yn ´ y‹ } ` σp1 ` θq}∇y Φpxn, ynq ´ ∇y Φpx‹, y‹q}

` θσ}∇y Φpxn´1, yn´1q ´ ∇y Φpx‹, y‹q}

¯

ď
1

1 ` σµy

´

σp1 ` θqLyx }xn ´ x‹ } ` p1 ` σp1 ` θqLyyq}yn ´ y‹ }

`σθ Lyx }xn´1 ´ x‹ } ` σθ Lyy }yn´1 ´ y‹ }

¯

,

where the third inequality follows from the smoothness assumptions on ∇xΦ and ∇y Φ, and
for the n “ 0 case, we have x´1 “ x0 and y´1 “ y0. Using similar arguments, we also obtain

} ˆ̂xn`1 ´ x‹ } ď
1

1 ` τµx

´

p1 ` τ Lxxq}xn ´ x‹ } ` τ Lxy } ŷn`1 ´ y‹ }

¯

ď
1

1 ` τµx

ˆˆ

1 ` τ Lxx `
τσp1 ` θqLyx Lxy

1 ` σµy

˙

}xn ´ x‹ } `
τσθ Lxy Lyx

1 ` σµy
}xn´1 ´ x‹ }

`
τ Lxyp1 ` σp1 ` θqLyyq

1 ` σµy
}yn ´ y‹ } `

τσθ Lxy Lyy

1 ` σµy
}yn´1 ´ y‹ }

˙

,
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from which we deduce the following bound:

} ˆ̂yn`2 ´ y‹ } ď
1

1 ` σµy

´

} ŷn`1 ´ y‹ } ` σp1 ` θqLyx } ˆ̂xn`1 ´ x‹ } ` σp1 ` θqLyy } ŷn`1 ´ y‹ }

` σθ Lyx }xn ´ x‹ } ` σθ Lyy }yn ´ y‹ }

¯

ď
1

1 ` σµy

˜˜

p1 ` σp1 ` θqLyyq
σp1 ` θqLyx

1 ` σµy

` σp1 ` θqLyx

´

1 ` τ Lxx `
τσp1`θqLyx Lxy

1`σµy

¯

1 ` τµx
` σθ Lyx

¸

}xn ´ x‹ }

`

ˆ

p1 ` σp1 ` θqLyyq2

1 ` σµy
` σp1 ` θqLyx

τ Lxyp1 ` σp1 ` θqLyyq

p1 ` σµyqp1 ` τµxq
` σθ Lyy

˙

}yn ´ y‹ }

`

ˆ

p1 ` σp1 ` θqLyyq
θσ Lyx

p1 ` σµyq
` σp1 ` θq

τσθ Lxy Lyx
2

p1 ` σµyqp1 ` τµxq

˙

}xn´1 ´ x‹ }

`

ˆ

p1 ` σp1 ` θqLyyqσθ Lyy

1 ` σµy
` σp1 ` θq

τσθ Lxy Lyx Lyy

p1 ` σµyqp1 ` τµxq

˙

}yn´1 ´ y‹ }

¸

.

Combining the above bounds with Cauchy-Schwarz inequality implies (5.22) and we conclude.
˝

Appendix D. Details and proofs for the quadratic setting

D.1 Properties of SAPD on the quadratic SP problem given in (4.1)

In this section, we briefly recall the discussion in (Zhang et al., 2024) regarding the convergence
behaviour of SAPD on the SP problem in (4.1). Precisely, denoting z̃n “ rxn´1, ynsJ and
ωn “

“

ωx
n´1ω

y
n´1;ω

y
n

‰J, the authors observe that pz̃nqně0 satisfies the recurrence relation
z̃n`1 “ Az̃n `Bωn where A and B are defined as

A“

« 1
1`τµx

Id
´τ

p1`τµxq
K

1
1`σµy

´

σp1`θq

1`τµx
´ σθ

¯

K 1
1`σµy

´

Id ´
τσp1`θq

1`τµx
K2

¯

ff

, B“

«

´τ
1`τµx

Id 0d 0d
´τσp1`θq

p1`τµxqp1`σµyq
K ´σθ

1`σµy
Id

σp1`θq

1`σµy
Id

ff

.

(D.1)
As a result, the covariance matrix Σ̃n of z̃n satisfies for all n ě 0,

Σ̃n`1 “ AΣ̃nA
J `R, (D.2)

where R “ δ2

d BB
J `AE

“

z̃nω
J
n

‰

BJ `BE
“

ωnz̃
J
n

‰

AJ. Using the independence assumptions
on the ωx

n’s and ωy
n’s, elementary derivations lead to expressing R as

R “
δ2

d

»

–

τ2

p1`τµxq
2

´

τ2σp1`θq

p1`τµxq
2

p1`σµyq
`

τσ2θp1`θq

p1`σµyq
2

p1`τµxq

¯

K
´

τ2σp1`θq

p1`τµxq
2

p1`σµyq
`

τσ2θp1`θq

p1`σµyq
2

p1`τµxq

¯

K σ2p1`θq2

p1`σµyq
2

´

τ2

p1`τµxq
2 ` 2τσθ

p1`τµxqp1`σµyq

¯

K2 ` σ2

p1`σµyq
2

´

1 `
2θp1`θqσµy

1`σµy

¯

Id

fi

fl.

Provided that the spectral radius ρpAq of A is less than 1, the sequence pΣ̃nqně0 converges
to a matrix Σ̃8 satisfying

Σ̃8 “ AΣ̃8AJ `R. (D.3)
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Leveraging the spectral theorem, it is shown in (Zhang et al., 2024) that an orthogonal
change of basis enables to reduce the 2dˆ2d Lyapunov equation to d systems of the following
form for each λ P SppKq:

Σ̃8,λ “ AλΣ̃8,λAλJ
`Rλ, (D.4)

such that Aλ and Rλ are 2 ˆ 2 matrices defined for each λ P SppKq as

Aλ fi

« 1
1`τµx

´τ
p1`τµxq

λ

1
1`σµy

´

σp1`θq

1`τµx
´ σθ

¯

λ 1
1`σµy

´

Id ´
τσp1`θq

1`τµx
λ2
¯

ff

Rλ fi δ2
»

–

τ2

p1`τµxq
2

´

τ2σp1`θq

p1`τµxq
2

p1`σµyq
`

τσ2θp1`θq

p1`σµyq
2

p1`τµxq

¯

λ
´

τ2σp1`θq

p1`τµxq
2

p1`σµyq
`

τσ2θp1`θq

p1`σµyq
2

p1`τµxq

¯

λ σ2p1`θq2

p1`σµyq
2

”

τ2

p1`τµxq
2 ` 2τσθ

p1`τµxqp1`σµyq

ı

λ2 ` σ2

p1`σµyq
2

´

1 `
2θp1`θqσµy

1`σµy

¯

fi

fl

and A is similar to the matrix DiagpAλ1 , ¨ ¨ ¨ , Aλdq. Therefore, we have ρpAq “

maxi“1,2,...,d ρpAλiq.

D.2 Proof of Theorem 17

In this section, we solve the Lyapunov equations (D.4) analytically under the parameterization
in (2.3). Throughout, given λ P SppKq, we introduce the quantity κλ fi λ?

µxµy
which is closely

related to the condition number κ “ maxtLxx, Lyx, Lyyu{mintµy, µxu. Indeed, for µx “ µy,
we have κ “ maxt|κλ| : λ P SppKqu. For each λ P SppKq, let Σ̃8,λ be a solution to (D.4),
i.e., Σ̃8,λ solves the following 2 ˆ 2 Lyapunov equation:

Σ̃8,λ “ AλΣ̃8,λAλJ
`Rλ. (D.5)

Furthermore, such a solution is unique if ρpAλq ă 1 (Laub et al., 1990; Hassibi et al., 1999).
The following result provides an explicit formula to Σ̃8,λ whose proof is deferred to Section
D.5.

Proposition 32 Under the Chambolle-Pock parameterization in (2.3), for λ ‰ 0 and θ P
ˆ

1
κλ

ˆ

b

1 ` pκλq
2

´ 1

˙

, 1

˙

, we have ρpAλq ă 1, and the unique solution Σ8,λ to the equation

in (D.5) is given by

Σ̃8,λ “
δ2p1 ´ θq

dλ2Pcpθ, κλq

»

–

λ2

µ2
x

´

P̃
p1q

1,1 pθ, κλq ` λ2

µ2
y
P̃

p2q

1,1 pθ, κλq

¯

λ
µx

´

P̃
p1q

1,2 pθ, κq ` λ2

µ2
y
P̃

p2q

1,2 pθ, κλq

¯

λ
µx

´

P̃
p1q

1,2 pθ, κλq ` λ2

µ2
y
P̃

p2q

1,2 pθ, κλq

¯

P̃
p1q

2,2 pθ, κλq ` λ2

µ2
y
P̃

p2q

2,2 pθ, κλq

fi

fl ,

where Pc and P pkq

q,ℓ for q “ 1, 2 and ℓ “ 1, 2 are polynomials in θ and κλ, defined in the top
part of Table 7. Otherwise, for λ “ 0 and θ P r0, 1q, we also have ρpAλq ă 1 and the unique
solution Σ̃8,λ of (D.5) is given by

Σ̃8,0 “
δ2

d

p1 ´ θq

µ2xµ
2
yp1 ` θq

„

µ2y 0

0 µ2x
`

1 ` 2
`

1 ´ θ2
˘

θ
˘

ȷ

.

Theorem 17 will then follow directly from Proposition 32.
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Proof [Proof of Theorem 17] Proposition 32 characterizes the asymptotic covariance matrix
of pxn´1, ynq in the limit as n Ñ 8, which we will use to deduce the covariance matrix
Σ8 of pxn, ynq in the limit as n Ñ 8. First, recall from (Zhang et al., 2024) that the
orthogonal matrix leading to the reduced Lyapunov (D.4) is given by Z “ PV where
P is the permutation matrix associated to the permutation P of t1, . . . , 2du defined as
Ppqd` rq “ q`2r´1 mod rds, for all q P t0, 1u, r P t1, . . . , du, and V fi DiagpU,Uq P R2dˆ2d

where U describes an orthogonal basis for K with K “ U Diagpλ1, . . . , λdqUJ. Now, since
xn “ 1

1`τµx
pxn´1 ´ τKynq, we have rxJ

n , y
J
n sJ “ T rxJ

n´1, y
J
n sJ where

T fi

„

1
1`τµx

I ´τ
1`τµx

K

0 I

ȷ

.

Thus, Σ8 “ TΣ8TJ, and noting that T admits the block diagonalization T “ ZT pΛqZJ

where T pΛq “ DiagpT pλ1q, . . . , T pλdqq and

T pλiq “

„

1
1`τµx

´τλi
1`τµx

0 1

ȷ

@i P t1, . . . , du,

we obtain Σ8 “ ZT pΛqΣ̃8,ΛpT pΛqqJZJ, where Σ̃8,Λ “ DiagpΣ̃8,λ1 , . . . , Σ̃8,λdq. Finally, we
observe that T pΛqΣ̃8,ΛpT pΛqqJ “ DiagpΣ8,,λ1 , . . . ,Σ8,,λdq where

Σ8,λi fi

«

θ2Σ̃8,λi
11 ´ 2θp1 ´ θq

λi
µx

Σ̃8,λi
12 `

p1´θq2λ2
i

µ2
x

Σ̃8,λi
22 θΣ̃8,λi

12 ´ θp1 ´ θq
λi
µx

Σ̃8,λi
22

θΣ̃8,λi
12 ´ θp1 ´ θq

λi
µx

Σ̃8,λi
22 Σ̃8,λi

22

ff

.

Plugging λ “ λi into the expression of Σ̃8,λ computed in Proposition 32, we obtain Σ8,0 “
δ2

d
p1´θq

µ2
xµ

2
yp1`θq

Diag
“

θ2µ2y, µ
2
x

`

1 ` 2
`

1 ´ θ2
˘

θ
˘‰

, if λi “ 0; otherwise,

Σ8,λi “
p1 ´ θqδ2

dλ2iPcpθ, κq

»

–

λ2
i

µ2
x

´

P
p8,1q

1,1 pθ, κq `
λ2
i

µ2
y
P

p8,2q

1,1 pθ, κq

¯

λ
µx

´

P
p8,1q

1,2 pθ, κq `
λ2
i

µ2
y
P

p8,2q

1,2 pθ, κq

¯

λ
µx

´

P
p8,1q

1,2 pθ, κq `
λ2
i

µ2
y
P

p8,2q

1,2 pθ, κq

¯

P
p8,1q

2,2 pθ, κq `
λ2
i

µ2
y
P

p8,2q

2,2 pθ, κq,

fi

fl ,

where the polynomials P p8,kq

i,j and Pc are given explicitly in the bottom part of Table 7
of Appendix E. From the closed-form expressions of these polynomials, the fact that the
elements of the matrix Σ8,λ scale with p1 ´ θq as θ Ñ 1 can be checked in a straightforward
manner.

D.3 Proof of Corollary 18

Let V, J denote the Jordan decomposition of A. For n P N, let qΣn fi V ´1Σn

`

V ´1
˘J, qΣ8 fi

V ´1Σ8
`

V ´1
˘J, and qRi “ V ´1R

`

V ´1
˘J. In view of the recursion (D.2), we have qΣn`1 “

J qΣnJ` qR, and vectorizing again this recursion lead to VecpqΣn`1q “ pJbJq VecpqΣnq` qR, i.e.,
qΣn “ pJbJqn´1

qΣ1`
řn´1

k“1pJbJqk´1 Vecp qRq. Hence, noting that qΣ8 “
ř8

k“0pJbJqk Vecp qRq

we obtain

}Σn ´ Σ8} “ }qΣn ´ qΣ8} “ } VecpqΣnq ´ VecpqΣ8q} “ }pJ b Jqn´1
qΣ1 `

8
ÿ

k“n´1

pJ b Jqk´1 Vecp qRq}

ď ρpJ b Jq
n´1

}qΣ1 ` qΣ8},
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and the claimed convergence rate follows from observing that ρ pJ b Jq “ ρpAq2. Note
that here ρpAq ă 1 because by Proposition 32 we have ρpAλiq ă 1 for every i and ρpAq “

maxi ρpAλiq.

D.4 Proof of Theorem 19

We start with proving the lower bound, and then we will proceed to the upper bound.

D.4.1 Lower bound

In view of Theorem 17, z8 follows a centered Gaussian distribution with covariance matrix
Σ8 as defined in (4.4). Hence, let X „ N p0, Idq be such that }z8}2 “ XJΣ8X. We almost
surely have }z8}2 ě }X}2 min SppΣ8q fiψ1pp, θq. By (Inglot, 2010), we have Qpp}X}2q ě

2d ` 2 log p1{p1 ´ pqqq ´ 5{2, where we used z‹ “ p0, 0q. Thus, it suffices to show that
min SppΣ8q “ Θp1 ´ θq as θ Ñ 1. Given the bloc decomposition of Σ8 in (4.4), we have

min SppΣ8q “ min
iPt1,...,du

SppΣ8,λiq “ min
iPt1,...,du

1

2

˜

Σ8,,λi

11 ` Σ8,,λi

22 ´

c

´

Σ8,,λi

11 ´ Σ8,λi

22

¯2

` 4Σ8
12

2

¸

.

We will now show that for all λ P SppKq, Σ8,,λ
11 ` Σ8,,λ

22 ´

c

´

Σ8,,λ
11 ´ Σ8,λ

22

¯2
` 4Σ8

12
2 “

Θp1 ´ θq, as θ Ñ 1. If 0 P SppΣ8q, given (4.3), we have

Σ8,0
1,1 ` Σ8,0

2,2 ´

c

´

Σ8,0
1,1 ´ Σ8,0

2,2

¯2
` 4pΣ8,0

1,2 q2

“
δ2

d

p1 ´ θq

µ2xµ
2
yp1 ` θq

´

θ2µ2y ` µ2x
`

1 ` 2
`

1 ´ θ2
˘

θ
˘

´ | θ2µ2
y

´ µ2x
`

1 ` 2
`

1 ´ θ2
˘

θ
˘

|

¯

“
δ2

d

2θp1 ´ θq

µ2xµ
2
yp1 ` θq

min
`

µ2y, µ
2
x

`

1 ` 2
`

1 ´ θ2
˘˘˘

“ Θp1 ´ θq,

where second equality follows from having a` b´ |a´ b| “ 2minpa, bq. If λ ‰ 0 is in SppKq,
in view of Table 7 of Appendix E, we have as θ Ñ 1,

P8,1
1,1 pθ, κq “ ´16κ2 ` op1 ´ θq, P8,1

1,2 pθ, κq “ ´8κ4 ` op1 ´ θq, P8,1
2,2 pθ, κq “ ´8κ6 ` op1 ´ θq,

P8,2
1,1 pθ, κq “ ´8κ2 ` op1 ´ θq, P8,2

1,2 pθ, κq “ 8κ2 ` op1 ´ θq, P8,2
2,2 pθ, κq “ ´16κ2 ` op1 ´ θq,

and Pcpθ, κq “ ´32, κ2 ` op1 ´ θq, so that

Σ8,λ
1,1 “

p1´θqδ2

dp´32κ2qλ2 p´8κ2q

´

λ2

µ2
x

` λ4

µ2
xµ

2
y

¯

` op1 ´ θq, Σ8,λ
1,2 “

p1´θqδ2

dp´32κ2qλ2 p8κ2q

´

λ3

µ2
yµx

´ λ3

µ2
xµy

¯

` op1 ´ θq,

Σ8,λ
2,2 “

p1´θqδ2

dp´32κ2qλ2 p´8κ2q

´

λ2

µ2
y

` λ4

µ2
xµ

2
y

¯

` op1 ´ θq.

Hence, we deduce that

Σ8,λ
1,1 ` Σ8,λ

2,2 ´

c

´

Σ8,λ
1,1 ´ Σ8,λ

2,2

¯2

` 4pΣ8,λ
1,2 q2

“
p1 ´ θqδ2

2dµ2
xµ

2
y

´

λ2 ` µ2
x ` µ2

y ´

b

pµ2
x ´ µ2

yq2 ` λ2pµx ´ µyq2
¯

` op1 ´ θq,
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and it suffices to show that λ2 ` µ2
x ` µ2

y ´

b

pµ2
x ´ µ2

yq2 ` λ2pµx ´ µyq2 ą 0. Now given the

identity a´ b “ a2
´b2

a`b for a` b ‰ 0, we have

λ2 ` µ2
x ` µ2

y ´

b

pµ2
x ´ µ2

yq2 ` λ2pµx ´ µyq2 “
λ2pµx ´ µyq2 ` λ4

λ2 ` µ2
x ` µ2

y `

b

pµ2
x ´ µ2

yq2 ` λ2pµx ´ µyq2
ą 0,

which completes the proof.

D.4.2 Upper bound

The CP parametrization corresponds to choosing α “ 1
2σ ´

?
θLyy in the matrix inequality

(Zhang et al., 2024, Cor. 1). Under this parameterization, since 1 ´ ασ ě 1{2, we have
Wn ě θ

4p1´θq

`

µx}xn ´ x‹ }2 ` µy}yn ´ y‹ }2
˘

and we have z‹ “ px‹, y‹q “ p0, 0q. Since tznuně0 con-
verges in distribution to z8, (3.1) implies that the p-quantile of }z8}2 satisfies Qpp}z8}2q ď ψ2pp, θq

for any p P p0, 1q, where ψ2pp, θq fi
4p1´θq

θmintµx,µyu

´

Ξ
p1q

τ,σ,θ ` Ξ
p2q

τ,σ,θ log
´

1
1´p

¯¯

. Thus, the asymptotic
property of our upper bound follows from Lemma ??.

D.5 Proof of Proposition 32

We first note that under the parameterization (2.3), the matrices Aλ and Rλ simplify to

Aλ “

«

θ ´p1 ´ θq λ
µx

p1 ´ θqθ2 λ
µy

θ ´ p1 ´ θq2p1 ` θqκ2

ff

,

Rλ “
δ2

d

p1 ´ θq2

µ2
xµ

2
y

«

µ2
y

`

1 ´ θ2
˘

pθµx ` µyqλ
`

1 ´ θ2
˘

pθµx ` µyqλ p1 ´ θq2p1 ` θq2
´

1 ` 2θ µx

µy

¯

λ2 ` µ2
x

`

1 ` 2
`

1 ´ θ2
˘

θ
˘

ff

.

(D.6)

If λ “ 0, then Aλ “ Diagpθ, θq. Hence, using the relation VecpABCq “ pCJ bAq VecpBq, we have

Σ̃8,λ “ AλΣ̃8,λAλ `R ô Vec
´

Σ̃8,λ
¯

“
`

Aλ bAλ
˘

Vec
´

Σ̃8,λ
¯

` VecpRλq

ô Vec
´

Σ̃8,λ
¯

“
`

I ´Aλ bAλ
˘´1

Vec
`

Rλ
˘

.

Noting that
`

I ´Aλ bAλ
˘´1

“ Diagp 1
1´θ2 ,

1
1´θ2 ,

1
1´θ2 ,

1
1´θ2 q, we obtain Σ8,0 “ 1

1´θ2R
0 for any

θ P r0, 1q. It remains to consider the case when λ ‰ 0. We first provide an eigenvalue decomposition

to the matrix Aλ.

Lemma 33 For any θ P

´

`
a

1 ` κ2λ ´ 1
˘

{|κλ|, 1
¯

and λ ‰ 0, the matrix Aλ introduced in (D.4)

admits the diagonalization Aλ “ V λJλpV λq´1 where

Jλ “

„

ν1,λ 0
0 ν2,λ

ȷ

, V λ fi

„

´A1,2 ´A1,2

θ ´ ν1,λ θ ´ ν2,λ

ȷ

, (D.7)

with complex eigenvalues ν1,λ fi
p2θ´p1´θq

2
p1`θqκ2

λq`i
?

|∆|

2 , ν2,λ fi
p2θ´p1´θq

2
p1`θqκ2

λq´i
?

| ∆λ |

2 , and
∆λ “ p1 ´ θq4p1 ` θq2κ4λ ´ 4θ2p1 ´ θq2κ2λ. Moreover, in this case, ∆λ ă 0 and ρpAλq ă 1.

Proof Noting that TrpAλq “ 2θ´p1´θq2p1`θqκ2λ and DetpAλq “ θ2´p1´θq2θκ2λ, the characteristic
polynomial of Aλ has for discriminant ∆λ “ TrpAλq ´4DetpAλq “ p1´ θq4p1` θq2κ4λ ´4θ2p1´ θq2κ2λ.
Note also that κλ ‰ 0 since λ ‰ 0 by assumption, and

∆λ ă 0 ðñ p1 ´ θ2q2 ď
4θ2

κ2λ
ðñ p1 ´ θ2q ď

2θ

|κλ|
ðñ θ ě

1

|κλ|
p

b

1 ` κ2λ ´ 1q,

50



High Probability and Risk-Averse Guarantees for a Stochastic Accelerated Primal-Dual Method

and in such case, it is straightforward to check that Aλ admits the two complex conjugate values
ν1,λ, ν2,λ. Furthermore, observe that Apλ

12 ‰ 0 as λ ‰ 0 and θ ă 1 and for ν P C, x, y P C,

pAλ ´ vIq

„

x
y

ȷ

“ 0 ô

"

pθ ´ vqx`Aλ
1,2y “ 0

Aλ
2,1x`

`

Aλ
2,2 ´ v

˘

y “ 0
ô y “

´ pθ ´ vq

Aλ
1,2

x

ô px, yq P Span

˜

1

´
pθ´vq

Aλ
1,2

¸

“ Span

ˆ

´A1,2

θ ´ v

˙

.

Therefore, the columns of the V λ matrix are in fact eigenvectors corresponding to the complex
conjugate eigenvalues ν1,λ and ν2,λ, and we conclude that the eigenvalue decomposition Aλ “

V λJλpV λq´1 holds. Finally, ρpAλq2 “ |ν1,λ|2 “ DetpAλq “ θ2 ´ θp1 ´ θq2κ2λ so that we have
ρpAλq2 ´ 1 “ DetpAλq ´ 1 “ ´p1 ´ θq

`

1 ` θ
`

1 ` κ2λ
˘

´ θ2κ2λ
˘

, and ρpAλq2 “ 1 if and only if θ P
!

1, 12 ` 1
2κ2

λ
˘ 1

2κ2
λ

a

p1 ` κ2λq2 ` 4κ2λ

)

. Observing that
a

p1 ` κ2λq2 ` 4κ2λ ě 1 ` κ2λ, we deduce that
1
2 ` 1

2κ2
λ

` 1
2κ2

λ

a

p1 ` κ2λq2 ` 4κ2λ ą 1 and 1
2 ` 1

2κ2
λ

´ 1
2κ2

λ

a

p1 ` κ2λq2 ` 4κ2λ ă 0. Hence, we conclude

ρpAλq ă 1 for any θ P

´

1
κλ

p
a

1 ` κ2λ ´ 1q, 1
¯

.

In the following lemma, we also provide basic identities satisfied by the eigenvalues ν1,λ and ν2,λ
which will be key for the exact computation of Σ̃8,λ. The proof of this lemma is omitted as it follows
from straightforward calculations.

Lemma 34 Let ν1,λ, ν2,λ, be the two complex conjugate eigenvalues of Aλ, as specified in Lemma 33.
Then,

ν1,λν2,λ “ θ2 ´ θp1 ´ θq2κ2λ,

ν1,λ ` ν2,λ “ 2θ ´ p1 ´ θq2p1 ` θqκ2λ,

ν21,λ ` ν22,λ “ 2θ2 ´ 2θp1 ´ θq2p1 ` 2θqκ2λ ` p1 ´ θq4p1 ` θq2κ4λ,

ν31,λ ` ν32,λ “
`

2θ ´ p1 ´ θq2p1 ` θqκ2λ
˘ `

θ2 ´ θp1 ´ θq2p1 ` 4θqκ2λ ` p1 ´ θq4p1 ` θq2κ4λ
˘

,

ν41,λ ` ν42,λ “ 2θ4 ´ p1 ´ θq2κ2λθ
3p4 ` 16θq ` p1 ´ θq4κ4λθ

2
`

6 ` 24θ ` 20θ2
˘

´ p1 ´ θq6κ6λ4θ
`

1 ` 4θ ` 5θ2 ` 2θ3
˘

` p1 ´ θq8κ8λp1 ` θq4,

where κλ “ λ
?
µxµy

.

The following lemma says that the solution Σ̃8,λ of (D.5) can be computed by solving 4-
dimensional linear equations.

Lemma 35 For any λ ‰ 0 and θ P

ˆ

1
|κλ|

p
a

1 ` κ2λ ´ 1q, 1

˙

, the solution Σ̃8,λ of (D.5) satisfies

Vec
´

qΣ8,λ
¯

“
`

I4 ´ Jλ b Jλ
˘´1

Vecp qRλq, (D.8)

where qΣ8,λ fipV λq´1Σ̃8,λ
`

pV λq´1
˘J, qRλ fipV λq´1Rλ

`

pV λq´1
˘J and Jλ, V λ are the matrices arising

in the eigenvalue decomposition of Aλ, as in Lemma 33.

Proof Given Lemma 33, the equation (D.5) can be rewritten as Σ̃8,λ “

V λJλpV λq´1Σ̃8,λppV λq´1qJpJλqJpV λqJ `Rλ, which amounts to

pV λq´1Σ̃8,λppV λq´1qJ “ JλpV λq´1Σ̃8,λppV λq´1qJpJλqJ ` pV λq´1RλppV λq´1qJ,
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or equivalently qΣ8,λ “ Jλ
qΣ8,λpJλqJ ` qR. Taking Vecp¨q of both sides, and noting the relation

VecpABCq “ pCJ b AqVecpBq, it suffices to show that the 4 ˆ 4 matrix I4 ´ Jλ b Jλ is invertible.
Observing that Diag

”

ν21,λ, ν1,λν2,λ, ν1,λν2,λ, ν
2
2,λ

ı

, it is sufficient to show that ν1,λν2,λ ‰ 1 for

θ P p 1
|κλ|

p
a

1 ` κ2λ ´ 1q, 1q, and this directly follows from the proof of Lemma 33.

Equipped with the representation (D.8), we complete the proof of Proposition 32 in three steps:
(I) explicit computation of qRλ , (II) explicit computation of qΣ8,λ from qRλ based on (D.8), (III)
explicit computation of Σ̃8,λ from qΣ8,λ based on the relationship given in Lemma 35.
(I) Computation of qR. Using the Cramer rule, first observe that V ´1 satisfies

pV λq´1 “
1

A1,2 pν2,λ ´ ν1,λq

„

pθ ´ ν2,λq `A1,2

´ pθ ´ ν1,λq ´A1,2

ȷ

,

from which we deduce

qRpλq “ pV λq´1RλppV λq´1qJ “
δ2p1 ´ θq2

dpAλ
1,2q2 pν1,λ ´ ν2,λq

2
µ2
xµ

2
y

„

Qλ
1,1 Qλ

1,2

Qλ
1,2 Qλ

2,2

ȷ

,

where

Qλ
1,1 fi pθ ´ ν2,λq

2
µ2
y

` pAλ
1,2q2

ˆ

p1 ´ θq2p1 ` θq2
ˆ

1 ` 2θ
µx

µy

˙

λ2 ` µ2
x

`

1 ` 2
`

1 ´ θ2
˘

θ
˘

˙

` 2Aλ
1,2 pθ ´ ν2,λq

`

1 ´ θ2
˘

pθµx ` yyqλ,

Qλ
2,2 fi pθ ´ ν1,λq

2
µ2
y

` pAλ
1,2q2

ˆ

p1 ´ θq2p1 ` θq2
ˆ

1 ` 2θ
µx

µy

˙

λ2 ` µ2
x

`

1 ` 2
`

1 ´ θ2
˘

θ
˘

˙

` 2Aλ
1,2 pθ ´ ν1,λq

`

1 ´ θ2
˘

pθµx ` yyqλ,

Qλ
1,2 fi ´ pθ ´ ν2,λq pθ ´ ν1,λqµ2

y

´ pAλ
1,2q2

ˆ

p1 ´ θq2p1 ` θq2
ˆ

1 ` 2θ
µx

µy

˙

λ2 ` µx
2
`

1 ` 2
`

1 ´ θ2
˘

θ
˘

˙

`
`

1 ´ θ2
˘

pθµx ` µyqλAλ
1,2 pν1,λ ` ν2,λ ´ 2θq .

(D.9)

(II) Computation of qΣ8,λ. From the definition of Jλ given in (D.7), observing that
`

I4 ´ Jλ b Jλ
˘´1

“ Diag
”

1
1´ν2

1,λ
, 1
1´ν1,λν2,λ

, 1
1´ν1,λν2,λ

, 1
1´ν2

2,λ

ı

, we deduce from Lemma 35 that

qΣ8,λ “
δ2p1 ´ θq2

dpAλ
1,2q2 pν1,λ ´ ν2q

2
µ2
xµ

2
y

«

1
1´ν2

1,λ
Qλ

1,1
1

1´ν1,λν2
Qλ

1,2

1
1´ν1,λν2

Qλ
1,2

1
1´ν2

2,λ
Qλ

2,2

ff

.

(III) Computation of Σ̃8,λ. From Lemma 35, we also have

Σ̃8,λ “ V λ
qΣ8,λpV λqJ “

δ2p1 ´ θq2

dpAλ
1,2q2 pν1,λ ´ ν2q

2
µ2
xµ

2
y

„

Sλ
1,1 Sλ

1,2

Sλ
1,2 Sλ

2,2

ȷ

, (D.10)
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with

Sλ
1,1 fipAλ

1,2q2

˜

Qλ
1,1

1 ´ ν21,λ
`

Qλ
2,2

1 ´ ν22,λ
` 2

Qλ
1,2

1 ´ ν1,λν2

¸

,

Sλ
1,2 fi ´Aλ

1,2

«

pθ ´ ν1,λq
Qλ

1,1

1 ´ ν21,λ
` pθ ´ ν2q

Qλ
2,2

1 ´ ν22,λ
` p2θ ´ pν1,λ ` ν2qq

Qλ
1,2

1 ´ ν1,λν2

ff

,

Sλ
2,2 fi pθ ´ ν1,λq

2 Qλ
1,1

1 ´ ν21,λ
` pθ ´ ν2q

2 Qλ
2,2

1 ´ ν22,λ
` 2 pθ ´ ν1,λq pθ ´ ν2q

Qλ
1,2

1 ´ ν1,λν2
.

(D.11)

While (D.10) provides a formula for Σλ,8, the dependence of this formula to κλ and θ are not
very clear. We provide in Section F of the extended version of this paper Laguel et al. (2023) a
simplification of the terms in (D.10) in terms of their dependence to κλ and θ. As a consequence, in
view of (D.10), we may write

Σ̃8,λ “
δ2p1 ´ θq

dλ2Pcpθ, κλq

¨

˝

λ2

µ2
x

´

P̃
p1q

1,1 pθ, κλq ` λ2

µ2
y
P̃

p2q

1,1 pθ, κλq

¯

λ
µx

´

P̃
p1q

1,2 pθ, κλq ` λ2

µ2
y
P̃

p2q

1,2 pθ, κλq

¯

λ
µx

´

P̃
p1q

1,2 pθ, κλq ` λ2

µ2
y
P̃

p2q

1,2 pθ, κλq

¯

P̃
p1q

2,2 pθ, κλq ` λ2

µ2
y
P̃

p2q

2,2 pθ, κλq

˛

‚,

where the P̃ pkq

q,ℓ and Pc are polynomials in θ, κλ, defined in the top part of Table 7. This proves
Proposition 32.

Appendix E. Symbols and constants used in the paper

The convergence analysis of SAPD relies on a series of convex inequalities that we wrote in matrix
form for compactness. All the constants arising in these inequalities (including those mentioned in
the statement of Lemma 26 and Lemma27) are made explicit as follows in Table 4 and Table 5. For
convenience of the reader, in Section H of the online supplementary material Laguel et al. (2023),
we also provide the expressions of these constants under the CP parameterization (2.3) which is a
particular class of parameters where our complexity results can be achieved. We finally detail in
Table 7 the polynomials involved in the entries of the covariance matrix Σ8,λ given in Theorem 17.
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Bx “ 4τ
1`ρ `

σ2
p1`θq

2 Lyx
2

p1`σµyq2
ρ

4}A0}2p1`ρq

3τ2

p1`τµxq2
, Cx “ τ

1`τµx
`

τσp1`2θq Lxy

2p1`τµxqp1`σµyq
, Cx

´1 “ τσθ
2ρp1`σµyq

p1`θq Lyx

1`τµx
,

By “
4p1`θq

2σ
p1`ρqp1´ασq

`
3}A0}

2
p1`ρqθ2

ρ3 `
ρ

4 }A0}
2

p1 ` ρq

p1 ` σp1 ` θqLyyq
2

p1 ` σµyq2

2σ2p1 ` θq2

p1 ` σµyq
2

`
σ2p1 ` θq2 Lyx

2

p1 ` σµyq
2

ρ

4 }A0}
2

p1 ` ρq

3τ2σ2p1 ` θq2 Lxy
2

p1 ` τµxq
2

p1 ` σµyq
2

By
´1 “ 4σθ2

ρp1`ρqp1´ασq
`

ρ
4}A0}2p1`ρq

p1`σp1`θq Lyyq
2

p1`σµyq2
2σ2θ2ρ´1

p1`σµyq2
`

σ2
p1`θq

2 Lyx
2

p1`σµyq2
ρ

4}A0}2p1`ρq

3τ2σ2θ2ρ´1 Lxy
2

p1`τµxq2p1`σµyq2
,

Cy “
σp1`2θqp1`θq

1`σµy
`

τσp1`θq Lxy

2p1`τµxqp1`σµyq
, Cy

´2 “ σθ2

2ρ2p1`σµyq

´

1`σp1`θqLyy

1`σµy
`

τσp1`θqLyxLxy

p1`τµxqp1`σµyq

¯

,

Cy
´1 “ σθ

ρp1`σµyq

´

1 ` 2θ ` τ
2p1`τµxq

pp1 ` θqLyx `Lxyq ` p1 ` 3θ
2 q

´

1`σp1`θqLyy

1`σµy
`

τσp1`θqLyxLxy

p1`τµxqp1`σµyq

¯¯

,

Qx fiBx ` Cx ` Cx
´1, Qy “ By `By

´1 ` Cy ` Cy
´1 ` Cy

´2.

Table 4: Summary of the constants Bx, Cx, Cx
´1,Qx, By, By

´1, C
y, Cy

´1, C
y
´2, and Qy used through-

out the analysis.

Â1 fi

»

—

—

—

—

–

´

1 ` τ Lxx `
τσp1`θq Lyx Lxy

1`σµy

¯

τ Lxyp1`σp1`θq Lyyq

1`σµy

στθ
Lxy Lyx

p1`σµyq

στθ
Lxy Lyy

p1`σµyq

fi

ffi

ffi

ffi

ffi

fl

, Â2 fi

»

—

—

–

σp1 ` θqLyx

1 ` σp1 ` θqLyy

σθ Lyx

σθ Lyy

fi

ffi

ffi

fl

,

Â3 fi

»

—

—

—

—

—

—

—

–

«

Cσ,θσp1 ` θqp1 ` τµxqLyx ` σp1 ` θqLyx

´

p1 ` τ Lxx qp1 ` σµyq ` τσp1 ` θqLyx Lxy

¯

` σθ Lyxp1 ` τµxqp1 ` σµyq

ff

p1 ` τµxqC2
σ,θ ` σp1 ` θqLyx τ Lxy Cσ,θ ` σθ Lyyp1 ` τµxqp1 ` σµyq

σ
´

Cσ,θθ Lyxp1 ` τµxq ` p1 ` θqτσθ Lxy Lyx
2
¯

σ
´

Cσ,θθ Lyyp1 ` τµxq ` p1 ` θqτσθ Lxy Lyx Lyy

¯

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

Afi

»

–

AJ
1

AJ
2

AJ
3

fi

flfi
?
1`ρ
?
ρ

»

—

—

–

4
1`τµx

ÂJ
1

4
?
2p1`θq

1`σµy
ÂJ

2

4
?
2θρ´1

p1`σµyq2p1`τµxq
ÂJ

3

fi

ffi

ffi

fl

Diag

»

—

—

–

?
2ρτ

a

2ρσ{p1 ´ ασq
?
2ρτ

a

2ρσ{p1 ´ ασq

fi

ffi

ffi

fl

, Cσ,θ fi 1 ` σp1 ` θqLyy.

Table 5: Summary of the constants A1, A2, A3 used throughout the analysis.
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P̃
p1q

1,1 pθ, κq “ ´ 4κ2λθ
2 p1 ` θq

2

` κ4λ

ˆ

1 ` 2θ ´ θ2 ´ 8θ3

´9θ4 ` 6θ5 ` θ6

˙

` p1 ´ θq2κ6λ
`

θ ` 4θ2 ` 4θ3 ´ θ5
˘

, P̃
p2q

1,1 pθ, κq “ ´ 4κ2λθ
2
`

1 ` 2θ ´ θ2 ´ 2θ3 ` 2θ4
˘

` p1 ´ θq2κ4λ

ˆ

1 ` 4θ ` 4θ2 ´ 6θ3

´11θ4 ` 2θ5 ` 2θ6

˙

` p1 ´ θq4κ6λθp1 ` θq2p1 ` 2θq

,

P̃
p1q

1,2 pθ, κq “ ´ 4κ4λθ
2
`

1 ` 2θ ´ θ3
˘

` p1 ´ θqκ6λ

ˆ

1 ` 3θ ` θ2 ´ 8θ3

´11θ4 ` θ5 ` θ6

˙

` p1 ´ θq3κ8λθp1 ` θq2p1 ` 2θq

, P̃
p2q

1,2 pθ, κq “ κ2λ4θ
4
`

1 ` 2θ ´ θ3
˘

´ p1 ´ θqκ4λθ
2

ˆ

5 ` 15θ ` 5θ2 ´ 20θ3

´11θ4 ` 9θ5 ` θ6

˙

` p1 ´ θq3κ6λ

¨

˝

1 ` 5θ ` 8θ2 ´ 3θ3

´21θ4 ´ 14θ5

`2θ6 ` 2θ7

˛

‚

` p1 ´ θq5κ8λθp1 ` θq3p1 ` 2θq

,

P̃
p1q

2,2 pθ, κq “ ´ 4κ6λθ
2
`

1 ` 2θ ´ θ2 ´ 2θ3 ` 2θ4
˘

` p1 ´ θq2κ8λ

ˆ

1 ` 4θ ` 4θ2 ´ 6θ3

´11θ4 ` 2θ5 ` 2θ6

˙

` p1 ´ θq4κ10λ θp1 ` θq2p1 ` 2θq

, P̃
p2q

2,2 pθ, κq “ κ2λ4θ
2 p1 ` θq

2 `
´1 ´ 2θ ` 2θ3

˘

` κ4λ

¨

˝

1 ` 4θ ` 3θ2 ´ 20θ3

´45θ4 ´ 2θ5 ` 53θ6

`20θ7 ´ 20θ8 ´ 2θ9

˛

‚

` p1 ´ θq2κ6λθ

¨

˝

3 ` 14θ ` 20θ2

´8θ3 ´ 47θ4

´30θ5 ` 4θ6 ` 4θ7

˛

‚

` p1 ´ θq4κ8λ2θ
2p1 ` θq3p1 ` 2θq

,

Table 6: Polynomials involved in the description of the equilibrium covariance matrix Σ̃8 of
limnÑ8rxn´1, yns.
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P
p8,1q

1,1 pθ, κq “ ´ 4κ2θ4p1 ` θq2

` κ4
ˆ

θ2 ` 10θ3 ` 7θ4 ´ 24θ5

´17θ6 ` 14θ7 ` θ8

˙

´ κ6p1 ´ θq2θ

ˆ

2 ` 10θ ` 9θ2 ´ 24θ3

´34θ4 ` 10θ5 ` 3θ6

˙

` κ8p1 ´ θq4
ˆ

1 ` 4θ ` 2θ2 ´ 14θ3 ´ 21θ4

´2θ5 ` 2θ6

˙

` κ10p1 ´ θq6θp1 ` θq2p1 ` 2θq

, P
p8,2q

1,1 pθ, κq “ κ2
ˆ

´4θ2 ´ 8θ3 ` 4θ4

`8θ5 ´ 8θ6

˙

` κ4p1 ´ θq2
ˆ

1 ` 4θ ` 4θ2 ´ 6θ3

´11θ4 ` 2θ5 ` 2θ6

˙

` κ6p1 ´ θq4θp1 ` θq2p1 ` 2θq

,

P
p8,1q

1,2 pθ, κq “ ` 4κ4θ3p´1 ´ 2θ ` θ3q

` κ6p1 ´ θqθ

ˆ

1 ` 3θ ` 5θ2

´15θ4 ´ 7θ5 ` 9θ6

˙

´ κ8p1 ´ θq3θ

ˆ

1 ` 3θ ´ 11θ3

´13θ4 ` 2θ5 ` 2θ6

˙

´ κ10p1 ´ θq5θ2p1 ` θq2p1 ` 2θq

, P
p8,2q

1,2 pθ, κq “ κ2p4θ3 ` 12θ4 ` 8θ5 ´ 12θ6 ´ 16θ7 ` 4θ8 ` 8θ9q

` κ4p1 ´ θqθ

¨

˝

´1 ´ 4θ ´ 8θ2 ` 5θ3

`40θ4 ` 22θ5 ´ 42θ6

´29θ7 ` 19θ8 ` 2θ9

˛

‚

` κ6p1 ´ θq3

¨

˝

θ ` 2θ2 ´ 6θ3 ´ 23θ4

´13θ5 ` 33θ6

`32θ7 ´ 2θ8 ´ 4θ9

˛

‚

` κ8p1 ´ 2θqp1 ´ θq5θ2p1 ` θq3p1 ` 2θq

,

P8,1
2,2 pθ, κq “ ´ 4κ6θ2

`

1 ` 2θ ´ θ2 ´ 2θ3 ` 2θ4
˘

` p1 ´ θq2κ8
ˆ

1 ` 4θ ` 4θ2 ´ 6θ3

´11θ4 ` 2θ5 ` 2θ6

˙

` p1 ´ θq4κ10θp1 ` θq2p1 ` 2θq

, P8,2
2,2 pθ, κq “ κ24θ2 p1 ` θq

2 `
´1 ´ 2θ ` 2θ3

˘

` κ4
ˆ

1 ` 4θ ` 3θ2 ´ 20θ3 ´ 45θ4 ´ 2θ5

`53θ6 ` 20θ7 ´ 20θ8 ´ 2θ9

˙

` p1 ´ θq2κ6θ

ˆ

3 ` 14θ ` 20θ2 ´ 8θ3

´47θ4 ´ 30θ5 ` 4θ6 ` 4θ7

˙

` p1 ´ θq4κ82θ2p1 ` θq3p1 ` 2θq

,

Pcpθ, κq “ ´ 4κ2θ2 p1 ` θq
3

` κ4
`

1 ` 3θ ` θ2 ´ 17θ3 ´ 33θ4 ´ 3θ5 ` 15θ6 ` θ7
˘

` p1 ´ θqκ6θ
`

3 ` 14θ ` 13θ2 ´ 24θ3 ´ 35θ4 ` 10θ5 ` 3θ6
˘

` p1 ´ θq3κ8
`

´1 ´ 4θ ´ 2θ2 ` 14θ3 ` 21θ4 ` 2θ5 ´ 2θ6
˘

´ p1 ´ θq5κ10θp1 ` θq2p1 ` 2θq

.

Table 7: Polynomials involved in the description of the equilibrium covariance matrices Σ8

of limnÑ8rxn, yns (bottom).
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