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Abstract

In this paper, we focus our attention on the high-dimensional double sparse linear re-
gression, that is, a combination of element-wise and group-wise sparsity. To address this
problem, we propose an IHT-style (iterative hard thresholding) procedure that dynamically
updates the threshold at each step. We establish the matching upper and lower bounds for
parameter estimation, showing the optimality of our proposal in the minimax sense. More
importantly, we introduce a fully adaptive optimal procedure designed to address unknown
sparsity and noise levels. Our adaptive procedure demonstrates optimal statistical accu-
racy with fast convergence. Additionally, we elucidate the significance of the element-wise
sparsity level sg as the trade-off between THT and group IHT, underscoring the superior
performance of our method over both. Leveraging the beta-min condition, we establish
that our IHT-style procedure can attain the oracle estimation rate and achieve almost full
recovery of the true support set at both the element level and group level. Finally, we
demonstrate the superiority of our method by comparing it with several state-of-the-art
algorithms on both synthetic and real-world datasets.

Keywords: double sparsity, iterative hard thresholding, minimax optimality, fully adap-
tive procedure, oracle estimation rate.

1. Introduction

Over the last decade, the rapid growth of high-dimensional data has drawn broad at-
tention to sparse learning across many scientific communities, with plenty of remarkable
achievements in algorithms, theory, and applications. One of the well-studied problems
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is the sparsity-constrained linear regression, also known as the best subset selection. We
consider a linear model
y=XpB"+¢&,

where y € R"™ is the response vector, X € R™ P is the design matrix, f* € RP is the
underlying regression coefficient and £ € R” is the sub-Gaussian random error with scale
parameter o2. In the high-dimensional framework, we focus on the case where p > n and
the coefficient 8* is sparse in the sense that only a few covariates are important to the
model. Traditionally, element-wise £y sparse problem considers the parameter space

p

Bre{BeRP:> (B #0) < s},

=1

where f3; is the ith entry of 8 and s’ is some positive integer, which controls the sparsity
level of the sparsity-constrained linear regression problem. Best subset selection is a famous
NP-hard problem (Natarajan, 1995), and it has been widely studied in the fields of statistics
and machine learning (Bertsimas et al., 2016; Yuan et al., 2018; Huang et al., 2018; Zhu
et al., 2020).

Recently, an increasing number of studies on high-dimensional variable selection have
focused on the concept of structured sparsity. These studies assume that important vari-
ables form specific structures or patterns, with group-wise sparsity being one of the most
prominent examples. The group-wise £y sparsity considers the parameter space

m

B e{BeR:Y 1(Bg, #0) < s},

J=1

where {G} };”:1 are the indices of m non-overlapping groups such that UT" G, = {1,...,p}.
Here positive integer s controls the number of nonzero groups in the model. The group
sparsity means that within a group, the coefficients are either all zeros or at least one
nonzero. In particular, when |G| = ... = |G| = 1, the group selection problem boils
down to the standard best subset selection. To date, a variety of practical algorithms have
been explored and investigated to conduct group {y selection (Eldar et al., 2010; Huang
et al., 2011; Hazimeh et al., 2023; Zhang et al., 2023).

When considering each group that has been selected, it is generally accepted that only
a few of the variables that make up the group are actually significant. We refer to this idea
as double sparsity and define it as follows:

Definition 1 (Double sparsity) The regression coefficient 5* € RP is called (s, so)-sparse
if

m p

18" o2 =Y 18, #0) < s and |50 =D 1(5f #0) < sso. (1)

j=1 i=1

Double sparsity promotes sparsity both within and between groups. Specifically, it restricts
the number of nonzero groups included in the model to s, and within these s groups, the
number of nonzero elements must be no more than ssg. Intuitively, sg can be thought of as
the average sparsity within the s selected groups, providing insight into the sparsity levels
within the nonzero groups.
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1.1 Related Work

Recently, sparse group selection has emerged as a prominent area of high-dimensional
structured sparsity learning. To tackle this problem, a combination of two penalized meth-
ods is often considered. In order to perform sparse group selection, Friedman et al. (2010)
and Simon et al. (2013) proposed sparse group Lasso (SGLasso), a combination of the Lasso
penalty (Tibshirani, 1996) and the group Lasso penalty (Yuan and Lin, 2006) joined to-
gether. Numerous efforts have been dedicated to accelerating the convergence of SGLasso
(Ida et al., 2019; Zhang et al., 2020).

The theoretical research on double sparsity began with Cai et al. (2022), which estab-
lished the minimax lower bounds for the estimation error of the double sparse linear regres-
sion, and the near-optimal upper bounds for the estimation error of SGLasso are obtained
under the irrepresentable condition. Moreover, they provided the theoretical guarantees for
both the sample complexity and estimation error of SGLasso. Li et al. (2024) concentrated
on the Gaussian location model with a double sparse structure. They established the min-
imax rates for the estimation error over ¢,(¢;) mixed-norm for u,q € [0, 1]. Despite these
advancements, there still remains a dearth of methods with optimal theoretical guarantees.

Traditional convex relaxation-based methods, such as SGLasso, inherently introduce
estimation bias for the coefficients, especially when large coefficients undergo significant
shrinkage. Moreover, Bellec (2018) demonstrated that convex estimators, such as the Lasso-
type estimator, cannot attain the oracle estimation rate O(cy/*2), even when the beta-min
condition is satisfied. This phenomenon motivates us to develop computationally feasi-
ble non-convex algorithms, with iterative hard thresholding (IHT, Blumensath and Davies
(2009)) being a representative example. IHT and its variants have garnered increasing at-
tention for their efficacy in addressing a variety of high-dimensional statistical inference
problems (Blumensath and Davies, 2010; Jain et al., 2014; Yuan et al., 2020; Hao et al.,
2021). Given sparsity level s’, THT performs a gradient descent step on the parameter 3,
followed by the selection of the s’ largest absolute values at each subsequent step. Under
restricted convexity /smoothness conditions, Jain et al. (2014) showed that IHT can obtain a
minimax optimal estimator for high-dimensional M-estimation given a sufficient large spar-
sity level. Yuan et al. (2018) investigated the parameter estimation and support recovery
of IHT for both s = s* and s > s* under RIP-type conditions. Giraud (2021) employed
the THT procedure in the context of linear regression with group sparsity and established
the optimal upper bound for parameter estimation. However, most of the related works
consider the known sparsity level s’ as prior information, making it challenging to analyze
theoretical guarantees in the non-asymptotic sense without the knowledge of s’. To tackle
this problem, Ndaoud (2020) proposed a fully adaptive IHT-style procedure, which can
achieve the optimal rates for parameter estimation with unknown s’.

1.2 Main Results and Contributions

In this paper, our goal is to construct feasible methods for double sparse linear regression
that are not only efficient but also with optimal statistical properties guaranteed. To the
best of our knowledge, our paper is the first to develop a fully adaptive optimal procedure
for high-dimensional double sparse linear regression with unknown s, sg, and o.
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Addressing the signal under the double sparse assumption was an unresolved challenge
until Cai et al. (2022); Li et al. (2024). The approach employed in Cai et al. (2022) relies
on sub-gradient and dual certificate constructions, applicable only in the context of ¢1-type
penalties. An earlier work by Li et al. (2024) introduced an THT-style algorithm for detecting
signals with a double sparse structure. They demonstrated the minimax optimality of
the proposed algorithm for parameter estimation. However, this algorithm is impractical
because it depends on the unknown parameters s, sg, and o. Notably, achieving adaptivity
for double sparsity is much more challenging than for element-wise or group-wise sparsity. A
natural approach is using a grid search technique for tuning the unknown parameters s and
so such as Cai et al. (2022). However, the grid search approach is computationally infeasible,
and difficult to establish optimal guarantees from a theoretical perspective. Motivated
by the adaptive framework for element-wise sparsity (Verzelen, 2012; Ndaoud, 2020), we
develop a two-step adaptive procedure for parameter estimation and variable selection in
the context of double sparse linear regression.

Importantly, our procedure is not a simple combination of classical IHT (Ndaoud, 2020)
and group THT (Giraud, 2021). The sequence of our two-step IHT operators is critical and
the order cannot be interchanged. Specifically, reversing the order of these two steps could
compromise the logical framework of the proof by contradiction.

The advantages of double sparse IHT over convex counterparts, such as sparse group
Lasso, are evident. Our theory is entirely based on the RIP-type condition, while the theory
of sparse group Lasso (cf. Cai et al. (2022)) relies on a stronger irrepresentable condition.
We further establish that under the beta-min conditions, our algorithm can achieve the
oracle estimation rate O(cy/*?), showcasing the superiority of our algorithm over sparse
group Lasso. Moreover, as far as we know, support recovery results in sparse group Lasso
have not been established under mild assumptions, while we obtain the almost full recovery
(Butucea et al., 2018) at both the element-wise and group-wise levels. This is further
supported by synthetic and real-world data analyses.

In conclusion, the main contribution of this paper is summarized as follows:

e We introduce a novel double sparse IHT operator that ensures both element-wise and
group-wise sparsity. This operator consists of two steps that control model complexity
efficiently. Building upon the double sparse IHT operator, we introduce a novel IHT-
style procedure that dynamically updates the threshold at each iteration. We analyze
upper bounds on the estimation error of our method and establish matching minimax

lower bounds for the estimation error O <\/%2(sso log % + slog %)), conclusively

demonstrating the optimality of our proposed approach.

e We propose a fully adaptive optimal procedure that handles unknown sparsity levels
s, 8o and noise level o. Through our research, we demonstrate that the estimator ob-
tained by our adaptive procedure attains optimal performance in the minimax sense.
As far as we know, it is the first minimax adaptive procedure for the double sparse lin-
ear regression. Furthermore, we discover the pivotal role of the element sparsity level
so as the trade-off between IHT and group IHT, underscoring the superior performance
of our method over both. We have implemented our proposals in an open-source R
package named ADSIHT.
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e Under the element-wise and group-wise beta-min conditions, we establish that our
algorithm attains the oracle estimation rate O(o \/%) This result indicates that our
procedure performs comparably to the ordinary least-squares estimator when given
the true support set. It highlights the superiority of our DSTHT procedure over convex
counterparts such as sparse group Lasso in theory. Additionally, we demonstrate that
our procedure achieves almost full recovery of the true support set at both the element
and group levels.

e We apply our proposed methods to both synthetic and real-world datasets, and com-
prehensive empirical comparisons with several state-of-the-art methods show the supe-
riority of our method across a variety of metrics. Additionally, computational results
for a real-world dataset demonstrate that our approach produces more accurate pre-
dictive power with fewer variables and groups.

1.3 Organization

The remainder of the paper is structured as follows. We introduce the notation used
throughout the paper towards the end of this section. In Section 2, we introduce an IHT-
style procedure with fast convergence and establish matching upper and lower bounds for
estimation error. In Section 3, we firstly propose a novel information criterion to determine
the optimal stopping time and develop an adaptive procedure for conducting sparse group
selection with unknown s and o. Then, we elucidate the connection between our work, IHT,
and group THT. We also present a minimax adaptive procedure to select the optimal value of
S0, which makes our method a fully adaptive optimal procedure. In Section 4, we establish
that our DSIHT algorithm achieves the oracle estimation rate and accomplishes almost full
recovery under the beta-min conditions. In Section 5, we present numerical experiments
comparing our methods with several state-of-the-art approaches using both synthetic and
real-world datasets. Finally, in Section 6, we provide a summary of our study and offer
detailed proofs of our main results in the Appendix.

1.4 Notations

For the given sequences a,, and b,,, we say that a,, = O(by,) or a,, < by, (resp. a, = Q(b,)
or a, 2 by,) when a, < cb, (resp. a, > cb,) for some positive constant c. We write a,, < by,
if ap, = O(by,) and a, = Q(by). Let d = maxi<;<m |G;| be the maximum group size. Denote
[m] as the set {1,2,...,m}, and I(-) as the indicator function. Let x V y be the maximum
of z and y, while z A y is the minimum of = and y. Denote S* = {i : 8 # 0} C [p] as
the support set of 5*. Similarly, let G* = {j : ﬁgj #0,G; C [p], and G; NGy = 0,Yj #
J'} € [m] be the group-wise support set of *. Let Sg+ = Ujcq+G; be all the elements
contained in groups G*. Obviously, S* C Sg+. For any set S with cardinality |S|, let
B = (Bj,j€5) e R¥ and Xg = (X,j € S) € RIS and let (X T X)ss € RIS¥ISI be the
submatrix of X ' X whose rows and columns are both listed in S. For a vector 3, denote
|8]|2 as its Euclidean norm. For a matrix A, denote ||Al|2 as its spectral norm and || A||r as
its Frobenius norm. Denote I, as the p x p identity matrix. Let C, Cy, C1, . . . denote positive
constants whose actual values vary from time to time. Denote the parameter space of double
sparsity as ©"9(s, sg). Denote S™%(s, s9) as the space consisting of all the support sets
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of (s,sp)-sparse vector. Notably, according to the definition of double sparsity, we have
S™4(ays,b150) € S™%(ags,basg) for any positive constants a1b; = asbs and a; < ap. For
example, 8"4(2s,2s¢) is a subspace of S™%(4s, s¢). To facilitate computation, we assume
[ X;ll2 = v/n, Vj € [p]-

2. Analysis of minimax optimality

In Section 2.1, we introduce the double sparse iterative hard thresholding (DSIHT)
operator. In particular, we provide a clear explanation of its construction and develop a
DSIHT algorithm with known sparsity and noise levels. Following this, in Section 2.2, we
analyze the sources of estimation error. Then, we establish the upper bounds for parameter
estimation of the DSIHT algorithm in Section 2.3. In Section 2.4, we derive the minimax
lower bound for double sparse linear regression, which yields that the upper bound in Section
2.3 is minimax optimal.

2.1 Double sparse iterative hard thresholding operator

Given A, sg > 0, we define the double sparse iterative hard thresholding operator 7 g, :
R? — RP as the following two steps:
Step 1 (Element-wise Condition Checking): define an element-wise hard thresh-

olding operator ’T)\(I) :RP - RP on 8 € RP as

(TOB)Y; = B1(18;1 > N), V) € [pl.

The operator 7;(1) preserves the signal whose absolute magnitude is greater than or equal to
A, thus it can be seen as a preliminary screening process for identifying important variables.
Step 2 (Group-wise Condition Checking): denote

Tso =1 € [m] : |Bg,lI5 = s0A}.
The definition of operator 7')\(282) : RP — RP is

ﬁij ifjejso-

2) _
{7y Bta, = {07 if j € [m)\Ts,-

The operator ’T)\(?O selects groups with large magnitudes, utilizing group information to fur-

ther filter the important variables. The operator 7 5, = )\(23)0 o )\(1) is a composition of these

two steps. Unlike the classical IHT procedure, our procedure updates the threshold A in
T so at each step in order to achieve both optimal statistical accuracy and fast convergence.
Given A\g > Ao > 0 and 0 < k < 1, we provide the form of the sequence {A\;}$2; as follows

A =KAN VAo, t=0,1,2,... (2)

For a given sy and sequence of threshold {\;}?°,, we denote the estimators {3}, as
1, 1 _
B = Tai s <6t T X Ty - Xp 1>), t=1.2,.... (3)

6
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Moreover, we denote the corresponding support set of {3'}2°, as {S'}?°,. In the studies
of variable selection, the misidentification of true support set S*, i.e., St N (S*)¢ is called
type-I error, and the omission of S*, i.e., (S*)¢N S* is called type-II error. We summarize
our procedure as the following algorithm:

Algorithm 1 Double Sparse IHT (DSIHT) algorithm with known s, sg and o.
Require: X, y, {Gj};?"”zl,
1: Tnitialize £ = 0, 8 = 0 and Ao, = 4\/%2(10g ed | Lggem)
2: while \; > A\, do

B B =T (B + 3 X Ty — XBY)).

4: )\t—i—l = Ii)\t.
5
6

R, /\07 50, S, 0.

t=1t+1.
. end W}’lile
Ensure: 3 = 3.

Here we offer an intuitive explanation for the choice of A;. A large A; promotes sparsity
in the estimator 3!, which significantly reduces the type-I error by preventing spurious
variables from being incorporated into the model. However, excessive sparsity can result
in a high type-II error by omitting too many true variables. As Section 2.2 shows, it
leads to a high estimation error because the magnitude of 8* is drastically shrunk to zero.
Conversely, a small \; can reduce the type-II error by increasing the complexity of the
model. Nevertheless, this allows too many spurious variables into the model, resulting in a
high type-I error. This intuition motivates us to choose the specific form of the sequence
{A¢}22, by balancing these two types of errors.

In our procedure, we employ a decreasing sequence (2) instead of directly setting the
threshold as this order. The reason is that such a small threshold can potentially result in the
selection of too many unimportant variables at the initial step. This lack of sparsity makes
our procedure hard to benefit from the contraction property of the DSRIP condition, and
the estimation error cannot be well-controlled in iterations. In comparison, a sufficiently
large Ay identifies a small set of variables, effectively controlling the false discoveries of
the initial solution. With the decrease of the threshold, we optimize the solution in an
appropriate direction iteratively without losing sparsity. A novelty of our procedure lies in
the fact that it implicitly controls the type-I error at a low level at each step, and reduces the

. . 2
type-1I error through iterations. In Theorem 4, we choose Ay = \/ 7= (log i—gl + % log <)
and show its optimality in the minimax sense.

2.2 Analysis of estimation error

To conduct the theoretical analysis we decompose the iterative term into three parts:

Ht+1 /6t+ XT( )
:B*+< XTX—]I> (B* — B + XTg (4)
=B 4+ ®(5* — ) + &,
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where @ = %X TX -1, and E = %X T¢. Equation (4) shows that the estimation error
comes from three sources:

e The true parameters 5* shrunk by mistake.
e The optimization error that 3! approximates 3*.

e The randomness caused by the errors £.

Among these three sources, the optimization error corresponds to the iterative procedure,
and the randomness of our proposed procedure mainly comes from the third term =. In what
follows, we detail how to upper bound the latter two sources of errors accurately. Firstly,
we introduce an essential condition for the design matrix X in order to get a contraction of
the optimization error.

Assumption 1 (DSRIP condition) We say that X € R"*P satisfies the Double Sparse
Restricted Isometry Property DSRIP(s, sg,0) with constant 0 < § < 1, if VS € S™9(s, s0)
and Yu # 0,u € RISl it holds that
2
1-0< M <1459.

nlull3
Remark 2 The Double Sparse Restricted Isometry Property (DSRIP) serves as a natural
extension of the ordinary RIP condition (Candes and Tao, 2005) under the double sparse
linear regression. For sub-Gaussian design, considering a p-dimensional ssg-sparse struc-
ture, we require a sample size of n = Q(ssglog %) to ensure that the RIP condition holds
with high probability. However, for the satisfaction of the DSRIP condition, we only need
n = Q(sso log % +slog ©*). It is worth noting that, given p = m x d, the DSRIP condition
can be satisfied with a smaller sample size compared to RIP. Further details can be found
in Appendiz C.

DSRIP serves as an essential component for analyzing the high-dimensional double
sparse linear regression (Li et al., 2024). It imposes a less stringent condition than the
ordinary RIP. Assuming the same element-wise sparsity, DSRIP only requires subsets of
ssp-sparse vectors with no more than s groups to be satisfied, whereas RIP requires all ss¢-
sparse vectors to hold. If design matrix X satisfies DSRIP (s, s¢,d), we have || @2 < < 1,
demonstrating that ® serves as the contraction factor for all (s, sp)-sparse vectors. As a
result, by leveraging both DSRIP and the sparse structure of the signal, the contraction
factor ® enables iterative reduction of the optimization error.

Next, we turn to the analysis of the random error term =. To upper bound this source
of error, we need to capture the complexity of the noise term.

Lemma 3 Assume that X satisfies DSRIP(s, so,0). Then, there exists a constant C > 0,
the event

40 d
&= {VS € 8™4(s,50) ZE? < il (sso log <4 slog em)}
n S0 S

€S

holds with probability at least 1 — exp {fC(sso log %l + slog %)}

8
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Lemma 3 provides the uniform upper bounds of the random error term with high probability.
We now analyze the random term = in detail and decompose the source of random errors
into two parts:

e The random errors = attached to the true support set S*.

e The random errors = caused by type-I error, the mis-identification of true parameters
B*. More concretely, some random errors escape from operator 7 s,, which we call
these errors as pure errors below.

The errors caused by random errors = can be attributed to two sources: the random errors
corresponding to S* and (S*)¢, respectively. Since S* € S"™4(s,sq) is with a sparse prior,
the random errors attached to S* can be well-bounded by event £ with high probability.
However, it is difficult to find an upper bound for the pure errors since the amount of the
pure errors is undetermined. Therefore, the central problem that operator 7, 5, addresses is
to bound the support set of the pure errors. Intuitively, we want to collect the pure errors
in some subsets belonging to Sm’d(s, s0). Then, the magnitude of pure errors can be upper
bounded by event £.

We consider applying 7} s, to the pure errors directly and show that if the pure errors
overflow S™%(s, sq), it will contradict with £ with high probability. According to the
structure of Sm’d(s, s0), we decompose the discussion into two cases:

Case 1: Assume that the set selected by 7T g, lies in no more than s groups but the amount
exceeds ssg. Element-wise condition checking ensures that all the selected entries
are larger than . Then, for any (s, sg)-shaped subset of this set with cardinal-
ity ssg, the total magnitude of these subsets exceeds ssopA?. With the choice of

A> 2\/%2(10g % + % log “*), we have s50A% > 4%2(550 log %l + slog “2*), which con-
tradicts event £ with high probability. We provide an illustrative example in Figure
1.

Case 2: Assume that the set selected by 7, 4, lies in more than s groups, yet within any
s selected groups, the number of the selected entries does not exceed ssg. Group-
wise condition checking implies that the magnitude of each selected group is larger
than sgA2. Consequently, the (s, sg)-shaped subset consisting of any s selected groups

satisfies that the total magnitude exceeds ssoA?. For \ > 2\/%2 (log % + i log ), it
contradicts with event £ with high probability. We provide an illustrative example in

Figure 2. Notably, if there exist s selected groups with the number of selected entries
exceeding ssg, we analyze this case similarly to Case 1.

Overall, by applying operator 7} 4, directly, = can be shrunk into a (s, sg)-shaped subset
with high probability.

2.3 Upper bound for estimation error

In Section 2.2, we have introduced the idea to control the estimation error caused by
optimization error and randomness. Formally speaking, the three sources of estimation
error can be bounded in sequence. In what follows, we analyze the error bounds of our
proposed procedure. The main result of our theoretical analysis is given by Theorem 4.
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2227
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2222
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Figure 1: Hlustrative example of case 1. There are 10 groups with equal group size d =
6, and we reshape the group structure as a 6 x 10 matrix with each column
representing a group. Here s = 5 and sg = 4. The blue region represents the
selected set, and the red region represents a (s, sg)-shaped subset satisfying that
total magnitude exceeds ssoA?. Here the cardinality of the red-colored set is
s x sg = 20. Note that the whole vector of support is reshaped into a matrix with
a particular group structure.

Y Y VYV VYV YV VY VYV VYV

22
T Y Y YV VY VY YV YV VY YV
Y Y Y Y VY YV VY YV VYV
T Y Y Y Y Y VYV YV VYV YV
N Y Y Y Y Y VY VYV VYV YV
T Y Y Y YV VYV YV VYV VY
Y Y Y Y Y Y VYV Y Y Y Y YYY VYY)
P N Y Y Y VY VY VYV YV VYV VYV
Y Y Y VYV VYV VYV VS VYV VYV
Y VYV Y YV YV ¥V Yy ryryl
T Y Y Y VYV VY YV YV VY YV VY
Y Y Y Y YV YV VY 2272772
T Y Y Y Y Y VY YV VY VYV VYV
Y Y Y Y Y Y Y VY YV YV VY Y YV Y]
vy

oy

22722207

rrrry

2222200

Yy

2222200

oy

vy

2272272

vy

oy

22722207

Py

Gi1 Gy Gs3 Gy Gs Gg G7 Gg Gg G

Figure 2: Illustrative example of case 2. The elements in Figure 2 are the same as in Figure
1. The entries of the red region cover s = 5 groups and its cardinality is less than
s x sg = 20.
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Theorem 4 Assume that 5* is (s, sg)-sparse and X satisfies DSRIP(3s, %so,é). Assume
that § < 0.11AKY, ||8*]l2 < /3500 and Aso > 4\/%2(10g z—g + % log €1). We run Algorithm
1 and obtain the corresponding solution sequence {B'},t = 1,2,---. Then, with probability

at least 1 — exp {—C(sso log % + slog %)}, we have
(i) Inside groups G*, the type-I error can be controlled by a (s, so)-shaped subset, that is,
Scx N ST N (S*)¢ e 8™(s, 50). (5)

(ii) Outside groups G*, the type-I error can be controlled by a (s, so)-shaped subset, that
18,

S NSt e 8™4(s, 50). (6)

(iii) The upper bounds for estimation error are
. 3
8% = B2 < 5(1 + \@)\/sso)\t. (7)

Part (i) of Theorem 4 shows that the type-I error of {3} within the true groups G* can be
controlled in a (s, sp)-shaped set. Part (ii) of Theorem 4 asserts that our procedure selects
fewer than s incorrect groups into the model, and at most ssg variables outside groups G*.
Together, they show that the solution sequence {3'} generated by our procedure is (2s, %so)—
sparse at each step, affirming that our procedure effectively controls false discoveries at
both the element and group levels. The non-convexity of the IHT-style method may cause
the parameter estimation error to not decrease at each step. To address this issue, a
common approach to get around this issue is constructing a surrogate function of the upper
bound that decreases exponentially (Yuan et al., 2018; Zhu et al., 2020; Zhang et al., 2023).
With the choice of {\¢}, (7) gives a decreasing upper bound for the parameter estimation

error. Notably, with the choice of A\ < \/%2 (log % + % log “*), the upper bound decays

geometrically to the minimax lower bounds in (8), which demonstrates the optimality of
our procedure in the minimax sense.

Remark 5 In the above discussion, we have discussed the idea of the construction of Ty s,
by applying it to E directly. In our practical procedure, we apply Ty s, to H' rather than =.
Referring to the two cases above, we can show that

(i) Inside the true groups G*, if S* N (S*)° ¢ S™d(s, s0), there erists a (s, so)-shaped
subset S1; C SN Sgx N (S*)¢ such that ssoA?,; < D i t{7;\t+1,sO(Ht+1)}12'

(it) Outside the true groups G*, if SN (S*)° ¢ S™4(s,80), there exists a (s, s0)-shaped
subset Soy C SN SE. such that ssoA?, | < > icn A sy (H'1))2,

Notably, our proof mainly relies on the method of mathematical induction. Assuming the
results (5),(6),(7) in Theorem 4 hold for step t, we first prove that (5) and (6) hold for step
t + 1 by induction hypothesis. We then combine the induction hypothesis with (5) and (6)
for step t + 1 to establish (7), completing the inductive steps.

11
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S0

Gi Ga Gz Gy Gs Gg Gr Gg Gy G

— _/
~

G*

Figure 3: Illustrative example of two cases of false discovery. Here G* = {G1, G2, G3, G4}
and s = sg = 4. The green region represents the true support set S* and the blue
region represents the selected set S. The remaining elements in Figure 3 are the
same as in Figure 1.

Remark 6 Here we elaborate on why we split the analysis of false discovery into two cases.
Subsequently, we present an_example demonstrating that in the false discovery St N (S*)¢,
there does not exist a subset Sy satisfying Sy C S&. such that ssoAl,; < > ics A Tt s (H'H1))2,

In Figure 3, it is easy to verify that SN (S*)¢ has 8 entries and St N (S*)¢ ¢ S™%(s, s¢)
since it covers 5 groups. By the group-wise condition checking, [[{Tx,, ., (H* Y}, 113 >
so)\fﬂ for i = 7,8. On the other hand, inside G*, the absolute value of each element
of St N (8*)¢ is not less than A\i+1. However, we cannot find a (s, so)-shaped subset such
that ssoA,; < >icg A Dt s (H*1))2. Therefore, we consider covering the false discovery

inside G* and outside G* by two (s, so)-shaped subsets, respectively.

2.4 Minimax lower bound for double sparse linear regression

In previous works, minimax rates for the high-dimensional sparse linear regression
have been studied thoroughly. A number of papers focus on element-wise s-sparsity class
(Raskutti et al., 2011; Verzelen, 2012; Bellec et al., 2018), and there is also some work de-
voted to group sparsity such as Huang and Zhang (2010) and Lounici et al. (2011). Recently,
Cai et al. (2022) provided the non-asymptotic minimax lower bounds of double sparse lin-
ear regression. Here we prove it using a more concise technique. Consider parameter space

12
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O™ (s, s0):

ém’d(s,so) ={BeR:|p

02 < sand ||Bg,lo < s0,Vj € [m]}.
Unlike @m’d(s, 50), (:)m’d(s, S0) imposes an £p-ball constraint on each group with a radius of
s0. Additionally, the total sparsity of ©79(s, sg) is limited to ssg. It can be easily observed

that ©™4(s, s9) C ©™(s, s0). Therefore,

8- 815,

inf sup E; B — B*||2 > inf sup E;
* m,d O
B Breem™d(s,s0) B Bre®mi(s,sy)

A~

where E ; represents the expectation with respect to 3.

Definition 7 (Packing Number) A p-packing of a set S with repsect to a metric || - ||y
s a collection {Bl, ... ,5M} C 8 such that || — 7|y > p for all distinct i, j € [M]. The
p-packing number M(6;S, || - ||) is the cardinality of the largest p-packing.

Let M (p; ©™4(s,50), || - |lz) be the cardinality of p-packing set of the parameter space
O™ (s, s0) ~with repsect to Hamming metric || - [[gz. The lower bounds for the packing
number of ©™4(s, s) are provided as follows.

Lemma 8 (Lower bounds for the packing number (Li et al., 2024)) The cardinal-

ity of *}%-packing set of ém’d(s, s0) is lower bounded as

SS0

~ ssplog €4 4 slog €m
log (M (220" (s,50), | - [lr)) = % :

4

Li et al. (2024) leveraged the structures of double sparsity and combined multi-ary Gilbert-
Varshamov bounds (Gilbert, 1952) to construct the packing set of ém’d(s,so) in a more
concise way. By combining Lemma 8, we establish a minimax lower bound that is consistent
with the results presented in Cai et al. (2022). This is stated in the following theorem.

Theorem 9 Consider linear regression model y = X * + ¢, where e ~ N'(0,0°%1,,). Denote
the mazimal (2s,2sg)-sparse eigenvalue as

9 ome Xullz
max uEO™4(25,250) \/ﬁHUH2

Assume that Ymax < 00. Then, we have

2
N o ed em
inf sup E;|6 - 83> ——— (SSQ log — + slog > . (8)
B preomd(ssy) 2= 51202,.n S0 s

Theorem 9 establishes the lower bounds for the /s estimation errors, which are consistent
with the results in Cai et al. (2022). The estimation error for S matches the minimax
lower bound (8), demonstrating the optimality of our IHT-style procedure.

13
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3. A fully adaptive optimal procedure

The procedure proposed in Section 2 relies on the unknown sparsity levels s, sg, and
noise level o, which pose a challenge in practical applications. To address this, we adopt
a data-driven approach to determine the initial threshold and the optimal stopping time
of our procedure, making it more feasible for real-world settings. Given sg, we introduce a
procedure that is adaptive to the unknown s and o in Section 3.1. In Section 3.2, we explore
the trade-off between classical IHT and group IHT with respect to different values of sg.
Finally, we propose a data-adaptive tuning approach for sg and demonstrate its optimality,
rendering our method a fully adaptive procedure.

3.1 Adaptation to unknown s and o

In the remaining part of Section 3.1, we assume that sparsity level sq is given. Firstly,
we introduce the adaptive choice of the initial threshold Ag. The assumption of Theorem 4
provides a lower bound for the choice of A\g. However, choosing a significantly large value
of A\g may decrease the efficiency of the algorithm from an optimization perspective since it
can result in more redundant iterations. In the rest of our paper, denote

) |
M= _X"y=p"+85"+Z and of = —|ly— X5'Ij3

We provide an explicit form of A as

Moo= 4] 20 (10g €& 4 Zlogem V — || M||cos ()
9 n S0 So 4

where || M ||o = max |M;].
(]
Theorem 10 Assume that 5* is (s, so)-sparse and X satisfies DSRIP(2s, %30,5). Assume

that § < 0.11 and n > 105%(ssg log% + slogem). Then, with probability at least 1 —
exp{—C(sso log % + slog “*)}, we have ||3*[|2 < ss0Xo-

Theorem 10 states that the choice of (9) guarantees the satisfaction of the assumption in
Theorem 4 with high probability. Next, we define three stopping times to,ty and t as

follows
2 d 1
too == inf{t W §4\/(I <loge+logem>},
n S0 S0 S
2 d 1
to := inf {t VRS 12\/0 <log e + —log em) } , (10)
n S0 S0
_ 2 d 1
t:= inf{t A < 8\/0’5 (loge+logem>}.
n S0 S0

tso is the stopping time that hits the optimal threshold A,.. Obviously, ¢ is an accessible
stopping time that is independent of s and . On the other hand, ¢y and ¢, are the
theoretical stopping time that corresponds to the unknown parameters s and 0. We state
the relationship among these three stopping times in the following theorem.

14
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Theorem 11 Assume all the conditions in Theorem 4 hold and sample size n > 1052 (ssq log %-I—

slogem). Then, with probability at least 1 — exp {—C(sso log c+ slog <* )}, we have
to < t < too

Theorem 11 shows that ¢ can be bounded by the theoretical stopping times to and t..
In particular, since ¢ is dominated by the optimal stopping time t, the estimation error
|8 — 8*|| can be upper bounded by (7). Additionally, Theorem 4 implies that 5% is sub-
optimal in the minimax sense. More concretely, we can deduce that B! achieves optimal
statistical accuracy up to a logarithmic factor. We state this minimax sub-optimal result
as Corollary 12.

Corollary 12 Assume the conditions in Lemma 11 hold. Then, we have

_ 2 d B
sup P [[|B"—B*2>50 T (sso log <= + slog em> < ¢ Closolonly o Hslos )
S+esmd(s,s0) n 50

Corollary 12 is a direct consequence of Theorem 11. It demonstrates that stopping at ¢ is
a minimax sub-optimal procedure. The next open question is whether we can improve this
sub-optimal procedure to be minimax optimal. The following analysis answers the question
positively under certain conditions. Denote

ed
Q(B) = sol|Bllc log — ot 18l log

(11)

||ﬂ e’
where ||B]l¢ == ||Blloz2 V ||8(|)|o. We consider a variant of Birgé-Massart criterion (Birgé and
Massart, 2001) :
) 1 o 100002Q(8Y)
f= i “ |y — x>+ —L 222 L 12
5 i 0+ = ®

where T' == inf{t : \; < 4%} + 1. Here stopping time T takes a value larger than t,, to
ensure a sufficiently large search domain. Once the iterations hit the sub-optimal stopping
time ¢, we begin to select the optimal iteration according to (12). Now we are ready to
present the detailed pseudocode of our adaptive proposed procedure in Algorithm 2.

Algorithm 2 relies on the parameter sg and eliminates the dependence on the unknown
values of s and o. The optimal results of stopping time ¢ are presented as follows.

Theorem 13 Assume that 5* is (s, sg)- sparse and X satisfies DSRIP(5s, sg,0). Assume
that § < 0.11 A k19 and n > 10002 (ssg log ; +slog em). Then, we have

) 2 d _ ed em
sup P 8" = B*|l2 > 150 7 <sso log e + slog em) <e Clssolog 5 +Slog ),
S*eSmd(s,s0) n S0 S

and

Sup P(HBEHGZ%)S ~C(ssolog &4 +slog < ™)
S*Esmvd(s7so)

15
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Algorithm 2 Double Sparse IHT (DSIHT) algorithm with known s
Require: X, y, {Gj};?"”zl, K, S0

2
1: Initialize t = 0, 8% = 0 and \g = %\/%@(logz—g + %logem) V 2 M| .
while \; > 8\/%2(1052; z—g + % logem), do

Compute 02 = 1|y — X3|3.

while \; > 47‘% do

9:  Compute C; = % Hy - XﬁtHg +
10: B =T (B + 2X T (y— XBY).
11: )\t+1 = K\t
122 t=t+1.

13: end while
14: t = argmin C;.
t

2:

3 B = Ta (B4 1XT(y — XBY).
4: )\t+1 = K\t

5: t=t+1.

6: end while

7

8:

100052Q(8%)
—.

Ensure: ,5’ = 55.

Theorem 13 establishes the upper bound for the estimation error of BE, indicating that
Bt adaptively achieves the minimax optimal rate of convergence. Moreover, Theorem 13
demonstrates that our procedure can guarantee the sparsity of the estimator Bt with high
probability. Specifically, we can control the model size ||5*||o within the order of O(ssg) and
the selected number of groups ||3¢||o.2 within the order of O(s).

Corollary 14 Assume that all conditions in Theorem 13 hold. For the stopping time T in
(12), we have

* ed em
sup P (T > log <6(\/ﬁuﬂ”2 V +/log ep)> /log(1/k) + 1) < ¢ Clssolog 5 tslog 55)
5,50) o

S*eSmd(

Corollary 14 guarantees that our IHT procedure achieves optimal statistical accuracy with
linear convergence with high probability, demonstrating the efficiency of our proposed
method.

3.2 Adaptive trade-off between IHT and group-IHT

In this section, we investigate the problem of misspecification of sg, which is typically
unobservable in real-world applications. Let sy be the input parameter in Algorithm 2.
Notably, given the sample (X,y) and step size s, estimator B is solely determined by s
in Algorithm 2. Therefore, we introduce the following statistical measures derived from
Algorithm 2 with the given 3g:

e ((50) denotes the estimator of Algorithm 2 given 5.
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e 5(Sp) denotes the selected number of groups of B (50).

~

e A(50) denotes the number of nonzero entries of 3(5y).

By the definition of (s, so)-sparsity and parameter space S™%(s, s9), we establish the rela-
tionship

S™A(s, 50) C S™4(ss0/30,30), 50 < 0.
7 o Sm’d<3, §0), S0 > S0.

On one hand, when 5y > sp in Algorithm 2, the design matrix X satisfies DSRIP(5s, 59, ¢),
and §* is (s, 8g)-sparse. Algorithm 2 can obtain a minimax optimal estimator concerning
parameter space S"(s,5g), preserving all the previous theoretical results from Theorem
4 to Corollary 14. On the other hand, given 55 < s¢ in Algorithm 2, if the design matrix
X satisfies DSRIP(5ss¢/80, S0,0), and * is (sso/50, S0)-sparse, Algorithm 2 can obtain a
minimax optimal estimator with respect to parameter space Sm’d(sso /30, 50), preserving all
the previous theoretical results. We summarize these results in Table 1:

Table 1: Properties for sp-mis-specified models.

Value Parameter space Minimax Rate Support Control
50 < 8o Sm’d(ss()/go, 50) \/‘;2 (sso log % + % log egio) A(Eo) < s8¢

50 = S0 Smd(s, s0) \/ % ss0log &4 + slog < ) Agf;iffj‘”

S0 > Sg S™4 (s, 50) \/‘jI sso log -+ slog < ) 5(50) <'s

Table 1 indicates that the theoretical properties differ significantly between the cases
S0 > sp and Sy < sgp. When Sy < sg, the upper bound for estimation error is given as

\/ %2 (sso log %? + 52 log emso) and model size can be controlled within an order of O(ssy).

In the case of 59 > sg, the upper bound is \/(‘;12 (sso log z—g + slog %), and the selected

groups can be controlled within an order of O(s). Notably, whether 59 < sg or 59 > sp,
simultaneous control of sparsity at both the element and group levels is unattainable.

We illustrate the minimax rate with varying values of sy from 1 to d in Figure 4.
As depicted in Figure 4, when 1 < §y < sp, the minimax rate tends to be an inversely
proportional function. On the other hand, when sy < 59 < d, the minimax rate exhibits a
trend of near-linear growth. Notably, for 59 = sg, the minimax rate attains the minimum
among these values.
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Figure 4: Minimax rate with metric || - ||3 for different parameter spaces.

Remark 15 Regardless of the value of S, the above results provide the upper bound for
estimation error and properties of sparsity control for Algorithm 2. In particular, when
S50 = 1, the DSIHT algorithm reduces to the classical IHT algorithm (Ndaoud, 2020), and

the results in Table 1 recover the minimax rate O(\/(’%sso log Z) (Raskutti et al., 2011).
When so = d, the results in Table 1 recover the minimax rate of group sparsity, namely,

O(\/%z(sdJrslog %)) (Lounici et al., 2011). Therefore, DSIHT can be viewed as the
trade-off between IHT (Ndaoud, 2020) and group IHT (Giraud, 2021) determined by the
parameter sg.

3.3 Data-adaptive tuning for unknown sg

Previous sections have introduced an adaptive procedure to address cases with unknown
s and o. In this section, we focus on constructing an adaptive estimator that achieves
minimax optimality without prior knowledge of sg, further demonstrating that our method
(cf. Algorithm 3) is a fully adaptive algorithm.

Given a sequence {30,1}{’:17 an intuitive approach to determine the optimal choice in-
volves treating sg as a tuning parameter. This entails running the DSTHT algorithm along
the sequence and employing a model selection criterion to identify the optimal model size.
Here, we utilize a variant of the Birgé-Massart criterion introduced by Verzelen (2012). This
variant implicitly incorporates the knowledge of o2, rather than plugging in a same-order
estimator of o as demonstrated in criterion (12). Motivated by this, we propose a novel
double sparse information criterion (DSIC) as follows, with A(5) and §(59) defined at the
beginning of section 3.2:

DSIC(5¢) = log <||?JXB(§0)||%> + % <A(80) log ed + 5(sp) log Amn) , (13)

n 5(50)

where K is a positive constant. The estimator 4% minimizing (13) is the optimal solution
of our procedure. The algorithm is summarized as follows:

18
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Algorithm 3 Adaptive Double Sparse IHT (ADSIHT) algorithm
Require: X, y, {G;}].,, &, {sos}t ;.
:forl=1,...,L, do

Bl = Algorithm 2(X,y, {G; 7Ly, K, 800)-

Compute the double sparse information criterion DSIC(sq ;).
end for
I* = argmin{DSIC(sg;)}.

le[L]

Ensure: B = Bl*.

Remark 16 As discussed in Section 3.2, achieving optimal statistical performance neces-
sitates that 3¢ is of the same order as sy. Following the approach of Bellec et al. (2018),

we set the candidate values of sy as an exponential sequence {so,l}le = {2%, 1<I< L},

where L := max {l eN:2% < d}. This setting ensures that the candidate set includes a

value of the same order as sy. Recall that Cai et al. (2022) introduced candidate sets for the
unknown parameters s and sg, and employed a grid search technique for their tuning. In
contrast, Algorithm 3 requires only a candidate set for sy with O(logd) elements, making it
a much more computationally efficient tuning approach.

Before presenting our theoretical results, we require some assumptions on the sample
size and design matrix. First, we assume that there exists an interval Sy := [S0,min, S0, max]
such that sg € Spy.

Assumption 2 (Sample size assumption) We assume that the sample size n satisfies
nz {(sso log ed + =252 log em) V (sso,max log ed + slog em) }

S$0,min

Assumption 2 is a necessary technical assumption for the minimax adaptation with an
unknown noise level o (Verzelen, 2012; Giraud et al., 2012). In addition, we require the
DSRIP condition to satisfy each element of Sy.

Assumption 3 (Adaptive DSRIP condition) We assume that the design matriz X
satisfies both DSRIP(5s, S0 max,0) and DSRIP(5550/50,min, S0,min; 9)-

Remark 17 In particular, when somin s relatively small, especially for somin = 1, we
observe that DSRIP(5s50/50 mins S0,min,0) Teduces to the classical RIP condition (Candes
and Tao, 2005). Conversely, when somax = d, DSRIP(5s, 50max,9) becomes the group RIP
condition (Eldar and Mishali, 2009).

Now we give the minimax adaptive result in the following theorem:

Theorem 18 Assume that 5* is (s, so)-sparse. Given interval Sy, assume that Assumption
2 and § hold and § < 0.11 A k0. Let 39 = argming,cs, DSIC(50) with a sufficiently large
K. Then, with probability greater than 1 — exp { — C1(ssolog(ed/so) + slog(em/s))}, we
have

2 < 020\/330 loged—l—slog(em/s)‘ (14)
n

|Bts0) - 87
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Theorem 18 shows that our adaptive procedure, i.e., Algorithm 3, is an optimal fully adap-
tive procedure. Importantly, Algorithm 3 obtains the minimax adaptive solution without
the knowledge of s, sp and o.

Remark 19 The significance of adapting to sg lies in achieving an optimal trade-off be-
tween classical IHT (Ndaoud, 2020) and group IHT (Giraud, 2021). If both Assumptions 2
and § are satisfied, this optimal trade-off can be attained. It is important to emphasize that
when sg is unknown, simultaneous control of element-wise sparsity and group-wise spar-
sity is unattainable. Consequently, we derive near-optimal estimation error bounds for our
adaptive estimator. Further details are provided in the proof of Theorem 18.

4. Oracle estimation rate with beta-min condition

As is well-known, the ordinary least-squares (OLS) estimator supported on the true
support set S* can achieve the oracle estimation rate of O(o/>%). In this section, under
the beta-min condition, we demonstrate that the DSTHT algorithm can also attain the oracle
estimation rate. This implies that the estimator obtained by DSIHT performs as well as the
oracle OLS estimator. Furthermore, DSIHT exhibits almost full recovery (Butucea et al.,

2018) of the true support set S* under the beta-min condition.

~ 2 d 1
Aa ::a\/ga <10ge+logem>, a > 0. (15)
n sp s s

Given an initial estimator BO, we update the estimator by using a fixed threshold X2 in the
DSIHT operator ’7'5\2 U ! specific, we update the coefficient by

Denote

B =T5, 0 (Bt + %XT(y - Xéf)) : (16)

Denote S* as the support set of Bt. The following theorem investigates the theoretical
guarantees of the iteration procedure with a fixed threshold.

Theorem 20 Assume m}qn 18] > (V2 + €)\y and m}}n HBEJ,HQ > (V2 + €)\/s0)\2 for any
1eS* JEG*

constant € > 0. Assume that X satisfies DSRIP(3s, %so, ) and § < €* A0.05. Let B9 be an
initial estimator satisfying (5)-(7) in Theorem 4. We run (16) and obtain the corresponding

solution sequence {8'}. Then, for ¥t > 0, as min log% + %log e, m —
S0 S0 S

00, with probability tending to 1%, we have
(i) S&. NSt e S™i(s, ).

(ii) Sg- N (S*)cN St e 8™(s, s0).

I. In specific, when A := i log(em/s) + log(ed/so) is sufficiently large, this probability is greater than
1 —Crexp(—Casso/A) — C3A? exp (=C4A). And the tail probability of Theorem 21 is the same case.
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(i7i) The upper bound for estimation error satisfies

3\ /o2 ed em 02ssg
< 16| — — | ssolog — + slog — | + 16 . (17)
2 4 n S0 s n

The fixed iteration procedure preserves the results of false discoveries control, as shown
in Theorem 20. Specifically, under the beta-min conditions, result (17) indicates that the
upper bound for estimation error can be decomposed into two components: a diminishing

o

optimization error 16 (%)t \/%2(350 log % + slog “I*) that approaches zero as t — oo, and a

o2ssg
n

statistical error 16 . When the optimization error becomes smaller than the statistical

error, the term O <\ / U2ﬂ”°> dominates the estimation error.

As a consequence of Theorem 20, for a sufficiently large ¢, the estimator Bt can achieve
the oracle estimation rate and almost recover the true support set at both the element and
group levels. To clarify this property, we denote the element-wise decoder n* € {0,1}? as
n; = I(B # 0), and the group-wise decoder 75 € {0,1}" as (n5); = I(Béj # 0). For
A, denote 7 € {0,1}? as 7} = I(8: # 0), and the group-wise decoder 7, € {0,1}" as
(it); = 1L, # 0).

Theorem 21 Assume that all the conditions in Theorem 20 hold. For¥t > 2log (256(10g %—i—

% log %)), as min {log % + é log <+, lwg:gfjl(‘:bge;n} — 00, with a probability tending to
1, we have:
(i) The estimator [t satisfies
5t || < 170,20 18
Hﬂ B 2 n ( )

(i) The estimator Bt achieves group-wise almost full recovery, that is,

176 = né:llo = 0 (s) - (19)
(iii) The estimator Bt achieves element-wise almost full recovery, that is,

157" = n"llo = 0 (ss0) - (20)

Theorem 21 affirms that, for a sufficiently large number of iterations, Bt achieves the ora-
cle estimation rate. Crucially, Bellec (2018) demonstrated that convex estimators cannot
achieve the oracle estimation rate even when the beta-min conditions are satisfied. This
highlights the superiority of our DSIHT algorithm over sparse group Lasso. Moreover, the
beta-min conditions also ensure almost full recovery (Butucea et al., 2018) at both the
element-wise and group-wise levels. Specifically, we can control both type-I and type-II
errors within the order of 0(ssp) and o(s) at the element-wise and group-wise levels, respec-
tively.
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Table 2: Properties for sp-mis-specified models under the beta-min conditions.

Parameter . Oracle
Value aramete Order of X\, Estimation

Space Rate

a2 ed 1 emsg a? -
- <log % T % log S50 ) \/ %850 element-wise

element-wise

_ 2 2

50 = So S™d(s, s0) \/‘jI (log z—g + % log %) 7-850 and
group-wise

Almost Full
Recovery

So < S Sm’d <ﬁ §0>

50 7

-

50 > so Sm,d(s’ 50) \/‘;2 <1og ed 4 % log %) %2550 group-wise

Similar to the approach in Table 1, when sy > sg or Sy < sg, we can utilize alternative
parametric spaces, i.e., S™%(s, 59) or S™%(ss0/50, 50), and obtain the corresponding oracle
estimation rates. These outcomes are illustrated in Table 2.

Table 2 reveals that when 57 < sy, the oracle estimation rate is \/%2550, showing
insensitivity to the variations in sg. Conversely, for 59 > sg, the oracle estimation rate

increases to 4/ %2350, further emphasizing the role of sy as a trade-off between THT and
group IHT as discussed in Section 3.2.

Remark 22 When 59 = 1, our results align with the assumptions and findings of element-
wise IHT (Ndaoud, 2020). While both IHT and DSIHT attain the oracle estimation rate

O(4/ %850) for (s, sp)-sparse vectors with the beta-min conditions, Theorem 21 demonstrates

that DSIHT not only achieves almost full recovery at the element level, as indicated by (20),
but also at the group level, as indicated by (19). This underscores the superiority of DSIHT
over IHT.

5. Numerical experiments

In this section, we present numerical experiments that shed light on the empirical perfor-
mances of our proposals using both synthetic and real-world data sets. Our algorithms are
implemented in R package ADSIHT. We compare against several state-of-the-art methods:
sparse group Lasso (SGLasso, Simon et al. (2013)), which is fitted by R package sparsegl
(Liang et al., 2024), group bridge (GBridge, Huang et al. (2009)), group exponential Lasso
(GEL, Breheny (2015)) and composite minimax concave penalty (CMCP, Breheny and
Huang (2009)), which are computed by R package grpreg (Breheny, 2015). For SGLasso,
we determine the tuning parameter by five-fold cross-validation. For the other comparison
methods, we select the optimal solution using EBIC (Chen and Chen, 2008). For ADSIHT,
we use our proposed DSIC with K = 5 to select the optimal model. Moreover, we leave the
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remaining hyper-parameters to their default values in sparsegl and grpreg. All numerical
experiments are conducted in R and executed on a personal laptop (AMD Ryzen 9 5900HX,
3.30 GHz, 16.00GB of RAM).

5.1 Analysis on Synthetic Data

Synthetic data sets are generated from the underlying model y = X 3*+4¢£, where 5* € R?P
has m groups with equal group size, namely, p;1 = --- = p,, = d. The design matrix X is
generated from a multivariate Gaussian distribution MVN (0, X). The covariance matrix 3
is considered as the auto-regressive structure, that is, Y;; = 0.5 for 1 < i, 7 < p. Next,
the coefficients 8* are generated under the following two scenarios:

e Homogeneous signal: * is randomly chosen from {1, —1}.

e Heterogeneous signal: 3* is randomly chosen from N(0, 1).

Finally, the random error §; is generated independently from N(0,02), and o is chosen
to achieve a desired signal-to-noise ratio (SNR). All simulation results are based on 100
repetitions. Given an output (S’ , B), we use the following measures to assess the accuracy
of variable selection and parameter estimation:

e Sparsity Error (SE): S| — |S*].
e Group-wise Sparsity Error (GSE): ||3]o2 — [|8*]0.2.
e Mathew’s Correlation Coefficient (M CC):

TP x TN — FP x FN
\/(TP+FP)(TP+FN)(TN+FP)(TN+FN)’

MCC =

where TP= SNS* and TN= 5S¢ (S*)¢ stand for true positives/negatives, respectively.
FP= SN (5%)¢ and FN= S¢N S* stand for false positives/negatives, respectively.

e Estimation Error (EE): ||3 — 5*|..

Here SE or GSE close to zero means better estimation results on the support set. MCC
ranges in [—1, 1], and a larger MCC means a better variable selection performance.

5.1.1 STATISTICAL PERFORMANCE FOR VARYING SNR

In this section, we study the effect of varying the SNR, of model on the performance of
ADSIHT and other state-of-the-art methods. We consider the generating model contains 50
nonzero coefficients, distributed evenly into 10 groups. We set sample size n = 300, group
size d = 10, number of group m = 100. The SNR increases from to 20 with an increment
equal to 2. Figure 5 shows the computational results of the homogeneous scenario and
heterogeneous scenario in sub-figure A and B, respectively.

Figure 5 shows that with the increase of SNR, all methods tend to perform better.
Our method exhibits excellent performances in terms of all measures across the whole SNR
range. For the homogeneous signal setup, our method is able to achieve full support recovery
for high SNR. On the other hand, although none of the considered methods can identify all
the true variables accurately even for high SNR, our method still shows its superiority in
terms of variable selection and parameter estimation.
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Figure 5: Performance measures as the signal-to-noise ratio (SNR) increases from 1 to 10.
(A) Computational results with homogeneous signal. (B) Computational results
with heterogeneous signal.
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5.1.2 STATISTICAL PERFORMANCE FOR VARYING NUMBER OF GROUPS

Here we study how the statistical metrics change with the number of groups. We consider
the generating model contains 50 nonzero coefficients, distributed evenly into 10 groups. We
set sample size n = 500, group size d = 10 and SNR = 5. The number of groups increases
from 50 to 500 with an increment equal to 50. We show the results in figure 6.

From Figure 6, we see that our method is more robust in the high-dimensional settings.
In terms of variable selection and parameter estimation, our method appears to outperform
the other considered methods, with the differences being most pronounced in the high-
dimensional settings. As the number of groups increases, the performances of other methods,
especially for GBridge, decrease significantly.

5.1.3 STATISTICAL PERFORMANCE FOR VARYING SAMPLE SIZE

Here we investigate the effect of varying the sample size on the performances while
keeping the other parameters fixed. We consider the generating model contains 50 nonzero
coefficients, distributed evenly into 5 groups. We set group size d = 20, number of group
m = 200 and SNR= 5. The sample size increases from 300 to 1000 with an increment equal
to 100.

As shown in Figure 7, the performances of all methods improve significantly as the
sample size increases. Our method notably outperforms the other methods across different
statistical metrics. For the homogeneous signal setup, our method perfectly recovers the
support set when the sample size exceeds 800. In comparison, other methods cannot achieve
full support recovery even for a sufficiently large sample size. In particular, for both setups of
signals, our method can estimate the coefficients accurately, which aligns with the minimax
optimality of our method in the sense of parameter estimation.

5.2 Analysis on Real-world Data

The TRIM32 dataset, which pertains to the Bardet-Biedl syndrome gene expression,
was initially presented by Scheetz et al. (2006) and has been extensively studied in various
statistical works (Huang et al., 2010; Fan et al., 2011; Zhang et al., 2023). In this study,
120 twelve-week-old male rats were gathered for tissue harvesting from the eyes and for
micro-array analysis. For this data set, TRIM32, a gene that has been associated with
causing Bardet-Biedl syndrome (Chiang et al., 2006), serves as the response variable, while
the remaining 18,975 gene probes that have the potential to impact TRIM32 expression are
treated as covariates.

In this paper, we aim to identify the genes which are statistically significantly related
to gene TRIM32 and build an accurate prediction model. Of the 18,975 probes, the top
300 probes with the highest marginal ball correlation (Pan et al., 2019) are considered.
Then, for each gene, we utilize a ten-term natural cubic spline basis expansion to form a
group with 10 variables. This technique, which is commonly employed in scientific research
(Huang et al., 2010; Breheny and Huang, 2015; Zhang et al., 2023), allows us to analyze the
data more effectively. After performing the aforementioned operations, this problem can
be described as a high-dimensional variable selection problem with n = 120, m = 300, and
d = 10. In our analysis, the 120 rats are randomly split into a training set with 100 samples
and a test set with the remaining 20 samples. We repeat these random splitting procedures
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Figure 6: Performance measures as the number of groups increases from 100 to 1200. (A)
Computational results with homogeneous signal. (B) Computational results with
heterogeneous signal.
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200 times and compute the average of the numbers of selected variables and groups and the
prediction mean square error (PMSE) in the test set. The computational results and the
box plot of the PMSE are shown in Table 3 and Figure 8, respectively.

Table 3: Computational results for TRIM32 dataset. The standard deviations are shown
in parentheses.

Method Number of variables Number of groups 100xPMSE

SGLasso 139.26 (68.74) 26.95 (12.45) 1.71 (1.84)
GBridge 2.95 (0.81) 1.04 (0.18) 2.01 (2.00)
GEL 35.78 (28.03) 7.07 (3.69) 2.55 (2.70)
cMCP 21.60 (3.37) 20.95 (3.08) 1.92 (2.12)
ADSIHT 29.06 (11.93) 9.20 (4.09) 1.70 (1.85)

Table 3 demonstrates that SGLasso identifies significantly more variables and groups
than other methods. However, this does not lead to the best prediction performance on the
test set. On the other hand, our proposed method delivers the highest statistical accuracy
in predicting outcomes, despite using fewer variables and groups. Furthermore, Figure 8
illustrates that our approach is both accurate and robust in its predictive performance,
demonstrating the superiority of our method over other methods.

The logrithm of PMSE
| |
N

SGL‘asso GBrlldge Gl'EL cM'CP ADS‘IHT
Methods

Methods E SGLasso - GBridge - GEL - cMCP E ADSIHT

Figure 8: Boxplot of the PMSE.

To perform further investigation, we consider the entire set of 120 samples to learn
a double sparse linear model for TRIM32 expression. Figure 9 displays QQ-plots of the
residuals estimated from our proposed method and comparative methods. The sub-figures
of cMCP and ADSIHT have points that roughly lie on the diagonal line, which indicates
the satisfaction of the normality assumption. In contrast, Figure 9 reveals that the residual
distributions of SGLasso, GBridge, and GEL have longer tails on the left side, which implies
that analyzing this dataset using the fitted linear models may be unconvincing. Moreover,
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Figure 9: QQ-plots of the residuals.

we calculate the R? and adjusted R? for each method, as outlined in Table 4. The com-
putational results in Table 4 demonstrate the favorable fitting performance of ADSIHT.
Specifically, ADSIHT effectively identifies 14 important groups and 31 significant variables
within these groups, collectively explaining 79% of the variance in TRIM32 expression.
While SGLasso achieves the highest variance explanation in TRIM32 expression, there is a
potential concern of overfitting, as it selects an excessively large model.

Table 4: The R? and adjusted R? for each method. Adjusted R? is omitted for SGLasso
due to the excessively large model size selected by SGLasso.

SGLasso GBridge GEL cMCP ADSIHT

R? 88% 44% 54% 75% 79%
Adjusted R? x 42% 52% 68% 71%

6. Conclusion

In our work, we propose a minimax optimal IHT-style procedure for high-dimensional
double sparse linear regression. In specific, we introduce a novel double sparse iterative
hard thresholding (DSTHT) operator. To effectively control false discoveries, we iteratively
decrease the threshold in the DSIHT operator until it reaches the optimal threshold. Un-
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der certain conditions, we prove that our DSIHT algorithm obtains a minimax optimal
estimator.

Notably, for the (s, sg)-sparse structure, we devise a fully adaptive optimal procedure
that enables our algorithm to derive a minimax optimal estimator with unknown sparsity
levels s, s, and variance 2. Initially, given s, we introduce an adaptive procedure that
determines the optimal stopping time using a variant of the Birgé-Massart criterion, which
is independent of s and ¢. Importantly, we highlight the role of sparsity level sy as the
trade-off between IHT and group IHT. Building on this result, we propose a novel double
sparse information criterion to select the optimal sg, making our method a fully adaptive
procedure. In theory, we demonstrate that our two-step adaptive procedure achieves optimal
statistical accuracy with fast convergence. More importantly, to illustrate why our algorithm
outperforms sparse group Lasso, we prove that under the beta-min conditions, our algorithm
can attain the oracle estimation rate, which is unachievable for convex estimators, and
achieve almost full recovery of the true support set. Finally, numerical experiments show
that our methods exhibit more accurate and robust statistical performance than other
state-of-the-art methods.

In this paper, we consider the double sparse structure in linear regression, and a similar
approach can be explored in generalized linear models or single-index models. Moreover,
our technical results can be applicable to various other problems with simultaneous sparsity
structures, such as sparse additive models (Raskutti et al., 2012; Yuan and Zhou, 2016) and
high-dimensional change point problems (Liu et al., 2021). We identify these avenues as
potential future lines of research.

Acknowledgments

The authors thank the editor, action editor and anonymous referees for their many helpful
comments that have resulted in significant improvements in the article. This research is
supported by the Beijing Natural Science Foundation (L242104), the MOE Project of Key
Research Institute of Humanities and Social Sciences (22JJD110001) and National Key
Research and Development Program of China (No. 2020YFC2004900).

30



MINIMAX OPTIMAL DOUBLE SPARSE LINEAR REGRESSION

Appendix

The Appendix contains the technical proofs of all Theorems and Corollaries. The proofs
of the main results are presented in Appendix A. Appendix B contains the proofs of the
auxiliary lemmas. Appendix C provides an example of DSRIP condition under sub-Gaussian
random design. To simplify the notations of the appendix, we denote

d d 1
A = log “L log —m and A’ :=log “Lz log em.
S0 S0 50 S0
Given a p-dimensional vector 8 with |||l = A and ||]jo.2 = 8, denote
ed(s + s)
§sg + A

. . em -
Q" (p) = (s+s)logs+§+(sso+A)l

Appendix A : Proofs of main results

Proof of Lemma 3

From Theorem 2.1 of Hsu et al. (2012), VS € S, we have

1 Xg €3 -
P( 52 2> Tr(Xg Xg) + 2] Xg Xg| PVt + 2Amax (Xg Xo)t | < e, (21)

where constant ¢t > 0. Since Xg € R"*%0 and || Xj||2 = v/n,j € [p], we have

ssp n
Tr(XJ Xs) = Z Z < sson. (22)
j=11=1
On one hand, we have
)\max(X;'—XS) < n(l + 5) (23)

On the other hand, from (22) and (23), we have

1X3 Xsllr = \/Tr(XS XsX{ Xs) < (1+6)y/550m, (24)

Substituting (22) - (24) into (21), we have

1 / 2 1
P(2||X§s||§z2<1+5> [ﬁ+ Sﬂ + 558()) <et
no 2 2

Note that 6 < 1 and A > 1. For some positive constant C, let ¢t = (1 + C)sspA, and we
2
have 2(1 + §) [\/f + ;SO} + 1776350 < 4sspA. Consequently, we have

1
P <n||XST§\§ > 402850A> < o~ (1+C)ss0A (25)

m,d < m Sd < @ s % °0 < SSOA
S (s,so)]_<8)><<880>_<8> (T) semn (26)
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Therefore, combining (25) and (26), we have

<VSeSmd 5,50),; ZE 4o SsOA)
€S

—1-P <E|5’68mdsso, =2 4”80A>

€S

4o°sspA

d —2 0

1—|8™%s,s0)|P (g = > n>
€S

>1— e—CssoA

where the first inequality follows from the union bound. This completes the proof of Lemma
3.

Proof of Theorem 4

We proceed with the proof of Theorem 4 under the assumption that event £ holds.
Initially, it’s straightforward to confirm that the results are trivial for ¢ = 0. Then, we
assume that the results are true for step ¢, and prove them for step ¢ + 1.

We first prove (5) and (6) by contradiction. Assume that (5) and (6) are wrong for t+1,
Le., Sge N SN (5%)¢ ¢ S™(s, s9) and SE. N S ¢ S™d(s, 5).
STEP 1

For result (5), note that Sg« N (S*)¢ covers no more than s groups. According to the
Case 1 in Section 2, it holds that there exists a (s, sp)-shaped subset Sp 41 of Sg+ N (S*)¢
with cardinality ssg such that

550)‘t+1 < Z {7;\t+1 50 Ht+1)}

i€S1,141

7

Note that 3 = 0 for ¢ € gl,t+1 C (S*)¢. Then, using equation (4) and the triangle
inequality, we obtain

V850 41 < Z (@], Bt — Z

1€S1,t41 i€51 141

Recall that g* is (s, so) -sparse, and both (5) and (6) hold for ¢ by assumption. Then, we
have B! — B* is (2s, so) -sparse. Consequently, using the DSRIP condition and Lemma 3,
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we have

ELTYAN
\/880)\134_1 Sd”ﬁ* — Bt”Q + 20 SSZ
(1+V2)d/550\: + 20/ SSOA

(1+ ﬂ)éﬁ\/SSO)\H-I + 5\/880)\00
1 3

< (2 + 5(1 + \[2)5190> V850141

<V/880At+1,

which leads to a contradiction. Since we have assumed that (7) holds for ¢, the second
inequality holds based on it, and the last inequality follows from § < 0.11 A k'Y, Therefore,
we have Sg- N ST N (S*)¢ € S™4(s, 50), indicating that (5) holds for ¢ + 1.

IN

IN
W N W

STEP 2

For result (6), if S&. NS covers no more than s groups, the analysis of result (6) is the
same as Step 1. Otherwise, according to Case 2 in Section 2, there exists a (s, sp)-shaped
subset So;11 of Sg. such that

2
580)‘t+1< Z {7;\t+150 Ht+1)}

7
ZESQJ+1

The remaining proof of (6) is similar to Step 1. Therefore, (6) holds for ¢ + 1.

STEP 3

We now turn to the proof of (7). Note that results (5) and (6) hold for ¢ + 1, which
imply that B+ — B* is (2s, 359)-sparse. Observe that for any i € [p),

BTt = B = —HM(i ¢ S + (@], 57 - §) + B, (27)
On one hand, summing both sides of (27) over set S™1 N (5*)¢, we have

Bz [ Y (@l =p2+ | Y =

1EStHIN(S*)e 1€StHIN(S*)e

2s850A
<3[15" = B'll> + 204/ ==,

where the right-hand side of the second inequality comes from the accumulation of two
parts of random errors corresponding to (5) and (6). On the other hand, summing both
sides of (27) over support set S*, we have

||(ﬂt+1 g+ l2 < Z Ht+1 20(; ¢ St+1) 4 Z @T’B* _ Z =2

iES* iES* iI€ES* (29)
. $80A
<V2ss0d1 + 81187 — B2 + 204/ =
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Since the procedure of operator 7 s,(-) has two steps, the term Eies*(HfH)z in (29) is
upper bounded by 2ss9A?, ;. Combining (28) and (29), we conclude that

185 — B*[|2 < Hﬁt“ 2+ [[(B = B*) s+ |2
< VZssohi + 2087 — B2 + 2(1 + V2 ‘”ﬁLA
< (\/§+3(1+\/§)5190 +\f> V880141

3
< 5(1 + V2) /55041,

where the third and the last inequalities follow from § < 0.11 A k!'°. We prove that (7) holds
for ¢t + 1.

Finally, we have proved that the results in Theorem 4 hold for ¢t + 1 under the induction
hypothesis. This completes the proof of Theorem 4.

Proof of Theorem 9

Consider the *}°-packing set {BY, ..., M}, where M is the shorthand for the packing

number M (*32; @m U(s,50), | - lz). We set all the non-zero elements of 8 € {#!,..., M}
equal to 0, where ¢ is a parameter that need to be determined below. For any 8" # (57,
since each Bi has at most ssg nonzero elements, we have

18" = B3 < 25506%, Vi, j € [M]. (30)
On the other hand, since {8!,...,5M} is a #2-packing set of (:)m’d(s, s0), we have
18" = 87115 > *8805 Vi, j € [M]. (31)

Given design matrix X, denote y* = X3 4 £,Vi € [M]. We consider the Kullback-Leibler
divergence between different distribution pairs as

o 1 . .
L(ylly) = 55 IX(5 — 89)]3
n?

o518 = A1,

where the last inequality follows from the eigenvalue value condition of X and Bl — Bl e
©™%(2s,2s0). Denote B as the random vector uniformly distributed over the packing set.
Observe that

( ZKL W'y’ (32)

7]
1 max % j
i o gt — |3 (33)
(2) 1#]
"
<5 ss00”, (34)
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where the last inequality uses (30). Combining the generalized Fano’s Lemma (Cover and
Thomas, 2006) and (32), we have

I(y; B) + log 2

P(B#pB)>1—
(B#5)=1-
n07 ax 2
>1_ ?5805 +10g2
- log M ’

where E takes value in the packing set. To guarantee P(B # E) > %, it suffices to choose

. Substituting it into equation (31) and from Lemma 8, we have

inf  sup  Eylld— 813
B B*e@md(s sg)
1 2 ~

> A

> 558 - inf P (B ” 5)

S o%log M

—128n192

max
2

g

S 1 ed sl em
——— | ssplog — + slog —
=512n02,,, \"" gso &5 )

which completes the proof of Theorem 9.

5=1 o2 log M
T 2V ndZ 850

Proof of Theorem 10
Using Lemma 23, with probability at least 1 — exp {—CsspA}, we have

19
702 200 ~VTE 3| (39)
With probability at least 1 — exp {—CsspA}, we have

[Mg+[l2 = [| (8" + ©6" + E)g- [|2
> [18%M2 = [[®6% /|2 — [[Es- |2

N 580A
> (1= 6))15° s — 20/ *22.

Note that /ssp||M|lcc > [[Mgs+|l2. Combining (35) and (36), with probability at least
1 —exp {—CsspA}, we have

1 A1
V/850A0 > %UO il )

(36)

n

100 /19 . sspA’ 5 . 5504

> [ 25 bl _ _

> (00~ VI oIl 2 +2<<1 )18 - 207/ 22 )
5 100 ssoA)

> 20128 - ==

_<2<1 ) VT g )HB s

> (1872
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where the fourth inequality uses the fact that A’ > A, and the last inequality uses the fact
that n > 105%2ss9A’ and § < 0.11. We complete the proof of Theorem 10.

Proof of Theorem 11

Note that ty < to holds since A’ > A. We first claim that tg > ¢. For any t < tg,
according to the definition of tg, we have

o/ = < —A\. (37)

From Lemma 23 and Theorem 4, with probability at least 1 — exp {—CsspA}, we have

21
o SVTH6" = lla + 550
(38)

3 21
T+ + V2)\/s50A + 507

From (38), it comes out that

A A A
8o1\/ = <121+ V2)VIFoN 250 \/
7

39
g12(1+\/i)\/1+<5m/5"90A 1—0)\t (39)

S )\tv

where the first inequality uses (37), and the second inequality follows from § < 0.11 and
n > 105%ss0A’. (39) leads to the fact that ¢ < £, which deduces that tq < £ holds with high
probability.

Next, we turn to the proof of t < to,. Since ty < t, Theorem 4 shows us that

I8 — 8%l < 18(1 + V)| 05 (40)

From Lemma 23, for any ty <t < to, it holds with probability at least 1 — exp {—CsspA}
that

N 1
ot —o| < V146|8" — B2 + 30°

A
< 18(1 +f\/1+5a 250
<
(20+20) 2’

where the second inequality follows from (40), and the last inequality follows from § < 0.11
and n > 105%ss9A’. Combining the above inequalities, we have

f;%@z \4/%\/&2 f/%\/&

This result implies that t < t,, which completes the proof of Theorem 11.
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Proof of Theorem 13

From Lemma 23 and (40), with probability at least 1 — exp{—CsspA}, we have

_ . 1
log—o| < V1448 — 8 H2+%U

/
<g <18(1 +V2VI+ o 85;’? + 210> (41)
<L
=107

where the last inequality uses 6 < 0.11 and n > 1000%ssqA’.

First, we prove || 87| ¢ < 4s by contradiction. Let us assume that ||| ¢ > 4s. According
to the definition of ¢, we have

100002Q(3)

1 2 100002Q(B)
n n

o>+ R

On one hand, we have

v x6) = ez + | x (8" - 3| —2[(e. x5~ 89)
> el +||x (5 - )| - 20300 (8D | (67 - )

> 2 - o%0(s)

2

where the second inequality follows from Lemma 24, and the third inequality uses the fact
that 2Q(8%) > Q*(8) when [|8!|¢ > 4s. The definition of Q*(5) is given at the beginning
of the Appendix. By some simple algebras, it comes out that

10000792(5") _ JI¢]3 _ 150%0(8") . 1000020(57)

1 Z112
ly=xo],+
n 2

n n2 4;1 : n (43)
Z||£H2 +950059(5)‘
n n

On the other hand, we have

ly — X852 < [|€]2 + || X (8= — B9)||> + 2| (&, X (B~ — 5*))]
< [l€ll3 + [|X (8= — 8)|[5 + 60/Q(B7) || X (8" — 87
< J€l3+2 || X (8= — 8|7 + 9o20(8%),

37



ZHANG, L1, L1u AND YIN

where the second inequality follows from (89) in Lemma 24 since 8t —3* is (2s, %30)—sparse.
By some simple algebras, it comes out that

1 9 1000052Q(Bl=) 2 9 w2 90206
n n n n
+10000§Q(6fw)
n
2 2 2
1 A
<L 4 o1 4 5 <3(1+¢§)> 16075504
n 2 n (44)
902ss0A IOOOUt2 em ed
+ + 2slog — + 3ssglog —
n n 2s S0

JEl3 | 48005502 | 3000075502

n n n
<\|g||g N 360002550
— n n )

where the third inequality holds for § < 11—0 and the last inequality follows from (41).

Combining (42)-(44), from the triangle relationship, we have
9509(8) < 3600ss0A.
Recall Q(3%) > 4550 under the assumption HﬁEHG > 4s. Then, we have

3800550 < 950Q(8") < 3600s50A.

which contradicts the assumption of ||3||¢ > 4s. Therefore, we must have || Bl|a < 4s.
Next, we show the upper bounds for the estimation error |3t — *||. From (42), we have

|y — Xt |2 + 1000020(8!>) > Hy - Xﬁin +100002Q(87)
> [y x5,

> il + || x 87— 8)

2 - N
— 20/30 tHX i .
=20 f3000(87) | (87— )|,
Combining the above inequalities and (44), we have

" 20y /300(80) | (8 - )

By solving the quadratic inequalities (45), we have
HX(ﬁf— 8|, < 1400/5508.

Note that BE is (4s, so)-sparse. Then, we conclude that by DSRIP condition, we have

X (8t — B*
< H(ﬁ—6)2 §15001/%,
2 n(l —96) n

which completes the proof of Theorem 13.

|x -8

, < 360002sspA. (45)

s
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Proof of Corollary 14
Note that with probability at least 1 — p~C,

[M||oo <[[8" + 5" [oc + [|Ell
<" + 2572 + [[Elloo

1
<@+ 0)B%[l2 + 204/ oiep (46)
1
<4 (nm voyf Oiep> ,

where the last inequality uses § < 1. Substituting (46) into the definition of Ag, we have

100 [A" 19
Ao 279 oo \/—H]WHOO
N oge
<19 <HB 2V oy ip>,

where the last inequality uses A’ < log(ep). Observe that k7' \g < 4%. By some simple

algebras, with probability at least 1 — exp{—CsspA}, we have

T <log < O\F>/1 g(-)
<tog (200" ) /1og(2)

<log <(f3(\/ﬁ”f*”2 V 4/log ep)> /log(%),

where the second inequality follows from 41 and the last inequality uses (47).
Therefore,

sup P (T > log (6(\/5”(?*”2 V. @)) /log(= ) + 1> o CssoA
$,80)

S*esmd(s,

Proof of Theorem 18

Our technique for tuning sg is notably distinct and more complex than that of Verzelen
(2012). As discussed in Section 3.2, the theoretical properties differ significantly between
the cases 59 > sgp and 59 < sg. We can control the sparsity at either the element-wise
or group-wise level, but not both simultaneously. Additionally, as illustrated in Figure 4,
the minimax rates for different values of sy exhibit a“U-shaped” curve, rather than the
monotonically increasing trend observed under element-wise sparsity (Raskutti et al., 2011;
Verzelen, 2012). Therefore, we must separately analyze the cases 59 > sg and Sy < so.
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Basic inequality of Verzelen’s procedure

In this part, we give the basic comparable inequality used in the proof. This part is
similar to Theorem 5.2 in Verzelen (2012). Denote

K /.
pen (59) = -~ (A(so) log ed + 5(50) log om

8(80)> . pen’ (S0) = —1+ exp (pen (50))

By the definition of §g, we have

1 NUINTE RS N ,

=y =x8Go)|, - (1 +pen'Go)) <~ [lu = XBso)|| - (L +pen’(s0). (48)
For the right-hand side of (48), a strategy similar to (44) leads that

2550
1U 83(] . (49)

1 N TE R S
~|ly=xB o), < -lel+
n 2" n
Recall that we assume n is large enough so that
4K
pen(sg) < — (ssploged + slog(em/s)) < 0.1,
n

which implies that 1+ pen’ (sg) = exp {pen (s9)} < e. Combining (48) and (49), we have

Ly = X3 o) (14 pen’ o)) < 2163 (14 pen’ () + TR (30)
For the left-hand side of (48), a strategy similar to (43) leads that
- xBeo)|) > e+ |x (50~ B0
e )
A TR
(s, (e e

Then, we can also upper bound the inner product by Lemma 24 as

(5~ B0) \|
e

1N

( A(go)) log m + (s + §(30)) log me(sO)

< (sso n A(§0)> log ed + (5 + 3(30)) log S%ZSO)
(52)
Denote L := HX (5* -5 (§0)> ‘ ) and ' := (sso + A(§0)> loged + (s+ §(80)) log pEuE
Therefore, by (48)-(52), we obtain
L2 — ChoVTL < pen!(so)[|€]2 + Cao2ssoA. (53)
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By Lemma 1 of Laurent and Massart (2000), we conclude that 0.90% < 1[|£|3 < 1.16?
holds with probability at least 1 — exp(—Cyn). Besides, by pen(sg) < 0.1, we derive that
pen’(sg) = exp(pen(sg)) — 1 < 2pen(sg), therefore

pen’(s)[|€]|3 + Cao?ssoA < Cs0?(ssglogd + slog(em/s)) < C30°T,
which leads to R
L2~ ChoVTL < C30°T. (54)

By solving inequality (54), we obtain the upper bound £2? < C4o?T". Therefore, to get the
optimal upper bound for estimation error, we just need to prove that

I < ssgloged + slog(em/s). (55)

By far, based on table 1 we know that /1(30) < 4ssg for 9 < sg, and §(8p) < 4s for 59 > s0.
Therefore, with high probability, we conclude that

£ < 5ssploged + (s + §(30)) log sﬁ%i%o)? 50 < s0.

. 56
- (330 -+ A(§0)> log ed + 5slog <%, 30 > Sp. (56)

For convenience, we divide the next proof into two cases: ssgloged < slog <* or ssgloged >
slog <.

Assumption A: ssgloged > slog <.

CASE 1: §0 > S0.
By (56), we need to prove A(8p) < 9ssg. By using contradiction, we assume A(8g) > 9ssg
holds at first and obtain:

1 (5 K [ K
M > exp { <A(§0) log ed + 5(5p) log Amn) —4— (sso log ed + slog @> }
n s

1 + pen’ (sp) n 5(80)
K . K
> exp{ (80)loged — 4— <ssologed+slogem>}
n n s
K . K
> exp { (80) log ed — 8—ss¢ log ed}
n n
K -
> exp {%A(éo) log ed} .
(57)
Combining with (49) we have
1 NN o?ssoA 1 A(30) loged
Ul - x5 o)) < 2ei3+ 7208 < Ly 4 cor AL0E 5
n 27 n n n
Besides, by (51), we also have
1 AN 2 1 2 1 2 NN
Z ey — > = _ Z
= xBGo)|, = ~lgl3 — - Cro? (Alo) loged) . (59)
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where we use a —2ab > —b?, and the inner product term of (51) is upper bounded by (52).
Therefore, combining (48) and (57)-(59), we have

C@U

(16l - S Atsontoged) exp { f-Atsoy ogea < Hel + S Asu)toged. (@0

Let t = 1 A(so) log ed. Note that n is large enough such that ¢ € (0, ) by Assumption 2.
To estabhsh a contradiction, we need to verify that for ¢ € (0, %),

= (1= 99N prny — (14 Gt
P = (1~ pren) oo k0 - (14 peares) >0 (61)

always holds. Note that F(0) = 0 and F'(t) = exp(Kt) {K — gﬁgﬁf/t;l)} - ||£ﬁ2o/602. By

0.90% < 1[|¢|3 < 1.102 and Kt € (0,1), we could select a sufficiently large K > 10Cs+20Cr.
Hence, we verify that F'(t) > 0 for V¢ € (0, %), which leads to an absurd to (60) with high
probability.

Therefore, we prove A(§0) < 9ssg holds with high probability. Then, based on (56) we
derive that

' < 10 (ssg log ed + slog(em/s)), Y50 > so, (62)

which proves (55) holds with high probability.
CASE 2: 53 < sp.
We divide this case into two subcases and analyse them respectively.

(a) If 9ssg loged > §(5¢) log % ( 5y We just bound the inner product in (52) by:

<& X (8- B(s0))

X (8- 5G|,

em

(s +3(30))

< 5ssgloged + slog(em/s) + 9ssg log ed
< 14 (ssologed + slog(em/s)),

> < bssploged + (s + §(8p)) log

where the ﬁrst inequality uses A(3g) < 4ssg for 8y < so, and the second inequality uses
5(80) log =% HE ) < 9ssploged. By solving (53), we derive an upper bound for £ as

2
£*= 7z (sso log ed + slog@> , (63)
n S

therefore by DSRIP condition we prove (14).

(b) If 9ssg log ed < §(8¢) log = HED) ) Then, similar to case 1, we will find an absurd with high
probability. First, we obtam

1+ pen’ (§0) >

1+ pen’ (sg) — n 5(80)
em
> —5(80)1
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Then, use similar techniques in (58) and (59),we obtain the following inequalities:

1 5 2 1 o2ss9A
- < e
~ v - xB0)||. < SN+
1 2C1 5. . em
< — €3 + S 025(50) log =,
n In 5(50)
1 lv- x5 )H2 > L1g12 = 37 ( (5 4+ 5(50)) 1og — " + dsso log ed (6
n y 071l = ISz n 0 gs+§(§0) 0°08
1, . 1402 em
> €2 — 3(50) log —_
> €l — S5 s(6o) log 32
and thus
1 1402 . em K em
*||§”§ - 5(30) log — exp 4 —5(50) log —
n 3n 5(50) In 5(50) (65)
<Lz + 29 02550) 1og 7
n 2 In 7 0)708 §(§0)

Now let t = %é(éo) log ;{T?;)’ and using the same technique corresponding to (61), with

a sufficiently large K > 20019& and we get an absurd. Therefore, we prove that with
high probability, 9ssgloged > §(50) log s‘(f:;) holds, which leads to (63) and completes
the proof in case 2.

By far, we have finished the proof in Assumption A: ssgloged > slog <*. When
sso loged < slog <*, the proof strategy is similar and we just give a proof sketch below.

Assumption B: ssploged < slog <*.
CASE 3: 350 > sp.
Similar to case 2, we continue to divide this case into two subcases:
(a) If A(30)loged < 9slog(em/s), we obtain
em
S+ §(.§0)
< ssploged + 9slog(em/s) + 5slog(em/s)

I = (50 + A(80) ) log ed + (s + 3(30)) log

<14 (330 log ed + slog @) .
S

Therefore, we prove that (55) holds.
(b) If A(9)loged > 9slog(em/s), we show that

1 + pen’ (89) K .
— 7 > —A 1 dp.
1+ pen’ (sg) — exp In (30) log e

Hence by using a strategy similar to (64) and (65), we show that A(éo)log ed >
9slog(em/s) can not hold with high probability. Therefore, in case 3, (66) holds with
high probability, which prove that (55) holds.
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CASE 4: 357 < sp.

In this case, we just need to control §(Sp). By using a contradiction similar to case 1,
at first, we assume §(8g) > 9s holds, which leads that

1 ‘(3 K (j "
L4pen(S) o 0 {n <A(§0) log ed + §(30) log ;Z;) 4 (ssologed + slog e?)}

> exp{Ké(éo)log em }
- In §(§0) ’
(67)
and by using a strategy similar to (58)-(61) we prove that §(Sp) > 9s can not hold with

high probability. Therefore we obtain

em
S+ §(§0)
< 5ssgloged + 10slog(em/s) (68)

P = (50 + A(0) ) log ed + (s + 3(50)) log

<10 (sso log ed + slog@> , V50 < so,
S

which leads to (55).

Overall, combining these 4 cases, we derive the upper bound for £ as

2 < o? (sso log ed + slog %)

~ )

n

and by DSRIP condition, we finally complete the proof of Theorem 18.

Proof of Theorem 20

We use a strategy similar to Theorem 4 to prove these results. For ease to display, we
define Y(4, 8') := Z(i,j)gA@)iTj,ﬁ* — BH2%. In Sp~eciﬁc7 if AU suPp(ﬂ* — Bt e S™4(3s, 5%),
by DSRIP(3s, 2s0,8) condition, we have Y (4, 3") < §2||8* — 8'[|3. In the proof of Theo-
rem 20 and 21 (and also in Lemma 25-27), we use double index (i,7) to denote the i-th
entry (variable) of the j-th group G;. Firstly, we provide the probability inequalities used
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frequently in this proof:

P{VS c S(s,50), ||Es]3 > 6o”s' YA (s, s0 } where 5" = &;
— o2ss
SPIERCTE Al} nA }
('L,])GSG*
2
9 € %550
= >
Pl 2% I(‘ ”|>2)‘2)— nA)
(i,5)es*
12 —9 62 12 02380
P ZSO)\Q'I Z :kj>4(s]\/so))\ > A
jEG* keS*NSa,
E ” 20 sso — of
=S*ll2 = n - 7
(69)
as min{A, ssg/A} — oo. Define A(s', s9) := log 7+ log . We provide the proof of the

above inequalities in Appendix B.

Here we prove Theorem 20 by mathematical induction. From the assumption, the initial
estimator 80 = A is (2s, %so)—sparse and minimax optimal. It is easy to check that the three
results in Theorem 20 hold for ¢ = 0. Now for V¢ > 0, assume the conclusions in Theorem 20
hold for the ¢-th iteration, we will prove these hold for the (¢+1)-th iteration by contradiction
and induction.

STEP 1 (CONTROL FALSELY DISCOVERED GROUPS).

Assume that more than s groups are falsely discovered in the (¢4 1)-th iteration. Then,
we can always choose arbitrary s falsely discovered groups and construct a (s, sg)-sparse set
Soa € St S¢«. The details of the selection process can be described as follows:

For any selected group j ¢ G*, if it has more than sy falsely discovered entries, then
choose arbitrarily sp non-zero entries of these falsely discovered entries into S{,; if it has
less than sg, then we choose all these falsely discovered entries into Sp,. We repeat this
operation s times for any s falsely discovered groups, and we obtain a (s, so)-sparse set S(.

Then, based on the definition of DSIHT operator 7'50’;\2(-), for any falsely discovered

group j selected into set S}, we have ||B5 L, |3 > soA3, which yields that
J oG
VS8 A2 < \/ T /OG’ 5 :12]'1{7;\2,50 (FIHI)M 7 0}
(7‘7.] ESbG (70)

)7~ 02ssg
<7 t_ * - —-Y
_25!\6 Billa ) —x

where inequality (i) follows Lemma 25. From the assumption of mathematical induction,

since (17) holds for t-iteration, we have Hﬁt - p* , < 160 % + 16 @ Combining
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with (70), we obtain

- 3202550 2550 2
VEs0hs = W <28/ 7202 138 T, (71)

which can not hold when A > 2.5. Thus we find the absurd.

We have proved that no more than s groups are falsely discovered in the (¢ + 1)-th
iteration. Next, we will prove that no more than ssy entries will be falsely discovered
outside true groups G*. If not so, we can construct an (s, so)-sparse set S € St S
Then we obtain

V550 <W :?jI{TAQ,so (HY),; # 0}

(4,3)€84 ¢ (72)

VT 5t o [o2ssg
<, _ Z 220

where inequality (i) follows Lemma 25. This leads to a contradiction as (71).

STEP 2 (CONTROL FALSELY DISCOVERED ENTRIES IN S+ ).

Assume that there are more than ssg falsely discovered entries within the true groups
G*. Then, we can construct a (s s0)-sparse set Srg € Sgx N S* N (5*)¢ such that for each
entry in Sjg, \5fj+l| = | + (P Z],ﬁ* B4] > Ao always holds, which yields that

Vs [T (S1c,8) + [ Y 2iEy + @, 8 - 401 = X}

(4,3 GSIG

<oIB -l | > = {IEsl = M}
(4,4)€Sg* (73)
> ={lEsl < <l@f - A}

(7‘7.7)€SIG

(O J 02880
Dot — gl 5,

where inequality (i) follows Lemma 26. Since (17) holds for ¢-th iteration, it leads to a
contradiction as (71) again.

STEP 3 (f2 ESTIMATION ERROR OF ('t1).

Now we have already proved the first two conclusions in Theorem 20 still hold in the
(t + 1)-th iteration, and then we will prove the third one also holds for (¢ + 1)-th iteration.
Note that

Bty = A (00) € 57) + @8 = B = ™)
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We now focus on the estimation error on S* and S'*! N (5*)¢ respectively. On S*, we
have

85— gl s | X () 1 (G2 51) 4y 1 (50, ) +

(i,j)es* (i,5)€S*

| o2 / ~

(i,5)€S*
(w) (4 N 1) 5Hﬁt 5"

02ss 202ss
+ 2\/ 0 4+ \/ 0
2 nA n

where inequality (i) uses the result of Lemma 27. Inequality (ii) uses Lemma 3 and Theorem
2.1 in Hsu et al. (2012), that is, for a fixed set S* € S™(s,sq) and every t > 0, we have

P (%HES* 2> 550+ 2(1 + 8)v/ssot + 2(1 + 5)t) <e . (76)

Let t = 2. Based on § < %, we obtain that P (HES
550 — 0.
On S™1 N (5*)¢, when X satisfies DSRIP(3s, 250, 0), we have

e
€

2> 2”2%) <exp (—52) = o(1) as

t+1 * Qt+1
HBS“flﬁ (S*)e Bgﬂrlm(g*)c 65t+1m 5*)e

2

S\/T (gtﬂ n (S*)C’Bt) + Z E?jl (TAQ,SO (ﬁ[tﬂ)ij # O)

(i.5)eStHin(s*)e

<o B s,

Z <T)\2 s0 (Ht+1) ) Z (T/\2 . (Ht—H) i 0)

(i,3)€Soa (1,3)€S1c
5 [o2s50
nA "’

where inequality (i) follows from Lemma 25, (73) and Lemma 26.
Finally, based on (75) and (77), we have

~iq . 1 * gt+1 *

Hﬁt‘f' _/8 g Hﬂt‘i’ ﬁs* 2—|—H/Bgt+1r\|(s*)c_BStJrlm(S*)c 9
41\ |5 0550 \/ 202550

B bt — B* 4

<e+ 2>5HB Tl o TV 78)

S L R

where in inequality (i) we assume A > 2.5, which leads % +vV2 < 4.

) < 160\/% and 6 < €*A0.05, we
A
< 16( ) \/330 o 330. (79)
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(77)

2

IN

Then, based on the initialized inequality HBO - p*
have ¢ (% + %) < %, which leads

HBt—H _ g
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Consequently, we prove that the conclusions in Theorem 20 hold for the (¢ + 1)-th iteration,

which completes the proof.

proof of Theorem 21

Under the conditions of Theorem 20, note that the probability inequalities in (69) still

hold.

STEP 1 (SHARP UPPER BOUND).

Let ¢t > 2log (256A) and we have

t 2
16 <3> U\/330A<\/a 550
4 n n

From (17), we have

=

STEP 2 (GROUP-WISE ALMOST FULL RECOVERY).

- [o2ssg 16 [o2ss _ 17 /0’2880'
2 n n n

(81)

Note that based on the first conclusion of Theorem 20, no more than s groups are falsely
discovered in the (¢ + 1)-th iteration. Denote G?Dl as the falsely discovered group index set

in the (¢ + 1)-th iteration, which satisfies ‘G’;’B| < s. Then, we have

m
I —ngllo =D 16765 — (&)l
j=1

= 1@gh - U+ D 1@Eh; -0l

JEG* jeats
=3 (T () =0) + X 1(T,.., (A
jeGx jeail

48
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For the first term in (82), based on Lemma 27, we have

> 1(Ts,.. (HET) =0)

jeG*
<l X (E) (g = R) < 0
JjEG* kESGJﬂS*
2 -
< Z I Ht“) < (s0+ 8j)\3
jeG* kGSGJﬂS*
t ° 2 € 52
< SG ns ﬁ)>z(s]\/so > ZI Z ‘:‘kj>Z(Sj\/80))‘2
jEG* JjeG* kESGjﬂS*
(i 49° |3 - o%s
B 30)\2 n;\%A
s s
< 4
~A T A
:O<%), as A — oo,
(83)
where inequality (i) follows from (110) and inequality (ii) follows from (114).
For the second term in (82), based on Lemma 25, we have
> (T, (HEY) #0)
jeGHS
= _ !
< Z ( )\1 ,80 '_'St+1ﬂSG ) # 0) + Z 1(73\1,50 ('_'StJrlﬂSGj) 0 7;\2 S()( G ) # O)
jeGis jeGitl
(1) s _ _ - - -
<Sgat 2 U D EREIZ M) <sod Ty, (G #0
JEGH  \keStHinsg,
(”) s 32 i1 a5t
<gxs (30A1§2T<S ﬁSGj,B»
8 JGGH'l
iﬁ—{_g_O(A)’ as A — oo,
(84)

where inequality (i) follows from a similar contradiction in the proof of the first term in
Lemma 25, and inequality (ii) follows from the result of (99).

Combining (82), (83) and (84) together, we prove that ||77t'H nello=0(%).
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STEP 3 (ELEMENT-WISE ALMOST FULL RECOVERY).

Based on the first two conclusions of Theorem 20, we have

1 ~t+1
7 =%l = ZZ\nff — 5]

j=11i=1
= > It -1+ > gt =0+ > gt ol
(4.4)€5* (4,)€SG=N(S*)enSt+1 (.1)ESE NStH
(85)
We can just analyze these three terms respectively. For the first one, note that
St -1= Y 1(6) ¢ 5
(i,5)€S* (i,5)€S*
® t+1) _ 3
< < Hz‘j ‘ < /\2)
(1,5)€S*
. - . 2 -
72 Z (Ht+1) I nyjlyzA% Z (Héj—l) < (s0+8j)\3
2 J)ES k€SG,;NS*
2 || gt
(“ 169 H/B 5* 9 402355 ~ 550 , 850
- €2\ nAA T A A2
=0 <SZO) , as A — oo,
(86)

where inequality (i) follows from the first inequality of (106) in Lemma 27, and inequality
(ii) follows from the last inequality of (106), (109) and (115).
For the second term, we obtain

Z 7t =0l < Z (‘Ht—l-l‘ < )

() ESqun(S"y st (1,)ESg+N(S*)enSt+1

(4) _ )

(4,5) €S
' 2 H(Zal <A <1(@5,8"=B]) (87)
(ivj)ESG*ﬁ(S*)6ﬁgt+1

~ 2
() o?ss0 & Hﬂt -5,
>~ TLXQA 5\% ~ A2(87$0) A

=0 (820) , as A — oo,

where inequality (i) follows from (73) in Theorem 20, inequality (ii) follows from the proba-
bility inequality (104) in Lemma 26 and }_; 1 cs... A I{|HZ]| > )\1} < Z (i.j)€Sen ”?jl{lum >

)\1}.
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For the third term, we obtain

S o= Y 1(T,, (E), £0)

(i,§)€SE, NS+ (i,§)€SE, NS+
(4) - -
S Y fT@Esedy #0h X E < By @8 592 R}
(,§)€SE NStH (i,5)€SE NS+
1 _ _ ~ o - - N
t 5 Yoo EIEG =M Y EGIEG| = M) < soM, T, (HTY), #0
1 (i,j)esg. NSt keSe,Nt+
~ 2
(i) 52H5t /3* 252”/3t_[3*
<s'sp+ 2 4 _ 2
z2 \2
880 S$S0 8850
Satac0(R) who

(83)
where inequality (i) follows from (94) in Lemma 25, and inequality ( ) follows from the
framework of the first term in Lemma 25, (99) and (100), and recall s’ = g35.

Combining (85), (86), (87) and (88) together, we prove that ||7'™ — n*[lg = O (22).

Appendix B : Auxiliary lemmas
Lemma 23 Assume that X satisfies DSRIP(2s, %30, g) Then, with probability at least
1 —exp{—CsspA}, we have
1
ot — o] < VI+6|18" = B'lla + 550

Proof
Denote event A = {|@ — /n| < 55v/n}. From Hanson-Wright inequality (Rudelson
and Vershynin, 2013), it holds that P(A) > 1 — e~ " > 1 — e~ ¢34 Therefore,

el el
Vil

1
(X (8" = B+ €lla = Elle| + 550

loe — o] <oy

< L H

i \/ﬁ
1

<V1+46]8 = B2 + 307

where the second inequality follows from event A4, and the last inequality follows from
DSRIP condition.
|

To control the inner product between £ and X (B — 6*), we provide a useful lemma.
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Lemma 24 Given integers vi,ve > 0, and assume that ( is a (v1,va/v1)-sparse vector. we

have
XB >
<5 X3l
(89)

In specific, if B* is a (s, so)-sparse vector and B € omd(3, é), i.e., ||B||0 < A and ||B||0,2 < 3,
we have

2
d

> 302(01 log@ + v9 log ﬁ) <e

U1

e 7C<v1 log %+v2 log edvy )
V2

v2

P sup
peo™d(vy,32)

P sup
Beomd(s,4)

R 2
X(B-p) > 35205 (3) | < e=C (B 90
<5,‘X(ﬁ_ﬂ*)”2>‘ > 3020 (5) | <D, ()

where Q* () is defined at the beginning of the Appendiz.

Proof For a fixed set S satisfies supp(3) C S, denote Xg as the span space of columns of X
indexed by S, thus we have ({, X3) = (£, Xgfs). Denote g = XS(X;XS)*ng € R,
which is an orthogonal matrix of rank no more than |S|. Therefore, for V3 € ™9 (vy, Z—f),
we obtain the following by Cauchy-Schwartz inequality:

X B XsBs
e o )| = (s s )| < sl < seomauz) O

v1

Note that for VS € S™¢ (vl, Z—f), we have rcmk(ﬂg) < vy, so that Tr(mg) < rank(ws) .
|ms]l2 < vg. Thus by Theorem 2.1 of Hsu et al. (2012), for V¢ > 0, we have

2 2
5
P (””56”2 > 2t) <P (””55”2 > vy + 2v/vat + 2t> <et (92)
ag

o2
where the first inequality holds when ¢ > vs.
V1 V9
Similarly to (26), we have ‘Sm’d (vl, %)‘ < (%) X (e‘i%) , thus by (92) we get a
union bound as:

d _ em edvy
P sup H7rS£H§ > 302 ('Ul log@ + vy log e 211) <e C(m log ffln+v210g vy )
sesmd(vy,22) U1 vz

Let t = (14 C)(vilog 5 + v1 + log %) for some constant 0 < C' < %, which satisfies
t > v9. We complete (89).

For (90), for any /3 € omd(3, é), combined with 8* € ©™(s, s4), so we have:

B—p*eemd <§+s,SS°+A>.

5+ s
We let v; = §4 s and vy = ssg + A, we obtain the (90) directly by (89). |
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For ease of display, in the next three lemmas, we use double index (7, j) to denote the
i-th entry (variable) in the j-th group G,. Besides, we recall the abbreviation T(A, %) =

> i) eA<<I>zg’ B —BH2 A = é log(em,/s)+log(ed/so) and A, = a\/gff (log i—‘oi + % log %)

Denote Sog := St N Séu
Firstly, to bound the 5 norm of the selected entries of = in Spg, we give the following
lemma.

Lemma 25 Assume all the conditions in Theorem 20 hold. For Vt > 0, as A, — oo,
we have

o2ss 5. = .
S 2T, (), £ 0 < (|04 0B -l | 51 (93)

(i,5)€Soa

Proof Note that

Z { A2,50 (gt+1)ij a 0}

(i,3)€So0c
Z {7;1 S0 (“_‘SOG)Z] 7& 2 S0 (f{t+1)ij 7& 0}
(i,3)€Soa
Z ’_‘2 I{ )\1 S0 (HSOG) - 0 7;\2 So( t+1) ] 7& 0}
(i,)€Soa
Z E { 1,80 (‘—‘SOG) # 0, 7;\2 50 (ﬁt+l)ij 7 O}
(1,5)€So0c
Z E%I{‘EZ]‘ < le 7-5\2,50 (ﬁt+1)i]‘ 7é 0}
(1,5)€Soa

+ Z 512]1 ‘EU’ > 5\17 Z Eijl(yakﬂ > 5\l) < 805‘%7 7‘5\2750 (IthJrl)ij ?é 0
(ivj)ESOG kJESGjﬂSOG
(@ J)GSOG (,9)€Soc
FLOY wR Y S 2 R < a0k, Ty, () 0
FEGHIN(G*)e keSg;NSoa
(94)

Next, we bound the three terms in the last inequality respectively.

First term. Let s’ = ¢33, s = so. Then, we show that under the event £(s', s9) in

Lemma 3, only less than s’ groups in Eg,,, could be discovered by 7'5\1 50" If not so, choose
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any s’ discovered groups and construct an S’ C Spg and S’ € S™4(s, s), which satisfies

2 2
=2 < s 8o 8800
> =z Y =T Esoe)y #0) = S0k 12 gaz S A=
(i,5)€S’ (i,5)€8’

When A is sufficiently large, we can show that log (8A2) < FA, which leads that

d 4
A < A(s, 50) 1= —log— +1og3 <3A.
Thus we have
2 oo 2 e 2 le 2A(d
_o _ SS00 8s'sgo*A  8s'sgo* 3 , 65's00*A(s', s0)
YT nA n S 4 () n ’

(i,5)es’

which contradicts the event £(s, s9) in Lemma 3 with high probability. Thus we show only
less than s’ groups in Eg,,, are discovered. Similarly, we can show only less than s's entries
are discovered in Zg, . If not so, take Sy € S™d(s' s9) and So C Sog, whose entries are
all falsely discovered in Soq, which leads

2 / 2 /
—2 , <9 _ SS00 65" s00°A(s', s0)
’ E)ES =ij 2 S 80)\1 2 nA 2 n . (95)
2y 2

Under the event £(¢, sp) in Lemma 3, (95) leads to an absurd again. Thus we can bound
the first term in (94) by

602s'soA(s',s9) _ o2ss
=2 - = =2 0 0 0
Z ““ijI{ITM,so (‘—‘Soc)ij 7& O} < sup E =i < ! < X

n

(i)ESoq 52€8(5"50) (; )8,
(96)
Second term. Note that
> E?jl{’Eiﬂ <A1, [+ (@, 8% = 8] > X2}
(i,3)€Soa
< > 2HEyl < X, 2yl + @], 8" - 3] = 20}
i,7)ES
(i,5)€Soa (97)

< Y 2 Ey << @) -5

(i.))€Soc
< Y @y =80 =[[es (5~ B
(4.)€Soc

Thus we can bound the second term in (94) by

> E?jI{Ez‘j\ <A, |Eij + (@, % — BY)] > X2} < H‘I’Soc (ﬁ* - 5t>H2 <9 HBt - p
(i,5)€Soc %8)
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Third term. For any group j ¢ G* such that Zkescjmsoc Esz(Ekj\ > A1) < so\?

and Ty, (FIHl)Gj # 0 (where the index ranges over So¢), we have

i< Y (Eyr@hs - 3) 1(1Zy + @8 - 3 = k)

k:ESGj NSoa

Ht-'.—l
< S Ea(E =)+ S 2l - BA(1EE > %)
kGSGjﬂSOG kGSGjﬂSOG
< > Bz Y 2=I(Eul < X< @], 8- 5))
k:ESGjﬂSOG k‘ESGjﬂSQG
+2 Z <k:j7ﬁ* Bt>2
kJESGjﬂSOG

<2s0A\f + 4T <SGj N Soa, Bt) ,
(99)
which leads to 805\% <27 (ng N Soaq, Bt) Thus we can bound the third term in (94) as

Z Egjl{ Eij| = 5\17 Z E%j1(|5kj| 2 :\1) < 305‘%7 7}\2,30 (ﬁt+1)ij a 0}
\ (i.)eSoc k€Sa;NSoc
< Z 805\%1{805\% <27 (SG’j N Sog,,ét> }
\ JEGHIN(G*)e
<4/2Y (SOG7Bt)
3 1~
<io||3 -5
2 2
(100)
Combining these three terms (96), (98) and (100) together, we finally get that
P Yo =T, (HY), A0} < 783 | 5\|5t B | =1 (101)
- i A2,50 ij nA 2 ’
(i.4)€So0c
as A, % — oo.
|

Similarly, we can bound the fo-norm of the selected entries of = within the true groups
G*, which can be expressed in the following lemma.

Lemma 26 Assume all the conditions in Theorem 20 hold. As A — oo, we have

> :szI{yEm > Xl} </ G;SASO 1 (102)

( 4,J ESG*
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Proof Since for any (i, j) € Sg+, Z;; is sub-Gaussian with parameter %2, we conclude that

z2 B o0
:/ P(|Eij| 2)\1>du+/ P(|EU| 2\/ﬂ>du
0 A3
- 22 o nu
cote (-18) o [ 20 (-52)
<2)\] exp( 202) —1—/5\% 2exp 552 du (103)

~ 402 n\2
_ 2 1
- (”1 * n> P (‘w)
12 nj\%
<3\{exp (—202> ,

where the last inequality follows from 5\% = %A > %. Thus, based on Markov inequality
we have

— —_ 5 0°8S nA _ _ -
Pl D> :?jl{sz\ ZM} > nAO < El > :?jl{\:zj\ 2/\1}

N “o2ssy N
(4,3)ES (4,5)ES
:\%n d nS\%
< S S 1
il < 202 (104)
~ 2
3 (X2 ni2
=1 (2 exp (‘402

=o0(1), as A — oo,
g 32
where the last inequality uses \? > % and % < exp(A) < exp (”/\1 ) -

402

Now we turn to analyze the term of the estimation error on S*. Under proper beta-min
~ 2 ~
conditions, we can bound }_; - ¢ g (HfJH) I ((i,j) ¢ S”l) by the following lemma.

Lemma 27 Assume all the conditions in Theorem 20 hold. Then, for any € > 0, we have

02ssg
nA

P 3 (ﬁfjlfl ((i,j) ¢ S*tH) < %5 HBt — B 1, (105)

+2
2
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Proof Note that

IN
/N
T
<3

E
N—
no
-
—~
L
o
AN
>~
N—

~ 2 ~ ~ ~ 2 ~ ~ ~
+ Y (Hfjl)l B 2%, Y (H,gjl) L(H > ho) < 503

(i,5)es* k€S*NSg;
< | X My <)
(i)es"
~ ~ 2 ~ ~ ~
+ Y szt Y <H,§]+.1) (AL > Aa) < 5073
jeG* keS*NSa,
~ ~ - ~ ~ 2 ~
<y A3-1(|H;].+1|<A2>+ LR (H,gjl) < (s; + 50) A2
(i,5)€S™ JEG* keS*NSg;

(106)
Next, we analyze these two terms respectively.

First term. Recall that ﬁ’fjl =B +(® Z],ﬂ* BY) + Zi; and 1851 = (1 + €)Ao holds
for every support entry. Therefore, we have

\/ > A I(\Hff\dQ) g\/ SN I(m (@], 5 Bt>+sm<x2)
(i

(i,5)€S* J)ES*
\/ S Re1(ehe < (@], 5 — )] + 24
(4,5)€S*
\/ > 3-1(j@].8 - 3> Sh) (107)
(4,5)eS*
Z 5\% I(’E”| > %5\2)
(i,5)eS*
<§ T <S*,Bt> + Z 5\% . I(‘EZ‘J“ > %5\2)
(4,5)eS*
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Under the fixed S* and based on Markov inequality, we have

Pl Ba(Eg> Sh) = T ) <1 S i p (gl > S)
2 - 27%) = hA O’ sso — 9

(i,5)€S* (i,5)eS*

1 n\3, e n\} (108)
16( ) eXp(—§ ) ?)
=o0(1), as A — oo,
where recall that Ay = 2 8‘72A. Thus the first term in (106) is bounded by
> Rt < A) < 25 HBt || 4T (109)
(iese Y € 2 VAN
i.)

Second term. Let s; = ||ng||o for 5 € G*. For Vj € G*, by element-wise beta-

min condition ’ n§1n 18351 > (V2 + €) Ay and group-wise beta-min condition mén ”Ba ll2 >

(V2 + e)ﬁ)\g, we conclude that

”BSG H2> \[—I—G \/80\/8])\2 \/S‘]“‘SOAQ‘FG\/S]\/SO)\Q

Therefore, we have

I Z (ﬁ,’;}rl)Z < (55 + 50)\3

kES*ﬂSGj

sl | Y () - [ X (ehs 5+ m) < o Tk

kES*ﬂSGj kES*ﬁSGj
2 ~
<I Z (< Z]’/B Bt> _kj) > 62(Sj V 80)/\5 (110)
kES*ﬁSGj

2
~ € ~
<I(r (S* N SGj,ﬁt> + > B> (s Vs

2
k€S*NSa;

. ~ = N _ € <
<I (T (S N SGj,ﬁt) > Z(Sj Y so))é) +1 Z :ij > Z(Sj Vs0)A3 |,
k€S NS,
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which yields that

Z s0A3 - 1 Z (fflif) < (55 + 50)A3
jeG* kES*NSa,
~ 2 -
AR (T (5N S6,,8) > (55 v sO)AQ)
jEGH
2
~ —_ 6 ~
+ Z s0A3 - 1 Z :%j > Z(Sj V $0) A3 (111)
jEG* k€S*NSg
2 * At 12 =2 e? 3
SE T(S ,B)-f— Z s0A5 - 1 Z Sy >Z(Sj\/8[)))\2
jeG* keS*NSa,
25|15t _ g 32 = € 12
<75Hﬁ Ié] 2+ Z 505 - 1 Z B > Z(S]’\/SQ))\2
jeG* kES*NSa,

Now, based on Lemma 3 and Theorem 2.1 in Hsu et al. (2012), for every ¢ > 0 and every
support group G, we obtain that

n . _
P (Z5l1Esens0, 13 = 5+ 201+ 8)y /st +2(1 +0)t) < e (112)

Let + — ne2(s;Vsg)

720) X2 We can show ¢ > si, as A — oo. From 6 < 1 we obtain
240 2 J 4

ne2(s; V so) 52

sj+2(14+6)/sit+2(1+0)t < 6t= 152 5, (113)
which implies that P (ZkeS*mSG. Ezj > %(sj v 80)5\%) < exp (_%5\%) Therefore,
J
by Markov inequality, we have
5 2 B 2
Py sod3 1 Y > %(Sj\/S())A% >Z SASO
JjEG* kES*ﬂSGj n
nA ~ _ €2 ~
Sazss Z 50A3 - P Z :zj > Z(Sj V 50)\3
0 jear k€S NSa,
nA <9 ne(sj V 80) o (114)
< iy 3o oo (TN
JEG*
nA <o ne?sg <o
S?)‘Q : eXP(—mAQ)
1 nS\% 9 €230 nS\%
=3l ) G )

=o0(1), as A — oo.
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Combining (111) and (114), we bound the second term by

02ssg

- - 2 - 2 I~
1 *
PIERIEDY (H,ij) < (55 + 50)A2 §25Hﬁt—ﬁ TR ()
jeG* KeS NS,
Finally, based on (109) and (115), we have
Pl Y (FI?.“>2I (Gi.5) ¢ 5141) < 35“5“ ol 2R S0 e
K LY ’ € 2 nA ’
(3,7)€S*
as A — oo.
|
Appendix C: Example of sub-Gaussian random design
Assume (y, (o, - - - , , are independent and identically distributed p-dimensional isotropic,

sub-Gaussian random vectors, forming a random matrix Z € R"*P | whose i-th row Z; is
denoted by (;. In this paper, we consider a random design matrix X, which is generated as
follows:

X = 7%, (117)

where ¥ is the covariance matrix.

According to the theoretical framework of Zhou (2009) and Mendelson et al. (2008),
given the vector space V € RP. the key point is to construct the restricted isometric prop-
erties between Xv and X2v for v € V. The empirical process technique plays an important
role, and we define Gaussian complexity first:

Definition 28 (Gaussian complexity) Given a subset V C RP, we define the Gaussian
complexity of V as follows:

P

Zgzﬁz’

i=1

where 8; is each component of vector 0, and gi,g2,--- ,gp are independently drawn from
N(0,1) distributions. In particular, given a non-negative definite matriz 22, we define

)

*(V) == Egsup
ocy

g*(V) = f*(Z%V) =E, blelg ‘(E%v,g)‘ =E, 81618 ‘(v,zég>‘ )

According to the homogeneity of the norm, we only need to consider the subset of the unit
ball sphere SP~!, which is defined as:

SPli= (v eRP: |ulls = 1}

The main technique we use is the following empirical process result:
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Lemma 29 (Theorem 2.1 in Mendelson et al. (2008)) Let1 <n <pand0 <4 < 1.
Let ¢ € RP be an isotropic sub-Gaussian random vector with parameter . Let (q,...,Cq
be the independent copies of . Define X as the random matrix in (117), and let V satisfy

Siv e §P1 for allv € V. If sample size n satisfies n > c’a4(52£7*(V)2, then with probability
of at least 1 — exp(—¢&d>n/at), for allv € V, we have

16 < | Xvlla/ v <1+4,
where /', ¢ > 0 are some absolute constants.

Denote parameter space V := 0™%(s,s0) N {v : Yy € SP~11. Then, given any v € V, we

assume that
[5120]],

>~ Pmax-
[v]l2

Pmin =
Next, we derive the Gaussian complexity @*(V) for the double sparse structure. We denote
U = 0™4(s,50) N {v: |S2v]|s < 1}.
Recall that m x d = p. Then, we have

(V)< F(U) =B, sup ’<t 21/29>‘

< 3\/lOg |@m’d(8, 50)| Sup \/Eg ‘<t, 21/29>’2

< C/ssplog(ed/sy) + slog(em/s) sup H21/2tH
teU

< C'v/ssplog(ed/sy) + slog(em/s),

where the first inequality follows from Chapter 3 in Ledoux and Talagrand (1991). Note
that

1
[Xvlla (I Xolla X350l
— . :
vnllvl2 Nab»OIE [v]l2

Therefore, by Lemma 29, for n > C'a*6? - (ssglog(ed/sq) + slog(em/s)), we have

) Xl
(L= 0)pmin < Jpy < (L 0)Pmax

This proves the satisfaction of the DSRIP condition under the sub-Gaussian random design.
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