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Abstract

Orthogonality constraints naturally appear in many machine learning problems, from prin-
cipal component analysis to robust neural network training. They are usually solved using
Riemannian optimization algorithms, which minimize the objective function while enforc-
ing the constraint. However, enforcing the orthogonality constraint can be the most time-
consuming operation in such algorithms. Recently, Ablin and Peyré (2022) proposed the
landing algorithm, a method with cheap iterations that does not enforce the orthogonality
constraints but is attracted towards the manifold in a smooth manner. This article provides
new practical and theoretical developments for the landing algorithm. First, the method is
extended to the Stiefel manifold, the set of rectangular orthogonal matrices. We also con-
sider stochastic and variance reduction algorithms when the cost function is an average of
many functions. We demonstrate that all these methods have the same rate of convergence
as their Riemannian counterparts that exactly enforce the constraint, and converge to the
manifold. Finally, our experiments demonstrate the promise of our approach to an array
of machine-learning problems that involve orthogonality constraints.

Keywords: Orthogonal manifold, Stiefel manifold, stochastic optimization, variance
reduction

1. Introduction

We consider the problem of optimizing a function f from Rn×p to R with orthogonality
constraints:

min
X∈Rn×p

f(X), s.t. X ∈ St(p, n) = {X ∈ Rn×p| X>X = Ip}, (1)

where St(p, n) is the Stiefel manifold. Such a problem appears naturally in many ma-
chine learning problems as a way to control dissimilarity between learned features, e.g. in
principal component analysis (PCA) (Hotelling, 1933), independent component analysis
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(ICA) (Hyvarinen, 1999; Theis et al., 2009; Ablin et al., 2018), canonical correlation anal-
ysis (Hotelling, 1936), and more recently, for the training of neural networks to improve
their stability (Arjovsky et al., 2015; Zhang et al., 2021; Wang et al., 2020) and robustness
against adversarial attacks (Cisse et al., 2017; Li et al., 2019b,a; Singla and Feizi, 2021).

Riemannian optimization techniques are based on the observation that the orthogonality
constraints in (1) define a smooth matrix manifold (Absil et al., 2008; Boumal, 2023) called
the Stiefel manifold. The geometry of the manifold constraint allows for the extension of
optimization techniques from the Euclidean to the manifold setting, including second-order
methods (Absil et al., 2007), stochastic gradient descent (Bonnabel, 2013), and variance-
reduced methods (Zhang et al., 2016; Tripuraneni et al., 2018; Zhou et al., 2019).

A crucial part of Riemannian optimization methods is the use of retraction (Adler et al.,
2002; Absil and Malick, 2012), which is a projection map on the manifold preserving the
first-order information, and ensures that the iterates remain on the manifold. Computing
retractions with orthogonality constraints involves linear algebra operations, such as matrix
exponentiation, inverse, or QR decomposition. In some applications, e.g., when evaluating
the gradient is relatively cheap, computing the retraction is the dominant cost of the op-
timization method. Unlike Euclidean optimization, ensuring that the iterates move on the
manifold can be more costly than computing the gradient direction.

Additionally, the need to perform retractions, and more generally, to take the manifold’s
curvature into account, causes challenges in developing accelerated techniques in Rieman-
nian optimization that the community has just started to overcome (Bécigneul and Ganea,
2018; Alimisis et al., 2021; Criscitiello and Boumal, 2022). As a result, practitioners in
deep learning sometimes rely on the use of adding a squared penalty term and minimize
f(X) + λN (X) with N (X) = ‖X>X − Ip‖2/4 in the Frobenius norm, which does not
perfectly enforce the constraint.

Unlike Riemannian techniques, where the constraint is exactly enforced in every itera-
tion, and the squared penalty method, where the optimum of the problem is not exactly on
the manifold, we employ a method that is in between the two. Motivated by the previous
work of Ablin and Peyré (2022) for the orthogonal matrix manifold, we design an algorithm
that does not enforce the constraint exactly at every iteration but instead controls the
distance to the constraint employing inexpensive matrix multiplication. The iterates land
on the manifold exactly at convergence with the same convergence guarantees as standard
Riemannian methods for solving (1).

The following subsection provides a brief prior on the current optimization techniques
for solving (1). The rest of the paper is organized as follows:

• In Section 2 we extend the landing algorithm to St(p, n). By bounding the step size,
we guarantee that the iterates remain close to the manifold. We show that a function
introduced in (Gao et al., 2019) based on the augmented Lagrangian is a merit function
for the landing algorithm. This forms the cornerstone of our improved analysis over
that of Ablin and Peyré (2022).

• We use these tools for the theoretical analysis of the basic and variants of the land-
ing algorithm in Section 3. In Subsection 3.1, thanks to the new merit function, we
greatly improve the theoretical results of Ablin and Peyré (2022): we demonstrate that
the basic landing method with constant step size achieves infk≤K ‖gradf(Xk)‖2 =
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O(K−1). In Subsection 3.2, we introduce a stochastic algorithm dubbed stochas-

tic landing algorithm. We show that with a step size decaying in K−
1
2 , it achieves

infk≤K ‖gradf(Xk)‖2 = O(K−
1
2 ). In Subsection 3.3, we extend the SAGA algorithm

and show that the SAGA landing algorithm achieves infk≤K ‖gradf(Xk)‖2 = O(K−1).
We recover each time the same convergence rate and sample complexity as the classical
Riemannian counterpart of the methods—that uses retractions. We also demonstrate
the convergence of all these methods to the Stiefel manifold.

• In Section 4, we numerically demonstrate the merits of the method when computing
retractions is a bottleneck of classical Riemannian methods.

Regarding the convergence speed results, the reader should be aware that we use the
square norm of the gradient as a criterion, while some readers might be more familiar with
results stated without a square.

This paper improves on the results of Ablin and Peyré (2022) in several important and
non-trivial directions: i) the landing algorithm is extended to the Stiefel manifold, while
Ablin and Peyré (2022) only consider the square n = p case, ii) stochastic and variance
reduced extensions of the landing algorithm are proposed, while Ablin and Peyré (2022)
only consider gradient descent, and iii) we greatly improve the theoretical results, thanks to
a new analysis. We essentially prove that all proposed algorithms converge at the same rate
as their Riemannian counterparts using the same step-size schedule, and converge to the
manifold. Ablin and Peyré (2022) could only prove convergence of the base landing method

using decaying step sizes, leading to a sub-optimal K−
1
3 convergence rate, while our result

Theorem 9 proves that the base landing algorithm converges at a K−1 rate with constant
step-size, heavily improving the rate.1

Notation The norm of a matrix ‖M‖ denotes the Frobenius norm, i.e., the vectorized `2
norm. We let Ip denote the p× p identity matrix, and St(p, n) denote the Stiefel manifold,
which is the set of n × p matrices such that X>X = Ip. The tangent space of the Stiefel
manifold at X ∈ St(p, n) is denoted by TXSt(p, n). The projection on the set of p × p
skew-symmetric matrices denoted by skewp ⊂ Rp×p is skew(M) = 1

2(M − M>) and on
the set of symmetric matrices is sym(M) = 1

2(M + M>). The exponential of a matrix is
exp(M). The gradient of a function f : Rn×p → R is denoted by ∇f and we define its
Riemannian gradient as gradf(X) = skew(∇f(X)X>)X for all X ∈ Rn×p as explained in
detail in Section 2. We say that a function is L-smooth if it is differentiable and its gradient
is L-Lipschitz. The constant L is then the smoothness constant of f .

1.1 Prior Work on Optimization with Orthogonality Constraints

Equation (1) is an optimization problem over a matrix manifold. In the literature, we find
two main approaches to solving this problem, reviewed next.

1. When this work was ready to be made public, the preprint (Schechtman et al., 2023) appeared that
pursues similar goals. It addresses the more general problem of equality-constrained optimization, it
uses a different merit function than the one we introduce in Section 2.2 and it does not consider variance
reduction as we do in Section 3.3. The numerical experiments also differ considerably, as they only
consider a Procrustes problem, while we experiment with deep neural networks.
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1.1.1 Trivializations

This approach proposed by Lezcano-Casado and Mart́ınez-Rubio (2019); Lezcano-Casado
(2019) consists in finding a differentiable surjective function φ : E → St(p, n) where E is a
Euclidean space, and to solve

min
A∈E

f(φ(A)) . (2)

The main advantage of this method is that it turns a Riemannian optimization problem
on St(p, n) into an optimization on a Euclidean space, for which we can apply all existing
Euclidean methods, such as gradient descent, stochastic gradient descent, or Adam. This
is especially convenient in deep learning, where most standard optimizers are not meant to
handle Riemannian constraints. However, this method has two major drawbacks. First, it
can drastically change the optimization landscape. Second, the gradient of the function that

is optimized is, following the chain rule, ∇(f ◦φ) =
(
∂φ
∂z

)>
∇f ◦φ, and the Jacobian-vector

product can be very expensive to compute.
To give a concrete example, we consider the parametrization φ used by Singla and Feizi

(2021): φ(A) = exp(A)

(
Ip
0

)
, where A ∈ skewn, with skewn the set of n×n skew symmetric

matrices. We see that computing this trivialization requires computing the exponential of
a potentially large n× n matrix. Furthermore, when computing the gradient of f ◦ φ, one
needs to compute the Jacobian-vector product with a matrix exponential, which requires
computing a larger 2n×2n matrix exponential (Lezcano-Casado and Mart́ınez-Rubio, 2019):
this becomes prohibitively costly when n is large.

1.1.2 Riemannian optimization

This approach consists in extending the classical Euclidean methods such as gradient descent
or stochastic gradient descent to the Riemannian setting. For instance, consider Euclidean
gradient descent to minimize f in the Euclidean setting, which iterates Xk+1 = Xk −
η∇f(Xk) where η > 0 is a step size. There are two ingredients to transform it into a
Riemannian method. First, the Euclidean gradient ∇f(X) is replaced by the Riemannian
gradient gradf(X). Second, the subtraction is replaced by a retraction R, which allows
moving while staying on the manifold. We obtain the iterations of the Riemannian gradient
descent:

Xk+1 = R(Xk,−ηgradf(Xk)) . (3)

In the case of St(p, n) (Edelman et al., 1998), the tangent space at X is the set

TXSt(p, n) = {XΩ +X⊥K : Ω ∈ skewp,K ∈ Rn−p×p} = {WX : W ∈ skewn} (4)

and the Riemannian gradient with respect to the canonical metric (Edelman et al., 1998)
is

gradf(X) = skew(∇f(X)X>)X (5)

where skew(M) = 1
2(M −M>) is the skew-symmetric part of a matrix. In (5), for conve-

nience, we have omitted a factor of 2; compare with (Gao et al., 2022, §3). This omission
is equivalent to magnifying the canonical metric by a factor of 2. From a computational
point of view, computing this gradient is cheap: it can be rewritten, for X ∈ St(p, n), as
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gradf(X) = 1
2(∇f(X) − X∇f(X)>X), which can be computed with one matrix-matrix

product of size p× n and n× p, and one matrix-matrix product of size n× p and p× p.
A retraction R(X,Z) = Y is a mapping that takes as inputs X ∈ St(p, n) and Z ∈

TXSt(p, n), and outputs Y ∈ St(p, n), such that it “goes in the direction of Z at the first
order”, i.e., we have Y = X+Z+o(‖Z‖). It defines a way to move on the manifold St(p, n).
We give several examples, where we write Z = XΩ +X⊥K = WX in view of (4).

1. Exponential retraction:

R(X,Z) =
(
X X⊥

)
exp

(
Ω −K>
K 0

)(
Ip
0

)
. (6)

This is the exponential map—that follows geodesics—for the canonical metric on the
manifold (Zimmermann and Hüper, 2022, (10)). The most expensive computations
are a matrix exponentiation of a matrix of size 2p× 2p and a matrix-matrix product
between matrices of size n× 2p and 2p× 2p.

2. Cayley retraction:

R(X,Z) = (In −
W

2
)−1(In +

W

2
)X .

Though the inverse exists for any W ∈ skewn, it requires solving a n×n linear system
that dominates the cost. When Z takes the form (5) and ∇f(X) is available, this
retraction can be computed in 8np2 +O(p3) flops, see Wen and Yin (2012, §2.2)

3. Projection retraction:

R(X,Z) = Proj(X + Z), with Proj(Y ) = Y (Y >Y )−
1
2 . (7)

Computing this retraction requires computing the inverse-square root of a matrix,
which is also a costly linear algebra operation.

These operations allow us to implement Riemannian gradient descent. Many variants
have then been proposed to accelerate convergence, among which trust-region methods (Ab-
sil et al., 2007) and Nesterov acceleration (Ahn and Sra, 2020).

In most machine learning applications, the function f corresponds to empirical risk
minimization, and so it has a sum structure. It can be written as:

f(X) =
1

N

N∑
i=1

fi(X) , (8)

where N is the number of samples and each fi is a “simple” function. In the Euclidean case,
stochastic gradient descent (SGD) (Robbins and Monro, 1951) is the algorithm of choice
to minimize such a function. At each iteration, it takes a random function fi and goes in
the direction opposite to its gradient. Similarly, in the Riemannian case, we can implement
Riemannian-SGD (Bonnabel, 2013) by iterating

Xk+1 = R(Xk,−ηkgradfi(Xk)), where i ∼ U [1, N ] (9)
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with i ∼ U [1, N ] meaning that index i is drawn from the discrete uniform distribution
between 1 and N at each iteration. This method only requires one sample at each iteration;
hence it scales gracefully with N . However, its convergence is quite slow and typically
requires diminishing step sizes.

Variance reduction techniques (Johnson and Zhang, 2013; Schmidt et al., 2017; Defazio
et al., 2014) are classical ways to mitigate this problem and allow to obtain algorithms that
are stochastic (i.e., use only one sample at a time) and that provably converge while having
a constant step size, with a faster rate of convergence than SGD.

1.2 Infeasible methods

Like the present work, several infeasible methods have been proposed to solve the opti-
mization problem, while not enforcing the orthogonality constraint at each iteration. Ablin
et al. (2018) propose a method we extend in this work in several directions. Gao et al.
(2019) propose an approximated augmented Lagrangian method, taking steps in directions
that approximate the gradient of the augmented Lagrangian. We draw inspiration from
this work in order to perform our theoretical analysis; a detailed account of the differences
with our algorithm is given in subsection 2.2. Finally, Liu et al. (2024) propose a proxi-
mal method to solve possibly non-smooth problems on the manifold, with an approximate
orthogonalization scheme at each iteration. Owing to the more complicated problem struc-
ture they consider, the proposed method invokes at each step an inner iterative solver to
compute a proximal operator.

2. Geometry of the Landing Field and its Merit Function

For λ > 0 and X ∈ Rn×p, we define the landing field as

Λ(X) = gradf(X) + λX(X>X − Ip), (10)

where gradf(X) = skew(∇f(X)X>)X. This field will be used to define iterates X̃ =
X − ηΛ(X) and different variants in the next sections. We define

N (X) =
1

4
‖X>X − Ip‖2 (11)

where ‖ · ‖ is the Frobenius norm so that the second term in (10) is λ∇N (X).

Here, gradf(X) denotes the extension to all X ∈ Rn×p of formula (5). It thus co-
incides with the Riemannian gradient when X ∈ St(p, n). This extension has several
attractive properties. First, for all full-rank X ∈ Rn×p, gradf(X) can still be seen as a
Riemannian gradient of f on the manifold {Y ∈ Rn×p | Y >Y = X>X} with respect to a
canonical-type metric, as shown in (Gao et al., 2022, Proposition 4). Second, this formula
yields orthogonality between the two terms of the field Λ, for any X. Indeed, we have
〈gradf(X), X(X>X − Ip)〉 = 〈skew(∇f(X)X>), X(X>X − Ip)X>〉, which cancels since it
is the scalar product between a skew-symmetric and a symmetric matrix.

The intuition behind the landing direction is fairly simple: the component −gradf(X)
is here to optimize the function, while the term −X(X>X−Ip) attracts X towards St(p, n).
More formally, since these two terms are orthogonal, the field cancels if and only if both
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X
−AX

−λ∇N (X)
−F (X,A)

St(p, n)
St(p, n)ε

Figure 1: Illustration of the geometry of the field F . Note the orthogonality of the two
components.

terms cancel. The fact that X(X>X − Ip) = 0 gives, assuming X injective, X>X = Ip,
hence X ∈ St(p, n). Then, the fact that gradf(X) = 0 combined with X ∈ St(p, n) shows
that X is a first-order critical point of the function f on the manifold. This reasoning is
qualitative: the next part formalizes this geometrical intuition.

2.1 Geometrical Results and Intuitions

In the remainder of the paper, we will always consider algorithms whose iterates stay close
to the manifold St(p, n). We measure this closeness with the function N (X) (introduced
in (11)), and define the safe region as

St(p, n)ε = {X ∈ Rn×p| N (X) ≤ 1

4
ε2} = {X ∈ Rn×p| ‖X>X − Ip‖ ≤ ε} (12)

for some ε between 0 and 1. A critical part of our work is to ensure that the iterates of
our algorithms remain in St(p, n)ε, which in turn guarantees the following bounds on the
singular values of X. All proofs are deferred to the appendix.

Lemma 1 For all X ∈ St(p, n)ε, the singular values of X are between
√

1− ε and
√

1 + ε.

Note that when ε = 0, the singular values of X are all equal to 1, thus making the columns
of the matrix orthogonal and ensuring that X ∈ St(p, n).

As noted before, a critical feature of the landing field is the orthogonality of the two
components, which holds between ∇N (X) and any direction AX with a skew-symmetric
matrix A. In order for the results to generalize to the stochastic and variance reduction
setting, in the rest of this section we consider a more general form of the landing field as

F (X,A) = AX + λ∇N (X), (13)

where A is an n × n skew-symmetric matrix. The formula of the landing field in (10)
is recovered by taking A = skew(∇f(X)X>) in the above equation (13), that is to say
Λ(X) = F (X, skew(∇f(X)X>)).

Fields of the form (13) will play a key role in our analysis, exhibiting interesting
geometrical properties which stem from the orthogonality of the two terms: AX and
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∇N (X) = X(X>X − Ip) are orthogonal. Figure 1 illustrates the geometry of the problem
and of the field F . We have the following inequalities:

Proposition 2 For all X ∈ St(p, n)ε and A ∈ skewn, the norm of the field (13) admits the
following bounds:

‖AX‖2 + 4λ2(1− ε)N (X) ≤ ‖F (X,A)‖2 ≤ ‖AX‖2 + 4λ2(1 + ε)N (X)

The orthogonality of the two terms also ensures that going in the direction of −F (X,A)
allows us to remain in the safe region St(p, n)ε as long as the step size is small enough.

Lemma 3 (Step-size safeguard) Let X ∈ St(p, n)ε, A ∈ skewn, and consider the update
X̃ = X − ηF (X,A), where η > 0 is a step size and F (X,A) is the field (13). Define
g = ‖F (X,A)‖ and d = ‖X>X − Ip‖. If the step size satisfies

η ≤ η(X) := min

{
λd(1− d) +

√
λ2d2(1− d)2 + g2(ε− d)

g2
,

1

2λ

}
, (14)

then the next iterate X̃ remains in St(p, n)ε.

This lemma is of critical importance, both from a practical and theoretical point of
view. In practice, at each iteration of our algorithms introduced later, we always compute
the safeguard step (14), and if the safeguard step is smaller than the prescribed step size, we
use the safeguard step instead. Note that the formula for the safeguard step only involves
quantities that are readily available when the field F has been computed: computing η(X)
at each iteration does not add a significant computational overhead.

We can furthermore lower bound the safeguard step in (14) by a quantity independent
of X:

Lemma 4 (A lower-bound on the step-size safeguard) Assuming that ‖AX‖F ≤ ã,
we have that the upper-bound in Lemma 3 is lower-bounded by

η(X) ≥ η∗(ã, ε, λ) (15)

where the quantity η∗(ã, ε, λ), given in Appendix B.4, is positive for any λ, ε and ã.

This lemma serves to prove that the iterates of our algorithms all stay in the safe region
provided that the step size is small enough. We have:

Proposition 5 Consider a sequence of iterates Xk defined by recursion, starting from X0 ∈
St(p, n)ε. We assume that there is a family of maps Ak(X0, . . . , Xk) = Ak ∈ skewn such that
Xk+1 = Xk− ηkF (Xk, Ak) where ηk > 0 is a step size. In addition, we assume that there is
a constant ã > 0 such that for all X0, . . . , Xk ∈ St(p, n)ε, we have ‖Ak(X0, . . . , Xk)Xk‖ ≤ ã.
Then, if all ηk are such that ηk ≤ η∗(ã, ε, λ) with η∗ defined in Lemma 4, we have that all
iterates satisfy Xk ∈ St(p, n)ε.

This proposition shows that an algorithm that follows a direction of the form (13) with
sufficiently small steps will stay within the safe region St(p, n)ε. The definition of the
maps Ak is cumbersome as it depends on the past iterates, but it is needed to handle
the variance reduction algorithm that we study later. This result is central to this article
since all algorithms considered in Section 3 produce sequences that satisfy the hypothesis
of Proposition 5.
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2.2 A Merit Function

The next proposition defines a smooth merit function for the landing field Λ(X) defined
in (10). The existence of such a merit function is central to a simple analysis of the landing
algorithm and its different extensions. We consider as in (Gao et al., 2019):

L(X) = f(X) + h(X) + µN (X), (16)

where h(X) = −1
2〈sym(X>∇f(X)), X>X − Ip〉 and µ > 0, which is suitably chosen in the

following result.

Proposition 6 (Merit function bound) Let L(X) be the merit function defined in (16).
For all X ∈ St(p, n)ε we have with ν = λµ:

〈∇L(X), Λ(X)〉 ≥ 1

2
‖gradf(X)‖2 + νN (X), (17)

for the choice of

µ ≥ 2

3− 4ε

(
L(1− ε) + 3s+ L̂2 (1 + ε)2

λ(1− ε)

)
, (18)

where s = supX∈St(p,n)ε ‖sym(X>∇f(X))‖, L > 0 is the smoothness constant of f over

St(p, n)ε, L̂ = max(L,L′) with L′ = maxX∈St(p,n)ε ‖∇f(X)‖, and ε < 3
4 .

This demonstrates that L is in fact a merit function. Indeed, the landing direction is an
ascent direction for the merit function, since 〈∇L(X),Λ(X)〉 ≥ 0. We can then combine
this proposition and Proposition 2 get the following result:

Proposition 7 Under the same conditions as in Proposition 6, defining ρ = min(12 ,
ν

4λ2(1+ε)
),

we have for X ∈ St(p, n)ε:

〈Λ(X),∇L(X)〉 ≥ ρ‖Λ(X)‖2.

We now turn to the intuition behind the merit function. The merit function L is composed
of three terms. The terms f(X) and µN (X) are easy to interpret: the first one controls
optimality, while the second controls the distance to the manifold. The term h(X) might
be mysterious at first. Its role is best understood when X is on the manifold. Indeed, for
X ∈ St(p, n) we get

∇h(X) = −Xsym(X>∇f(X)) .

This vector is, in fact, the opposite of the projection of ∇f(X) on the normal space to
St(p, n) at X. Hence, if X ∈ St(p, n) then L(X) = f(X) and ∇L(X) is a vector in
the tangent space TXSt(p, n) which is makes an acute angle with gradf(X). Note that
Fletcher’s penalty function (Fletcher, 1970) is similar to the merit function L(X) while the
h(X) term is determined by the solution of the least squares problem. Notice that this merit
function L(X) is the same as that of Gao et al. (2019) where L is constructed from the
augmented Lagrangian function and h(X) serves as a multiplier term since the multiplier
of orthogonality constraints has a closed-form solution, sym(X>∇f(X)), at any first-order
stationary point. The main difference with the present work is that Gao et al. (2019) solve
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the optimization problem by taking steps in a direction that approximates −∇L(X), but
that does not satisfy the orthogonality hypothesis and hence is not guaranteed to converge
for any value of λ > 0 (see also the discussion in Appendix B in (Ablin and Peyré, 2022)).

As a sum of smooth terms, the merit function is also smooth:

Proposition 8 (Smoothness of the merit function) The merit function L is Lg-smooth
on St(p, n)ε, with Lg = Lf+h + µLN where Lf+h is the smoothness constant of f + h and
LN is that of N , upper bounded for instance by 2 + 3ε.

Schechtman et al. (2023) consider instead the non-smooth merit function L′(X) =
f(X) + M‖X>X − Ip‖. Our merit function decreases faster in the direction normal to
the manifold, which is why the term h(X) is introduced to tame the contribution of f in
that direction. The smoothness of our merit function renders the subsequent analysis of
the algorithms particularly simple since the smoothness lemma applied on L directly gives
a descent lemma. This forms the basic tool to analyze the landing method and its variants.

This new merit function allows us to obtain far stronger convergence results than those
of Ablin and Peyré (2022), which only analyzed the deterministic method, and could only
prove a slow rate with decreasing step-sizes. In the following, we demonstrate that the
classical gradient descent, SGD, and variance reduction method can be straightforwardly
extended to the landing setting, provably converge to the manifold, and recover the same
convergence rates at their Riemannian counterparts, all thanks to this new merit function.

3. A Family of Landing Algorithms, and their Convergence Properties

In this section, we consider a family of methods all derived from a base algorithm, the
landing gradient descent algorithm. All of our algorithms follow directions of the form (13).

3.1 Landing Gradient Descent: the Base Algorithm

This algorithm produces a sequence of iterates Xk ∈ Rn×p by iterating

Xk+1 = Xk − ηΛ(Xk) (19)

where η > 0 is a step size and Λ is the landing field defined in (10). Note that this
method falls into the hypothesis of Proposition 5 with the simple maps Ak(X0, . . . , Xk) =
gradf(Xk), so we can just take ã = supX∈St(p,n)ε ‖gradf(X)‖ to get a safeguard step size
η∗ that guarantees that the iterates of the landing algorithm stay in St(p, n)ε.

We will start with the analysis of this method, where we find that it achieves a rate of
convergence of 1

K : we have 1
K

∑K
k=0 ‖gradf(Xk)‖2 = O( 1

K ) and 1
K

∑K
k=0N (Xk) = O( 1

K ).
We, therefore, obtain the same properties as classical Riemannian gradient descent, with a
reduced cost per iteration, but with different constants.

Proposition 9 Consider the iteration (19) starting from X0 ∈ St(p, n)ε. Define ã =
supX∈St(p,n)ε ‖skew(∇f(X)X>)X‖F , and let η∗ be the safeguard step size chosen from
Lemma 4. Let L∗ be a lower bound of the merit function L on St(p, n)ε. Then, for
η ≤ min( 1

2Lg
, ν
4λ2Lg(1+ε)

, η∗), we have

1

K

K∑
k=1

‖gradf(Xk)‖2 ≤
4(L(X0)− L∗)

ηK
and

1

K

K∑
k=1

N (Xk) ≤
2(L(X0)− L∗)

ηνK
.

10
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This result demonstrates weak convergence to the stationary points of f on the man-
ifold at a rate 1

K , just like classical Riemannian gradient descent (Boumal et al., 2019).
Some readers might be more familiar with the following consequence “without squares”:
infk≤K ‖gradf(Xk)‖+ ‖X>k Xk − Ip‖ = O( 1√

K
), i.e., there exists an iterate which has both

a low gradient norm and is close to the manifold. This result is an important improvement
over that of Ablin and Peyré (2022) since we do not require decreasing step sizes to get
convergence and obtain a much better convergence rate.

3.2 Landing Stochastic Gradient Descent: Large Scale Orthogonal
Optimization

We now consider the case where the function f is the average of N functions:

f(X) =
1

N

N∑
i=1

fi(X) .

We can define the landing field associated with each fi by

Λi(X) = gradfi(X) + λX(X>X − Ip) .

This way, we have

Λ(X) =
1

N

N∑
i=1

Λi(X),

and if we take an index i uniformly at random between 1 and N we have

Ei[Λi(X)] = Λ(X) .

In other words, the direction Λi is an unbiased estimator of the landing field Λ. We consider
the landing stochastic gradient descent (Landing-SGD) algorithm, which at iteration k
samples a random index ik uniformly between 1 and N and iterates

Xk+1 = Xk − ηkΛik(Xk) (20)

where ηk is a sequence of step size. As is customary in the analysis of stochastic optimization
algorithms, we posit a bound on the variance of Λi:

Assumption 10 There exists B > 0 such that for all X ∈ St(p, n)ε, we have 1
N

∑N
i=1 ‖Λi(X)−

Λ(X)‖2 ≤ B.

This assumption is true when the Λi are continuous since St(p, n)ε is a compact set. Lemma
4 and Prop. 5 come in handy to define a safeguard step size. Indeed we see that the algorithm
follows the hypothesis of Prop. 5 with ã = supX∈St(p,n)ε, i∈{1,...,n} ‖gradfi(X)‖. This allows
to define a safeguard step-size η∗ following Prop. 5. We then obtain a simple recursive
bound on the iterates using the smoothness inequality:

11
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Proposition 11 Assume that ηk ≤ min( 1
2Lg

, ν
4λ2Lg(1+ε)

, η∗) where η∗ is the global safeguard

step size obtained as above. Then,

Eik [L(Xk+1)] ≤ L(Xk)−
ηk
4
‖gradf(Xk)‖2 −

ηkν

2
N (Xk) +

LgBη
2
k

2
,

where the expectation is taken with respect to the random variable ik.

We get convergence rates of the stochastic landing algorithm with decreasing step sizes.

Proposition 12 Assume that the step size is ηk = η0×(1+k)−
1
2 with η0 = min( 1

2Lg
, ν
4λ2Lg(1+ε)

, η∗),

with η∗ chosen as the safeguard step size. Then, we have

inf
k≤K

E[‖gradf(Xk)‖2] = O

(
log(K + 1)√

K

)
and inf

k≤K
E[‖N (Xk)‖2] = O

(
log(K + 1)√

K

)
.

The expectation here is taken with respect to all the random realizations of the random
variables ik, k ≤ K.

This shows that our method with decreasing step size has the same convergence rate as
Riemannian stochastic gradient descent with decreasing step size. With constant step size,
we get the following proposition:

Proposition 13 Assume that the step size is fixed to η = η0 × (1 + K)−
1
2 with η0 =

min( 1
2Lg

, ν
4λ2Lg(1+ε)

, η∗). Then, we have

inf
k≤K

E[‖gradf(Xk)‖2] = O

(
1√
K

)
and inf

k≤K
E[‖N (Xk)‖2] = O

(
1√
K

)
.

Sample complexity The sample complexity of the algorithm is readily obtained from the
bound: in order to find an ε-critical point of the problem and get both infk≤K ‖gradf(Xk)‖2 ≤
ε and infk≤K N (Xk) ≤ ε, we need O(ε−2) iterations. The O here only hides constants of
the problem, like conditioning of f and hyperparameter λ, but this quantity is independent
of the number of samples N . This matches the classical sample complexity results obtained
with SGD in the Euclidean and Riemannian non-convex settings (Zhang et al., 2016).

3.3 Landing SAGA: Variance Reduction for Faster Convergence

In this section, we are in the same finite-sum setting as in Section 3.2. As in classical
optimization, SGD suffers from the high variance of its gradient estimator, leading to sub-
optimal convergence rates. A classical strategy to overcome this issue consists in using
variance reduction algorithms, which build an estimator of the gradient whose variance
goes to 0 as training progresses. Such algorithms have also been proposed in a Riemannian
setting, but like most other methods, they also require retractions (Zhang et al., 2016).

We propose a retraction-free variance-reduction algorithm that is a crossover between
the celebrated SAGA algorithm (Defazio et al., 2014) and the landing algorithm, called the
landing SAGA algorithm. The algorithm keeps a memory of the last gradient seen for each
sample, Φ1

k, . . . ,Φ
N
k where each Φi

k ∈ Rn×p. At iteration k, we sample at random an index

12
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ik between 1 and N , and compute the direction Λikk = gradfik(Xk) − skew(Φik
k X

>
k )Xk +

1
N

∑N
j=1 skew(Φj

kX
>
k )Xk + λXk(X

>
k Xk − Ip). We update the memory corresponding to

sample ik by doing Φik
k+1 = ∇fik(Xk), and Φj

k+1 = Φj
k for all j 6= ik. We then move in the

direction
Xk+1 = Xk − ηΛikk .

It is important to note that variance reduction is only applied on the “Riemannian” part
gradfi(X). The other term X(X>X − Ip) is treated as usual. Like in the classical SAGA
algorithm, we have the unbiasedness property:

Ei[Λik] = Λ(Xk) .

This means that, on average, the direction we take is the landing field, computed over
the whole dataset. The gist of this method is that we can have fine control on Ei[‖Λki ‖2].
Indeed, letting Di

k = gradfi(Xk)− skew(Φi
kX
>
k )Xk, we have

Λik = Λ(Xk) +Di
k − Ej [Dj

k]︸ ︷︷ ︸
zero-mean

, (21)

so that a bias-variance decomposition gives

Ei[‖Λik‖2] = ‖Λ(Xk)‖2 + Ei[‖Di
k − Ej [Dj

k]‖
2] (22)

≤ ‖Λ(Xk)‖2 + Ei[‖Di
k‖2], (23)

and Di
k can also be controlled since

‖Di
k‖ = ‖skew((∇fi(Xk)− Φi

k)X
>
k )Xk‖ (24)

≤ (1 + ε)‖∇fi(Xk)− Φi
k‖ (25)

≤ (1 + ε)Lf‖Xk −Xi
k‖2 (26)

where Xi
k is the last iterate that what chosen for the index i (so Xi

k is such that ∇f(Xi
k) =

Φi
k). We, therefore, recover that we need to control the distance from the memory Xi

k to
the current point Xk, as is customary in the analysis of SAGA.

We have the following convergence theorem, which is obtained by combining the merit
function and the proof technique of Reddi et al. (2016):

Proposition 14 Define ρ as in Proposition 7, Lg as in Proposition 8 and Lf the smooth-
ness constant of f on St(p, n)ε. Assume that the step size is such that

η ≤ min

η∗, ρ
Lg
,

1√
8N(1 + ε)Lf

,

(
ρ

8N(4N + 2)LgL2
f (1 + ε)2

)1/3
 .

Then, we have

inf
k≤K

E[‖gradf(Xk)‖2] = O

(
1

ηK

)
and inf

k≤K
E[‖N (Xk)‖2] = O

(
1

ηK

)
.

As in classical optimization, using the variance reduction of SAGA recovers a 1
K rate

with a stochastic algorithm.

13
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Sample complexity When the number of samples N is large, the last term in the above
“min” for the choice of step size is the smallest; hence the step size scales as N−2/3. This
shows that to get to a ε−critical point such that ‖gradf(X)‖2 ≤ ε, we need O(N

2
3 ε−1)

iterations. This matches the sample complexity of classical Euclidean SAGA in the non-
convex setting (Reddi et al., 2016).

3.4 Comparison to Penalty Methods

It is a common practice in deep learning applications that the orthogonality is favored by
adding an `2 regularization term and minimizing

f(X) + λN (X),

for example in (Balestriero et al., 2018; Xie et al., 2017; Bansal et al., 2018). This method
leads to a small computational overhead compared to the simple unconstrained minimization
of f , and it allows the use of standard optimization algorithms tailored for deep learning.
However, it provides no guarantee that the orthogonality will be satisfied. Generally, there
are two possible outcomes based on the choice of λ > 0. If λ is small, then the final point
is far from orthogonality, defeating the purpose of the regularization. If λ is too large, then
optimization becomes too hard, as the problem becomes ill-conditioned: its smoothness
constant grows with λ while its strong convexity constant does not, since N (X) is not
strongly convex (indeed, it is constant in the direction tangent to St(p, n)).

In order to have a more formal statement than the above intuition, we consider the
simple case of a linear problem:

Proposition 15 Let M = UΣV > be a singular value decomposition of M , where U ∈
St(p, n), Σ is a diagonal matrix of positive entries, and V ∈ St(p, p) is an orthogonal
matrix. Let σ1 ≤ · · · ≤ σp be the singular values of M . Then, the minimizer of g(X) =
〈M,X〉 + λN (X) is X∗ = −UΣ∗V > where Σ∗ is the diagonal matrix of entries σ∗i where
σ∗i is the minimizer of the scalar function x → −σix + λ

4 (x2 − 1)2. Furthermore, we have
two properties:

• The distance between X∗ and the constrained solution XSt(p,n) = UV > is of the order
of λ−1 when λ goes to +∞.

• The maximal and minimal eigenvalues of the Hessian H of g at X∗ satisfy λmin(H) ≤
σp +

σ2
p

4λ and λmax(H) ≥ 2λ. Hence the conditioning of H is at least 2λ

σp+
σ2p
4λ

which

behaves like 2λ
σp

as λ goes to +∞.

This unfortunate trade-off is illustrated in Figure 2, where we display the contours of g for
different values of λ. In practical terms, these two points mean that :

• In order to get a solution close to the correct one XSt(p,n), we have to take a large λ.

• But, taking a large λ makes the conditioning of the problem go to infinity. The number
of iterations of gradient descent with fixed step-size on g to achieve ‖X −X∗‖ ≤ ε is
locally of the order 2λ

σp
log(ε−1), which is linear in λ.
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λ = 0.1

St(1, 2) Penalty solution X∗ Constrained solution XSt(p,n)

λ = 0.1 λ = 1 λ = 10

Figure 2: Contours of the function g(X) = f(X) + λN (X) in dimensions (n, p) = (2, 1).
When λ is small, its minimizer is far from St(p, n), and when λ is large, g is badly conditioned
around its optimum.

In order to better formalize the second point, consider that we start gradient descent from
a point X = X∗ + δE where δ � 1 and E is an eigenvector of H corresponding to its
smallest eigenvalue, i.e., so that H[E] = λmin(H)E. We take the step size as the inverse of
the local smoothness constant η = 1/λmax(H), and define Y = X − η∇g(X) the output of
one iteration of gradient descent. Then, as δ → 0, we find

Y −X∗ = (1− ηλmin(H))(X −X∗) + o(δ)

which means that we have (approximately in δ) a linear convergence toward X∗ with a rate
(1 − ηλmin(H)) ≥ 1 − σp

2λ + o( 1
λ). Hence, after K iterations of gradient descent, the error

is at least (1− σp
2λ)K , and having an error smaller than ε requires at least K ≥ log(ε−1)

log(1−σp
2λ

)
=

2λ
σp

log(ε−1) + o( 1
λ) iterations: we need a number of iterations proportional to λ.

We want to insist that this behavior is in stark contrast with that of the landing methods
presented above since they all provably converge to the manifold regardless of the choice
of λ. In terms of computational overhead, they only require an additional computation of
a Riemannian gradient (see Equation 5). We argue that this might be a very small price
to pay in front of the benefits of having a method that provably converges to the correct
points.

3.5 Computational cost

We now analyze the computational cost of one iteration of the landing methods presented
above and compare it to the cost of classical Riemannian methods. All methods require
computing the (perhaps stochastic) gradient of f , which we denote for short as G ∈ Rn×p.
We denote tG as the cost of this computation, which depends on the complexity of the
function f itself. In the following, we use the fact that the cost of multiplying an a × b
matrix with a b× c matrix is O(abc).
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Penalty method The penalty method needs to compute ∇(f(X) + λN (X)) = G +
λX(X>X − Ip). Hence, on top of computing G, it requires two matrix-matrix multiplica-
tions; and its overall cost is tG +O(np2). We recall that this method does not converge to
the stationary points of the correct problem as illustrated in subsection 3.4.

Landing methods The landing methods presented above then compute the direction
Λ(X) = skew(GX>)X + λX(X>X − Ip). Since n ≥ p, the ordering of operations to
compute this quantity that leads to the optimal complexity is:

• A = X>X Shape: p, p Cost: O(np2)

• B = (12G+ λX)A Shape: n, p Cost: O(np2)

• C = G>X Shape: p, p Cost: O(np2)

• D = XC Shape: n, p Cost: O(np2)

• Return Λ = B − 1
2D − λX Shape: n, p Cost: O(np)

This makes it clear that the cost of implementing the landing method is tG + O(np2) in
terms of time and O(np) in terms of memory. It requires only four matrix multiplications,
which are heavily parallelizable. Note that compared to the penalty method, it requires
only two more matrix multiplications. Interestingly, when n ' p and we can afford to form
n× n matrices, we can simply compute the field as Λ =

(
skew(GX>) + λ(XX> − In)

)
X,

which only requires three matrix multiplications.

Retraction-based methods Retraction-based methods have to compute costly retrac-
tions, as described in subsubsection 1.1.2. The cost of these computations is usually O(np2),
but they are much slower than matrix multiplications when n ' p. Hence, the overall cost
has the same order of magnitude as the landing methods, tG+O(np2), but with much worse
constants, making overall one landing iteration faster to compute. The cost of computing
the gradient plays a key role here: indeed, if tG is much greater than np2, then the cost of
both methods becomes very similar.

4. Experiments

We numerically compare the landing method against the two main alternatives, the Rieman-
nian gradient descent with QR retraction and the Euclidean gradient descent with added
`2 squared penalty norm, with stochastic gradients.2 In all experiments, we take the safe
region parameter to be ε = 1

2 . Unless specified otherwise, we use for the landing term λ = 1,
and choose the learning rate η with a grid search, just like for all other methods.

4.1 Online PCA

We test the methods performance on the online principal component analysis (PCA) prob-
lem

min
X∈Rn×p

−1

2
‖AX‖2F , s.t. X ∈ St(p, n), (27)

2. The code to reproduce the experiments in this section is publicly available at: https://github.com/

simonvary/landing-stiefel.
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(b) n = 5000, p = 1000

Figure 3: Experiments with online PCA.

where A ∈ RN×n is a synthetically generated data matrix with N = 15 000 being the
number of samples each with dimension n = 5000. The columns of A are independently
sampled from the normal distribution N (0, UU> + σIn), where σ = 0.1 and U ∈ Rn×p is
sampled from the Stiefel manifold with the uniform Haar distribution.

We compare the landing stochastic gradient method with the classical Riemannian gra-
dient descent and with the “penalty” method which minimizes f(X) + λN (X), where λ is
now a regularization hyperparameter, using standard SGD. Figure 3 shows the convergence
of the objective and the distance to the constraint against the computation time of the
three methods using stochastic gradients with a batch size of 128 and a fixed step size,
which decreases after 30 epochs. The training loss is computed as f(Xk) − f(X∗), where
X∗ is the matrix of p right singular vectors of A. We see that in both cases of p = 200
and p = 1000 the landing is able to reach a lower objective value faster compared to the
Riemannian gradient descent, however, at the cost of not being precisely on the constraint
but with N (X) ≤ 10−6. The distance is further decreased after 30 epochs as the fixed
step size of the iterations is decreased as well. This test is implemented in PyTorch and
performed using a single GPU.

Euclidean gradient descent with `2 regularization performs poorly with both choices of
regularizer λ (“Reg.” in the figure). In the first case when λ = 102 is too small, the distance
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Figure 4: Experiments on ICA. Both scales are logarithmic.

remains large, and as a result, the training loss becomes negative since we are comparing
against X∗ which is on the constraint. In the second case of the large penalty term, when
λ = 104, the iterates remain relatively close to the constraint, but the convergence rate is
very slow. These experimental findings are in line with the theory explained in Section 3.4.

In general, we see that the landing method outperforms Riemannian gradient descent in
cases when the computational cost of the retraction is more expensive relative to computing
the gradient. This occurs especially in cases when p is large or the batch size of the stochastic
gradient is small, as can be seen also in the additional experiments for p = 100 and p = 500
shown in Figure 6 in Appendix A.

4.2 Independent Component Analysis

Given a data matrix A = [a1, . . . , aN ] ∈ RN×n, we perform the ICA of A by solving (Hy-
varinen, 1999)

min
X∈Rn×n

1

N

N∑
i=1

n∑
j=1

σ([AX]ij), such that X ∈ St(n, n)

where σ is a scalar function defined by σ(x) = log(cosh(x)), so that σ′(x) = tanh(x).

We generate A as A = SB>, where S ∈ RN×n is the sources matrix, containing i.i.d.
samples drawn from a Laplace distribution, and B is a random orthogonal n × n mixing
matrix. We take n = 10 and N = 104. We run the base landing algorithm, the landing
SGD, and the landing SAGA algorithm, with a batch size of 100 and compare them with
Riemannian gradient descent and Riemannian SGD. Additionally to the loss and distance
to the manifold, we also record the Amari distance, which measures how well B>X is a
scale and permutation matrix, i.e., how well we recover the sources. Results are displayed
in Figure 4. We observe a fast convergence for the SGD algorithms followed by a plateau.
The landing SAGA algorithm overcomes this plateau thanks to variance reduction. It
is also much faster than the full-batch algorithm since it is a stochastic algorithm. We
finally observe that its distance to the manifold reaches a very low value. Here, Riemannian
methods are much slower than the landing because of the costly retractions. This experiment
was run on a CPU using Benchopt (Moreau et al., 2022).
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Figure 5: Experiments with orthogonal convolutions.

4.3 Neural Networks with Orthogonality Constraints

We test the methods for training neural networks whose weights are constrained to the
Stiefel manifold. Orthogonality of weights plays a prominent role in deep learning, for
example in the recurrent neural networks to prevent the problem of instable gradients (Ar-
jovsky et al., 2015), or in orthogonal convolutional neural networks that impose kernel
orthogonality to improve the stability of models (Bansal et al., 2018; Wang et al., 2020).

We perform the test using two standard models, VGG16 (Simonyan and Zisserman,
2014) and Resnet18 (He and Sun, 2016), while constraining the kernels of all convolution
layers to be on the Stiefel manifold. We reshape the convolutional kernels to the size
nout × ninnxny, where nin, nout is the number of input and output channels respectively
and nx, ny is the filter size. In the case when the reshaping results in a wide instead of a
tall matrix, we impose the orthogonality on its transposition. We train the models using
Riemannian gradient descent, Euclidean gradient descent with `2 regularization, and the
landing method, with batch size of 128 samples for 150 epochs, and with a fixed step size
that decreases as η = η/10 every 50 epochs. We repeat each training 5 times for different
random seed. This test is implemented in PyTorch and performed using a single GPU.

Figure 5 shows the convergence of the test accuracy and the sum of distances to the
constraints against the computation time, with the light shaded areas showing minimum
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and maximum values of the 5 runs. The figure shows the landing is a strict improvement
over the Euclidean gradient descent with the added `2 regularization, which, for the choice
of λ = 1, achieves a good test accuracy, but at the cost of the poor distance to the constraint
of 10−3, and for the choice of λ = 103 converges to a solution that has similar distance as
the landing of 10−8, but has poor test accuracy. In comparison, training the models with
the Riemannian gradient descent with QR retractions, achieves the lowest distance to the
constraint, but also takes longer to reach the test accuracy of roughly 90%.

We also compared with the trivialization approach (Lezcano-Casado, 2019) using the
Geotorch library, however this approach is not readily suitable for optimization over large
Stiefel manifolds. See the experiments in Figure 7 in the Appendix A, which takes over 7
hours, i.e. approximately 14 times as long as the other methods, to reach the test accuracy
of around 90% with VGG16.

5. Conclusion

We have extended the landing method of Ablin and Peyré (2022) from the orthogonal
group to the Stiefel manifold, yielding an iterative method for smooth optimization prob-
lems where the decision variables take the form of a rectangular matrix constrained to be
orthonormal. The iterative method is infeasible in the sense that orthogonality is not en-
forced at the iterates. We have obtained a computable bound on the step size ensuring
that the next iterate stays in a safe region. This safeguard step size, along with the smooth
merit function (16), has allowed for a streamlined complexity analysis in Section 3, both for
the deterministic and stochastic cases. The various numerical experiments have illustrated
the value of the proposed approach.
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Ralf Zimmermann and Knut Hüper. Computing the Riemannian logarithm on the Stiefel
manifold: Metrics, methods, and performance. SIAM Journal on Matrix Analysis and
Applications, 43(2):953–980, 2022. doi: 10.1137/21M1425426.

24



Infeasible algorithms for orthogonality constraints

Appendix A. Further numerical experiments

Figure 6 shows the convergence plots of the landing method, Riemannian stochastic gra-
dient descent (RGD) with QR retractions, and the stochastic gradient descent with the
`2 penalty (marked as “Reg”) applied to the online PCA as described in Section 4. The
landing compared to the stochastic RGD converges faster to the critical point in terms of
computational time, especially with larger p = 500.
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Figure 6: Convergence plots of the tested methods on online PCA.

Figure 7 shows the convergence of training of VGG16 on CIFAR-10 where each convo-
lutional kernel is restricted to be orthogonal with the GeoTorch library using trivializations
(Lezcano-Casado, 2019). We see that the straightforward implementation of the method
takes around 10 hours to complete, which is roughly 14 times slower compared to the other
methods tested in Section 3.

Appendix B. Proofs

B.1 Proof of Lemma 1

Proof Letting σ1, . . . , σp the singular values of X, we have ‖X>X− Ip‖2 =
∑p

i=1(σ
2
i −1)2.

Hence, if ‖X>X − Ip‖2 ≤ ε2, we must have that all singular values satisfy |σ2 − 1| ≤ ε,
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Figure 7: Training of VGG16 on CIFAR10 with orthogonal convolutional kernels with
GeoTorch library using trivializations.

which proves the result.

B.2 Proof of Proposition 2

Proof Since the field (13) is the sum of two orthogonal terms, we have ‖F (X,A)‖2 =
‖AX‖2 +λ2‖X(X>X− Ip)‖2. Using the bound on the singular values of X from Lemma 1,
we have 4(1− ε)N (X) ≤ ‖X(X>X − Ip)‖2 ≤ 4(1 + ε)N (X), which concludes the proof.

B.3 Proof of Lemma 3

Proof Let the residual at X be ∆ = X>X − Ip and the landing field be F = F (X,A).
The residual ∆̃ = X̃>X̃ − Ip at the updated X̃ can be expressed as

∆̃ = X̃>X̃ − Ip = (X − ηF )>(X − ηF )− Ip (28)

= X>X − η(X>F + F>X) + η2F>F − Ip (29)

= ∆− η
(
X>(AX + λX∆) + (−X>A+ λ∆X>)X

)
+ η2F>F (30)

= ∆− 2ηλ(∆ + ∆2) + η2F>F, (31)

where for the last equality we use that X>X = ∆+Ip. By the triangle inequality and norm
submultiplicativity, we can bound the Frobenius norm as

‖∆̃‖ ≤ (1− 2ηλ)‖∆‖+ 2ηλ‖∆‖2 + η2‖F‖2, (32)

when η < 1/(2λ). Rewriting the above using scalar notation of d = ‖∆‖ and g = ‖F‖ and
fixed λ > 0, we wish to find an interval for η such that

η2g2 + 2ηλd(d− 1) + d ≤ ε, (33)

which in turn ensures that ‖∆̃‖ ≤ ε. For ε ≥ d, i.e., when X is in the safe region, we can
discard the negative root of the quadratic inequality in (33) resulting in the upper bound
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in (14). Note that if d ≥ 1, the upper bound on the step size is not positive when on the
boundary d = ε. To prevent this case, we need to have ε < 1.

B.4 Proof of Lemma 4

Proof Let X be with distance d > 0, i.e.,

‖X>X − Ip‖2F =

p∑
i=1

(σ2i − 1)2 = d2,

where σi are the singular values of X, which, as a result, must be bounded as: σ2i ∈
[1− d, 1 + d]. Consider the bound on the normalizing component

‖∇N (X)‖2F = ‖X(X>X − Ip)‖2F =

p∑
i=1

σ2i (σ
2
i − 1)2,

implying that
(1− d)d2 ≤ ‖∇N (X)‖2F ≤ (1 + d)d2.

By the orthogonality of the two components in the landing field, we have that

‖F (X,A)‖2F = ‖AX‖2F + λ2‖∇N (X)‖2F . (34)

We proceed to lower-bound the first term in the minimum stated in (14) to make it
independent of X. In the following, we denote a = ‖AX‖F and g = ‖F (X,A)‖F

1

g2

(
λd(1− d) +

√
λ2d2(1− d)2 + g2(ε− d)

)
(35)

≥ 1

a2 + λ2(1 + d)d2

(
λd(1− d) +

√
λ2d2(1− d)2 + (a2 + λ2(1− d)2d2)(ε− d)

)
(36)

≥ 1

a2 + λ2(1 + d)d2

(
λd(1− d)

(
1 +

√
1 + ε− d

2

)
+ a

√
ε− d

2

)
(37)

≥
λ(1− ε)d+ a

√
(ε− d)/2

a2 + λ2(1 + ε)d2
:= K(λ, ε, a, d) (38)

where in (36) we used the bound from (34) to g and that (1− d)2d2 ≤ (1− d)d2 for d < 1,
in (37) we used the fact that for any x, y ≥ 0 we have that

√
x2 + y2 ≥ (x+ y)/

√
2, and in

(38) we used that d ≤ ε < 1.
We now define

Q(λ, ε, ã) = inf
a∈]0,ã],d∈]0,ε]

K(λ, ε, a, d) .

We have that for all λ > 0, ε > 0 and ã > 0, Q(λ, ε, ã) > 0 since K > 0 and 0 cannot be
attained on the boundaries where a→ 0 or d→ 0. Indeed, as a→ 0, we have K(λ, ε, a, d) =

1−ε
λ(1+ε)d + O(a), and as d → 0 we have K(λ, ε, a, d) =

√
ε

a
√
2

+ O(d), both of these limits are

bounded away from 0.

27



Ablin, Vary, Gao, and Absil

As a result, the upper bound on the safeguard step size for all X with the ε distance
cannot decrease below

η(X) ≥ min η∗(ã, ε, λ) :=

{
Q(λ, ε, ã),

1

2λ

}

B.5 Proof of Proposition 5

Proof The proof is a simple recursion. The property that X0 ∈ St(p, n)ε holds by assump-
tion. Then, assuming that X0, . . . , Xk ∈ St(p, n)ε, we have by assumption that Ak is such
that ‖AkXk‖ ≤ ã. It follows that Xk+1 ∈ St(p, n)ε following Lemma 4, which concludes the
recursion.

Lemma 16 (Jacobian of Φ(X)) Let Φ(X) = sym(∇f(X)>X) : Rn×p → Rp×p , let
JX (Φ) denote its derivative at X, and let JX (Φ)∗ [Ẋ] denote its adjoint in the sense of the
Frobenius inner product at X applied to Ẋ. Let vec (·) : Rm×n → Rmn denote the vector-
ization operation, and let HX denote the matrix representation of the Hessian of f at X;

namely, HX ∈ Rnp×np such that, for all Ẋ ∈ Rn×p, HX [vec
(
Ẋ
)

] = vec
(

D(∇f)(X)[Ẋ]
)

.

Then

vec
(
JX (Φ)∗ [X>X − Ip]

)
= HXvec (∇N (X)) + vec

(
∇f(X)(X>X − I)

)
.

Proof Let DF (X)[Ẋ] = limt→0(F (X + tẊ) − F (X))/t denote the derivative of F at X

along Ẋ. We have DΦ(X)[Ẋ] = sym(
(

D(∇f)(X)[Ẋ]
)>

X + ∇f(X)>Ẋ). Hence, for all

Ẋ ∈ Rn×p and Z ∈ Rp×p, it holds that

〈Ẋ, (DΦ)∗(X)[Z]〉 =
〈

DΦ(X)[Ẋ], Z
〉

(39)

=

〈
sym(

(
D(∇f)(X)[Ẋ]

)>
X +∇f(X)>Ẋ), Z

〉
(40)

=

〈(
D(∇f)(X)[Ẋ]

)>
X +∇f(X)>Ẋ, sym(Z)

〉
(41)

=
〈

D(∇f)(X)[Ẋ], Xsym(Z)
〉

+
〈
Ẋ, ∇f(X)sym(Z)

〉
(42)

=
〈
Ẋ, D(∇f)(X)[Xsym(Z)]

〉
+
〈
Ẋ, ∇f(X)sym(Z)

〉
. (43)

Hence
(DΦ)∗(X)[Z] = D(∇f)(X)[Xsym(Z)] +∇f(X)sym(Z),

where (DΦ)∗(X) is the adjoint of the Jacobian of Φ at X, and D(∇f)(X)[·] : Rn×p → Rn×p
is the Hessian operator of f at X. For Z = X>X−Ip, this yields the result of Lemma 16.
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B.6 Proof of Proposition 6

Proof Computing the gradient of L(X) has four terms

∇L(X) = ∇f(X)− 1

2
JX (Φ)∗ [X>X − Ip]−Xsym(X>∇f(X)) + µ∇N (X), (44)

where JX (Φ)∗ [X>X−Ip] denotes the adjoint of the Jacobian in the sense of the Frobenius
inner product of Φ(X) = sym(X>∇f(X)) in X evaluated in the direction X>X − Ip. We
proceed by expressing the inner product of the landing field Λ(X) with each of the four
terms of ∇L(X) in (44) separately.

The inner product between the first term of (44) and the landing field Λ(X) is

〈Λ(X), ∇f(X)〉 =
〈

skew(∇f(X)X>)X + λX(X>X − Ip), ∇f(X)
〉

(45)

=
〈

skew(∇f(X)X>), ∇f(X)X>
〉

+ λ
〈
X>X − Ip, X>∇f(X)

〉
(46)

= ‖skew(∇f(X)X>)‖2F + λ
〈

sym(X>∇f(X)), X>X − Ip
〉
, (47)

where we used the fact that the inner product of a skew-symmetric and a symmetric matrix
is zero.

We can express the inner product between the Jacobian using Lemma 16 in the second
term of (44) as〈

Λ(X), −1

2
JX (Φ)∗ [X>X − Ip]

〉
=− 1

2
λ 〈HXvec (∇N (X)) , vec (∇N (X))〉

− 1

2
〈HXvec (∇N (X)) , vec (gradf(X))〉

− 1

2

〈
∇f(X)>gradf(X), X>X − Ip

〉
− 1

2
λ
〈

sym(X>∇f(X)), (X>X − Ip)2
〉
,

(48)

where vec (·) : Rn×p → Rnp vectorizes a matrix and HX denote the matrix representation of

the Hessian of f at X; namely, HX ∈ Rnp×np such that, for all Ẋ ∈ Rn×p, HX [vec
(
Ẋ
)

] =

vec
(

D(∇f)(X)[Ẋ]
)

.

The third term is〈
Λ(X), −Xsym(X>∇f(X))

〉
=
〈

skew(∇f(X)X>)X + λ∇N (X), −Xsym(X>∇f(X))
〉

(49)

= −λ
〈

sym(X>∇f(X)), X>X(X>X − Ip)
〉
, (50)

where the inner product with the skew-symmetric matrix in the first term is zero.

The inner product of the fourth term and the landing field is

〈Λ(X), µ∇N (X)〉 = λµ‖∇N (X)‖2F (51)
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by orthogonality of the two components of the landing field.
Adding all the four terms expressed in (47), (48), (50), and (51) together gives

〈∇L(X), Λ(X)〉 = ‖skew(∇f(X)X>)‖2F (52)

+ λ

〈(
µInp −

1

2
HX

)
vec (∇N (X)) , vec (∇N (X))

〉
(53)

− λ3

2

〈
(X>X − Ip)2, sym(X>∇f(X))

〉
(54)

− 1

2
〈HXvec (∇N (X)) , vec (gradf(X))〉 (55)

− 1

2

〈
∇f(X)>gradf(X), X>X − Ip

〉
, (56)

where the first line in (52) comes from the first term of (47), the second line (53) is a
combination of the first term in (48) and (51), the third line in (54) comes from the second
term in (47), the third term in (48), and (48).

We will bound lower bound each term separately. The term in (53) is lower bounded as

λ

〈(
µInp −

1

2
HX

)
vec (∇N (X)) , vec (∇N (X))

〉
≥ λ

(
µ− L

2

)
‖∇N (X)‖2F (57)

≥ 4λ

(
µ− L

2

)
σ2pN (X), (58)

where σp is the smallest singular value of X and L is the Lipschitz constant of ∇f(X).
The term in (54) is lower bounded using the Cauchy-Schwarz inequality as

−λ3

2

〈
(X>X − Ip)2, sym(X>∇f(X))

〉
≥ −6λN (X)‖sym(X>∇f(X))‖F , (59)

by the fact that ‖X>X − Ip‖2F = 4N (X).
The term in (55) is lower bounded as

−1

2
〈HXvec (∇N (X)) , vec (gradf(X))〉 ≥ −L

2
‖X(X>X − Ip)‖F ‖gradf(X)‖F (60)

≥ −Lσ1
√
N (X)‖gradf(X)‖F , (61)

by the fact that the operator norm of ‖X‖2 = σ1 and ‖X>X − Ip‖F = 2
√
N (X).

The term in (56) is lower bounded as

−1

2

〈
∇f(X)>gradf(X), X>X − Ip

〉
≥ −1

2
‖∇f(X)‖F ‖gradf(X)‖F ‖X>X − Ip‖F (62)

≥ −L′
√
N (X)‖gradf(X)‖F , (63)

where L′ is such that ‖∇f(X)‖ ≤ L′ for all X ∈ St(p, n)ε.
Now we bound the terms in (61) and (63) together

−1

2
〈HXvec (∇N (X)) , vec (gradf(X))〉 − 1

2

〈
∇f(X)>gradf(X), X>X − Ip

〉
≥ −(L′ + Lσ1)

√
N (X)‖gradf(X)‖ (64)

≥ −1

2
(L′ + Lσ1)

(
βN (X) + β−1‖gradf(X)‖2

)
,

(65)
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where in the first inequality we used the previously derived bounds in (61) and (63), and the
second inequality is a consequence of the AG inequality

√
xy ≤ (x+ y)/2 with x = βN (X)

and y = β−1‖gradf(X)‖2 for an arbitrary β > 0, which will be specified later.

Adding the bounds in (58), (59), and (65) together, we have a lower bound as

〈∇L(X), Λ(X)〉 ≥ ‖gradf(X)‖2F
(
σ−21 −

1

2
(L′ + Lσ1)β

−1
)

(66)

+N (X)

(
4λ

(
µ− L

2

)
σ2p − 6λ‖sym(X>∇f(X))‖F −

1

2
(L′ + Lσ1)β

)
(67)

where we used that ‖skew(∇f(X)X>)‖F ≥ σ−11 ‖gradf(X)‖F . Choosing β = σ21
L′+Lσ1
2−σ2

1
and

bounding ‖sym(X>∇f(X))‖F ≤ s we have

〈∇L(X), Λ(X)〉 ≥ 1

2
‖gradf(X)‖2F +N (X)

(
4λ

(
µ− L

2

)
σ2p − 6λs− 1

2
σ21

(L′ + Lσ1)
2

2− σ21

)
(68)

≥ 1

2
‖gradf(X)‖2F +N (X)

(
4λ

(
µ− L

2

)
(1− ε)− 6λs− 1

2
L̂2(1 + ε)

(2
√

1 + ε)2

2− (1 + ε)

)
(69)

≥ 1

2
‖gradf(X)‖2F +N (X)

(
4λ

(
µ− L

2

)
(1− ε)− 6λs− 2L̂2 (1 + ε)2

1− ε

)
,

(70)

where in the second line we define L̂ = max{L,L′} and we used that
√

1 + ε ≥ 1. The
coefficient in front of the distance term N (X) in (70) is lower bounded by λµ for

µ ≥ 2

3− 4ε

(
L(1− ε) + 3s+ L̂2 (1 + ε)2

λ(1− ε)

)
. (71)

B.7 Proof of Proposition 7

Proof We have

1

2
‖gradf(X)‖2 + νN (X) ≥ ρ(‖gradf(X)‖2 + 4λ2(1 + ε)N (X)) (72)

≥ ρ‖Λ(X)‖2 , (73)

where the last inequality comes from Proposition 2.
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B.8 Proof of Proposition 8

Proof We start by considering the smoothness constant of N . We have ∇N (X) =
X(X>X − Ip), hence we find that its Hessian is such that in a direction E ∈ Rn×p:

∇2N (X)[E] = E(X>X − Ip) +X(E>X +X>E) .

We can then bound crudely using the triangular inequality

‖∇2N (X)[E]‖ ≤ ‖E(X>X − Ip)‖+ ‖XE>X‖+ ‖XX>E‖ (74)

≤ ε‖E‖+ 2(1 + ε)‖E‖ (75)

≤ (2 + 3ε)‖E‖ . (76)

This implies that all the absolute values of the eigenvalues of ∇2N (X) are bounded by
2 + 3ε, so that N is (2 + 3ε)-smooth. The result follows since the sum of smooth functions
is smooth.

B.9 Proof of Proposition 9

Proof Since we use the safeguard step size, the iterates remain in St(p, n)ε. Using the
Lg-smoothness of L (Proposition 8), we get

L(Xk+1) ≤ L(Xk)− η〈Λ(Xk),∇L(Xk)〉+
Lgη

2

2
‖Λ(Xk)‖2 .

Using Proposition 6 and Proposition 2, we get

L(Xk+1) ≤ L(Xk)− (
η

2
− η2Lg

2
)‖gradf(Xk)‖2 − (ην − 2λ2η2Lg(1 + ε))N (Xk) .

Using the hypothesis on η, we have both η
2 −

η2Lg
2 ≥ η

4 and ην − 2λ2η2Lg(1 + ε) ≥ ην
2 . We,

therefore, obtain the inequality

η

4
‖gradf(Xk)‖2 +

ην

2
N (Xk) ≤ L(Xk)− L(Xk+1) .

Summing these terms gives

η

4

K∑
k=1

‖gradf(Xk)‖2 +
ην

2

K∑
k=1

N (Xk) ≤ L(X0)− L(XK+1) ≤ L(X0)− L∗, (77)

which implies that we have both

η

4

K∑
k=1

‖gradf(Xk)‖2 ≤ L(X0)− L∗ and
ην

2

K∑
k=1

N (Xk) ≤ L(X0)− L∗ . (78)

These two inequalities then directly provide the result.
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B.10 Proof of Proposition 11

Proof We use once again the smoothness of L and unbiasedness of Λi(Xk) to get

Ei[L(Xk+1)] ≤ L(Xk)− ηk〈Λ(Xk),∇L(Xk)〉+
η2kLg

2
E[‖Λi(Xk)‖2] (79)

≤ L(Xk)− ηk〈Λ(Xk),∇L(Xk)〉+
η2kLg

2
(B + ‖Λ(Xk)‖2) (80)

≤ L(Xk)− ηk(
1

2
‖gradf(Xk)‖2 + νN (Xk)) (81)

+
η2kLg

2
(‖gradf(Xk)‖2 + 4λ2(1 + ε)N (Xk)) +

η2kLgB

2
(82)

≤ L(Xk)−
ηk − η2kLg

2
‖gradf(Xk)‖2 − (ηkν − 2η2kLgλ

2(1 + ε))N (Xk) +
η2kLgB

2
.

(83)

Taking ηk ≤ min( 1
2Lg

, ν
4Lgλ2(1+ε)

) simplifies the inequality to

Ei[L(Xk+1)] ≤ L(Xk)−
ηk
4
‖gradf(Xk)‖2 −

ηkν

2
N (Xk) +

η2kLgB

2
.

B.11 Proof of Proposition 12

Proof Taking expectations with respect to the past, and summing up the inequality in
Proposition 11 gives, using

∑K
k=0(1 + k)−1 ≤ log(K + 1):

1

4

K∑
k=0

ηkE[‖gradf(Xk)‖2] ≤ L(X0)− L∗ +
η20LgB

2
log(K + 1)

and

ν

2

K∑
k=0

ηkE[N (Xk)] ≤ L(X0)− L∗ +
η20LgB

2
log(K + 1) .

Next, we use the bound infk≤K E[‖gradf(Xk)‖2] ≤
∑K

k=0 ηk‖grad(Xk)‖2× (
∑K

k=0 ηk)
−1

and the fact that
∑K

k=0 ηk ≥ η0
√
K to get

inf
k≤K

E[‖gradf(Xk)‖2] ≤ 4
L(X0)− L∗ +

η20LgB
2 log(K + 1)

η0
√
K

and

inf
k≤K

E[N (Xk)] ≤ 2
L(X0)− L∗ +

η20LgB
2 log(K + 1)

νη0
√
K

.
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B.12 Proof of Proposition 13

Proof Just like for the previous proposition, we get by summing the descent lemmas:

1

4K

K∑
k=1

E[‖gradf(Xk)‖2] +
ν

2K

K∑
k=1

E[N (Xk)] ≤
L(X0)− L∗

ηK
+
ηLgB

2
.

Taking η = η0K
−1/2 yields as advertised:

inf
k≤K

E[‖gradf(Xk)‖2] ≤
4√
K

(
L(X0)− L∗

η0
+
η0LgB

2

)
and

inf
k≤K

E[N (Xk)] ≤
2

ν
√
K

(
L(X0)− L∗

η0
+
η0LgB

2

)
.

B.13 Proof of Proposition 14

Proof We define Xi
k as the matrix such that Φi

k = ∇f(Xi
k), i.e., the last iterate for

which the memory corresponding to sample i has been updated. As in the classical SAGA
analysis, we will form a merit function combining the merit function L and the distance to
the memory, defined as

Sk =
1

N

N∑
j=1

E[‖Xk −Xj
k‖

2] .

We also define the variance of the landing direction as

Vk =
1

N

N∑
j=1

‖Λjk‖
2 .

For short, we let Λk = Λ(Xk).

Control of the distance to the memory Looking at an individual term j in the sum
of Sk, we have

Ei[‖Xk+1 −Xj
k+1‖

2] = Ei[‖Xk − ηΛik −X
j
k+1‖

2] (84)

=
1

N
(
N∑
i 6=j
‖Xk − ηΛik −X

j
k‖

2 + η2‖Λjk‖
2) (85)

= Ei[‖Xk − ηΛik −X
j
k‖

2]− 1

N
(‖Xk − ηΛjk −X

j
k‖

2 − η2‖Λjk‖
2) . (86)

On the one hand, we have for the first term:

Ei[‖Xk − ηΛik −X
j
k‖

2] = ‖Xk −Xj
k‖

2 − 2η〈Λk, Xk −Xj
k〉+ η2Vk (87)

≤ (1 + ηβ)‖Xk −Xj
k‖

2 + ηβ−1‖Λk‖2 + η2Vk, (88)
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where we introduce β > 0 from Young’s inequality to control the scalar product. For the
second term, we obtain

‖Xk − ηΛjk −X
j
k‖

2 − η2‖Λjk‖
2 = ‖Xk −Xj

k‖
2 − 2η〈Λjk, Xk −Xj

k〉 (89)

≥ (1− γη)‖Xk −Xj
k‖

2 − γ−1η‖Λjk‖
2, (90)

where once again we introduce γ > 0 from Young’s inequality. Taking all of these inequalities
together gives

Ei[‖Xk+1−Xj
k+1‖

2] ≤ (1− 1

N
+ηβ+N−1γη)‖Xk−Xj

k‖
2+ηβ−1‖Λk‖2+η2Vk+N−1γ−1η‖Λjk‖

2,

and averaging these for j = 1 . . . N gives

Sk+1 ≤ (1− 1

N
+ ηβ +N−1γη)Sk + ηβ−1‖Λk‖2 + (η2 +N−1γ−1η)Vk . (91)

We choose β = (4Nη)−1 and γ = (4η)−1, which finally gives, assuming N > 4:

Sk+1 ≤ (1− 1

2N
)Sk + 4Nη2‖Λk‖2 + 2η2Vk . (92)

Control of the merit function The smoothness of the merit function gives once again

Ei[L(Xk+1)] ≤ L(Xk)− η〈Λk,∇L(Xk)〉+ η2
Lg
2
Vk (93)

≤ L(Xk)− ηρ‖Λk‖2 + η2
Lg
2
Vk, (94)

where the last inequality comes from Proposition 7.

Variance control We then control Vk. By the bias-variance decomposition, using the
unbiasedness of Λjk, we get

Vk = ‖Λk‖2 +
1

N

N∑
j=1

‖Λjk − Λk‖2 (95)

≤ ‖Λk‖2 +
1

N

N∑
j=1

‖gradfi(Xk)− skew(ΦiX
>
k )Xk‖2 (96)

≤ ‖Λk‖2 +
1

N

N∑
j=1

‖skew((∇f(Xk)−∇f(Xi
k))X

>
k )Xk‖2 (97)

≤ ‖Λk‖2 + L2
f (1 + ε)Sk, (98)

where Lf is the smoothness constant of f .
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Putting it together We get the two inequalities

Sk+1 ≤ (1− 1

2N
+ 2η2L2

f (1 + ε)2)Sk + (4N + 2)η2‖Λk‖2 (99)

Ei[L(Xk+1)] ≤ L(Xk)− (ηρ− η2Lg
2

)‖Λk‖2 + η2
Lg
2
L2
f (1 + ε)2Sk . (100)

The hypothesis on the step size simplifies these inequalities to

Sk+1 ≤ (1− 1

4N
)Sk + (4N + 2)η2‖Λk‖2 (101)

Ei[L(Xk+1)] ≤ L(Xk)−
1

2
ηρ‖Λk‖2 + η2

Lg
2
L2
f (1 + ε)2Sk . (102)

We now look for a decreasing quantity of the form Gk = L(Xk) + cSk, and get

E[Gk+1] ≤ Gk − (
1

2
ηρ− c(4N + 2)η2)‖Λk‖2 − (

c

4N
− η2Lg

2
L2
f (1 + ε)2)Sk .

We take c = 2Nη2LgL
2
f (1 + ε)2 in order to cancel the last term. The term in front of

‖Λk‖2 becomes 1
2ηρ− 2N(4N + 2)LgL

2
f (1 + ε)2η4, which is lower bounded by 1

4ηρ with the
last condition on the step size. We therefore get

E[Gk+1] ≤ Gk −
1

4
ηρ‖Λk‖2 .

Taking expectations with respect to the whole past and summing yields

1

K

K∑
k=1

E[‖Λk‖2] ≤
4

ηρK
(L(X0)− L∗),

which concludes the proof.

B.14 Proof of Proposition 15

Proof Let us write X = QDW> a singular value decomposition of X. Then we find

g(X) = 〈U>QDW>V,Σ〉+
λ

4
‖D2 − Ip‖2

The factors Q and W appear only in the first term. Hence we will first consider its min-
imization. Letting Ũ = Q>U and Ṽ = W>V , Von Neumann’s trace inequality gives that
the first term verifies

〈Ũ>DṼ ,Σ〉 ≥ −〈D,Σ〉
This lower bound is attained e.g. for Ũ = −Ip and Ṽ = Ip, i.e. for Q = −U and W = V .
Note that any other choice of Ũ , Ṽ that minimizes the above inequality leads to the same
solution X∗. We then fall back to the problem of minimizing

−〈D,Σ〉+
λ

4
‖D2 − Ip‖2
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with respect to D, which is a problem that is separable on the entries of D, so that the
optimal D is D = diag(σ∗i ) with σ∗i that minimizes the scalar function x→ −σix+λ

4 (x2−1)2.
We then have X∗ = QDW> = −UDV >.

The function x → −σix + λ
4 (x2 − 1)2 is minimized for the value σ∗i > 1 such that

(cancelling its derivative) it holds

(σ∗i )
3 − σ∗i =

σi
λ

.

We see that as λ goes to +∞ we have σ∗i that goes to 1 (we recover that X∗ tends to
orthogonality), and using the implicit function theorem, we find the expansion

σ∗i = 1 +
σi
2λ

+ o(
1

λ
) for λ→ +∞.

Furthermore, letting h(σ) = σ3 − σ, we have

h(1 +
σi
2λ

) =
σi
λ

+
3σ2i
4λ2

+
σ3i
8λ3
≥ σi

λ
.

Since the function h is locally increasing around 1, we deduce that σ∗i = h−1(σiλ ) ≤ 1 + σi
2λ .

Hence, we find ‖X∗ −XSt(p,n)‖ =
√∑p

i=1(σ
∗
i − 1)2 = 1

2λ

√∑p
i=1 σ

2
i + o( 1

λ), which goes to 0

at a 1/λ rate.

Finally, the Hessian of g at the optimum is the linear operator H such that

For all E ∈ Rn×p, H[E] = λ
(
E((X∗)>X∗ − Ip) +X∗(E>X∗ + (X∗)>E)

)
.

Note that (X∗)>X∗ − Ip is a symmetric positive-definite matrix. Let us lower-bound
the largest eigenvalue of H, by taking E = X∗. We find

〈X∗, H[X∗]〉 = λ
(
〈X∗, X∗((X∗)>X∗ − Ip)〉+ 2〈X∗, X∗(X∗)>X∗〉

)
(103)

≥ 2λ〈X∗, X∗(X∗)>X∗〉 (104)

≥ 2λ(‖X∗‖2 + 〈X∗, X∗((X∗)>X∗ − Ip)〉) (105)

≥ 2λ‖X∗‖2 (106)

where for the first and third inequality, we use the positive-definiteness of (X∗)>X∗ − Ip.
We conclude that λmax(H) ≥ 〈X

∗,H[X∗]〉
‖X∗‖2 ≥ 2λ. Similarly, let us upper-bound the smallest

eigenvalue of H, by taking any E such that E>X∗ + (X∗)>E = 0. We find

〈E,H[E]〉 = λ〈E,E((X∗)>X∗ − Ip)〉 (107)

≤ λ‖(X∗)>X∗ − Ip‖2‖E‖2 (108)

≤ (σp +
σ2p
4λ

)‖E‖2 (109)
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where we use the inequality 1 ≤ σ∗i ≤ 1 + σi
2λ in order to upper bound ‖(X∗)>X∗ − Ip‖2 =

(σ∗p)
2 − 1 by

σp
λ +

σ2
p

4λ2
. As a consequence, we have λmin(H) ≤ 〈E,H[E]〉

‖E‖2 ≤ σp +
σ2
p

4λ .

Combining the inequalities on the eigenvalues, we find that the conditioning of H is
lower-bounded by:

λmax(H)

λmin(H)
≥ 2λ

σp +
σ2
p

4λ

=
2λ

σp
+ o(λ) for λ→ +∞ .
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