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Abstract

Traditional statistical methods are faced with new challenges due to streaming data. The
major challenge is the rapidly growing volume and velocity of data, which makes storing
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such huge data sets in memory impossible. The paper presents an online inference frame-
work for regression parameters in high-dimensional semiparametric single-index models
with unknown link functions. The proposed online procedure updates only the current
data batch and summary statistics of historical data instead of re-accessing the entire raw
data set. At the same time, we do not need to estimate the unknown link function, which
is a highly challenging task. In addition, a generalized convex loss function is used in the
proposed inference procedure. To illustrate the proposed method, we use the Huber loss
function and the negative log-likelihood of the logistic regression model. In this study, the
asymptotic normality of the proposed online debiased Lasso estimators and the bounds
of the proposed online Lasso estimators are investigated. To evaluate the performance
of the proposed method, extensive simulation studies have been conducted. We provide
applications to Nasdaq stock prices and financial distress data sets.

Keywords: high-dimensional data; lasso; single-index models; statistical inference;
streaming data

1. Introduction

The rapid development of data collection techniques brings new challenges to developing
online approaches to handle data in a streaming fashion. In such a data environment, it is
often numerically challenging or sometimes infeasible to store the entire data set in memory.
Consequently, the classical offline methods that involve the entire data set are less attractive
or even infeasible due to computationally expensive. Instead, online methods can be used
to process the out-of-memory data and make real-time decisions, which have been prevalent
in economics, finance, machine learning, and statistics. Up to now, various online methods
have been proposed. For example, the stochastic gradient descent (SGD) algorithm and its
variants have been extended to the streaming settings; see Duchi and Singer (2009), Xiao
(2010), Dekel et al. (2012), Chen et al. (2020), and Zhu et al. (2023). In addition, Lin and
Xi (2011) considered an aggregated estimating equation for generalized linear models. Schi-
fano et al. (2016) proposed online-updating algorithms and inferences applicable to linear
models and estimation equations. Luo and Song (2020) suggested a renewable estimation
and incremental inference to analyze streaming data sets using generalized linear models.
The aforementioned online methods are developed for low-dimensional settings where the
number of regressors is fixed and much smaller than the total sample size.

In recent years, a large amount of high-dimensional data streams, such as network flows,
wireless sensor networks data, and multimedia streams have been generated; see Wang
et al. (2017), Braverman et al. (2017), and Din et al. (2021). To analyze the above high-
dimensional data streams, many online methods have been studied. For example, Langford
et al. (2009) proposed an online ¢;-regularized method via a variant of the truncated SGD.
Fan et al. (2018) developed the diffusion approximation approach to investigate SGD esti-
mators. Gepperth and Pfiilb (2021) presented an approach for the Gaussian mixture model
via SGD with non-stationary, high-dimensional streaming data. Shi et al. (2021) introduced
a valid inference method for single or low-dimensional regression coefficients via a recursive
online-score estimation technique. Deshpande et al. (2023) considered a class of online es-
timators in a high-dimensional auto-regressive model. Han et al. (2021) proposed an online
debiased lasso estimator for statistical inference with high-dimensional streaming data and
further extended to the generalized linear models in Luo et al. (2023). The above existing
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estimation and inference procedures only focused on the linear or generalized linear models.
However, much less is known under the potential misspecification of these commonly used
models or more general models.

The single-index models (SIMs), which accommodate possible nonlinearity and avoid the
curse of dimensionality simultaneously, are useful extensions of the linear regression model.
Over the last few decades, the SIMs have been widely investigated in both the statistics and
econometrics literature. In low-dimensional settings, the SIMs have been studied extensively
in the literature, see Carroll et al. (1997), Xia et al. (2009), and Cui et al. (2011), among
others. In high-dimensional settings, the SIMs have also attracted interest with various
studies such as variable selection, estimation, and hypothesis testing. For example, Alquier
and Biau (2013) introduced a PAC-Bayesian estimation approach for the sparse SIMs.
Ganti et al. (2017) provided a suite of algorithms to learn the SIMs. Radchenko (2015)
proposed a non-parametric least squares with an equality ¢; constraint to simultaneous
variable selection and estimation. Sign support recovery for the regression coefficient vector
was studied by Neykov et al. (2016). Yang et al. (2017) considered the estimation problems
of the parametric component of the SIMs. Zhang et al. (2020) proposed flexible regularized
single-index quantile regression models for high-dimensional data. Eftekhari et al. (2021)
conducted pointwise inference based on least squares. However, existing SIM estimation
or inference methods have been studied on the fixed sample size before data collection and
might not be suitable to implement the situations where data arrive in a streaming manner.

In this paper, we develop an online framework for real-time estimation and inference of
regression parameters in SIMs with streaming data. Our proposed procedure is established
based on general convex loss functions. We consider the Huber loss function (Huber, 1964)
and the negative log-likelihood of the logistic regression model as two special examples
to illustrate the proposed method. Unlike previous works, the proposed online estimators
are updated via the current data batch and summary statistics of historical data without
accessing the entire raw data set. Meanwhile, we do not need to estimate any unknown
link functions at each stage. In addition, the proposed online method accounts for the
sparsity features in a candidate set of covariates and provides a valid statistical inference
procedure for regression parameters. Under certain regular conditions, we also show the
consistency and asymptotic normality of the proposed online estimators, which provides us
with a theoretical basis for carrying out real-time statistical inference with streaming data.
In summary, in comparison with the literature, our contributions lie in the following four-
fold. (i) Unlike traditional high-dimensional offline SIMs (Neykov et al., 2016; Eftekhari
et al., 2021; Han et al., 2022, 2023), which have access to the entire raw data set, our
proposed method utilizes the current data batch along with summary statistics of historical
data. (ii) In contrast to high-dimensional linear or generalized linear models with streaming
data (Han et al., 2021; Luo et al., 2023) that presuppose a second-order differentiable loss
function, our proposed method targets the SIMs that focus on accommodating possible
nonlinearity. Moreover, it suffices for our method that the loss function only has a first-
order derivative. The Huber loss, known for its robustness to responses, serves as a notable
example within our framework. (iii) To conduct the inference procedure, we need to obtain
an approximated inverse matrix estimator for the inverse of the second-order derivative of
the expected loss function. Different from the works of Han et al. (2021) and Luo et al.
(2023), we utilize the methodology of Cai et al. (2011) to obtain this estimator instead of
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imposing stronger exact £y sparsity conditions on the population inverse of the second-order
derivative of the expected loss function. (iv) Our work presents the upper bounds for the
proposed online Lasso estimators with sub-Gaussian random covariates, thereby easing the
constraints on bounded covariates as shown in Luo et al. (2023). In addition, we provide
an improved understanding of how the number of data batches impacts oracle inequalities
within an online framework, differing from traditional oracle inequalities (Negahban et al.,
2012).

The rest of this paper is organized as follows. In Section 2.1, we present the model
settings. The proposed online estimation procedure with its theoretical property is pre-
sented in Section 2.2. Section 2.3 introduces the proposed online one-step procedure. Some
examples are provided to illustrate the proposed method in Section 3. We evaluate the
performance of the proposed procedure through simulation studies in Section 4. In Section
5, we apply the proposed method to the Nasdaq stock and financial distress data sets. Some
discussions are given in Section 6. Technical details are deferred to the Appendices.

2. Model and Methodology

2.1 Single-Index Models
We consider the following high-dimensional SIMs (Neykov et al., 2016):

Y = f(XT/BOa E)’ (1)

where Y is a response variable, X is a p-dimensional covariate vector, 3 is a p-dimensional
vector of regression parameters, f is an unknown link function, and € is an error term whose
distribution is unspecified. Without loss of generality, we assume E(X) = 0. Assume
that E(8) £8,) = 1 (Neykov et al., 2016; Eftekhari et al., 2021) for identifiability, where
¥ = E(XX"). Consider a time point m > 2 with a total of N,, = >_j=1n; independent
copies of (Y, X)) arriving in a sequence of m data batches, denoted by {D;,...,D,,}, where
n; is the size of the batch D;. For any 1 < j < m, denote the observations in D; by

{Yi(j ), X Z(.j )}g 1- The SIMs involve many existing models as special cases, such as the linear
regression model and the logistic regression model.

2.2 Online Consistent Estimation

The recovery of B up to a scale under model (1) often depends on the linearity of expec-
tation assumption (Li and Duan, 1989; Li, 1991; Neykov et al., 2016) given below:
Definition 1 (Linearity of Expectation) A p-dimensional random variable W is said
to satisfy linearity of expectation in the direction of 3 if for any direction b € R?:

EW'bW'B) =W '3+ ay,

where ap and ¢p are two constants which may depend on the direction b.
We consider estimating (3, up to a scalar by using a loss function [(Y, X TB). The
following conditions are for the following Proposition 2.

(C1) X satisfies the linearity of expectation assumption in the direction of 3. In addition,
X is independent of e.
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(C2) The function (Y, X "8) — (Y, X "3) is convex in X '3 € R, and the function 3 —
E{l(Y, X "B)} has a unique minimizer 3* # 0.

The linearity of expectation assumption for X in condition (C1) is commonly used for
the SIMs (Li and Duan, 1989; Neykov et al., 2016). Moreover, the independence between X
and e in condition (C1) is also adopted by Neykov et al. (2016). Condition (C2) is for the
parameter identification. Based on conditions (C1) and (C2) and the Jensen’s inequality,
we can obtain that 8% equals to 3, up to a scalar.

Remark 1 The linearity of expectation assumption in condition (C1) is widely assumed
in the sufficient dimension reduction literature, including SIMs as special cases; see Li and
Duan (1989), Li (1991), Eftekhari et al. (2021), Cai et al. (2023) and references therein for
further discussions on such assumptions and their applicability. It is worth that this linearity
of expectation is satisfied uniformly in all directions when W has an elliptical symmetric
distribution, including the multivariate normal distribution and Student’s t distribution; see
Cambanis et al. (1981). The assumption of elliptical symmetry plays an important role in
numerous theoretical developments and applications. Various tests have been proposed to
test whether that assumption holds true or not; see Cassart et al. (2008) and Babié et al.
(2021).

To test the linearity of expectation assumption in condition (C1), one promising way
is to test whether several principal components of covariates X is an elliptical symmetric
distribution. When the assumption of elliptical symmetry for covariates X 1is violated, we
can apply coordinatewise Gaussianization to transform covariates X into normal distribu-
tions, i.e., Tj = ®~YnkF;/(n+1)}. Here, ®(-) is the cumulative distribution function of the
standard normal distribution, and F\j denotes the empirical cumulative distribution function
of the jth component of X. Further details on coordinatewise Gaussianization can be found
in Mai et al. (2025).

Proposition 2 Suppose that conditions (C1) and (C2) hold. Then there exists some non-
zero constant ky depending on 1(Y, X T B) such that 8% = k13,.

Proposition 2 indicates that the loss function (Y, X T (3) can provide a leeway to perform
estimation and inference for 3, up to the scalar k.

Remark 3 Notice that our objective is to conduct estimation and inference for By up to
the scalar ki, it is not essential to let k1 — 1 or determine k1. In fact, since it is impossible
to derive the explicit expression of ki, determining it is not feasible. In addition, as the
expression of the loss function (Y, XTB) does mot incorporate the link function f, the
estimation of f could be avoided. The ¢1 and {2 bounds of the differences between (B3, up
to the scalar k1 and its corresponding Lasso estimators, and the asymptotic distributions of
the debiased Lasso estimators are provided in the following Theorems 4 and 5, respectively.

By Proposition 2, a consistent estimator of 3, up to the scalar k; can be derived by minimiz-
ing the following penalized empirical version of E{l(Y, X' 3)} under some mild condition:

j

1 m
T WY XPTE) A8,
m =1 4=1
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where A, is a tuning parameter, ||3]1 = >.7_, |3/ is the ¢;-norm of B, and ; is the Ith
element of 3. However, under the streaming data setting, since new data arrives continually,
data volume accumulates very fast over time. This leads to the result that the raw data
can not be stored in memory for a long time and we can not access the entire data set
{D1,..., Dy} at the time point m, making it impossible to implement the algorithm above.
To tackle this problem, we consider an online updating procedure which just exploit the
current data and the summary statistics from the historical raw data for estimating 3*. To
remove the dependence between an estimator of 3* and the observed data, we employ a
sample-splitting technique. Without this technique, it is difficult to obtain an upper bound

for the || - || of the difference between H and its corresponding estimator when the second
order derivative of I(Y, X ' 3) does not exist, where || - ||oc is the maximum absolute value
of the entries in a matrix. Without loss of generality, assume that nq,...,n,, are all even
j )ym/2 .
numbers. Let D;; = {Yi(]),Xl(])};Z{ , and Djqo = {Y E )}?n JETRE for j=1,...,m
Define
S )]
aﬂaﬁ—l— ’ B=p"-
When the batch D; arrives, let Bil) be the minimizer of
9 ni/2 .
1 1
210G X VT nBl, (2)
=1
~(1) e
and 35~ be the minimizer of
2 5 1) O
= X B + sl (3)
Ve 241

where \; and 1 are two tuning parameters. Then we store {,B( él), 1Hg ),mH( )}

where H gl), and H gl) are empirical versions of H which are obtained by using {D; 1, 52 },

- (1
and {DLQ,,BE )}, respectively. For any time point 2 < s < m, as the raw data {D1,...Ds_1}
is not stored, we consider replacing the cumulative objective function

s nj/2

N 53 v, x97 ) 1 A8, (4)

7=1 =1

~ —1 _ .
with another function just including historical summary statistics {,Bés ), ij% n; H gj )},
and the current data set Dg; to estimate 3" at the sth time point, where Ag is a tuning

~(s—1
parameter, Ny = ijl nj, ,8;8 ) is an estimator of 3" at the (s — 1)th time point by using

{,618 2) Ds_1 2, Zj;% n; H gj )}, and H gj ) is an empirical version of H which is acquired by
using {D] 1, /@2 }at the jth time point, j =1,...,s—1. (B— ,6(8 1)) ([3 ,Bés Y )/2+

22”3 /2 ( X 2 ﬁ( _1)) /n; can be considered as an approximated second—order Tay-
lor expansion of QZn]/Z (Yi(]),XQ)T,B)/nj at Bés_l). Then, motivated by Luo and Song

1
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(2020), by replacmg 22””/2 (Y( 7) X(] B)/n; with (8 — BQ ) (ﬂ ,@és Y )/2 +

2 an/z ( X(J 52 )/ n;in (4), for j = 1...,s—1, and removing constant terms, we

can obtain the updating estimator [355) at the sth time point by minimizing the following
objective function:

L15(6)+)‘8“6"17 (5)

~(s—1 Ng S s
where Li,(8) = (8- 8y )T X3 AnHY(B - B2+ 2 Py, x T g)/N..
Similarly, the updating estimator f)'2 is given by

5(s)

By = argmin{Lys(8) + vs[|Bll1}, (6)

BERP

(s—1)

where Ly(8) = (3-8 )T X5 n HY (B 24250 1V X T BN,
Vs is a tuning parameter, ,[:}gs_l) is an estimator of 3" at the (s — 1)th time point by using
{,6 (o 2) Ds_11, Zj;% n; H gj )}, and H gj ) is an empirical version of H which is got by using
{D;, 2,,[31 } at the jth time point, j = 1,...,s — 1. Then We take Bf;)e = {Bgs) + ,3(25)}/2
as the final estimator at the sth step and store {,6'1 ,62 ,ZJ ln]ng),ijl nngj)},
where H g ), and H g *) are empirical versions of H which are obtained by using {D; 1, ﬁés)},

and {D; o, B§$)}, respectively. Since the loss function [(Y, X T,B) does not incorporate the
link function f, both Lis(8) + As||B|l1 and Las(3) + vs||B|l1 also exclude f. Consequently,
the estimation of f is avoided in our proposed estimation procedure, which is detailed in
Algorithm 1.

Algorithm 1 Online estimation for the SIMs.

Input: Streaming data sets Dj...Ds..., and the tuning parameters Aj...As..
YL Vs -3
1. Calculate the offline lasso penalized estimators ,@gl), B\él) via (2) and (3) based on
Du;
2. Update anl(l) and TLQH2(1);
3. for s=2,3,...,do
(i). Read the current data set Ds;

°9

ii). Calculate the online lasso penalized estimators Bls and Ez via (5) and (6);
iii). Update and store the summary statistics {ﬂl , (s) D nJHgJ), S nJH(J)}

(

( 7=1
(iv). Calculate ,Bave = {51 + ,328)}/2;

(

v). Release data set Dy from the memory;

Output: B\gf,)e fors=1,2,...
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In what follows, we will provide the convergence rates of B%S), Bgs), and ,Bgz)e, for s =

1,---,m. Let || - |2 be the 3-norm (Euclidean norm). Define

Ny =n1, gg(Y, X) = 0l(Y,X ' B)/0B, Z = gg- (Y, X),

) =231, x0T gm0 @) =2 S D, xP e/,
i=1 i=n;/2+1

Vi) =23 gp(V 7, XD /g, and v (B) =2 3" g, X D) ;.
i=1 i=n;/2+1

For a p-dimensional random vector &, define

€]l =  sup  sup(Ela"€F)*/VE.
acRP |lal|;=1 k>1

In addition to conditions (C1) and (C2), the following conditions are required.
(C3) There exists a positive constant M; such that
12|y, < M.

(C4) By is sp-sparse with s3logp = o(n{') for some 0 < a1 < 1, where s is the number of
nonzero elements in 3.
(C5) There exist two positive constant My and Mj such that

My< inf |HY2A|3 < sup |HY2A|R < M.
[Al2=1 A]2=1

(C6) There exist two positive constants My and My such that for any 1 < s < m, with
probability at least 1 — P(nsg, p),

S * S k S * logp
(8" + A) —11(8%) — ATwI)(8%) > My||A|3 — M; [PNIRIPNS

ns
and

S * S * S * logp
1987+ A) —15(8%) — ATV (8%) > Mu||A|3 — Ms 1A]1]|A] 2,

Ns

for all ||Al[2 < 1, where Q(n;,p) is a function of n;.
(C7) There exists a positive number Mg > 1 such that for any 1 < s < m, with probability
at least 1 — Ps(ny,--- ,ng, p),

1 < ; 1 < ;
max FanHSJ)—H , ﬁanHg)—H
8]21 8]21

o o
1 < ; logp [logp
j
SE anM6«/30 max{ n, n, }.
7=1
where Ps(ni,--- ,ns,p) is a function of ny,--- ,ng and p.
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(C8) Suppose that for some positive constant ag and any 1 < s < m, 2%sg+/log p/Ng = o(1)
and
lim 1 — P(ns,p) — Ps—1(n1,...,ns—1,p) — 2ep~@0Ns/ms — 1,
p—00

Condition (C3) assumes that Z has a sub-Gaussian tail. Condition (C4) is similar to
the assumption in Jankova and Van De Geer (2016). Condition (C5) indicates that H is
positive definite and has finite eigenvalues. Many commonly-used loss functions such as
the Huber loss (Huber, 1964) and the negative log-likelihood of generalized linear models
satisfy condition (C6). The compliance of the Huber loss and the negative log-likelihood
associated with the logistic regression model with condition (C6) is demonstrated in Lemmas
14 and 15 of the Appendix B, respectively. Moreover, condition (C7) is verifiable through
mathematical induction, as detailed in the proofs of Corollaries 6 and 10. Condition (C8) can
ensure the consistency of our online Lasso estimators. In Section 3, we provide the concrete
forms of P(ns,p) and Ps(ni,--- ,ns,p) for specific examples and show that the condition
limy, yo0 1 —P(ns,p) —Ps—1(n1,...,Ns—1,D) —2ep~@Ns/ns — 1 in (C8) is satisfied under some
mild conditions. Neykov et al. (2016) concentrated on variable selection consistency, while
our work focuses on point estimation and pointwise inference for the regression parameter
vector. In addition, Neykov et al. (2016) investigated the ordinary high-dimensional data,
whereas our research is centered on high-dimensional streaming data. These distinctions
markedly distinguish condition (C5) from the assumptions 2.3.1 and 2.3.2 presented in
Neykov et al. (2016). Similarly, conditions (C4) and (C8) are notably different from the
assumptions regarding n, p and so in Neykov et al. (2016). It is worth pointing out that the
condition (C5) has been used in high dimensional statistical inference, see Fan et al. (2017),
van de Geer et al. (2014), Eftekhari et al. (2021) and references therein. The following

Theorem 4 provides the consistency of Bis), Bés) and B,(;)e, fors=1,---,m.

Theorem 4 Suppose that conditions (C1)-(C8) are satisfied. For any 1 < s <m, assume

As = c151/10gp/Ns, and s = cas\/logp/Ns, where c15 and cas could be any constants which
belong to [2M1+/2(ap + 1) /a1, as], a1 is a positive constant not depending on any parameter,

and ay could be any constant no less than 2My+/2(ag + 1)/ay. If

max _dia3  INOETV2sME < Ay,
1<s<m—1

where Ay could be any positive constant, dy = max{3aa/My,4}, and

az = max{(QMg + 3@2/2)/ min{M2/3, M4/2}, 8 + 2M3/{M1\/ 2(&0 + 1)/&1}}
Then for any 1 < s < m, we have that with probability at least 1—P(ngs,p)—Ps—_1(n1, ..., Ns—1,
p) — 2ep~20Ns/ns,

2 5) * S 10 D A(S) * 10 p
181 = B7ll2 < doy /22282 1BV — 7|1y < d2soy /22,

Ny N
~ () * S0 logp ~(5) * lng
182" = B7|]2 < ds N, 182" = B*[[1 < d2so N, '
~(s) * sp lo p ~(s) * lo p
Bave = B7l12 < diy [ 20, and - [|Byne = A1 < dsog | 500

where e is Fuler’s number and ds = dlag_l.
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It is inevitable that the constants ds and d? in Theorem 4 inherently depend on s due to
the propagation of the estimation errors in the previous step to the current estimators. This
dependency marks a deviation from the approach in traditional oracle inequalities (Van de
Geer, 2008; Huang et al., 2013). This phenomenon is also observed in Theorem 1 of Luo
et al. (2023). More details can be found in Remark 3 of Luo et al. (2023). In addition,
we also conduct simulation studies in Section 4.1 to gain a clearer insight into how the
upper bounds of the proposed estimator are influenced by the number of data batches m,
in contrast to the traditional offline lasso estimator.

2.3 Online Pointwise Inference

We construct pointwise inference for the Ith component of the regression parameter vector
8%, for Il =1,---,p. Since Bgs),ﬁgs) and Bf;)e are not Nsl/2 consistent by Theorem 4, we

cannot obtain the asymptotic normalities of these estimators. Let 3/ be the /th element of

8, 9 =H" and O and O

tackle this issue, we first consider the following one-step estimator for ;" based on Bf) to
increase the convergence rate:

be two estimators of €2 which will be specified later. To

pone ST ~(s—1) s)/ ~(8)
1,0 —511 - {Zny —52 )+nsVl§)(ﬂ1 )}/Ns>

7

where B}? is the /th element of ,@gs), and Qfl) is the {th column of Qgs)

that

. It can be shown

Bene — gt = B) — i - ﬂii”{ znm @ - B57) + i (BY )>}/Ns
]:
—o/ H(B - ") - fzi?f{ S o, BB~ 35) 4 navtl® (3 }/Ns
j=1
—q/ Z n;(H — HD)(BY - g%) /N,
j=
— (@) - nlf{ imﬂ&”(ﬁ?’ 857) + n, w1l (8 >}/N
j=1

s—1
_ QIT{ anHl(J)(IB* . B;S—l)) + nsvlgs)(Bgs)) _ nSHl(s)(Bgs) _ IB*)}/NS7 (7)

where €2; is the [th column of Q By the proof of Theorem 5 in the Appendix A, the

first two terms in (7 ) are op(Ns under some mild conditions. By the Taylor expansion,

P 1n]H(J (B* ,82 )canbeestlmatedbyzj 1n]vl( )(ﬁ )= 5= ln]Vl (ﬁQ ) Inspired

10
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by this, we consider the following decomposition for the third term,

s—1 s), (s s), o (s %
QT{ZnJ e ’)+nsvé><ﬂ§))nsﬂ£><ﬂ1)ﬂ)}/zvs

—QT{ Zna (8" ﬂ”)}/N

(s) (s)

s—1
ol L@ ) B0 et @ - B

j=1
- Ve a0 o Ve e N~ 0)
=n?{ S 71O (@ - BY) - S vt (87 + 3 v (BY >}/Ns
j=1 j=1 j=1
s—1 ) A( ( 1
+ Q,T{ anHl(])(ﬁz anvl
j=1

(s)
)

gl BE) 4 HO (B - B% }/Ns

+Qf an vi¥)(8)/N,

7j=1
:QZT{ZnJ 8 - BY)) - anvl *)+anvl§j)(f3§]))}/Ns
j=1 j=1
s—1 S
~(s) N, 50 4s—1) WG
+ (- O )T{ S (B - By ) Y nvi?(85)
j=1 j=1
Tt (BY) 1+ HO B B >}/N
()T [ =
+ Qll {ZTLJH(J (,62 — ZRJVZO
j=1
(s)/ »(8) (s) / »(s)
+nsVL (B 7) +nsH U (By — ) /N
+9 > v (87N,

Based on (7) and (8), we have

3ne — By =(I) + (IT) + (III) + (IV) + (V) + (VI),

11
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where
(1) =) S n;(H - HY) (B - g7)/N,,
j=1
s—1
A (s) (s) ~(s—1) s), 5(s)
(I =— (0 — )T {Z ny HP (B — By ) + nevil™ (3 >} /N,
j=1

(I11) = - n?{ nHO (8~ BY) — 3 nyvi (87 + Zm v (B }/Ns,
j:
s—1 .
(IV) = — (4 — Qf})T{ S nHY (B - B Z 019 (B + ngvl® (1)
j=1
+n BBy - B }/Ns,

A ()T - YA 0) $), 2(5)
(V) =—Q) {ZmH” — 85N =S w3+ ng i (38Y)

J=1

+nHO(BY - 3 }/Ns,

=0 Y n; i (8
j=1

According to the proof of Theorem 5 in the Appendix A, we have shown that (I)-(IV) are
op(Ns Y 2), and (VI) multiply by Ng 12 converges weakly to a normal distribution under

some mild conditions. In addition, the order of (V) may be larger than Ny Y2 The
decomposition of B‘me B/ implies that we need to minus (V) from (9) to acquire a new
estimator of 3 which converges weakly to a normal distribution. As a result, we propose
the following estimator for j;

s—1
Ad(s Aone A (S)T j 7 ( (S 1
1,(1 " =pye+ ) { > nHY (85 ~ Z n; VI

=1

+n 10 (3 + ol (B - B§S’>}/Ns
. (3) NONEES ) 30
=B z) + {Z n; -B) - Z”ngﬁ(ﬁg )} /Ns. (10)
j=1
Similarly, we propose the following estimator for 3; based on B;s):

A - NOIES YO RFTONEE S ()
e = B + Q) {anﬂé”wl’ -8, -y ]vz@(ﬁf)}/m, (11)

j=1 j=1

12
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where Bésl) is the lth element of Bés), and QSZ) is the lth column of Qés). Subsequently, we

propose an averaged estimator to avoid efficiency loss due to sample splitting:

ad(s) | pd(s)
sda(s) _ l,ls BQ,ZS
! 2
For a matrix M € RPO*P1 et
Po  P1
1M1= Y0 > Myal, and Ml = max Z M5,
J1=1j2=1
where M, j, is the (ji,j2)th element of M. To derive upper bounds for || — Q(S || 00,00
and || — Qé || co,00 €asily, we use the method of Cai et al. (2011) to obtain Qg *) and Qés).

5) (s)

. Note that fl2
with the corresponding tuning parameter xs. Let

For simplicity, we only present the construction of fzi can be obtained

/)

via a similar way based on Z‘;:l n; H gj

Q be the solution of the following optimization problem:

S
min [y subject to ||>_ nHY'Q/N, ~ 1| < h,, (12)
‘ (o.9]
where hg is a tuning parameter and I, is a unit matrix of size p. Note that the solution of

(12) is not symmetric in general. The final estimator Qgs) is obtained by symmetrizing Q
as follows:

Qf])‘l,p Q(Z)g,yl Q150 L1150 ] < 150 1) + Qi i L2550 | < 18251, 1),

(s)

1, jo» and Qj, j, are the (j1, j2)th elements of Qf) and €, respectively, and Ol

1,52,31°
and Qj2 1 are the (jo, j1)th elements of flgs), and €, respectively Both (10) and (11) 1mply

that {32320 ny HPBY = 5252 ny w1 (85)} and {3232 ny HY'BY) — 5252 nywiy) (51 !

should be stored as historical summary statistics at the (s — 1)th step to acquire 51 ;/ and

where Q'°

BAg (ZS). In addition, we should also store T, which is defined as

+ Z Z 95 (J) ,X(J))g;(j)m(J)’XZ(g))}
J=1i=n;/2+1 1
to estimate the asymptotic variance of r< srda(s) /Bl*) Denote Qgs—l) _ Z;:% njH(lj)Béj) -

Syt vt (35)) and QF7Y = STt HY'BY - 2571 nyvid) (BY). The proposed de-
biasing procedure is presented in the followmg Algorlthm 2.
Let of = QITE(Z Z")Q. Additional conditions are needed to prove Theorem 5.

13
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Algorithm 2 Online pointwise inference for the SIMs.
Input: Streaming data sets Dy ...D;...;

*)

1. Calculate the offline lasso penalized estimators ,@gl), B\él) via (2) and (3) based on
Dy;

2. Update nlﬂfl), anQ(D, le), gl) and T7;

3. for s=2,3,...,do

(i). Read the current data set Dg;

(ii). Update online lasso penalized estimators ﬂgs) and ﬂés) via Algorithm 1;

(111) Update and store the summary statistics {Z§:1 njﬂgj), ijl nngj), Qgs), Qgs),

P
o

(s)

iv). Calculate €;’ ()

and QQ by using (12);
v). Update the online debiasing estimators Bf(ls) and B;l(ls) via (10) and (11);

(

(

(vi). Compute B;ja ) _ {,@da(s ﬂgal(s }/2 and O'l " by (13);
(

vii). Release data set Dy from the memory;

Output: ,Bfa( ) and & Ul fors=1,2,.

(D1) For any 1 <[ <p,

0-12 > Gla

where (G7 is a positive constant.
(D2) There exists a positive number v(p) depending on p, and a positive constant w which
belongs to [0,1) such that for any 1 < s < m,

5(5) 5 () —w
max{[|€)” — Qoo 22" — Qllos,00} = Op((9(5, 50) 1256 00 l0g /Ne) '~/ 20(p)),

where g(s, s9) is a function of s and sg.
(D3) For any 1 < s <m,

195000 |4 Y 0 HY (B* — B9 + anwgﬂ(agﬁ) S mwi) (g ¢ /N2
j=1 j=1 j=1

:OP(1>7
and
192/ 50,00 anﬂgj)(ﬁ*—[a +anvl anvl (8%) b /N2
Jj=1 0o
:Op(l)-

14
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(D4) For any 1 < s <m,

{g(s,50) Y 2|QUIE a3 2 s0(log p) '~/ Pu(p) N2> 12 = o(1),
1€2]00,0003° 2d NG /2 1/23\/@1\45 < A,

and
{g(s,50)} 72| QIE 2 sv(p) (log p) '~/ 2a3 I NSV/PH2 Mg < Ay

Condition (D1) assumes that the asymptotic variance of \/NS(Bfa(S) — B) is bounded

away from zero. Condition (D2) provides an upper bound for maX{Hflgs) —Q|so,00, |25 —
Qlloo,00}- When Vl%y )(ﬁ) is differentiable with respect to 3 for 1 < j < s, the expression
Vlgj)(,[?éj)) + ng)(,@* - Bé‘])) is the first order Taylor expansion of ng) (B*) at Béj). I

particular, we do not impose stronger exact £g sparsity conditions on the population inverse
of the second-order derivative of the expected loss function, in contrast to the node-wise
lasso method in Han et al. (2021) and Luo et al. (2023). As a result, condition (D3)
presents an upper bound for the orders of the || - ||oc norm between the difference of the
weighted summations of these Vlgj )(ﬂ*) and that of the corresponding first order Taylor
expansions. Under the setting that s = 1 and p is fixed, this condition is equivalent to
||Bél) — B2 = op(Ny 1 4), which is easily verified under some mild conditions. For the
high-dimensional setting with streaming data, it is challenging to obtain explicit orders of

these || Bé]) — 3%||]2 under this condition. However, we have shown that conditions (D2)
and (D3) are satisfied in Corollaries 8 and 12 for the Huber loss and the negative log-
likelihood associated with the logistic regression model, respectively. In addition, when

max{log{g(s, s0)},10g(|||cc,00), 5, l0g 50, loglog p,log{v(p)}} = o(log(Ns)), condition (D4)
is fulfilled. Conditions (D2)-(D4) can ensure that the first four terms on the right side of (9)

are op(Ns 1/2 ) by the proof of Theorem 5 in the Appendix A. As described in Subsection
2.2, the distinct data structures and statistical problems addressed in our work and by
Neykov et al. (2016) lead to a significant divergence in condition (D4) from the assumptions
regarding n, p, and sy found in Propositions 2.2.1 and 2.2.3, and Theorem 2.3.4 of Neykov
et al. (2016). The following theorem demonstrates the asymptotic properties of /Ny (Blda(s) -

Br)-
Theorem 5 Under the conditions of Theorem 4, suppose that conditions (D1)-(D4) are

satisfied. Then for any 1 < s < m and 1 <1 < p, we have that al_lx/Ns(Blda(s) - Br)
converges to a standard normal random variable in distribution as p — oo.

The asymptotic variance of /N (3;1 a(s) _ B]) can be estimated by
(s) (S)\T (s) (s)
(le +921) (921 +Qzl)/ (13)
Then for any given significant level o € (0,1), a (1 — «) confidence interval for 3} is
[Blda(s) 1/ 6 5%aj2 B, Ada(s) + Ns_l/z&l,sza/Q]v

where z,/ is the upper « /2-quantile of the standard normal distribution.

15



HaN, XIE, Liu, SUN, HUANG, JIANG AND KONG

3. Examples

In this section, we provide two concrete examples to illustrate the proposed method.

3.1 Huber Loss

Actually, we often encounter data subject to heavily-tailed errors in finance and economics
(Fan et al., 2017, 2021). The Huber loss as an important way of robustification has been
well studied recently (Fan et al., 2017; Sun et al., 2020; Loh, 2021; Wang et al., 2021). The
Huber loss function is defined as follows:

(Y, X'8)=p (Y - X'B),

where

1‘2 2

prl(e) = 12l < 7)+ (rlal = T)(Je] > 7),

for some constant 7 > 0. We can observe that the Huber loss is robust to the heavy-
tailed observation noise due to the fact that the linear part of the Huber loss penalizes
the residuals. Let 87 = argmingcgy, E{p- (Y — X'B)},and e, =Y — XT3 If e, is a
continuous random variable, then we have

5 ; .
= —=F{p (Y - X g+ = EF{ XX " I(le;| < ,
5355 20~ XTB)aog; = BIXX T (er] < 7))
ns/2
H(S ZX(S 3 () X(S ,@2 |< )
and
HY = Z xOxOTv® - xOT8 < 1), s=1,--,m.
Sz =ns/2+1

We can obtain the estimators Bgs), B; and B((;)e by using the estimation procedure in
Algorithm 1, for s=1,--- ,m

The following conditions are needed to establish the consistency of Bgs), Bgs) and B((li)e.

(E1) There exists a positive constant e; such that for any 7 > e, E{XX "I(|[Y — X 8| <
7)} > 0 for any B € RP, and 0 is not the minimizer of the function 8 — E{p, (Y —
X' B}

(E2) There exists a positive constant By such that || Xy, < Bi.

(E3) There exist two positive constants By and Bs such that for any 7 > ey,

Ele;| < By, and B3 < HAlﬁlf |HY2A |2 < sup |HY?2A|3 < Bs.
2 1A]2=1

(E4) There exist two positive constants By and 0 < ay < 1 such that for any 2 < s < m,

logp
ng

< By or logp/ns> (logp)*

16
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(E5) For any given 7 > e, there exists a positive constant L, depending on 7 such that
sup fe,|x () < L; almost surely, where f. x(-) is the conditional density function of
z€R

€; given X.

(E6) 2530\/10gp/N§ = o(1) for 1 < s < m. There exists a positive number a(, such that
m = o(min(p®, p9)), where g; is a positive number depending on e;, B, By, Bs and
By.

The assumption BE{XX"I(|[Y — X8| < 7)} > 0 for any 8 € RP in condition (E1)
suggests that E{p,(Y — X "3)} is a strictly convex function of 3. Both this assumption and
0 is not the minimizer E{p,(Y — X ' 3)} imply that condition (C2) is satisfied. Condition
(E2) implies condition (C3). Conditions (E2)-(E4) suggest condition (C6). Conditions
(E2)-(E5) lead to condition (C7). According to Lemma 14 and the proof of Corollary 6 in
the Appendix B, we can obtain Py(n,...,ns,p) = 4sp~% — Z;zl{exp(—g4nj —g1logp) +
er*“f)Ni/"ﬂ'} and P(ns,p) = exp(—gans — g1logp). This implies that condition (C8) is
satisfied under condition (E6). Condition (E4) indicates that p can be arbitrary large as
logp/ns > (logp)*? satisfies, which seems contrary to common sense of high-dimensional
analysis. However, to derive the subsequent Corollary 6, condition (C4) (i.e., s3logp =
o(n{")) is also required. When considered in conjunction, these two assumptions become
coherent. The data structure in this work is notably more complex compared to that in
Han et al. (2022). Consequently, the assumptions for ns(Ns), p, s and s¢ (i.e., conditions
(C4), (E4) and (E6)) in our analysis are more complicated than the single condition (C4)
presented in Han et al. (2022).

The following Corollary 6 provides the ¢; and ¢2 bounds for Bﬁs), Bés) and Bfli))e with
sub-Gaussion predictor scenario.

Corollary 6 Suppose that conditions (C1), (C4) and (E1)-(E6) hold. For any 1 < s <

m, assume \g = i \/10gp/Ns and vs = ch\/logp/Ns, where ¢, and ch, could be any
constants which belong to [21B1\/2(a + 1)/a1,a5], and a)y could be any constant no less
than 217 B1+/2(ay + 1)/a1. If T > g2 and

max d2a2 N2 2605 < A
143 s T 1
1<s<m—1

where

ay = max{(2Bs + 3a5/2)/ min{B3/3, g3/2},8 + 2B /{TB11/2(al, + 1) /a1 }},

M; = [max{\/32B%(a} +2)/a}, 8B} (af + 2)/a} + 4V2L, B} + ajd,

Al could be any constant, d|; = max{3a}/gs,4}, a} is a positive constant not depending on
any parameter, and g2 and g3 are two positive constants depending on e, B1, Ba, Bs and
By. Then for any 1 < s < m, we have that with probability at least 1 — 4(s — 1)p_a6 —
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> j—11exp(—gan; — g1logp) + 2ep—%0Ni/m5},

s log p 508) logp
Ns ) H181 _:87|’1§d/s280 Tsj

18 — |l < d

~ () . s0logp ~(5) X log p
18y — BE|l2 < d, 1By = Bl < dPsoy/ =,

N, - N5
sologp log p
H/Bave 18 H <d/ N, , and H ave 18 H d/s280 N, )

where g4 is a positive constant depending on ey, Bi, Ba, Bs and By and d), = d’lags_l.

Based on the condition maxj<s<m—1 d’fa?S*QNgl/Q*l/stf < A} and Corollary 6, we
can obtain that the £; and /5 norms of the difference between the estimators Bgs), ,32 , and
B((;)e and (F are of orders \/5(2) logp/(MﬁsNgl/2+1/2) and \/so logp/(Mf/Q\/ENgl/4+3/4),

respectively. When X follows a Gaussian distribution, we can simplify the assumptions
and obtain a similar result. The following conditions are required.

(E7) X follows a Gaussian distribution and sup [|Z'2A|3 < Bs.
All2=1
(E8) There exist two positive constants By and Bz such that for any 7 > ey,

Ble;| < By, and in |H?All > Bs.
a=1

(E9) 2530\/10gp/N = 0( ) for 1 < s < m. There exists a positive number qa, such that
m = o(min(p®, p%)), where g5 is a positive number depending on ey, B, B3, By and
Bs.

Under condition (E7), we have sup ||H1/2AH% < Bs and || Xy, < Bg by the proof

[ Al2=1
of Corollaries 7, 9, 11 and 13 in the Appendix B, where By is a positive number depending
on Bs. As a result, conditions (E7) and (E8) imply conditions (E2) and (E3). Condition
(E9), which is similar to condition (E6), leads to condition (C8). In particular, when the
predictors X follows the Gaussian distribution, the next Corollary 7 develops the /1 and ¢

bounds for Bgs), @és) and B((li)e

Corollary 7 Suppose that conditions (C1), (C4), (E1), (E4), (E5), and (E7)-(E9) hold.
For any 1 < s < m, assume \s = ch,+/logp/Ns and vs = cj\/logp/Ns, where ¢, and
¢y, could be any constants which belong to [21Bs+/2(ajy + 1)/a1, as)], and aj could be any
constant no less than 2rBg\/2(ay +1)/a1. If T > g¢ and

max d 125 2N011/2 1/2 M/8<A/
1<s<m—1

where

ag = max{(2Bs + 3a5/2)/ min{Bs/3, g7/2},8 + 2B2 /{7 Bgy/2(af, + 1) /a1 }},

MY = [max{\/32B3(a} +2) /), 8B3(ah + 2)/a} + 4V2L, B + agd,
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Al could be any constant, dy = max{3a;/g7,4}, and gs and g7 are two positive constants
depending on e1, Bs, B3, By and Bs. Then for any 1 < s < m, we have that with probability

at least 1 — 4(s — l)p*‘lz) — ijl{exp(—ggnj

)

(s . ~ Jsplo
18 = Bille < diy | 252

S

~ (s . ~ [solo
1By = Bll: < doy | 222,

S

s ~ lo
- Bzl < Bso T%pa

— gslogp) + 2ep~Ni/ni},

S

logp
< d?
- Brh 0\l Ty,

s0lo lo
B = Brll2 < duy | B2 and 1B, = Bl < dBsoy/ T,

S S
where gs is a positive constant depending on ey, Bs, By, By and Bs and ds d1a'S 1

as

The following conditions are required for the asymptotic normality of Bl in the case

of sub-Gaussian predictor.

(E10) There exist a constant G such that for any 7 > ey and 1 <1 < p,
0'72_,l > G,

(E11) For any 7 > e,

<
112‘7&<XPZ|QTI€]| U )

where Q.. ; is the (k, j)th element of £2,.
(E12) For any 7 > e; and 1 < s <m,

{8202 50} 07072, | 2029 02520 (log p) /0 (p) N2 712 = o(1),

1907 [l oo 000 s 2dE NS/ 2 V%J@M: < A,

1927|0000~ ! 1/2N71/210gp:o(1),

{s? M50} 72| |12 ) s0(p) (log p) '~/ 2af* 2 dP NP2 ME < A,
and

||QT||oo,ooa2),2572d/12SNsal_1/2 < All

Condition (E10) implies condition (D1). Condition (E11) is analogous to the uniformity
class of matrices assumption in Cai et al. (2011). This condition is for deriving the upper
bound of max{[|2)” ~ @ |lac.oe. 19257 ~ Qrllococ}. When H, = (p7lb=k2l) o then
v(p) = O(1), where p could be any constant which belongs to (0, 1). Condition (E12) leads to
conditions (D3) and (D4). In condition (E12), g(s, s¢) = s2M2%so. Moreover, this condition
is satisfied when max{s,log s, 10g(||$2+||cc,00), loglog p,log{v(p)}} = o(log(Ns)). Given the
more complex data structure in this study compared to that in Han et al. (2023), condition
(E12) in our work is inherently more intricate than the second assumption in condition
(C8) of Han et al. (2023). The following corollary provides the asymptotic distribution of
V/Ni( Alda(s) — ﬁ;’f’l) with the sub-Gaussian predictor scenario, where 6:,1 is the [th element
of B5.
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Corollary 8 Under the same conditions of Corollary 6, suppose in addition that conditions
(E10)-(E12) are satisfied and for any 1 < s <m, hy = cf,sMZs I/QHQTHOO,oox/Iogp/NS and
ks = ChoSMEs 1/2||QT||Oo7oo\/logp/Ns, where ¢4, and cg, could be any constants no less than
1. Then for any 1 < s <m and 1 <1 < p, we have U;ll\/ﬁs(ﬁlda(s) — 5;1) converges to a
standard normal random variable in distribution as p — oo.

By replacing the positive numbers M, aj and d; with M’, aj and d; in condition

(s)

(E12), we get the following condition (E13) for the asymptotic normality of Blda under

the Gaussian predictor case.
(E13) For any 7 > e; and 1 < s < m,

(s2M% 5 }1 w)/2||9 ||21 w) /23 250(logp)l—w/ZU(p)Ngu/2—1/2:O(l),
190 2N St < A
127 | oo, ooalgs_ls(l)/QN 1210gp = o(1),
{32M’255} —w)/QHQ H21 w) (p)(logp)l_w/QagS_Qci%N§1/2+°"/2_1MfgA’l,
and

192 o ol 2N Y2 < A7,

Under the Gaussian predictor scenario, we also establish the corresponding asymptotic
distribution of /N,(8, jda(s) _ g ) in the next corollary.

Tl

Corollary 9 Under the same conditions of Corollary 7, suppose in addition that conditions
(E10), (E11) and (E13) hold and for any 1 < s <m, hg = ¢, sM*s 1/2||Q | 0o,001/10g p/ Ny
and ks = cg,sM”s 1/2||Q lloo,007/10g p/ N5, where b and cy, could be any constants no less
than 1. Then for any 1 < s <m and 1 <1 < p, we have agll\/ﬁs(ﬁlda(s) — /B:J) converges

to a standard normal random wvariable in distribution as p — oo.
3.2 Logistic Loss

If Y is a binary outcomes that takes only the value 0 or 1, the logistic regression model is
widely used in finance, business, computer science, and genetics (Hosmer Jr et al., 2013;
Sur and Candes, 2019; Ma et al., 2021). In this example, we consider the following negative
log-likelihood as the loss function:

(Y, XTB) =log{l+exp(X'B8)} -V X'}
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We then have

2 T
H=—2 _pUy - XT8)pp = BXXT— X D)
o0pogs {1+exp(X ' B)}?
ns/2 ()T 2
Hgs) 2 Z X(s s)T exp(X, ?2 )
{1+ exp(X 7302
and
ns ()T 2(s)
_“ Z XES)Xz('S)T eXP(Xi f{(z) , s=1,---,m.
s 21 {1+ eXP(XZ(S) Bi )}

We first consider the sub-Gaussian predictor case. An additional condition is required for
Corollary 10.

(E14) 2%s94/logp/Ns = o(1) for 1 < s < m. There exists a positive number g such that
m= o(min(p‘lg,pgl)), where ¢} is a positive number depending on Ma, 31 and Bjy.

Based on Lemma 15 and the proof of Corollary 10 below in the Appendix B, we
can obtain Ps(ny,...,nsp) = 4sp~% + > 5—1texp(—g3n; — g1logp) + 2ep~@%Ni/mi} and
P(ns,p) = exp(—gsns — ¢} log p). This indicates that condition (C8) is satisfied under con-
dition (E14). As outlined in Subsection 3.1, the data structure in this research is more
complicated than that in Negahban et al. (2010). As a result, the assumptions for ng(Nj),
p, s and so (i.e., conditions (C4),(E4), and (E14)) related to the following Corollary 10 in

the case of sub-Gaussian predictor. We then obtain that the consistency of Bf), Bés) and

B((;)e, is more complex than that in Corollary 5 of Negahban et al. (2010).

Corollary 10 Assume that conditions (C1), (C4), (C5), (E2), (E4) and (E14) are satis-
fied. For any 1 < s < m, assume \s = c{;\/logp/Ns and vs = ci,\/logp/Ns, where cf,
and ¢y, could be any constants which belong to 2B1+/2(ag + 1)/a1,a3), and ay could be any
constant no less than 2B1/2(ag + 1)/a1. Suppose in addition that

max ang 2d//2Na1/2 1/28MS /1/’
1<s<m—1

where

alj = max{(2M3 + 3a4/2)/ min{Ma/3, gh/2},8 + 2M3 /{B1\/2(af + 1) /a1 }},

N = [max{y/32B4(af +2)/a}, 8B} (ay + 2)/a} + 4V2BY + 1ady,

A could be any constant, d = max{3al/gh,4}, and g is a positive constant depending
on Mo, M3, By, and By. Then for any 1 < s < m, we have that with probability at least
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1—4(s—1)p~% — >°_ {exp(—g4n; — g} log p) + 2ep~ 0N/},

. n [Sologp _ 2 log p
180 gl <ty [0BL ) gy < a5

A (s 1 A (s 1
rm?—ﬁwzéﬂ25%$g"Wy‘ﬁwlfﬂ%O‘%g

30— g sologp 20) o log p
H@;—ﬂAMS%Vﬁ, and ||Bave = B°l11 < dis0y/
N, N.

where gl is a positive constant depending on My, Mz, By and By, and d” = ay*'d}, .

By applying the condition maxj<gs<m—1 ag2s_2d’1’2Ngl/2_1/QsM5 < A and Corollary 10,
we have that the £1 and /5 norms of the difference between the estimators in Corollary 10 and
[B* are of orders \/5(2) logp/(]\;[ssNgl/2+1/2) and \/so logp/(MS/Q\/ENgl/H?’M), respectively.

Under the Gaussian predictor case, since condition (E7) implies sup |H'/2Al% < Bs and
[A[2=1
| X || < Bs, we can replace conditions (C5) and (E2) with (E7) and the following (E15).

(E15) There exists a positive constant My such that

inf |HY2A|2 > M.
1A]2=1

(E16) 2550\/10gp/ Ve = o(1) for 1 < s < m. There exists a positive number a, such that
m = o(min(p®, p%t)), where g} is a positive number depending on M, By and Bs.

Condition (E16) is similar to condition (E14). The following Corollary 11 also establishes
(%)

the consistency of Bgs), ﬁ; and 3,,. with Gaussian predictor scenario.

Corollary 11 Assume that conditions (C1), (C4), (E4), (E7), (E15) and (E16) are sat-

isfied. For any 1 < s < m, assume \s = c4,+/logp/Ns and s = c{,/logp/Ns, where cf,
and cj; could be any constants which belong to [2Bs\/2(aj + 1)/a1, d)], and aff could be any
constant no less than 2Bg+\/2(ag + 1)/a1. Suppose in addztwn that

max a//2$ QdIIQNocl/Q 1/2 M/S i/’
1<s<m—1

where

a! = max{(2Bs + 3a/}/2)/ min{Mx/3, g /2},8 + 2Bs/{Bs\/2(all + 1) /a1 }},

N = [max{y/32B(afy + 2)/a, 8B3 (aly + 2)/ay} + AV2BE + 1]ad,

A" could be any constant, d! = max{3a}/gs,4}, and g} is a positive constant depending
on Ms, By, and Bs. Then for any 1 < s < m, we have that with probability at least
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1—4(s—1)p~% — > °_ {exp(—ghnj — gj log p) + 2ep~ 0N/},

~ (s " ~, [sglo (s . - lo

1By - a7l < 2y /O, H/3(1)—ﬁ|\1§d’8’230\/?’

3% * w2 [S0logp 5(3) % 5 log p

185 — il < &2\ [OR80a0) g, < e B2,

(s s0 lo (s . . o
185, — Bl < A IE ana (180~ 1 < sy [

where gl is a positive constant depending on Ma, By, and Bs, and d" = ag®” Lay.

Two additional conditions are needed to prove the asymptotic normality of ﬂl ) in the
case of sub-Gaussian predictor.

(E17) maxi<j<p >y [Qs]¥ < v(p).
(E18) For any 1 < s < m,

{SQMQSS }(1 w /2”9”2(1 w) //23 280(10gp)1—w/2v(p)N:}/2—1/2 _ 0(1)’

Hﬂ”ooco 1125— Zd/,QNgl/Z 1/28\/@]\28 SA/{,

192l oc,00ay® L5y * Ny V2 log p = o(1),

{S2M25 }(1 w/2||QH21 w S’U( (lng)l w/2 //23 2d//2Na1/2+w/2 lMs <A
and

||Q||oo,ooa§,'2572d’1'2sN§”‘1/2 < A'll.

Conditions (E17) and (E18) are similar to conditions (E11) and (E12). In the case
of H = (p“kl_kﬂ)Kk1 ko <p’ v(p) = O(1), where p could be any constant which belongs
o (0,1). Furthermore, in condition (E18), g(s,so) = s>M?*syg. This condition is met
if max{s, log s¢,10g(||Q|oc,00), loglog p,log{v(p)}} = o(log(Ns)). Additionally, due to the
complex data structure in our study, condition (E18) presents more intricacies compared to

condition (C8) in van de Geer et al. (2014). The following corollary 12 demonstrates the
sda(s)

asymptotic properties of v/ N,(f; — B;) with sub-Gaussian predictor scenario.

Corollary 12 Under the conditions of Corollary 10, suppose that conditions (D1), (E17)
and (E18) are satisfied and for any 1 < s < m, hs = i ,sM 1/QHQHOOO(ﬂ/logp/Ns and
ks = i sM®s I/QHQHOO so\/10gp/Ns, where ¢, and ¢, could be any constants no less than

1. Then for any 1 < s <m and 1 <1 < p, we have that UZ_I\/NS( Alda(s) — Bf) converges to
a standard normal random variable in distribution as p — oo.

By replacing M, a4 and d? with M, a? and d? in condltlon (E18), we obtain the following
condition (E19) for the asymptotic normahty of ﬂl in the case of Gaussian predictor.
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(E19) For any 1 < s <m,

{SQMQSS }(1 w /2HQH21 w) 15/23 2 (logp)l—w/2,u(p>N;u/2—l/2 _ 0(1)7

HQHOOOO 25— 2dll2Na1/2 1/2 \/@MIS SAlll,

[l 0005”5/ N logp = o(1),

{SQMIQSS }(1 w/2||QH2(1 w) (p)(logp)l w/2 //28 2d//2N041/2+w/2 IMIS /1/,
and

||Q||oo,ooa//28 2d1/2 Noq 1/2 ~ Alll

Similarly, the following corollary 13 also provides the asymptotic properties of v/ N, (Blda(s)
B;) with Gaussian predictor scenario.

Corollary 13 Under the conditions of Corollary 11, suppose that conditions (D1), (E17)
and (E19) are satisfied and for any 1 < s < m, hy = cll,sM"s 1/2||Q||oooo\/logp/NS and
ks = i sM'Ss 1/2HQ||OO /108 p/Ns, where ¢l and cg, could be any constants no less than

1. Then for any 1 < s <m and 1 <1 < p, we have that al_lx/Ns(BAlda(s) — B}) converges to
a standard normal random variable in distribution as p — oo.

4. Simulation Studies

In this section, we conduct extensive simulation studies to examine the finite-sample per-
formance of the proposed online lasso and debiasing procedures.

4.1 Evaluation of the Online Consistent Estimation

In this subsection, we first investigate the performance of the proposed online lasso method
and randomly generate a total of N, samples that arrive in a sequence of m data batches,
denoted by {D1, ..., Dy}, from the following two examples with the continuous and discrete
outcome described in Sectlon 3:

Model 1: V7 =3X97 8, + 10sin(XV T 80) + P i=1,...n;, j=1,...,m,

where X is generated from a multivariate normal distribution A(0,X) with covariance

? -~ -~
matrix X = (27/k1—k2l) and the true parameter 8, = 3/||X"/?3||2 with

1<ks,k2<p’
B* so+1—1, forl<I< sy,
= o, for sop+1<1<p.
The random error el(-j ) is generated from four types of distributions: (i) standard normal
distribution, denoted as N'(0, 1); (ii) log-normal distribution with the log location parameter
0 and log shape parameter 1, denoted as LN(0,1); (iii) Student’s t-distribution with 3
degrees of freedom, denoted as t(3); (iv) Weibull distribution with shape parameter 0.5 and
scale parameter 0.5, denoted as Weibull(0.5; 0.5).

. (0) | x @)y — _opfX Botsin(X P )Bo) i
Model 2: Pr(Y;"' | X;7/) = 1+exp{X£.j>Tﬂ0+sin(X£.j>TﬂO)}’Z =1,...,n5, j=1,....m,
where X Z(»J ) is generated from a multivariate normal distribution A/(0,X) with the same
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true parameter 3, as in Model 1. For the design matrix, we consider two scenarios: (i)
¥ is Toeplitz with Xg, p, = 0.5k1=k2l: (i) = = I. For each type of models, we con-
sider the following combinations of (N,,,m,n;j,p,s0), 7 =1,...,m: (i) (Nm,m,n;,p, s0) =
(1600, 16, 100, 200, 5); (ii) (Nm,m,n;,p, so) = (3200, 16, 200, 400, 10).

For comparison, we also consider the following methods: (i) the proposed online lasso
estimator at several intermediate points for s = 1,...,m, denoted by “online”; (ii) the
offline lasso estimator at the terminal time point m, denoted by “offline”; (iii) the offline
lasso estimator with final data batch D,,, denoted by “final”. To measure the estimation
accuracy, we calculate the sine distance between the estimator B, and true parameter [\
defined as follows: .
< ﬁ‘r, BO >

N )
18+ ll2 150l

where < a,b > is the inner product of vectors a and b. Here, we report the sine distance
instead of || B, — ¢:Boll2 for all simulation configurations. As ¢, may take different values
under different models and different settings, the sine distance is free of c;.

The tuning parameters As and v5, s = 1,...,m, are chosen by the modified BIC (Wang
et al., 2007). For example, we obtain As by minimizing

sin 6 (5},5@ —1-

s—1
BIC()\S) =log |:(B(>‘s) _ 3(25_1))1— Z &H(])(B()\s) _ Aés—l))

2N, !
J=1
9 w2 log(NNs/2)
Y(s) X(S)TA s P
+ Ns ;:1: l( i) 7 B(AS)) + CNS NS/2 IB()\S)‘ 0’
where B(),) is obtained from (5), Cn. = cloglog(p), ¢ is a constant, and || - [|o denotes

the number of nonzero elements in a vector. Furthermore, we choose the robustification
parameter 7 in the Huber loss such that 80% of the prediction errors are in [—7, 7].

Table 1 summarizes the results for Models 1 and 2 averaged over 200 replications. We
can see that, as the number of data batches s increases, i.e. the sample size grows, the sine
distance associated with the proposed online lasso estimator decreases rapidly. To illustrate
this, for the continuous response in Model 1 with (N, m,n;,p, so) = (1600, 16,100,200, 5)
and the random error following the standard normal distribution N (0, 1), the sine distance
drops from 0.031 to 0.002 as the batch index s increases from 4 to 16. The analogous results
are observed for the binary response in Model 2. As expected, these findings validate the
estimation consistency of our proposed online lasso method. Meanwhile, the sine distance of
the proposed online estimator closely matches that of the offline benchmark, which uses the
full data set. This suggests that the proposed online method effectively captures key infor-
mation despite relying primarily on summary statistics from historical batches. Moreover,
the performance of the proposed online method employing the Huber loss is comparable to
that using the least squares (LS) loss with continuous responses across various types of error
term. In particular, when the error terms follow heavy-tailed distributions, the Huber loss
is proved to be considerably more robust and is thus preferred. In comparison to the lasso
estimator, which utilizes only the data from the final batch without retaining information
from earlier batches, our proposed method achieves a significantly reduced sine distance.
This reduction underscores the superior effectiveness of the proposed online approach. More
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generally, the proposed method consistently demonstrates a notably low sine distance across
all scenarios, affirming its strong and reliable performance.

Table 1: The sine distance under different settings in Section 4.1 are summarized.

online offline  final
Model Batch index s 4 8 12 16
(Nm,m,nj,p,s0) = (1600, 16, 100, 200, 5)
N(0,1) 0.031 0.010 0.004 0.002 0.002 0.025
Model 1 LN(0,1) 0.056 0.020 0.008 0.004 0.004 0.044
Huber t(3) 0.045 0.015 0.006 0.003 0.003 0.037

Weibull(0.5,0.5) 0.057 0.021 0.008 0.004 0.004 0.042

N(0,1) 0.030 0.013 0.006 0.004 0.004 0.041
Model 1 LN(0,1) 0.057 0.026 0.013 0.007 0.008 0.071
LS t(3) 0.048 0.022 0.011 0.006 0.008 0.060

Weibull(0.5,0.5) 0.062 0.029 0.014 0.008 0.009 0.074
(Nom, m, 5, p, 50) = (3200, 16,200, 400, 10)

N(0,1) 0.036 0.012 0.005 0.003 0.003 0.029
Model 1 LN(0,1) 0.064 0.023 0.009 0.004 0.005 0.051
Huber t(3) 0.048 0.016 0.006 0.003 0.004 0.040

Weibull(0.5,0.5) 0.073 0.026 0.009 0.005 0.006 0.057

N(0,1) 0.035 0.015 0.007 0.004 0.005 0.048
Model 1 LN(0,1) 0.066 0.030 0.015 0.009 0.010 0.081
LS t(3) 0.049 0.021 0.010 0.006 0.007 0.065

Weibull(0.5,0.5) 0.079 0.037 0.018 0.010 0.012 0.092
(Nm,m,nj,p,s0) = (1600, 16, 100, 200, 5)

Model 2 =1 0.183 0.083 0.060 0.052 0.038 0.371
logistic X = (0.5%F1=k2l) 0,113 0.064 0.052 0.049 0.038 0.340
(N, m,nj, p, s0) = (3200, 16,200, 400, 10)

Model 2 =1 0.165 0.078 0.057 0.049 0.035 0.339
logistic X = (0.5%F1=k2l)  0.117 0.070 0.055 0.048 0.040 0.339

To gain deeper insights into how the upper bounds of the proposed estimator are af-
fected by the number of data batches m, in contrast to the traditional offline lasso estima-
tor, we conduct a series of simulation studies. These studies follow the same setting and
data-generating process as described in Model 1, but with different sample sizes. Specif-
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ically, we fix the full data sample size N,,, = 2100 and vary different batch sizes, i.e.,
m = 21,41,51,101,201. The sample size for the first batch is set to ny = 100 to en-
sure a sufficiently large initial sample, while the sample sizes for the remaining batches
are evenly distributed according to the total number of batches. Correspondingly, (i) Case
1: (Nm,m,n1,n4,p,50) = (2100,21,100,100,200,5); (ii) Case 2: (Np,m,n1,n;4,p,S0) =
(2100, 41, 100, 50, 200, 5); (iii) Case 3: (Ny,, m,n1,n14,p, s0) = (2100, 51,100, 40, 200, 5); (iv)
Case 4: (Ny,,m,n1,n4,p,50) = (2100,101,100, 20,200, 5); (v) Case 5: (Ny,, m,n1,n4,p,80) =
(2100, 201, 100, 10, 200, 5).

Table 2: The sine distance (x107!) under different settings in Section 4.1 for Model 1 with
Huber loss are summarized. Note that Q1, Q2, Q3 and Q4 represent the (1 +
m*/4)th, (1+m*/2)th, (1+m*3/4)th (m* = m — 1) and mth batch, respectively.

online
Model cases (m—1,n;) Ql Q2 Q3 Q4
1 (20, 100) 0.247 0.061 0.024 0.012

2 (40, 50)  0.119 0.034 0.019 0.016

N(@©1) 3 (50, 40)  0.109 0.039 0.031 0.032
4 (100,20) 0.130 0.094 0.100 0.118

5 (200, 10)  0.497 0.419 0.514 0.605

(20, 100)  0.452 0.116 0.043 0.020

(40, 50)  0.225 0.059 0.030 0.022

LN(0,1) (50, 40)  0.185 0.051 0.035 0.032

(100, 20)  0.167 0.103 0.103 0.118
(200, 10)  0.513 0.428 0.520 0.610

T = W N =

The detailed simulation results for the sine distance across different quantile batches
over 200 replications are presented in Table 2. The following conclusions can be drawn: (1)
When the batch size is not large, with an increase in the number of data batches s, i.e.,
as the sample size grows, the sine distance linked to the proposed online lasso estimator
decreases, and consistency is achieved. For example, in Case 1 with normal errors, as s
increases from 6 to 21, and the sine distance decreases from 0.0247 to 0.0012. (2) For larger
batch sizes, the sine distance initially decreases as s increases but subsequently increases,
indicating that while consistency is achieved in the initial batches, it is not consistently
maintained in later batches. For instance, in Case 4 with normal errors, as s increases
from 26 to 51, the sine distance decreases from 0.0130 to 0.0094. However, as s increases
further from 76 to 101, the sine distance rises from 0.0100 to 0.0118. (3) When the full
sample size is held constant, increasing the number of data batches m leads to an increase
in the sine distance of the proposed online lasso estimator, suggesting that consistency is
not maintained when the batch size becomes too large. For example, with normal errors, as
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m increases from 21 to 201, the sine distance rises from 0.0012 to 0.0605. In summary, the
proposed online lasso estimators remain consistent as long as the number of data batches
m does not increase too rapidly.

4.2 Evaluation of the Online Pointwise Inference

In this subsection, we conduct simulations to check the performance of the online debiasing
estimator via the null hypothesis Ho; : 5 = 0, | € {1,...,p}, which is equivalent to the
null hypothesis Hy; : Bp; = 0. We consider two types of example under the same settings
as in Section 4.1 except for the different combinations of (N,,, m,n;,p,so), j =1,...,m: (i)
(N, m,nj,p, s0) = (1600, 16,100, 200, 5); (ii) (Nm,m,n;,p, so) = (2400,12,200, 400, 10).

For comparison, we consider the following methods: (i) the proposed online debiasing
estimator at several intermediate points for s = 1,...,m, denoted by “online-deb”; (ii) the
offline debiasing estimator at the terminal time point m, denoted by “offline-deb”; (iii) the
offline debiasing estimator with final data batch D,,, denoted by “final-deb”. To evaluate
the performance of different methods, we compute the following measurements:
(a) FPR: the average False Positive Rate corresponding to zero coefficients f;, sop+1 < 1 < p;
(b) TPR(!): the True Positive Rate corresponding to 8,1 <1 < sg.

The detailed calculations for the sth batch are given by

P
FPR :Average{ — Z I(\/ Ns|Blda(S)|/5l,s > Za/2)}a
l=s0+1

TPR(I) :Average{l(\/ﬁswlda(s)\/&l,s > Za/Q) }7

where “Average” represents the average rate over 200 replications.

The tuning parameters hs and ks, s = 1, - - , m, are determined as follows. Following Cai
et al. (2011), we can use the offline cross-validation scheme to select the tuning parameters
hi and k1 in (12) with only the first data batch D;. However, it is infeasible for streaming
data since we can not access the entire raw data at the same time. Motivated by Tashman
(2000) and Han et al. (2021), we adopt the following “rolling-original-recalibration” scheme
to select the tuning parameters hg, ks, s = 1,..., m. Here, we just present the selection of
hs, the similar idea can be used for ;. For s > 2, we regard the previous cumulative data
set {Dy,...,Ds_1} as the training set that trains the estimator ﬁgs_l)(h) for a sequence
of h in a candidate set S;, while the current data batch Dy is the validation set. Thus,
when the data batch D, arrives, we select hs by choosing the smallest likelihood loss on the
validation sample as follows:

h = argmin (tr {2HQFY (1) /n, | — logldet{QF " (0)}]) .
heES)

For Models 1 and 2 with (N,,,m,n;,p,so) = (1600,16,100,200,5), Tables 3 and 4
present the FPRs and TPRs the proposed online pointwise tests at a significance level of
0.05 across 200 replications. Similarly, for (Np,, m,nj,p, so) = (2400, 12,200, 400, 10), Ta-
ble 6 presents the results for Model 2, while the results for Model 1 with Huber and least
squares (LS) losses are summarized in Tables 5 and 7, respectively. The results show that
the average FPRs for all zero coefficients consistently remain around 0.05, indicating that
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the proposed method successfully maintains the nominal level for these coefficients, suggest-
ing the asymptotic normality of the proposed online debiased lasso estimator. For nonzero
coefficients, as the number of data batches s increases (and thus the sample size grows),
the TPR of the proposed estimator approaches 1. For example, in Model 1 with continu-
ous response and (N,,,m,n;,p, so) = (2400,12,20,400,10) and random error N(0,1), the
TPR(9) in Table 5 increases from 0.76 to 1 as the batch index s grows from 3 to 12. Similar
patterns are observed for the binary response in Model 2. Moreover, the FPRs and TPRs
of the proposed online estimator closely align with those of the offline benchmark method,
illustrating the effectiveness of our approach in preserving essential information, even when
primarily relying on summary statistics from historical batches. Furthermore, the TPRs
(or empirical power) of the proposed online method surpass those of the final-deb method,
highlighting its superior performance. Overall, the simulation results across various settings
confirm the robustness and effectiveness of the proposed method.

5. Real Data Example
5.1 Nasdaq Stock Data

In this subsection, we illustrate the proposed method with the Nasdaq stock data set, which
is collected from January 1, 2008 to November 2, 2018. For this data set, the response
variable is the return of the Nasdaq 100 index for every three days, and the covariates are
p = 226 stock returns for every three days during this period. Similar to Lan et al. (2016),
our goal in this study is to find the most relevant stocks that can be used to construct a
small portfolio, which tracks the return of the Nasdaq 100 index.

To apply our proposed procedure, the data are split into m = 10 batches. We take
the first two-year data set as the first data batch (n; = 164) to guarantee a sufficiently
large sample size at the initial stage and the next one-year data set as the subsequent
data batch (n; = 82,5 = 2,--- ,m — 1). In addition, the sample size of the final batch
is ny, = 72. Hence, the streaming data consists of m = 10 data batches with a total
sample size N, = 892. Before applying the proposed procedure, we carry out two elliptical
tests, i.e., Pseudo-Gaussian test (Cassart et al., 2008) and Skew Optimal test (Babi¢ et al.,
2021), for every two principal components of covariates to test roughly the assumption
of the linearity of expectation in condition (C1). For the resulting p-values, we consider
their mean, standard deviation, and the frequency of p-values that are larger than 0.05. In
addition, when the assumption of elliptical distribution is violated and the performance of
the elliptical test is unsatisfactory, we apply the coordinatewise Gaussianization (Mai et al.,
2023) to transform the original covariates into normal distributions. The associated p-values
of the elliptical test for original and transformed covariates are summarized in Table 8. From
Table 8, we observe that both tests of the frequency of p-values for transformed covariates of
Nasdaq stock data are above 0.7, which is notably higher than 0.4, the frequency of original
covariates. This suggests that applying the coordinatewise Gaussianization transformation
is more reasonable in this example.

To identify important stocks that are associated with the Nasdaq 100 index, we apply the
proposed online procedure to sequentially test the significance of each regression coeflicient
at a prespecified level v = 0.05, i.e., testing Hy; : Bo; = 0 for I = 1,...,p. The selection
methods of the tuning parameters Ag, vs, hs, and kg, s = 1,...,m are the same as those
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Table 3: The average True/False positive rates under different settings for Model 1 with
(Nm,m,nj,p, so) = (1600, 16,100, 200, 5) in Section 4.2 are summarized.

online-deb offline-deb  final-deb
Batch index s 4 8 12 16
FPR 0.045 0.044 0.050 0.050 0.053 0.050
TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000
N(0,1) TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(3) 1.000 1.000 1.000 1.000 1.000 1.000
Huber TPR(4) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(5) 0.965 1.000 1.000 1.000 1.000 0.910
FPR 0.046 0.045 0.050 0.053 0.053 0.052
TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000
LN(0,1) TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(3) 1.000 1.000 1.000 1.000 1.000 1.000
Huber TPR(4) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(5) 0.955 1.000 1.000 1.000 1.000 0.880
FPR 0.046 0.053 0.054 0.056 0.052 0.052
TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000
N(0,1) TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(3) 1.000 1.000 1.000 1.000 1.000 0.995
LS TPR(4) 0.975 1.000 1.000 1.000 1.000 0.995
TPR(5) 0.475 1.000 1.000 1.000 1.000 0.785
FPR 0.041 0.047 0.048 0.052 0.053 0.051
TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000
LN(0,1) TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(3) 0.985 1.000 1.000 1.000 1.000 1.000
LS TPR(4) 0.885 1.000 1.000 1.000 1.000 0.985
TPR(5) 0.340 1.000 1.000 1.000 1.000 0.715

in the simulation studies. To ensure the stability of selection in this online framework, the
identified stocks are required to be significant at the level of 0.1 for the m — 1 batch. It is
reasonable for financial managers to track the stocks for more time and establish a portfolio
cautiously, especially for risk-averse investors. We find that 22 stocks are identified as
important stocks at the significance level of 0.05. Correspondingly, the p-values of these
regression coefficients over the 10 batches are plotted in Figure 1. From this figure, as we

30



INFERENCE ON HIGH-DIMENSIONAL SINGLE-INDEX MODELS WITH STREAMING DATA

Table 4: The average True/False positive rates under different settings for Model 2 with
(Nm,m,nj,p, so) = (1600, 16,100, 200, 5) in Section 4.2 are summarized.

online-deb offline-deb  final-deb

b Batch index s 4 8 12 16
FPR 0.038 0.047 0.050 0.048  0.048 0.043
TPR(1) 1.000  1.000 1.000 1.000  1.000 0.990
TPR(2) 1.000 1.000 1.000 1.000  1.000 0.845
I TPR(3) 0.980 1.000 1.000 1.000  1.000 0.595
TPR(4) 0.720 0.970 1.000 1.000  1.000 0.315
TPR(5) 0.225 0.555 0.760 0.850  0.930 0.105
FPR 0.044 0.047 0.049 0.052  0.048 0.045
TPR(1) 1.000 1.000 1.000 1.000  1.000 0.990
TPR(2) 1.000 1.000 1.000 1.000  1.000 0.995
(0.5k1=k2]) TPR(3) 0.955 1.000 1.000 1.000  1.000 0.985
TPR(4) 0.670 0.910 0.985 1.000  0.995 0.700
TPR(5) 0.250 0.510 0.685 0.780  0.635 0.315

collect data more and more, the most selected stocks are more significant and relatively
stable. In addition, we use a Kolmogorov-Smirnov test for the residuals obtained from the
proposed SIMs, where the nonparametric function is estimated by the nonparametric local
linear kernel method. We also consider the residuals obtained from the linear model based
on least squares (LM-LS) and Huber (LM-Huber) losses. The detailed results are presented
in Table 9. The p-values of ten batches based on SIMs are all larger than 0.05. Therefore,
this example demonstrates that our proposed method can be effectively applied to analyze
the stock data set and performs reasonably well.

5.2 Financial Distress Data

In this section, we illustrate our method with the financial distress data set, which is avail-
able from https://www.kaggle.com/datasets/shebrahimi/financial-distress. This data set is
collected from a sample of companies. Time series varies between 1 to 10 for each company.
For this data set, the financial distress index can be regarded as the response variable and
other 82 variables are covariates that consist of some financial and non-financial character-
istics of the sampled companies. In addition, this data set consists of a total of N,,, = 1008
observations, and the response and the covariates have been standardized to have zero mean
and unit variance. Our goal of this study is to select the variables that significantly affect
the companies’ financial distress.

In this example, the covariates include 190 interaction terms (products of 20 pairs of
the original covariates). As a result, the dimension of the feature vector is p = 272. Before
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Table 5: The average True/False positive rates under the Huber loss for Model 1 with
(Nm,m,nj,p, so) = (2400, 12,200, 400, 10) in Section 4.2 are summarized.

online-deb offline-deb  final-deb
Batch index s 3 6 9 12

FPR 0.046 0.046 0.049 0.050 0.050 0.049

TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000

TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000

TPR(3) 1.000 1.000 1.000 1.000 1.000 1.000

N(0,1) TPR(4) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(5) 1.000 1.000 1.000 1.000 1.000 1.000

TPR(6) 1.000 1.000 1.000 1.000 1.000 1.000

Huber TPR(7) 1.000 1.000 1.000 1.000 1.000 0.990
TPR(8) 0.975 1.000 1.000 1.000 1.000 0.920

TPR(9) 0.760 0.925 0.965 1.000 1.000 0.680

TPR(10) 0.350 0.480 0.680 0.800 0.800 0.370

FPR 0.046 0.047 0.050 0.050 0.050 0.049

TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000

TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000

TPR(3) 1.000 1.000 1.000 1.000 1.000 1.000

LN(0,1) TPR(4) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(5) 1.000 1.000 1.000 1.000 1.000 1.000

TPR(6) 1.000 1.000 1.000 1.000 1.000 1.000

Huber TPR(7) 1.000 1.000 1.000 1.000 1.000 0.995
TPR(8) 0.965 1.000 1.000 1.000 1.000 0.900

TPR(9) 0.700 0.880 0.965 0.995 1.000 0.640

TPR(10) 0.305 0.480 0.625 0.745 0.750 0.330

applying the proposed procedure, we conduct the same elliptical tests as in Section 5.1.
From Table 8, we can see that both tests of the frequency of p-values for the financial
distress data are above 0.6. Therefore, we assume that the covariates approximately follow
an elliptical distribution. Subsequently, we split the data into m = 10 batches randomly,
take the n; = 108 observations as the first batch, and set each of the remaining 9 batches
containing n; = 100 observations. To identify the influential variables, we aim to test:
Hy;: Boy =0for I =1,...,p. The tuning parameters Ay, s, hs and ks, s = 1,...,m are
determined by the same methods as described in the simulation studies. Given a prespecified
level a = 0.05, we observe that 37 variables are significant in the online framework, and the
associated p-values of the 10 batches are presented in Figure 2. From this figure, we can
find that the most variables are more significant and reach relative stability as more and
more data are collected. This example indicates that our proposed method can be applied
to analyze the data set with binary outcomes and perform reasonably well.
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Table 6: The average True/False positive rates under different settings for Model 2 with
(Nm,m,nj,p, so) = (2400, 12,200, 400, 10) in Section 4.2 are summarized.

online-deb offline-deb  final-deb
> Batch index s 3 6 9 12
FPR 0.041 0.049 0.050 0.050 0.050 0.043
TPR(1) 1.000 1.000 1.000 1.000 1.000 0.990
TPR(2) 1.000 1.000 1.000 1.000 1.000 0.975
TPR(3) 1.000 1.000 1.000 1.000 1.000 0.900
TPR(4) 0.985 1.000 1.000 1.000 1.000 0.785
I TPR(5) 0.970 1.000 1.000 1.000 1.000 0.745
TPR(6) 0.850 0.990 1.000 1.000 1.000 0.485
TPR(7) 0.625 0.975 1.000 1.000 1.000 0.385
TPR(8) 0.390 0.875 1.000 0.990 1.000 0.190
TPR(9) 0.250 0.510 0.670 0.710 0.830 0.160
TPR(10) 0.085 0.016 0.200 0.290 0.375 0.080
FPR 0.046 0.047 0.048 0.046 0.049 0.046
TPR(1) 0.995 1.000 1.000 1.000 1.000 0.935
TPR(2) 0.995 1.000 1.000 1.000 1.000 0.980
TPR(3) 0.960 0.995 1.000 1.000 1.000 0.980
TPR(4) 0.945 0.995 1.000 1.000 1.000 0.940
(0.5|k1_k2|) TPR(5) 0.875 1.000 1.000 1.000 1.000 0.865
TPR(6) 0.715 0.945 1.000 1.000 1.000 0.775
TPR(7) 0.570 0.935 0.995 1.000 1.000 0.605
TPR(8) 0.395 0.640 0.820 0.930 0.925 0.350
TPR(9) 0.185 0.345 0.490 0.650 0.675 0.180
TPR(10) 0.090 0.225 0.305 0.370 0.305 0.125

6. Discussion

In this paper, we studied the statistical inference of SIMs with streaming data under the
high-dimensional regime. The proposed procedure was applicable to the streaming data,
that is, only depended on the current batch of the data stream with summary statistics
from the historical data. In addition, our method was developed for general convex loss
functions, which could be effectively used to handle heavy-tailed errors or discrete responses.
Meanwhile, we established the ¢ and ¢ bounds of the proposed online lasso estimators and
the asymptotic normality of the proposed online debiased lasso estimators. Simulation
studies were conducted to show the effectiveness of the proposed method and applications
to two real data examples were provided to illustrate our method.

There are several other interesting avenues for the future work. First, the current work
relies on the assumption of homogeneous data, that is, the streaming data is assumed to be
i.i.d. sampled. It would be an interesting topic to address the problem of non-homogeneous
data. Second, we require that the data is completely observed in our framework. It is unclear
how to extend the proposed method in the presence of incomplete data such as missing
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Table 7: The average True/False positive rates under the least squares (LS) loss for Model
1 with (N, m,nj,p, so) = (2400,12,200, 400, 10) in Section 4.2 are summarized.

online-deb offline-deb  final-deb
Batch index s 3 6 9 12
FPR 0.038 0.046 0.047 0.048 0.051 0.054
TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(3) 1.000 1.000 1.000 1.000 1.000 1.000
N(0,1) TPR(4) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(5) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(6) 1.000 1.000 1.000 1.000 1.000 1.000
LS TPR(7) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(8) 1.000 1.000 1.000 1.000 1.000 0.940
TPR(9) 0.995 1.000 1.000 1.000 1.000 0.735
TPR(10) 0.960 1.000 1.000 1.000 1.000 0.310
FPR 0.043 0.051 0.052 0.052 0.056 0.053
TPR(1) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(2) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(3) 1.000 1.000 1.000 1.000 1.000 1.000
LN(0,1) TPR(4) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(5) 1.000 1.000 1.000 1.000 1.000 1.000
TPR(6) 1.000 1.000 1.000 1.000 1.000 1.000
LS TPR(7) 1.000 1.000 1.000 1.000 1.000 0.995
TPR(8) 1.000 1.000 1.000 1.000 1.000 0.890
TPR(9) 0.990 1.000 1.000 1.000 1.000 0.630
TPR(10) 0.870 0.970 1.000 1.000 0.980 0.240

Table 8: The elliptical tests for two real data examples. The mean and standard deviation
of p-values, and averaged frequency of p-values larger than 0.05 are summarized.

Original Data Coordinatewise Gaussianization
X Test mean sd Freq mean sd Freq
Nasdaq Pseudo-Gaussian 0.10301 0.15494 0.45763 0.52709 0.41507 0.71186
stock SkewOptimal  0.11425 0.17902 0.38983 0.45782 0.33594 0.75424

Financial Pseudo-Gaussian 0.28603 0.30536 0.69118
distress SkewOptimal  0.33737 0.37347 0.60294

data or censored data. Third, the selection of the parameter 7 is crucial for the Huber
loss function in real implementation. It is challenging to provide a data-driven selector to
determine 7 in a streaming manner with theoretical guarantees. We leave space here for
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Table 9: The residual test for Nasdaq stock data. The p-values based on single index model
(SIM), linear model with the huber loss (LM-Huber) and least squared loss (LM-
LS) are summarized for Nasdaq stock data.

online
model 1 2 3 4 5 6 7 8 9 10
SIM 0.422 0.853 0.653 0.543 0.785 0.059 0.901 0.671 0.103 0.769
LM-Huber 0.198 0.000 0.232 0.673 0.005 0.002 0.101 0.098 0.184 0.257
LM-LS  0.000 0.019 0.504 0.483 0.286 0.546 0.004 0.645 0.915 0.000

future research. Fourth, we neither prove nor guarantee that the estimators B%S), Bés) and

Bg@ attain the optimal convergence rate. The development of estimators that achieve the
optimal convergence rate presents a significant challenge and warrants further investigation.
Lastly, very few methods have been developed on the goodness of fit test for the high
dimensional SIMs. To the best of our knowledge, the most relevant works are Tan and Zhu
(2019) and Tan and Zhu (2022), which accommodate the goodness of fit test for parametric
single and multiple index models with continuous responses, respectively. However, both
studies focus on parametric models and scenarios with diverging dimensional predictors.
It remains an open and challenging problem to conduct the goodness of fit test for high-
dimensional SIMs, especially in the online setting. Investigating this would be an interesting
and important research problem for a separate study in the future.
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Appendix A. Proofs of Proposition and Theorems

This Appendix contains technical proofs for Proposition 2 and Theorems 4-5 in Section 2.

A.1 Proof of Proposition 2
Proof By conditions (C1) and (C2), and the Jensen’s inequality, we have

E{I(Y,X ' B)} = E[E{I(Y, X ' B)|X "By, e}] = E{I(Y,csX " Bo)}, (14)

where cg is a constant depending on 3. Condition (C2) and (14) imply that there exists
some constant k1 # 0 such that 3" = k18,. We finish the proof of Proposition 2. |

A.2 Proof of Theorem 4

Proof We will prove the theorem by mathematical induction. In what follows, we assume
that n; is sufficient large. Using condition (C3), a Hoeffding-type inequality (Vershynin,
2012, Proposition 5.10) and the union inequality, we can show

ni/2

2 A
=320 2 5) < epexp(-
[

alA%nl
8M?

P(| ) <ep ™, (15)

where a; is a positive constant not depending on any parameter, Ay = cj14/logp/n1, c11
could be any constant which belongs to [2M7+/2(ag + 1)/a1,a2], and ag could be any con-
stant no less than 2M1+/2(ag + 1)/a;. For any A € RP, define Ag = {Aj\ﬁ; # 0}, and

Age = {Aj|B; = 0}, where A; is the jth element of A. Let Aﬁl) = [351) — 3%, and

Aél) = BS) — 3*. According to the fact that [351) is the minimizer of (2) and the convexity

of lgl)(ﬁ), one can show

ADT

Al 5(1)

1), % 1), % * ~ (1) ~ (1) A~ (D)
vt (8% <1By) = V(8 < M8 = MIBL T < MATG I — Ml Ajge]s

(16)

In light of the Holder’s inequality, (15) and (16), we can prove that with probability at least
1—ep™,

Ay A * A (D A (D A
~ AP < 19 (8 ol AL < MIATE I — AlAG .

ao

This implies that with probability at least 1 — ep™?0,
A A

[A1sell < 3[[Ag]h,

which indicates that with probability at least 1 — ep™90,

A (D

A e G ={A[[[Ase]r <3[As]1} (17)
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Let Cy = {Al||A]]1 < 1}. Based on conditions (C4), (C6), (15), the triangle inequality, the
Holder’s inequality and the Cauchy-Schwarz inequality, we can show that with probability
at least 1 — P(nq,p) — ep™ 90,

W+ A)+ M8+ Al — 18 — M8

N log p
ZATvé”(ﬂ )+ My||A[[3 — My =2 LAl 1Al + Al Ase 1 = Ml As]y

1)/ g log
> —[|laf vV (8 )Hoo+M4IIAH§— PIAILIA] + Ml Asellr — M As]
log 3\
> M| A3 — LllAllAllz - 2| As]
log 3)\1
> M| A3 - 4Msy [ =E||Alls]| Al = SHAs]

s0lo 34/SoA
>(M; — 4 OTgpan%— A,

M4 3 S())\l
N TN (15)

for all A € Cy N Cy. Some algebra shows that the right side of (18) is positive as long
as [|All2 > 3y/soA1/My. It follows from Lemma 4 of Negahban et al. (2012) that with
probability at least 1 — P(ni,p) — ep™®

(1
HAg )||2 < 3v/soA /M. (19)

Thus, by the Cauchy-Schwarz inequality and (17), we have that with probability at least
1- P(nlap) - ep7a07

1Al < 4IIATN < 4vall ALl < 4v/El| AL |12 < 12500 /Mi. (20)

Let v1 = ¢o14/log p/n1, where ¢ could be any constant which belongs to [2M11/2(ag + 1) /ay,
as]. Similar to (19) and (20), we can obtain that with probability at least 1—P(ny, p)—ep~ @,

~ (1 ~ (1
IAD |l < 30 /Ma, and AL ||y < 12507 /My, (21)

Using (19)-(21), and the triangle inequality, one can prove that with probability at least
- P(nl, p) — 2ep~,

A (1
1B, — 8711y < 3y/E(M +71)/(2My), and  [|BL — B*]lx < 6s0(M +71)/Ma.

Let di = max{3aa/M4,4}. Then we can show that with probability at least 1 — P(ny,p) —

2ep™ 0,

1 sg lo ~ (1 lo
1AL < /2B ALY, < s [P,

1 ny

solo lo
1A < [182 ALY < i B2,

ni niq

A (1 /splo /1o

Hlaz(zv)e_/B*H? S dl Onlgp) and HIBave 16 H <d180 nilp (22)
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Similar to (15), we have

n2/2

||* Z ZP| o > f> ep~®oN/m2 (23)

where \g = 012 \/log p/Ng, and c12 can be any constant which belongs to [2M1+/2(ag + 1) /a1,

asz]. Define A = Bl — (%, and A2 = 5&2) B3*. Using the fact that 352) is the minimizer

of (5) in the main manuscript and the triangle inequality, one can prove

~(2
Lia(B) = L1a(B7) < X181 = MallB |l < MallAD | — Mol AR, (24)

By the convexity of Li2(3), the Cauchy-Schwarz inequality, the Holder’s inequality, con-
ditions (C4), (C5), (C7), (22) and (23), we can show that with probability at least 1 —

Pl(nlap) - 6p7a0N2/n2a

- (2) .

Li2(B,") — L12(8%) (25)
nm oo @T g "2/2
L

E_E{Al A2 } Al ZZ
noA@T, W) A @T (1) L.

> A A+ AP HAY) - AT, ||*Zz oo
ni A (2) 2)

2_7{HA1 WHY = H| o AL+ M AP, AY ||2}—f||A1 1y
9 50 logp logp S0 log P A9 (2)

> — d? Mg |M1M—%% |M1h—!m ll1

S0 logp

2 N 2 ~
Z—*HA1 ||1—M3d1 ||A1 H2— ||A1 ||1

3 sologp
:_7”A1 I~ Mady 1A o. (26)

Both (24) and (25) imply that with probability at least 1 — Py(ny,p) — ep~@N2/n2,

(2)’ 2M3dy

A (2)
sollA . 27
1+ M (a0+1)/a1\/ ol[A1 |2 (27)

|AT ] < 7A

It is straightforward to verify
Lu(ﬂ* +A) + Af|B" + All1 — L12(8") — X2[18%(l1
= laTEY A ATED (B - 50} 2106+ a) - 17 (8)
+ Xo||B* + AL — X281 (28)

Let bo = 2M3d1/{M1\/2(a0+1)/a1}, and Dg = {A|||Asc||1 < 7||A5H1 + bo\/%HAHQ}
By conditions (C4), (C5), (C7), (22), the Holder’s inequality and the Cauchy-Schwarz
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inequality, we can show that with probability at least 1 — Pj(nq,p),

ATHOA2 + ATHD (3 - 8Y))

—ATHA/2+ ATHD — A2+ ATHB - BY) + ATHD — H)(8" - 8y
)

1 * A(l)
> M| Al3/2 — |HY — Hllo(|AI3/2+ 18" = B I1lIAlL) — M3|18" — By 2| Al
splo sologp
2M2|1A||%/2—M6\/ PR (4 A+ Bsoll AlB) — Madyy |7 PEE A
— Med} Sof (8HAsH1 + boy/s0/|All2)
s3logp sologp
2M2||A||%/2—M6\/ O RO A+ BEIAIR) — Mady [ E A
lo
— Med3s? gp<8+bo>uA||z
s? lo sp lo
2 M AR/2 ~ Moy DL G A3 + IAIR) - 200501 T2 A, (29)

for all A € D5. Using conditions (C6), (23), (27), the Holder’s inequality and the Cauchy-
Schwarz inequality, one can prove that with probability at least 1 — P(ng,p) — ep~aoN2/n2

n * " n * logp
VA ) 0787} 2 HATVEY(B7) + M| A = Msy[= 2l AL}

logp
>—*HAHl+N (M| A3 - 8Ms; - |As|l1l|Al2)
no sologp 9
— Msb A
N, Msboy/ T Az
Ao n2 sologp
> = TNAll + - Mal|A]]3 — 8Ms A3
2 No
sp lo
— Msbgy| > ngAHz, (30)

for all A € CoNDy. Based on (28)-(30), condition (C4) and the Cauchy-Schwarz inequality,
we have that with probability at least 1 — P(ng, p) — Py(nq, p) — ep~@0N2/n2,

le(ﬁ* + A)+ 28" + Al — L12(8%) — X2||B*|lx

sologp sologp
>mln{ 2, Mi}|| A3 - 8M; I1A[13 — Msbo A3
s3logp sologp
- My | L G4 A} + B AJ) - 20ad, Al

A X X
= SUALL A+ 22l + Ally = X687l
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M so lo 3
> min{ =5 My 5 HIAJR — 2Msdyy /= SPA, - A
Mo M, 3 so lo
>mm&3 5 A3~ (2Msd + Saz)y [T Al (31)

Some algebra shows that the right hand side of (31) is positive when ||A[|2 > d2+/s0 logp/Na,
where dy = agd; and az = max{(2M3+3a2/2)/ min{Ms/3, M4/2},8+2Ms3/{Mi\/2(ap + 1)/
Vai}}. It follows from Lemma 4 of Negahban et al. (2012) that with probability at least
1 = P(n2,p) = Pi(n1,p) — ep~®N2/m2,

1
50 ng' (32)

~ (2)
A <d
[[A] |2 < d2 N,

Then by the Cauchy-Schwarz inequality, we have that with probability at least 1 — P(ng,p)—
Pl(nlap) - epiaONz/nZa

log p
HA Hl<8HAlsH1+bo\FHA1 H2<(8+bo)WHA1 H2<d2 N N, (33)

Let 72 = c924/1log p/Na, where o9 could be any constant that belongs to [2M71/2(ap 4+ 1)/az,
asz]. Similar to (32) and (33), we have that with probability at least 1 — P(nga, p)—Pi(n1,p)—

e/paoNQ/n27
sologp logp
1857 < doy /L, and AL s < dBsoy L. (39

In light of (33), and (34) and the triangle inequality, we can obtain that with probability
at least 1 — P(ng,p) — Pi(ny,p) — 2epfaoN2/n2,

(2) sologp log p
< <
1A, M@/Dh,|m1m B0\,
A2 so log p /log p
< -2 <
[[Ag ]2 < dz\/TQ, ||A2 ||1 d3so N,
/solo /1o
H/Bave - /8 H < d2 . Qgpv and H/Bave - 16 Hl < d250 ]\%QP- (35)

—aoNs—1/ns—1
)

Assume that with probability at least 1—P(ns_1,p)—Ps_2(n1,...,ns_2,p)—2ep

)

solo < (s—1 lo
ologp HAS )Hl <d2 S0 gp

(s—1)
A < ds— , _
H H2 = Us—1 NS—]_ = Ys—1 NS—]_

i

(s—1) sologp ~ (s—1) logp
Al < dyy AR [ < d2_ys0 N

s—1 s—1
(s sologp log p
||/6ave - /6 ”2 <ds1 5 and ||Bave - B ||1 < dg—lso ) (36)
Ns—l Ns—l
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where ds_1 = dlaS 2 Let As = c1sv/logp/Ng, where c¢15 could be any constant which
belongs to [2M14/2(ag + 1)/a1, az]. Similar to (15) and (24), we have

ng/2 )\
||f Z 2| > 57) < ep oo/, (37)
and
5(5) * A (8) A (s)
Lis(B1") = L1s(8") < Al Al — Asl| Ae - (38)

Based on the convexity of Lis(3), the Cauchy-Schwarz inequality, the Holder’s inequal-
ity, conditions (C4)-(C7), (36) and (37), one can prove that with probability at least
1-— epiaONs/nS - PS—I(nla e 7ns—17p)7

s—1 ns/2
A (s) . Ns_ 1. (5T 1 (s— 1
Lls(ﬁl ) - LlS(B ) > - N {Al N. ZTLJ'H%])AQ Z Z
S S— ]:1
N T 1 &= (-1, AT g ALY
s—1 A\S ] A (s— s ~ (s—
2> - {A; Z”]’(ng) —H)A, A1 HA; '}
NS Ns—l J=1
ns/2
—||A1 H IIfZZ [
Ns—1 S) (s—1)
> - an (HY — H)l||AS |

(s—1) s
+ M| AL o A ”2}_7HA1 In

1 3l 1
ZmM max( 1082 | [3lo8py, 8Py A,

S0 logp

| \/

- *HAl Hl — M3ds—1

1AL

1 s—1 ' 1 | 1
= —d?_l( ) ZMé max{n;/Qniv1/2 So ng al\/i ng ogp

N,_
~ Ao 2 solo A
<AL = ZIAT |y = Mad, Ong\|A§S)|\2
S
3
2-1/2 _1 [sglogp [logp
> = 2 NPT (s - g LR PR AR, - 2 AL,
Ut
s0lo <
- My AL),
As 2 (9) 50 logp A ()
> = TIAVh = Msdss |AY \|2*?HA1 I
S lo
= — Mzdy 14/ > gp\|A§S)H2- (39)

Ny
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Both (38) and (39) indicate that with probability at least 1—ep~@Ns/"s — P, (ny,... ne_1,
p),

2M3sds—1 (s)
Vol A1 72 (40)
M, 2(@0 + 1)/ a1

Using (36), (37), (40) and conditions (C4)-(C7), similar to (31), we can obtain that with
probability at least 1 — P(ng, p) — Ps_1(n1,...,ne_1,p) — ep %0Ns/ns
L1s(B" + A) + A[|B" + Al — L1s(8%) — As[18%[x

My M. 3 s0lo
> min{ %, SHIAIS — (2Msds-1 + Saz)y | 2L

JAG ] < TIATIN: +

[All2, (41)

for all A € Cy N Ds, where Dy = {A|||Age]1 < 7||AS||1 + bl\/%HAHQ}, and b =
2Msds—1/{M1+/2(ap + 1)/a1}. Some algebra shows that the right hand side of (41) is pos-
itive as long as ||A||a > ds+/s0log p/Na, where ds = dia~*. Then it follows from Lemma 4

of Negahban et al. (2012) that with probability at least 1— P(ns,p) —Ps_1(ny1,...,ns—1,p)—
epfaoNs/ns’

sologp
N,

Let 5 = ca51/log p/Ns, where ca;s could be any constant which belongs to [2M11/2(ag + 1)/ay,

az]. Similar to (42), we have that with probability at least 1—P(ng, p)—Ps—1(n1,...,ns—1,p)—
epfaIONs/ns’

1A < d (42)

sologp
N,

In light of (40), (42), (43) and the Cauchy-Schwarz inequality, we can show that with
probability at least 1 — P(ng,p) — Ps—1(n1,...,ns-1,p) — 2ep~a0Ns/ns

A9
1A |2 < ds (43)

log p
HA ||1<8||A15H1+51\ﬁ\|A1 H2<(8+b1)\ﬁHA1 H2<d2 N

S

and

log p
!IA ||1<8||Azs||1+blf||Az H2 (8+b1)\fllA2 ||2<d2 o/ - (44

Using (42)-(44) and the triangle inequality, we can show that with probability at least
1— P(ns,p) — Ps—1(n1,...,ns-1,p) — 26p_aONs/ns’

A () so log p A () log p
1871l < dag /252 AT < 2oy |22,
sologp 9 logp
A < dy A < disp\/ ———
1A < oy [ 2E2, AL e,
"( ) * SOIOgP A( ) * logp
”B;ue - ,@ ||2 < ds ’ and ||ﬁai)e - /8 Hl < diSO : (45)
N, N;
We complete the proof of Theorem 4. |
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A.3 Proof of Theorem 5
Proof Recall that

30— gt =(I) + (IT) + (IT1) +
(1) =] S n;(H - HO) B - g7)/N,,
j=1
s—1
==t T {anﬂﬁ” B4

(IIT) = —QT{ZnJ +anvz
911 {Z”J

+nHO (B - B >}/N57

(IV) =

V1) =-9 > nvi(8%)/N,.
j=1

For (I), by the Holder’s inequality, conditions (C4), (C7), (D4

Q7S ny(H - HY)(3 - 87)/N,|

J=1

~(8) *
S”QHoo,ooHﬁl _B H | Z

s2logp 1
=0, (2] ety LEE -
S szl

:OP(HQHOO oonNsal/Q_ls V/log pMg)
=0p(N; 1/2)

For (II), in light of the Holder’s inequality, conditions (D2), (D4

for ,@gs), one can show

{Z HO (@Y - gy

44

(IV) +

- Z”J'Vlgj)(ﬁg
j=1

)+ n vls)(

Huang, Jiang AND KoNG

(V’[)7

navI (B } /N,

anvl

.

nav1(381)

) and Theorem 4, we can show

— HY)/Ny||oo

S
; sologp logp
> ny Mg max{y [ 2 2EE /50 )

J J

(47)

) and the KKT conditions
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—0,({g(s,50)) 12202 L (B 12 )
—o,(N; ). (a9

Based on the Holder’s inequality and condition (D3), for (III), we can prove

Q{> nHY (8 -85 +sz sz B*)}/Ns|
j=1
<Hnumu{2m HY (8 - By +an Vit (B an VI (8} /Nyl
7j=1
—op(N;1/2). (49)

For (IV), according to the Holder’s inequality, the triangle inequality, Theorem 4, and
conditions (C4), (C5), (C7), and (D2)-(D4), we have

(2~ ﬂ&f?f{si JHD B - Z n919(85)) + .91 (8)
j=1
+n H (B . faﬁs))}/zv |
<|( — Qf})T{i n,HY (3 )+ anvl q% anvl )}/N|
j=1
(Y - ni?fin]w@ (8°)/N|
j=1
-0 Ni nHO (B - 357 + 0wt (37},
<
+ \(Q(f,z) - QZ)Ting‘(H(] H)(3 - B8\7)/N|
j=1
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s—1 . s—1 )
<2 = el S HOBY = 87 + 3 0,919 (87) = 3 ny vt (B5)} /N, o

j=1 j=1 j=1
A 5) — j *
1907 = Qllecell S VI (85) /Nl
j=1

A (s) & N oals)  a(s—1) ), (%)
+ 1€ —n>uoo,oo|\{2njﬂ§”<ﬁl — B85 )+ i (B} /Nl

A (s)
+ 11827 HooooHan H) /N, ||18" Bl

A (s) *
1957~ ) lsccl Hllol18" ~ 811

lo w _
=0, (12 Mg (5. s0) 521~ 2u(p) N, %)
S

lo logp Ng—
2(1— w) 08P (1-w)/2 gp Ns—1
Op(IRIZL Mg s, 50) 5 Y7 2u() | 2 50)

lo —w lo
Op(IZ g5, 50) 3 Y7 Pol)y* )

w logp,1_w s2logp 1 < ; sologp
O e B L5 [3552
S S jzl

s n;

log p w 10gP | (14 55 log p
Vo= 1) + Op (1222 g(s, s0) === N Y2 (p)d? -~ )
J s s

w logp (1-w -
=0p(N; 1/2) + Op (|25 {g (5, 50) —=— i Y79 2y(p)y/log pN; 1/?)

OIS (s, 30) L} 0/ 20 () log p /)

w 1 p —w S AT — —
op (IR0 (s, 50) 71 20 (p) 2 Viog psME N 272N )
w l p —W —
+ Op(IRUE (s, 50) 7 1 ()55 logpN )

o, (NT112). (50)

Combining (46)-(50), one can show

Ad(s

Bt — Zn]sz B%)/N; + 0p(N71/2). (51)
Similarly, we have

A _ z—nfznjvz B%)/N; + 0p(N71/2). (52)
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Both (51) and (52) imply

S S
Ad * j * j * -
B — g = = Y vt (82N — @ Y ny i (8°)/(2N:) + 0p(N; ).
j=1 j=1
It follows from condition (D1), slutsky’s theorem and the central limit theorem that o, VN,

(Blda(s) — B}) copnverges to a standard normal random variable in distribution. We accom-
plish the proof of Theorem 5. |

Appendix B. Proofs of Corollaries

This Appendix contains technical proofs for Corollaries 6-13 in Section 3. The following
Lemmas 14 and 15 are used to prove these corollaries.

Lemma 14 Suppose that conditions (C1) and (E1)-(E4) are satisfied. Then there exist five
positive constants g1, g2, g3, ga and gg depending on e, Bi, Ba, Bs and By such that for
any T > g2 and 1 < j < m, with probability at least 1 — exp(—gan; — g1 logp),

] * ) * i * logp
198+ a) — 1987 — ATV (8%) > gsl| A1 — g9 IA]1]| A2,

j

and

log

198"+ A) 19 (8%) — AT (8%) > g3]| A3 — g0 [PNIRIPNIS

J
for all ||All2 < 1.

Proof Let

Qq(x) § (¢ — |z])? if
0 otherwise.

Let g1 and g2 be two positive numbers which will be specified later. Define go = max{q; +
g2, e1}. Now we show that for any 7 > g9,

3
k.

D8+ A)—19(8) - ATV (B) > =3 Quap{XV T A(p? - x93 < 1)},

J

i

i=1

(53)

for all |[A]l2 < 1. If ]ng)TA\ > qa||All2 or |yi(j)—XZ(.j)TBi\ > q1, the right hand side of (53)
is 0. According to the convexity of the Huber loss, (53) holds. When |X§])TA| < @2||All2
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and ]Yi(j) - ng)T,Bﬂ < q1, we can obtain

oV = XN (B 4+ A)} = (v = X8 — ATvp, (v - X 8y)

2
o
L Quapp (X" ALY - XA < 1))
> : ,

implying (53) is also satisfied. By (53), to prove Lemma 14, it suffices to show that with
probability at least 1 — exp(—gan; — g1 logp) (g4 and g1 are positive constants and will be
specified later),

nj

2 2 NT i DT % lo P

w29 QuialAXP ALY = X781 < 1)} > 205]| Al — 290 [ =L Al Ao,
_ J

for all [|All2 < 1. Since Qga|, (z[|[All2) = [|A[|3Qq,(x), it is equivalent to show that with
probability at least 1 — exp(—gan; — g1logp),

nj
2 & : : AT lo
=3 QuAXPTAIYY - XV 8] < 41)} > 205 — 200, | <22 |All,
]i: J

for all [[Ally = 1. Define Q1 a(X,Y) = XTAI(Y — X'B% < ¢1) and Qo a(X,Y) =
Qg {Q1,Aa(X,Y)}. We first show that for any ||Al2 =1,

B3

Pl@aa(X.Y) =

(54)
According to condition (E3), one can prove E(X ' A)? > Bs, so that it suffices to prove
T A2 Bs
B{(XTAY - @a(X,Y)} < 2 (55)

Note that when |[Y — X "85 < ¢q; and | X TA| < ¢2/2, Q2.a(X,Y) = (X TA)2 As a result,

we can obtain
E{(XTA)? - Qsa(X,Y)}
<E{(XTAPI(Y = X85 > q)} + E{(X "A)’I(| X TA| > ¢2/2)}. (56)

In light of the Cauchy-Schwarz inequality, the Chebyshev inequality and conditions (E2)
and (E3), we have

E{(XTAPI(Y = X85 > a)} <E{(XTA}2P(Y - X 87| > )}/
<ABHE(ler|)/a}'/?

<4B{\/Bs/q1. (57)
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By the Cauchy-Schwarz inequality, Lemma 5.5 of Vershynin (2012) and condition (E2), we

can show
B{(XTAPI(XTA| > ¢2/2)} <E{(XTAYY2{P(IXTA| > g2/2)}
<ABH{P(XTA| > g/2)}"/?

<4v/eB3 exp(—q3q3/4), (58)

where ¢3 is a positive number which depends on By. Let

q1 = 256B{By /B3, and ¢ = max{\/llmax{log(lﬁ\/éB%/B?,), 1}/q3,1}.

Then (56)-(58) indicate that (55) is satisfied. Define

v
2 2
Qs(t) = sup = Q2a(X4,Y;) — B{Qa,a(X,Y3)}.
{lallz=1n{lAl: <t} " =4
Now we show that there exist two positive numbers g4 and ¢5 which depends on By and Bj

such that with probability at most exp(—g4n; — t?logp),

B logp
Qs(t) > L + 40635 | . (59)
J

For any positive number z*(¢), based on Theorem 14.2 of Bithlmann and Van De Geer

(2011), one can prove
n;z*2(t)

P(Qs(t) = E{Q3(t)} + 2"(t)) < exp{— 64

Setting z*(t) = Bs3/8 + 84¢3+/log p/n;t and g4 = B3/(409643), we have
. n;(Bs/8 + 8¢3+/log p/n;t)?
P(Qs(t) =2 E{Qs(t)} + 27(t)) <exp{— 3(Bs/ 642q4 /1) } < exp(—qan; — t*logp).
2
(60)

}.

Let {wz}zz {2 be an independent and identically distributed sequence of Rademacher vari-
ables. By Theorem 14.3 of Bithlmann and Van De Geer (2011) and the Ledoux-Talagrand

contraction theorem (Ledoux-Talagrand, 1991, page 112), we have

nj

2 2
E{Qs(t)} <2E sup =) wiQaa (X4, Y))]
{lal=13n{|Al1 <t} 5 ;5

g

2 <o .
=Y wiX[ ALY, - X[ Bi] < 1)

<8¢3E sup
{lallz=13n{lAal <t} =
]
2 T
<8g3tE{|| = D wiXiI(|Vi = X[ B7] < q1) oo} (61)
7 =1
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For any positive number a, in light of the Jensen’s inequality, we can obtain
ny
2 3 T
Eall Do wiXl([Yi = X Br| < an)llo}
7 =1

]

<1ogE[eXp{a||*szXf Vi = X Br| < q1)llo}]- (62)
=1

Define T
wiX i (Y= X, B7 <qu) if 1<1<p,
= ‘
’ XY - X B <q) if pt1<i<2p.
According to Lemma 5.5 of Vershynin (2012), one can prove that there exists a positive
number g5 which is no less than 1 and depends on B; such that

”j

3
<.

2a

2
.
= < — .
Blexp{al - ;szI i X787 < a)lloo}] =B{ max exp(- ;Ul,w}
nj
<op max B{ (Q“iU- )
p1<laX €exp n; £ i,
2
=2p max [F{exp(--U;)}]"/?
nj
9 2.2
g%exp(ﬂy (63)
g

Let a = \/njlog(2p)/(2¢?). Both (62) and (63) imply

"J'

E{HwazX ()Y — X[ 85 < q1)lloo}
=1
J

(1ogE[exp{a||wazX I(Y; = X[ B < a)ll}]) /a
=1

Slog( 2p) N 2aq?
a nj

=24/2¢3 log(2p)/n;

log(p)
nj ’

<4gqs

It follows from (61) that

B(Qs(1)) < 32635 | 221 (69)
J
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Both (60) and (64) indicate that (59) is satisfied. For any positive integer i, define t; =
(271 B3 — B3 /4)/(80¢3g5+/log p/n;). According to (59), one can prove that there exist two
positive numbers ¢g and ¢7 which depend on By and Bs such that

B 1
P(thereexistsa A such that [|Alls = Land Q3(||A[1) > Z‘g + 80q3qs ngHAHl)
n

J

o0
B 1
< ZP(thereexistsaA such that [|All2 = 1, Qs([|A[1) > T?’ + 80q3gs OgApHAHl,
i=1 j
i3 Bs 2 logp i—2
and 2" °Bg < 1 + 80¢5¢5 o |All; < 27°Bs)
j
i .
<> P(Qs(t:) > 2 Bs)
i=1
o0
B lo
=" P(Qs(ti) > 2 + 404345 | ;)
i—1 8 n;
oo
<> exp(—qun; — t; logp)
i=1
<ge exp(—qrn;), (65)

where the last inequality follows from sum of geometric series. Define g3 = Bs/8 and
go = 40¢2qs. Then by (54), (65) and the triangle inequality, we can obtain that with
probability at least 1 — g¢ exp(—gq7n;),

nj
2
, A AT o lo
> QXD AV — X081 < q1)} = 205 — 2901 |0 || AL,
=1 J

2
U
for all [|All2 = 1. Let g1 = ¢7/(2B4) and g4 = ¢7/3. When logp/n; < By, it is easy to

show ge exp(—g7n;) < exp(—gan; — g1logp)/2. Then we have that with probability at least
1 — exp(—ganj — g1logp)/2,

1
=LN[*

J

v
92 ) . . .
D Qe (XY ALY - X < 0)} > 205 — 209 (66)
7 =1

for all ||Alle = 1. If logp/n; > (logp)*?, then 2g3 — 2g9+/log p/n;||A||1 < 0. This implies
that (66) is also satisfied. By (66), we have that with probability at least 1 — exp(—gan; —

g1logp)/2,

j * j * j * logp
(B +a) =1 (87 = ATV (8Y) = gl|All3 - goy [ =Pl AL Al (67)

J
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for all ||A]l2 < 1. Similarly, we can prove that with probability at least 1 — exp(—gan; —
g1logp)/2,

(8" + A) 158" — ATII (8") = gol | Al — goy [P I AlLl|All2,  (69)

J

for all ||All2 < 1. Both (67) and (68) suggest that with probability at least 1 —exp(—gan; —
g1logp),

lo
LIINIRIPNS

158+ A) —17(8) — ATVIPN(8Y) 2 g5l Al — g0

J

and
(B +8) =15 (8" — ATV (8Y) = gsl|All3 - goy [ AIL A2,
J
for all [|Al|2 < 1. We complete the proof of Lemma 14. [ ]

Lemma 15 Assume that conditions (C1), (C5), (E2) and (E4) hold. Then there exist
four positive constants gy, g5, g5 and gt depending on My, By and By such that for any
1 < j < m, with probability at least 1 — exp(—gsn; — ¢ logp),

(B +a) 198 - ATWP (8%) > ghl|All3 - o IA]1]|A]2,

T

and

j * j * j * logp
(8" + A) — 1 (8) — ATV (8°) > G| AL — ghy | Al A,

J
for all ||All2 < 1.

Proof Applying the second-order Taylor expansion, we can show that there exists a number
xo € [0,1] such that

3
<.

2

QXD B+ mAT X (ATX)?,
nj

o

(8 +a) ~17(87) - AT (87) =
1

1

(69)

where Q) (x) = €¥/(1+¢e%)%. Let ¢| > ¢} be two positive numbers and ¢} = min|, <o @ ().
Now we show

QXD + 2 ATXINATXD > ¢hQuap (X AIIXD T8 < qp)},  (70)
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for all ||All2 < 1. When | XY TA| > ¢4 Al or [ X7 8%| > ¢/, the right hand side of (70)
is 0. Since the left hand side of (70) is nonnegative, (70) is satisfied. If \XEJ)TA| < gl A|l2
and ]XZ(])T,B*\ < ¢}, we have

X787 + oA X < | X7 B+ |ATX| < 4 4p < 245, (71)
for all ||A]|2 < 1. It can be shown that
Qqé\\A||2{X§j)TAI(\X§j)Tﬁ*’ <q)} < (ATXEj))2~ (72)

Both (71) and (72) imply that (70) is also satisfied. Using (69) and (70), we can obtain

3
[=.

. . . . . . 2 /
193 +a) -1V - ATw (g7 > =B

o .
Qual X AI(XYT 87 < dh)),

o

I
—

1

(73)

for all ||All2 < 1. Similarly, one can prove

j * ] * j * 26]/ & )T T ax
B8+ ) -1 () - ATV () > 25N Quuap XY TAIIXTT B < gh)),
=41
(74)

for all [|A||2 < 1. In light of (73) and (74), similar to the proof of Lemma 14, we can show
that there exist four positive constants ¢, g5, g5 and ¢4 depending on Ms, By and By such
that for any 1 < j < m, with probability at least 1 — exp(—g5n; — ¢} logp),

log

(B +a) 1987 — ATvIP(8%) > gbl|A[3 - o 1A]1]|A] 2,

J

and
(B +8) =15 (8" - ATV (8Y) = gl Al - gy [ E Al A2,
J
for all [|Al]2 < 1. The proof of Lemma 15 is completed. [ |

B.1 Proof of Corollary 6

Proof Under conditions (C1) and (E1), similar to the proof of Proposition 2, we can show
that for any 7 > eq, there exists some non-zero constant k, depending on p.(Y, X TB) such
that 8 = k:By. Let (1 = e-I(|e;| < 7)+ msgn(er)I(|Je,| > 7). It is straightforward to show

Z=—-X.
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Based on the fact that |(;| < 7 and condition (E2), we can prove
12|y, = 1| XCullyy, < 7B (75)

By Lemma 14, we have that for any 7 > ¢go and 1 < j < m, with probability at least
1 — exp(—gan; — g1logp),

158"+ A) —17(8) — ATVIPN(8Y) 2 gsl| Al — goy |~ Al IAlL,
J

and

log p

(8 + A) —19)(8%) — ATV (8%) > gs]| A3 - Llalhal,  (6)

nj

for all [|All2 < 1. It is sufficient to show that condition (C7) is satisfied by mathematical

induction. Let A1 = ¢};+/logp/n1, 11 = chyv/logp/n1 and d} = max{3a}/gs,4}, where c};
and ¢, could be any constants which belong to [27B1+/2(af, + 1)/a1, a}]. Using (75) and
(76), similar to (22), we can show that with probability at least 1 —exp(—gqn1 — g1 logp) —

2ep™,
(1) sologp logp
1A, l2 < dyy/ ; ||A1 ||1 disoy/ ,
ni n1
1 so lo lo
1485702 < diy |22 (A7 < dsoy |22,
1 ni
« /s0log p Q) log p
Hl@ave B ||2 < dll ny ; and ||Bave /6 ||1 < dl 50 n . (77)

By conditions (E2) and (E5), the Cauchy-Schwarz inequality and (77), one can prove that

!
)

with probability at least 1 — exp(—gani — g1 logp) — ep™%,

1BEHPIBY) - H |l
e PxOTIv - xTEY) < 1B
- E{X“>X“>T (7Y = X782 < 1)}l
< max E{L|xUxO)x 073 - g8y

1<5<p
1<k<p

T, a0 (1)
< max L (BXX{PY2EEX DT B, - 821218,
1<k<p

<m]axL{EX W Ex O AExOTByY - B yey )2
1<k<p

<4V2L.Bj| 3,

(1)}

1 *
S — Bl

sologp
ny

<4V2L,B}d, (78)
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where X {1]) and X 51,2 are the jth and kth elements of X (1), respectively. For any random

variable &', let ||§’|Bél)|\¢1 = suplZI(E]§’|Z\B§1))1/l/l. For any 1 < j,k < pand ! > 1, using
the Cauchy-Schwarz inequality and condition (E2), we have

) (1)1 1 DT 4(1) »(1) 1)21 1)21
B XY = X 3,7 < mlBy N < (BXL)P) U EXE) 1 < 2B
This implies
(1) (1)
It xR = x {08, < 718y ly, < 283
Then by the triangle inequality, the Cauchy-Schwarz inequality and condition (E2), we have
( 1 1 (1) A (1), 4(1)
2| <7) - E{X< XYY - X1 By < 7)1Bs 1By e,
1)T 1)
Byl < )!52 Nl
x !
X1

1 1
+E{x)x (v A0 < oy
<2B} + (EXl(J) )1/2(EX£,2 )12

1 1 1
X1 xprv - x
<|xMxrviV - x

<4B3. (79)
Let
5j k
nl/Q (1) M7 M) (1) )T 1) (1)
ZX (v - xV 8, < ) - B{x{) x 1y - X8, <0)1By ).

For any = > 0, according to (79), a Bernstein-type inequality (Vershynin, 2012, Proposition
5.16) and the union inequality, we can show

~(1 ~ (1)
POHY — BHIE ) oo = 2185”) <p? max P(1G] = 218;)

1<k<p
2
<9p? o min( L AT 80
=zp exp{ a’4mln(32Bip8B%)}7 ( )
where aj is a positive constant not depending on any parameter. Let
v = max{\/32B%(a) +2) /a}, 8B} () + 2)/a,}\/log p/my.
Then we have
1 1), 51 2 (1) _xPng am _/
P(IHY — B(H 1B, > |85 ) < 2p exp{—a min )} < 2%,

32B}’ 8B}
It follows from the Law of Total Probability that

P(IHY ~ B(HP|BS) oo > max{\/32B3(a) + 2)/a;, 8B} (ay +2) fal}/log p/m)
<2p~%. (81)
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Using (78), (81) and the triangle inequality, we can obtain that with probability at least
1 — exp(—gan1 — g1logp) — (2 +e)p~,

|H — H o <max{\/32B} (a, +2)a}, 8B3(a) + 2)ay}v/log p/ns

1
+4VRL, B3d) | 208D

ni

I

<M, |22 2EP (82)
ni
where
M; = [max{y/32B}(a} + 2)/}, 8B} (ah + 2)/al} + V2L B} + ]ajd,
and

ay = max{(2By + 3a5/2)/ min{Bs/3, g3/2},8 + 2B2/{TB1\/2(ap + 1) /a1 }}.

Similarly, one can show that with probability at least 1 —exp(—g4ni — g1 logp) — (2—|—e)p_a6,
splo
R (83)

Both (82) and (83) indicate that with probability at least 1 — exp(—gan1 — g1 logp) — (4 +
2e)p~,

sologp

1 1
mac{| H{ — Holloo, | H — H [} <Mry [52

(84)

Assume that with probability at least 1 — 4(s — 2)p~% — Zj;i{exp(—gzmj — g1logp) +
2€p7a6NJ'/”j}7

(s—1) / splogp A (5— 2 log p
A < d A d;
H ||2 > 05 N, ' H 1 Hl —150 N, |’
(s—1) splogp A (s— 9 log p
A <d A d;
H H2 N, ' H 2 Hl ~150 A

(s—1) /sologp logp
HIBave 16 HQ = U Ny , and Hﬁave B Hl s 150 Ns—l, (85)

and with probability at least 1 —4(s —1)p~% — Zj;%{exp(—gzmj — g1 log p) + 2ep~@Ni/ni},

1 s—1 )
an ' Holoo Yo nHY — Hel)
s—1 =1
— solog p log p
<+ Z M maxcf | B 5=y, (86)
J=1 J J

56



INFERENCE ON HIGH-DIMENSIONAL SINGLE-INDEX MODELS WITH STREAMING DATA

where d,_; = a 2d}. Let \s = ¢} \/logp/Ns and 5 = ch,+/logp/Ns, where ¢}, and ch,
could be any constants which belong to [27B11/2(a(, + 1)/a1,a5]. According to (75), (76),
(85), (86), and conditions (C4) and (E3), similar to (45), one can prove that with probability
at least 1 — 4(s — 1)p~% — > 5—1texp(—gan; — g1 logp) + 2ep~%Ni/ni

A (s 1 A (s 1

1Az < diy /2282 AT |l < dsoy [2E,

~ (s 1 ~ (s 1

157112 < diy 2282, 1A |l < dsoy [eE,

~(8) * s0lo p ~(8) * lo p
B, — 81 <y [OBP ana 130, gl < ooy B2, e)

where d, = a’f'd}. Similar to (78), we can show that with probability at least 1 — 4(s —
Dp~ = 325_ {exp(—gan; — g1 logp) + 2ep=oNi/"i},

s) A\s solo
1B — ol < 4V2L, Bldy [ 28E. (58)

Similar to (80), for any > 0, we can show

s 8)) 4(8) ~(8) . .’L‘ZHS INg
PUIHY = BBl 2 0185") <20* exp{—ajmin(gzes, ().

Let = max{\/32B{(a}, + 2)/d, 8B%(a}, + 2)/a/;} max{+/log p/ns,logp/ns}. Then similar
to (81), we can obtain

P(|1HS - BEHY || > ) < 2p7%. (89)

By (88), (89) and the triangle inequality, we can obtain that with probability at least
1—2p~ — d(s — 1)p~% — > i—1{exp(—gan; — g1logp) + 2ep~®Ni/mi},

solo lo
|HE = Holoo < M3 max{y | 2258, /52203, (90)

S S

Similarly, one can show that with probability at least 1—2p~% —4(s—1)p~% —Z§:1 {exp(—g4
nj — g1logp) + 2ep~oNi/ni},

1 1
|HY = H oo < M max{ | 225F, /=203, (91)

S S

Both (90) and (91) imply that with probability at least 1 — 4sp~% — > i—1iexp(—gan; —
g1logp) + 2ep=®oNi/ni},

s s s Sologp 10gp
max{[| HY” — Hr oo, [ Hy = Holloo} < My max{y[ =258, so==F) (92)

S S
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It follows from (86), (92) and the triangle inequality that with probability at least 1 —
4sp~%0 — > j=1{exp(—gan; — g1 logp) + 2ep~@Ni/n5}

1 S
max{uﬁznjﬂﬁﬂ ~H .|l 57 an H|ls)

s 1

n
<max{ = szHU Ho o 32 B~ H o
S

Z n]H(J

— H. |l + fHH(S H. ||},

sologp logp
<—anM max{ - \/> }
j=1 J

The proof of Corollary 6 is completed. |

B.2 Proof of Corollary 8

Proof It is sufficient to show that conditions (D2) and (D3) are satisfied. By Corollary 6, we
can show that for any 1 < s < m, with probability at least 1 — 4sp~% — Z;Zl{exp(—g4nj —

g1log p) + 2ep~@Ni/ni},

1< :
max{|| 57 > nHY — Hoeloo, |15 Zna )~ H. |}
S]:1

1 ° : S0 logp logp
< . J
N, E 1n] M? max{ ", » V80 " }

1
<sM3;+/so (;\grp
S

Rs

<m1n
U o T

} (93)

By appealing to (93) and condition (E11), and following the proof of Theorem 6 of Cai
et al. (2011), we can prove that for any 1 < s < m, with probability at least 1 — 4sp~™% —

>3- 1{exp(—gan; — g1 log p) + 2ep~oNi/mi},
|47 = Refoc.oe, 1957 = R loooc)
<12v(p) max{(4HQTHOO700h5)17“’, (4]‘QT]‘0070058)1*W}.
Based on condition (E6), for any 1 < s < m, we can show
S

lim 1 —4sp~® — > " {exp(—gan; — g1 log p) + 2ep~0™/"} = 1.

p—)OO
j=1
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Then for any 1 < s < m, we have

- (5) A~ (S) s —w
max{[| Q1" = Qrfloc,o0, 22" = Drlloc.o0} = Op(([9Qr 15 005* M7 50 l0g p/N) 1~ 20 (p)).

For any 1 < s < m, in light of Corollary 6, conditions (C4) and (E12), similar to (78), we
can show

1B(( nyHY (82— B5) +Z 19 (BY) =S n P (B /NBS B e

J=1 7j=1
logp

2
Z ]dJ N

logpl *\n,
=0 SR D )

=0,(n{' Ny 's d )

=0, (sd, 2]\70‘1 1)

=op(N; 212 | so)- (94)
For any 1 < s < m, using Corollary 6, conditions (E2) and (E12), similar to (81), one can
prove

H{an oY (: - BY +§;njvz sz B)}/N,
2 (5)

5 {an M +Z n; vy Zn]vl(j BYNB .85 e

/logp sOIng

1<]<s j

_ ~1/2 , [solog®p
=Op(N ™ max djy [ =3 =)
=0, (N 2127 [ o) (95)

Both (94) and (95) imply

192~ HooooH{Zny gr - By +Z%W Znﬂl BIY/N e = 0p(1).

7=1

Similarly, we can show

12+ llmw!\{zng ) (s: - By +anvl ZHJW B}/N oo = 0p(1).
Jj=1 j=1
We complete the proof of Corollary 8. [ ]
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B.3 Proof of Corollary 10

Proof It is straightforward to verify
Z = X (o,

where (o = exp(X '8%)/{1 + exp(X "B8*)} — Y. In light of |¢3| < 1 and condition (E2), we
have

1Z]|y, < Bi. (96)

According to Lemma 15, we have that for any 1 < 5 < m, with probability at least
1 —exp(—gzn; — g1 logp),

log

(B +a) 19 (8% — AT (8%) > ghl| A3 - o 1A]1]|A] 2,

J

and

(8" +8)~1(8) - AT (8") = lIAIR - gy [ LA |All,  (97)
J

for all ||A[]2 < 1. Similar to the proof of Corollary 6, we only need to show that condition
(C7) is satisfied by mathematical induction. Let A\; = ¢{;+/logp/ni, 11 = cy/logp/ni,
and d/ = max{3a5/g},4}, where {; and cj; could be any constants which belongs to
[2B1+y/2(aj + 1)/a1,a4]. By (96) and (97),”similar to (22), we can show that with probability
at least 1 — exp(—ghn1 — ¢} logp) — 2ep~ %,

~ (1 s lo ~ (1 lo
AVl < dfy [ 22282 A < sy [22F,
1 nq
~ (1 s lo ~ (1 lo
ANl < dfy 282 0 A < disoy | 222,
ni ni
~(1) X solo - (1) . lo
Bave = B7ll2 < iy /T8, amd 1By = Bl < dso[2F. (98)
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According to condition (E2), the mean value theorem, the Cauchy-Schwarz inequality and
(98), we can obtain that with probability at least 1 — exp(—g4n1 — g} logp) — ep™9%,

~(1)
IEHD8,) - H|w

()T »(1 (DT g«
exp(X;’ B exp(X;’' B
—|E{xx®T ( (1)T2) 85y — B{x(Vx T ( l(m)* oo
1+ exp(X! 62) 1+ exp(X; " B7)
T 3 ~(1)
<1r£1jaxpE{\X(1)X l)HX Y (,62 = B91B2 "}
1<k<p
.
< e (EX{ XY BT B - 39)18, )2
1<k<p
(
< max (BX{VHEX A EXT (B - 67)) By
1<k<p
~(1 «
<4v2BY|8y - Bl
<4v/aB3dl, | 18P (99)

ni
For any 1 < j,k < p and | > 1, in light of the Cauchy-Schwarz inequality and condition
(E2), we can obtain

I (1), €xp 5 2 2
o) P ) 18 W< (XX < 28,
1+6XP( 52 )

which implying

exp(X\V' B 1
Iy oG

& Iy, < 2B7.
1+ eXp(X( T3y 1

It follows from the triangle inequality, the Cauchy-Schwarz inequality and condition (E2)
that

M)T 21 ()T 50
exp(X| B exp(X;’ B
X B )ty ewXTED) gy a0y
1+ exp(X! 132 ) 1+ exp(X; ,3 )
WT 41 M7z
exp(X 3 ) exp(Xy’' B
<[l x{yxiy ( (1)T2 ()1) B ”’“HE{X S0 = (l)T2 )1 g
1+ exp(xX V7B 1+ exp(X; 5 )
<5 (100)

According to (100), a Bernstein-type inequality (Vershynin, 2012, Proposition 5.16), the
union inequality and the Law of Total Probability, similar to (81), we have

~(1
P(IHY ~ BHP|BY) |0 > max{\/32B3(af + 2)/a;, 8B3(af) + 2)/a} /log p/na)
<2p~%. (101)
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By (100), (101) and the triangle inequality, one can prove that with probability at least
1 —exp(—ghn1 — ¢} logp) — (2 + e)p~ 9%,

1
|HS — Hoo <max{y/32B} (af + 2)a}, 852 (af + 2)a;}v/log p/mi +4fBld",/8° o8P

|
< wj (102)

ny

where M = [max{/32B](af + 2)/a}, 8B (af +2)/a}} + 4v/2B} + 1]ajd], and

ay = max{(2M3 + 3a5/2)/ min{M/3, g5/2},8 + 2M3/{B11/2(afj + 1) /a1 }}.

Similarly, we can show that with probability at least 1 —exp(—giny — g} logp) — (2-+e)p~,
~ 1
|HS — H o <1y 22282 (103)
ni

Both (102) and (103) imply that with probability at least 1 — exp(—g5n1 — g} logp) — (4 +
2¢)p™*,

sologp

1 1 Y
masc{| H{ — Hoo, | HL = Hlloo} <Ny /=22

(104)

Assume that with probability at least 1 — 4(s — 2)p~% — Z;’f;}{exp(—génj — gilogp) +
2ep7a6/N]’/7’Lj}7

A (s=1) " so logp A (s—1) . log p

A < d A <d”?

|| 1 HQ— S—l N5717 || 1 || stl’

A (s—1 sg lo A (s—1 lo

AS o <y [ 2B2 0 ATVl < d2 50y 2L,
N,_ N, 1

(s solo (s lo
185 =B ll2 <y /282 and 1B, = BTl < dPys0y 2L, (105)
Ny Ng_q

and with probability at least 1 —4(s—1)p~% — Z;;%{exp(—gén]‘ — ¢} logp) + 2ep~*Ni/ns},

s—1
1
N 2 Y = Hle 5 — an )~ Hiloc)
S— ]:1
- 1 1
MY max{ [ 2008P 08Py (106)
j nj

where d/_; = a3* 2d}. Let \s = ¢/ ;\/logp/Ns and 5 = cy.+/log p/N;, where ¢}, and cj,
could be any constants which belong to [2B1+/2(a( + 1)/a1,a3]. By (96), (97), (105), and
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(106), and conditions (C4) and (C5), similar to (45), we can show that with probability at
least 1 — 4(8 — 1)p_a6/ — ijl{exp(_gén] _ gi logp) + 26p—agN]'/nj}’

1 ~ (s 1
1A < /B ALY, < sy 22,
1A < /B2 ALY, < arsoy 22,
~ () * S logp ~(5) * logp
H/Bave*ﬂ ”2 Sd,s/\loT7 and ”/Bave*ﬁ ||1 Sngo N’ (107)

where d/ = a3* 'd}. In light of (107), similar to (104), one can prove that that with
probability at least 1 — 4sp~9 — ijl{exp(—ggnj —gjlogp) + er*“gNJ'/"J'},

s s “rs SOIOgP logp
maxc{||H{" — Hloo, | Hy” — Hlloo} < M* max{y[ =55, 5o}, (108)

S S

Based on (106), (108) and the triangle inequality, we can show that with probability at
least 1 — 4sp™ — Z;Zl{exp(—ggnj — gy logp) + 2ep_“6/NJ'/"j}7

max{\lfznj — Hlloo, 5 an — Hloo}

s—1

N,_ 1 ~
< max{ ! an — Hloo + 1| HY = Hloo, == |5 Y nHY — Hlloo
5 Ns Ns—l =1
n
+ ﬁiuﬂés H)
1< solog p logp
- 0

SNS;HJ-MJ max{ 0, /S0 n, }.
We complete the proof of Corollary 10. [ ]

The proof of Corollary 12 is similar to that of Corollary 8, and thus is not reported here.

B.4 Proof of Corollaries 7, 9, 11 and 13
Proof Under condition (ET7), it is easy to show

sup ||[HY2A|2<Bs, and sup |[HY2A|3 < Bs. (109)
lAf2=1 |A]2=1

For any ¢t € R and any a which satisfies ||al|2 = 1, by using condition (ET7), we can obtain
E{exp(ta’ X)} = exp(t?a’ La/2) < exp(t’Bs/2).

It follows from Lemma 5.5 of Vershynin (2012) that there exists a positive number Bg which
depends on Bj such that

[ Xy, < Bs. (110)
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In light of (109) and (110), similar to the proofs of Corollaries 6, 8, 10 and 12, respectively,
we can obtain the results in Corollaries 7, 9, 11 and 13. [ |
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